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Lecture roadmap:

‘ I. Fusion turbulence and  Transport, 24 and higher moments and closure problem, structure-
statistical description based theory, spectral analysis
. Il. Information theory

Entropy, Mutual information, transfer entropy

@ 1. Information Geometry Information length, information rate, causal information rate

IV. Information Geometry  Stochastic prey-predator model vs experimental data analysis of L-H
of the L-H transition transition

V. Summary & Open
problems

Guiding question: which statistical descriptions retain the physics that
averages and spectra throw away?
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Partl - Fusion turbulence and statistical descriptions

free energy

1. Turbulent transport

Quasi-linear / diffusive closure / \

ReynOldS stress Transport instability
(modified Hasegawa Wakatani model) parmiers
2. Higher moments and closure problem

3. Spectral analysis
4. Nonequilibrium tokamak turbulence

coherent Tubulence
structures nonlinear transfer



1. Quasilinear / diffusive closure

Free energy: gradients in n, T,, T;, p and j drive microinstabilities

such as ITG, TEM, ETG, MTM, and KBM.

~

These generate turbulent fluctuations: 71, p, ¢, U, =~ —

ool
2|

Fluxes require correlations
[, = (A7), q = {pVy)

Quasilinear / diffusive closure gives a useful baseline
qQ=—NnxefV< T >

Particle transport: [}, = —D V< n >

Effective coefficients give useful baseline, but they hide
nonlinear and nonlocal turbulence physics
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['>0and ¢ >0 indicate outward transport (from core toward edge).



Mini-exercise: identical mean, different risk

Use PDFs to reason about intermittent transport

Two discharges have the same mean
heat flux q. Red discharge has a

fatter positive tail in P(q) than blue
one.

* Which discharge is more risky for
transient wall or edge loads?

ICTP-IAEA Summer School




Momentum transport and zonal flow generation in fusion plasma

Reynolds stress zonal flow
turbulence axisymmetric E x B flow
~ [ Mg = <§r 179> ] (mean poloidal flow U = (vg))
P ™. poloidal flow U(r)
N SR \ \ \
N \ ©) ~ \ ‘ \ direction (6) I shear
\ W=\ \ 5 |
a0 O W ~ correlated fluctuations ‘ — \ § } |
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Z 6 across flux surfaces ! ! } : |
outward v,, correlated "‘ e | Yy | : 4 :  / ﬂ 0
— > with upward ¥, v ; ! : : dr
R f | f : i =

shear in U(r) between adjacent
zonal-flow channels decorrelates eddies
and suppresses turbulence

=> positive (V, v ‘
& P (r 0) . . '
'
r

coordinates

r : radial momentum balance (schematic) (
(outward) S
I1,4 = <Vr V0> ’ U ~ —0,I1,9

divergence of Reynolds stress drives evolution
of mean poloidal flow U

turbulent eddies / drift-wave-like fluctuations

0 : poloidal

momentum transport by Reynolds stress
(along flux surface)

(mean radial transport of poloidal momentum)

mean E x B poloidal flow U
(zonal flow, along flux surface)

feedback on turbulence
shear reduces eddy correlation and .

— > lO

shear |dU/dr|

Reynolds stress = self-regulation



Details on quasi-linear closure for the Reynolds stress

Decompose the velocity u; = U; + v; use local cartesian coordinatesr = x,0 =y (U,: ZF)
* U;=(w)=U, isthe mean (average) component;
* v;is fluctuation with zero mean (v;) = 0

U; = pn(meanvalue

= PDF peak position

= most likely value)

probabilty density

san

Gaus

0: uncertainty in u
(v?) = g*(variance)

0.05

e X

T IR B m
Gaussian PDF of v; near equilibriun Reynold stress
2 (vyvy) = —v7d,U,

?

AU, = (v+ v)dyU,

Vr: turbulent viscosity {overall effects of small scales)



Modified Hasagawa-Wakatani model

[B Hnat, P Fuller, E Kim & R Hollerbach (PPCF 2025)]

Plasma density n and electrostatic potential ¢, with a fixed background density gradient ny(x)
and parallel electron resistivity 7.

on _ % T = 9 Ty

5t~ gy tAL— )+ e+ DV,

0 - Jensity gradient
o V6 = A0 — i) + [V70, 6] + VA (V*9) .

X, y: local radial,
poloidal directions

[0xn] Tekllz

n e
n—>—,—¢—>¢,Ln= ,K=&,A=

k2
No Te n noeznwci "

Ly
weit >t ps (%) = (%), <f>=$foLyfdy, f=(+f

Here <f> is the zonal part.

e Statistical analysis by sampling over space (zonal parts = poloidal average)
[A — 0: Hydrodynamic, A = co: Charney-Hasegawa-Mima equation]
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Profiles show the formation of zonal flows over time
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Snapshots of potential (ia)-(ie), density (iia)-(iie) and vorticity (iiia)-(iiie) at times t.



Zonal profiles reveal corrugated staircase-like structure
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(vx vy) = —vrd, U, does not hold for constant vy
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F1.0
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F=—1.0

Reynolds stress (v, vy) vs d,U, in blue [B Hnat, P Fuller, E Kim et al PPCF 2025]
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PDFs of zonal parts are strongly non-Gaussian

PDFs of zonal potential (ia)-(ie), zonal density (iia)-(iie) and zonal vorticity (iiia)-(iiie)
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2. Higher moments and the closure problem

* Low-order moments give useful summaries: (f), (fit),.), (D, Ug)
e But turbulence is not fully described by averages

* Higher moments capture:

- Variance: fluctuation intensity

- Skewness: asymmetry / bursts
- Kurtosis: rare events / intermittency

Closure problem
d .
7 (f) depends on (f )

py ( f 17) depends on higher moments

To build reduced models, we must close the hierarchy.

Closures decide what turbulence physics is retained — and what is hidden.

Refs: Krommes, Phys. Rep. 360, 1 (2002); McComb, The Physics of Fluid Turbulence; Diamond et al., PPCF 47, R35 (2005).



Linear/perturbative approach is limited

Transport coefficients: nonlocal functions of variables

No simple flux-gradient relation due to nonlinear feedback

Strong fluctuations, finite memory, non-Gaussian PDFs

Non-local transport, non-diffusive transport, avalanches, blobs, streamers, nonlinear
coupling of modes (J Drake 1988, W Horton 1999, P Beyer 2000, G Antar 2021, PA
Politzer 2002, Dif-Pradalier 2010; 2022, X Garbet 1994, BA Cararees 1996)
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Structure used for prediction of anomalous transport PDF

Stationary PDF tails for rare, large amplitude events: Instanton methods by using coherent
structure as ‘empirical eigenfunction’ (“structure-based theory) (E Kim 2002;2003;2008, J
Anderson & E Kim 2008;2009)

Coherent structure

d(x,y,t) = plx,y — U F(t)

Uz, y—Ut) = cJi(kr)(cost + esinf) + %TCOSH for r < a,

Uiz, y—Ut) = cKi(pr)(cosf + €(r)sind) for r > a.

PDF of flux becomes a functional of F(t), PDF tail to be found by extremizing effective action S,
P(Z) = (0(Z; - 2))
— / d\; exp(ih; Z) (exp(—i\; Z;))

— / A\, exp(iX; Z)1,,,

I, = /D¢D$D¢ZFD$ZF€‘“SAJ' effective action
J
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3. Spectral view of turbulence: where does fluctuation power live?

Spectra separate turbulence by scale

6O =) i (e
k

E(k): spatial scales, E(k) «| ¢, |?

P(w): temporal scales, P(w) «| ¢(w) |?

Broadband power: turbulent cascade

/ multiscale fluctuations (blue dashed)
Quasi-coherent mode with finite-width
Peak (blue)

power spectral density P(f)

10—1_

10724

10—3-

blue dashed
baseline

S

coherent: narrow peak

== Broadband turbulence
——=(Coherent mode: narrow peak
= Quasi-coherent mode: finite-width peak

quasi-coherent:
broader finite-width peak

Spectra show where turbulence lives in scale space.
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4
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frequency f or angular frequency w




What can spectra tell us:

Dominant scales: lon-scale, electron-scale, or mixed-scale activity

Broadband vs coherent activity: Broadband continuum suggests turbulence; narrow peaks
suggest coherent or quasi-coherent modes (left figure)

Changes across transitions: L—H transition or pedestal formation can reorganize fluctuation
power across k and w (right figure: weakly coherent mode from L mode -> | mode)

A spectrum alone does not determine transport.

Use spectra together with fluxes, cross-phases, PDFs, and mode fingerprints (D Hatch)

[y
o
0

blue dashed
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10—2_

power spectral density P(f)

10—3.

1=~ == Broadband turbulence
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= Quasi-coherent mode: finite-width peak

\

|

! quasi-coherent:

: broader finite-width peak
i
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Freq (kHz)
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R. Bielajew et al PoP 2022, ASDEX-U



4. Non-equilibrium tokamak fusion plasmas

Driven and/or perturbed externally with injection of heat and particles, magnetic fields and
constrained by magnetic geometry

Open boundaries and many degrees of freedom (Razumova & Lysenko, Plasma 6, 408, 2023)

There might be no clear timescale separation: breakdown of t; > 1), > 1 (timescales for
global parameters, mean values, fluctuations, respectively)

Breakdown of thermodynamic law: entropy can decrease locally with time (cf.: entropy cannot
decrease with time in thermal equilibrium)

P)
3nT
(P) and 1 are the mean absorption power and slowing-down time (K Itoh & S-I Itoh, Plasma &

fusion research 10, 3401027, 2015)
A good statistical theory must account for both typical fluctuations and rare events

“Non-equilibrium distance” from the Maxwellian distribution: Stix parameter { = Ts Where

Eun-jin Kim / ITCP-IAEA2026, Trieste 18



Part Il - Information theory



What each measure tells you

e Entropy H(X): uncertainty or spread of
states: tracks PDF spread but may increase

or decrease depending on dynamics and H(X) = _z 1o y
coordinates (X) p (x) log p(x)

p(x,y)
p(x)p(y)

e Mutual information I(X;Y): nonlinear
dependence beyond correlation

(1(X;Y)=0 if p(x,y)=p(x)p(y))
e Conditional mutual information I(X;Y|Z2):
dependence after accounting for Z

XYy =) p (xx,;v) log |
X,y

* Transfer entropy Ty .y tells whether the
past of X improves prediction of future Y
beyond the past of Y

Use distributions, not only trajectories.

Turbulence & statistical theory



Mutual information: nonlinear correlation detector

Why M| matters

e | inear correlation can vanish for nonlinear
dependence.

* Correlation analysis is lag-dependent;

 Lagged correlation can reveal delayed linear
dependence, but not general nonlinear dep-
endence

eMutual information detects general statistical
dependence if enough data are available

e Conditional mutual information helps
separate direct dependence from common-
driver effects

Turbulence & statistical theory

corr=0,MI>0

Y
X
x = sin(t),y = cos(t + a)
whena =0
<xy>=<sin2t >/2=0
(x(t)y(t))

- — —
Py = Tz ora2 o)



Transfer entropy: van Milligen et al., Nucl. Fusion 58, 076002 (2018)

The left panel shows transfer entropy, and the right panel shows ordinary correlation, both
plotted as functions of radial position and time lag in the W7-X stellarator

b) Correlation
: 0.3

0.01
0.25

10.2

10.1

0.05

10 15 0 5 10 15 20
Lag (ms) Lag (ms)

Transfer entropy identifies the rational surfaces, shown by the dashed horizontal
lines, more clearly than the linear cross-correlation.



Part lll - Information geometry: information length,
information rate

Treat PDFs as trajectories through probability space.



Information geometry

- Application of differential geometry to probability/statistics

af T G 7" H Assigning distance
. vfisE_T— : Using symmetric relative entropy
"2 Pros—] ] (K-L divergence)
ol D(p,q) = (DxrL(p I @) + Dx.(q Il p))/2

DxL(p Il @) = z p (x) log[ 26

Distance measures similarity/disparity among PDFs
by dimensionless number
Smaller distance for similar PDFs
Larger distance for disparate PDFs

Eun-jin Kim / ITCP-IAEA2026, Trieste 24



Infinitesimal D,

For two distributions with small difference in parameters A and A +d A, the KL divergence
becomes a quadratic distance-like object:

1
Dri[p(A1A) Il p(AlA+dD)] = > gijdAidly.

Here
dinpdlnp

- A
9ij jp(xm) 9%, 0% d

When A = t, Dk, =% I'“ (dt)? where I' denotes the information rate

I2(4,t) = j dA p(A, t) (aln[pa(f’ t)])

Eun-jin Kim / ITCP-IAEA2026, Trieste 25



Information rate, information length

For a time-dependent PDF p(A,t) for variable A(t) at timet ([ dAp(4,t) = 1)

dln[p(4, )]\’ t
Ir'“(A,t) = E(A,0) =JdAp(A,t)( n[g(t t)]> , L(t) =j()dt11"(t1)

 ['(4,t) information rate: how quickly a PDF changes (dimension [time]1): decorrelation
rate

* L(A4,t)information length: cumulative change in p(A,t), the total number of different
statistical states (dimensionless “distance”, AL=1 after one decorrelation time)

* (Causal information rates: dynamic causal relations

e Correlation between A(t) & B(t): I'(4,t) ~ I'(B,t) even when p(A,t) # p(B,t)

 Quantify correlation, causality, hysteresis, forecast abrupt events & work better than
entropy-based methods [E Kim, Entropy 23, 1393, 2021; Entropy 20, 574, 2018;
Entropy 23, 1087, 2021]




Analytical expression for a Gaussian PDF

1 A — ul2\*
p(4,t) = exp(—l ul)

2O 204 o
rz= (4)°2 (248)7, 5 (2do)° ORI OL
dt o dt o dt lu(t) — u(0)]

So, a broad PDF with large o gives smaller I'(t) and L(t) ]
u

For constant O :
Poincare upper half-plane

r2— (%)Zz (2 %)2 L(t) = MO=O®

L(t) is quantized by o (smallest distance that can be resolved)
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Part IV - Information geometry of the L-H transition:

Stochastic prey-predator L-H transition model vs experimental data analysis



Information length in L-H-like transitions

1 Mean versus information length rate
Why it is useful s gthrate
e Information length can reveal rapid = info-geometry signal
statistical evolution before or during a

transition

e |t is sensitive to PDF-shape changes, not
only to mean shifts
* |n stochastic prey-predator models, it can

quantify self-regulation between turbulence
and zonal flows

e Potential use: regime identification and
early-warning indicators

time

Turbulence & statistical theory



Revisit: Prey-predator stochastic L-H transition model

[E Kim et al, PPCF 2025; PRE 2024; Entropy 2024, P Fuller et al 2024, E Kim et al PRP 2020, R Hollerbach & Kim POP 2021]

de
% = Ne— a1€2 - CL2V2€ — GSUZG H&eEl o e = x2: Turbulence amplitude (prey: rabbits)
e p:zonal flows (predator: foxes)
dv _ byev — ba _|_§2  N: Density (pressure) gradient
dt  1+bV? :  Q: Input power (constant + fluctuation)
dN * V =dN?: mean flow shear (super predator: lions)
= —c1eN — o N + Q) +|&3.  a, b, c, d: constant model parameters

« Based on E Kim & PH Diamond (PRL90, 185006, 2003): limit cycle oscillation (dithering) due
to self-regulation between turbulence and self-generated zonal flows (also, see Malkov
2015, Hsu 2015, K Miki 2012)

Input power (heating) drives turbulence (prey) via instabilities

(Meso-scale) Zonal flow generated by turbulence regulate turbulence

(Macro-scale) Mean flow shears on larger scale (driven by density/pressure gradient)
regulate both turbulence and zonal flow (super-predator, Ilons)

Eun-jin Kim / ITCP-IAEA2026, Trieste



1. Sharp L-H transition: Information rate (I'* = &) forms a peak

at the L-H transition (DIII-D experiments vs theory)

DIII-D
HJ Farre-Kaga
et al 2023

Prey- 104

predator

E Kim 2024 10°;

- 10—1 4

10—2 _

10—3_

1,)% 10°
A

—
x
| = S
o521 =
il
- 0.0 O+ -0

2300 2400

time / ms
\

\
3

— I: e
— ' N

v

~—— °

e

0 50

100 150 200 250 300

2300 2350 2400 2450
time / ms

Information rate (decorrelation rate) forms a
spike at the L-H transition, similar to the
model prediction without zonal flow.
Information rate is larger in the H-mode

31



2. Dithering transition: Self-regulation captured by oscillatory information rates with phase

shift between turbulence, zonal flows, and pressure gradient (E Kim et al 2024;2025)

N e R L e e A (a=p*/2)

r: VZF
— M= N

= Crossings
during dithering

[ VZF

ADC NDD

Self-regulation: crossing between I' across a line with unit slope



Experimental support: Information rate oscillates with phase shift between
fluctuations and u,,,, (DIlI-D: HJ Farre-Kaga et al 2023)

' ' o 2100 . 2200
21ootime/ 2200 e o

* During dithering, self-regulation is captured by oscillatory information rates of turbulence
and u,.., with phase difference

* Information rate increases during dithering due to enhanced decorrelation rate
« T'~(2~5)-10%/sec (similar to wgxp, Awp in Schmitz 2012)
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T. Ashton-Key, Y. Andrew... E. Kim, et al (PPCF 2025)

185476 IL—H Time Traces

i, PDFs . i, PDFs By PDFs

B 104 —— = 2845ms
| /H“\\ 051 ))\ —— t = 2847ms
i - e — t = 2849ms
d
0 P
i)

ot I

_ ) 1019 t = 2851ms
0.0 T T T T

S = o e o = R L = D o S — o oo
L L L L
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Self-regulation between turbulence and magnetic fluctuations from information geometry

= Information rate [ against time 1000 ! e
« n (density fluctuations) —~ ) 5 \ 0
. . . - p~0.9240.2
« u (fluctuation perpendicular velocity) " / ‘
« dBp/dt(magnetic fluctuations) = 500 - A Y7 ‘ ¥ ‘i\ ,l \
> tach et v.;f“{ 3 \" aY AV
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4. mHW: Similar information rates for fluctuations — correlations

r(), M(n), M(w) for total; (), (71), [(@ ) for fluctuations; I({)), M({n)), ((w)) for zonal flows

10t
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= = 3
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S 101! = 101 35 101
= i = =
]
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3. Self-organization is manifested by an almost constant information rate

of joint PDF [P Fuller, E Kim, et al, PoP 31, 092506, 2024]

A 4 4
€t OfWard >ic...Backward . :

Q(t)

p(x,v,N,t) ot

L,(t) = U dvpv(j), . [81?051;, t)] 2] -

* Joint PDF: I' in black
* Marginal PDFs: [}, inred, [} in
green, I in blue

I() = U dx dv dN ——— [ap %0, N, t)} 2]

e Self-organization = geodesic?
(E Kim PRE 95, 062107, 2017)
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Net causal information rates and net causality I'._,,, — I, etc. reveal the

sequence of events over the L-H transition

g —> Vzr
VzkF = N

— No—E L-mode:N - €€e—->v,N - v
Dithering: € < v (self-regulation), N - v
H-mode:v - ¢,N - ¢N - v

0 50 100 150 200 250

0.05 4

0.00 ~

Dithering:
v — € (not reflect self-regulation)

—0.05 -

Net TE;,;

—0.10

—0.15
38
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Part VI - Summary, Open problems



e Turbulence statistics are not only spectra; PDFs, tails, dependencies and trajectories
in probability space matter

e Non-perturbative methods target coherent structures and rare events that
perturbative closures can miss

e Information theory quantifies nonlinear dependence and directed influence, but
causality needs careful assumptions

e Information geometry provides a useful tool to understand time-dependent PDFs and
transitions

Turbulence & statistical theory



Multiscale fusion turbulence

The pedestal and edge are not single-scale problems

Open problem Scale hierarchy and channel coupling

lon-scale turbulence alone often

fails to explain observed transport. . .
electron ion meso profile

Electron-scale turbulence and scale scale scale scale
cross-scale coupling can change

saturation and transport. .
ETG / MTM can set electron heat flux while zonal flows, avalanches, and

Pedestal transport may involve profiles regulate saturation.
ETG, MTM, ITG/TEM, KBM/MHD-

like physics in different channels.

Identify dominant modes from Coupled gyrokinetics + synthetic
ratios of Qe, Qi, e, impurity flux, diagnostics + probabilistic
and fluctuation frequency. modelling + experiments.

- /

Refs: Maeyama et al., Nucl. Fusion 64, 112007 (2024); Kotschenreuther et al., Nucl. Fusion 59, 096001 (2019); Hatch et al., Nucl. Fusion 56, 104003 (2016).
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