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Lecture roadmap:

Turbulence & statistical theory 

I. Fusion turbulence and 
statistical description

Transport, 2nd and higher moments and closure problem, structure-
based theory, spectral analysis

II. Information theory Entropy, Mutual information, transfer entropy

III. Information Geometry Information length, information rate, causal information rate

Guiding question: which statistical descriptions retain the physics that 
averages and spectra throw away?

V. Summary & Open 
problems

IV. Information Geometry 
of the L-H transition

Stochastic prey-predator model vs experimental data analysis of L-H 
transition 



Part I - Fusion turbulence and statistical descriptions

1. Turbulent transport
         Quasi-linear  / di5usive closure
         Reynolds stress 
         (modified Hasegawa Wakatani model)
2. Higher moments and closure problem
3. Spectral analysis
4. Nonequilibrium tokamak turbulence

free energy

instability

Tubulence
nonlinear transfer

coherent 
structures

Transport
barriers



Free energy: gradients in !, #!, #", $	and & drive microinstabili1es 
such as ITG, TEM, ETG, MTM, and KBM.

These generate turbulent fluctuaRons: '!, '$, (), '*# ≃ −
$
%
&'(
&)

Fluxes require correlaRons
Γ* = '!/	*# , 	 0 = '$ '*#

Quasilinear / diffusive closure gives a useful baseline
q ≃ −	!	2+,,∇< T >

ParRcle transport: Γ* ≃ −7+,,∇< n >

EffecRve coefficients give useful baseline, but they hide 
nonlinear and nonlocal turbulence physics

1. Quasilinear / diffusive closure



ICTP–IAEA Summer School

Use PDFs to reason about intermittent transport

26

Two discharges have the same mean 
heat flux q. Red discharge  has a 
fatter positive tail in P(q) than blue 
one.

• Which discharge is more risky for 
transient wall or edge loads?

P(q)

q

Mini-exercise: identical mean, di:erent risk



Momentum transport and zonal flow generation in fusion plasma
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Details on quasi-linear closure for the Reynolds stress

Decompose the velocity  u! = 9! + *!,	, use local cartesian coordinates ; = <, = = >	(9): ZF)
• U! = A! = 9$	 is the mean (average) component;  
• v!	is fluctua1on with zero mean *! = 0

9!	 = µ	(mean value
= PDF peak posi1on
= most likely value)

D: uncertainty in µ
*- = D-(variance)

Gaussian PDF of vi near equilibrium !"#$%&'	)*+,))
-!-" =	−0#1!2"

?1$2" = ⋯(5 +	0#)1!!2"
?

0#: turbulent viscosity (overall effects of small scales) Eun-jin Kim / ITCP-IAEA2026, Trieste
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Modified Hasagawa-Wakatani model
[B Hnat, P Fuller, E Kim & R Hollerbach (PPCF 2025)]

Drift wave turbulence and zonal flow development measured by information rate 3

far from equilibrium such as magnetically confined plasma. The remainder of this paper

is organised as follows. Section 2 introduces our model and information rate. The

key results are presented and discussed in §3 including the snapshots of profiles, time-

dependent PDFs and information rates. Section 4 contains Conclusions.

2. Methodology

2.1. Hasegawa-Wakatani model

The MHW model captures the key features observed experimentally at the edge of the

MCF plasma. These include resistive drift instability, onset of drift turbulence and the

self-organisation of plasma into zonal flows [35].

The HW equations describe the dynamics of the plasma density n and the

electrostatic potential �, with a fixed background density gradient and in the presence

of parallel electron resistivity. The model is valid for cold ions, Ti/Te ⌧ 1, and at low

frequencies ! ⌧ !ci, where !ci is the ion gyro-frequency. The MHW equations are then

given by:

@n

@t
= � 

@�

@y
+ A(�̃� ñ) + [n,�] +Dr2n, (1)

@

@t
r2� = A(�̃� ñ) + [r2�,�] + µr2(r2�), (2)

where the density n and the potential � are normalized, n/n0 ! n and e�/Te ! �. The

key parameters are defined as follows:  = ⇢s/Ln, where the characteristic length-scale

of the fixed background density gradient is given by Ln = n0/|rn0|, and ⇢s =
p
miTe/eB

is the hybrid Larmor radius. Time t and spatial coordinates x, y are normalised so that

!cit ! t and ⇢s(x, y) ! (x, y). The coordinate system is defined so that x and y are

aligned with the radial and poloidal directions, respectively, and the magnetic field is in

the z direction.

Fields n and � can be decomposed into their turbulent fluctuations, ñ, �̃, and zonal

averages hni and h�i, such that n = ñ+ hni and � = �̃+ h�i. The angular brackets h. . .i
correspond to poloidal averages which in the slab geometry are equivalent to integration

along the poloidal line at a given radial location:

hfi = 1

Ly

Z Ly

0

fdy. (3)

Poisson brackets have their usual meaning, [a, b] = (@a/@x) (@b/@y) �
(@a/@y) (@b/@x). The dissipation coe�cient D is the cross-field ambipolar di↵usion

coe�cient, and µ is the ion perpendicular viscosity. The parameter A controls the

strength of the resistive coupling between n and �:

A =
Tek2

||

n0e2⌘!ci
, (4)

where ⌘ is electron resistivity and k|| is the wave-number in the direction of the magnetic

field. This adiabaticity parameter A determines the degree to which electrons can
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Plasma density n and electrostatic potential φ, with a fixed background density gradient n0(x)  
and parallel electron resistivity E. 

! → %
%!
, &'("  → $, %%= )#%

% , ' = *$
+%
, ( = (",∥'

%!&'-.()	
)∥0

*12+ → +,	 -3 (/, 0) → (/, 0),     2 = 4
+* ∫5

+* 240, 	 2 = 2 + 62
Here <f> is the zonal part.

• Statistical analysis by sampling over space (zonal parts = poloidal average)
                        [A → 0: Hydrodynamic, A → ∞:	Charney-Hasegawa-Mima equation]

x

y

density gradient

x, y:  local radial,
poloidal  direc1ons
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Figure 1. Snapshots of potential (ia)-(ie), density (iia)-(iie) and vorticity (iiia)-(iiie)
at times t.

Figure 2. Snapshots of zonal potential (ia)-(ie), zonal density (iia)-(iie) and zonal
vorticity (iiia)-(iiie) at times t.

3.2. Time-dependent PDFs

In order to gain better understanding of the information rate given by Eq. (5), it is

helpful to examine snapshots of the PDF at various times. PDFs of fluctuating parts

are calculated at any time by sampling the data over the (x, y) domain (that is, over

10242 data points) and by constructing histograms. For zonal parts the averaging over

y-direction reduces the number of data points to 1024. Therefore, to reduce the noise

in a PDF, we also sample the data over a time window of 100 simulation time-steps,

Profiles show the formation of zonal flows over time
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Zonal profiles reveal corrugated staircase-like structure
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                                                                    does not hold for constant 0#-!	-" = −0#1!2" 

%&'()*+,	,./&,, 0!	0" 	 1,	 2!3"	4(	5*6&	[B	Hnat, P	Fuller, E	Kim	et	al	PPCF	2025] xEun-jin Kim / ITCP-IAEA2026, Trieste

time. To illustrate this, Fig. 1 presents the results of the Reynolds stress
shown in red and the radial gradient of shear (zonal) flows depicted in
blue, based on the modified Hasegawa–Wakatani turbulence model
discussed in Sec. VII.48 Each panel corresponds to a different time
snapshot. For the concept of turbulent viscosity to hold, the ratio of
Reynolds stress to shear should remain constant. Yet, comparison of
the red and blue curves reveals no such simple proportional relation-
ship. This absence of a constant turbulent viscosity highlights its lim-
ited applicability and underscores the need for a probabilistic
approach—such as analyzing the probability density function (PDF) of
the momentum flux (i.e., the Reynolds stress)—rather than relying on
a single-valued transport coefficient. Indeed, the PDFs of zonal flows
shown in Ref. 48 (see Figs. 10–12) exhibit strongly non-Gaussian fea-
tures with multiple peaks, reflecting complex, intermittent dynamics
that cannot be captured by a constant turbulent viscosity.

B. Non-local, non-diffusive, anomalous transport
In fact, recent evidence suggests that there are no strict relation-

ships between fluxes and gradients. Moreover, transport coefficients,
when defined, tend to be nonlocal and nonlinear functions of various
parameters due to feedback mechanisms. Additionally, fluctuations
can become significantly large, exhibiting finite memory and non-
Gaussian statistical properties. These characteristics drive a variety of
interesting phenomena, including non-local transport, non-diffusive
transport, avalanches, blobs, and streamers, as well as the nonlinear
coupling of different modes.50–56 Streamers are elongated structures
that appear radially, as illustrated in the left panel of Fig. 2.
Interestingly, these large fluctuations can support power-law scaling, as
shown in the right panel of Fig. 2.53

Notably, the statistical property is often similar across different
plasmas. For instance,57 compared the probability density functions
(PDF) of the normalized ion saturation current in the different toka-
maks and the linear device, finding similar PDFs of the ion saturation
current is normalized by the standard deviation. A similar

normalization was used to demonstrate similarity in turbulent flux
PDFs,58,59 and even universal PDFs for bursty transport were pro-
posed.60 Here, “standard deviation” physically means the uncertainty
in each dataset and, thus, “normalization” by standard deviation
amounts to incorporating uncertainty in order to compare different
datasets on an equal footing. This point is revisited in the Appendix
when discussing the information geometry.

Anomalous transport can be driven by coherent structures, such
as streamers, blobs, or vortices, which are easily excited in plasmas.
Interestingly, these robust coherent structures can be utilized to predict
the probability density function (PDF) of anomalous transport.18,61–65

This method, known as the instanton method,66,67 employs the coher-
ent structure responsible for anomalous transport as an empirical
eigenfunction to expand a variable. Specifically, we can assume that
the variable / ! Wðx # U t$Fðt$ is the product of two functions: one
that describes the coherent structureWðx # U t$ and another that rep-
resents the time-dependent part Fðt$. Here, U represents the propa-
gating velocity of the coherent structure. Consequently, the PDFs of
flux can be expressed as a path integral that depends only on Fðt$,
along with the effective action Sk. The form of Fðt$ is derived from the
extreme solution to the action, which subsequently yields the PDF.

As an example, for the ITG turbulence,64 one assumes the electric
potential /ðx; y; t$ ! wðx; y # Ut$Fðt$ and the ion temperature Ti !
j/ with the proportional constant j between Ti and /. Here, x and y
denote the local radial and poloidal directions, respectively. One then
assumes that a coherent structure given by a modon51 of size a is
responsible for transport and uses it as an empirical eigenfunction as
follows:

/ðx; y # Ut$

! c1J1ðkr$ðcos hþ ! sin h$ þ a
k2

r cos h for r & a

! c2K1ðkr$ðcos hþ ~! sin h$ for r ' a: (1)

Here, J1 and K1 are the first Bessel function and the second modified
Bessel function, respectively; r !

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
, tan h ! y0=x, y0 ! y

#Ut, a; c1; c2; !;!! are relevant constants (see Ref. 63), and U is the
velocity of the modon. Note that the Reynolds stress vanishes if ! ! 0.
The PDF tails of the Reynolds stress Z1 ! R and zonal flow formation
Z2 ! /ZF are then expressed in terms of a path integral using the con-
jugate variables !/ and !/ZF as follows:

PðZ$ !
ð
dkj expðikjZ$Ikj ; (2)

where

Ikj !
ð
D/D!/D/ZFD!/ZFe

#Skj ; (3)

with the effective action Skj . The instanton solutions (the extreme solu-
tions of Sk) then give the PDF tails of the Reynolds stress R and zonal
flows /ZF as

PðR$ ( exp #q1R3=2
n o

; Pð/ZF$ ( exp #q2/
3
ZF

# $
; (4)

where q1 and q2 are constants.
More formally, for a partial differential equation of the type

@t/þ Nð/$ ! f , where Nð/$ and f are, respectively, a nonlinear

FIG. 1. The Reynolds stress huxuyi (in red, the left y axis) not being proportional to
@xhVyi (in blue, the right y axis) implies a breakdown of the constant turbulent vis-
cosity assumption.

Physics of Plasmas TUTORIAL pubs.aip.org/aip/pop

Phys. Plasmas 32, 070902 (2025); doi: 10.1063/5.0277398 32, 070902-3

VC Author(s) 2025

 28 July 2025 12:33:04
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PDFs of zonal parts are strongly non-Gaussian



2. Higher moments and the closure problem

Refs: Krommes, Phys. Rep. 360, 1 (2002); McComb, The Physics of Fluid Turbulence; Diamond et al., PPCF 47, R35 (2005).

• Low-order moments give useful summaries: F , '! '*# , '*# '*.
• But turbulence is not fully described by averages
• Higher moments capture:
- Variance: fluctua1on intensity 
- Skewness: asymmetry / bursts 
- Kurtosis: rare events / intermi_ency 

Closure problem
G
GH

F depends on IF '*

G
GH

IF '* depends on higher moments

To build reduced models, we must close the hierarchy.

Closures decide what turbulence physics is retained — and what is hidden.



Linear/perturbaIve approach is limited
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• Transport coefficients: nonlocal func1ons of variables

• No simple flux-gradient rela1on due to nonlinear feedback

• Strong fluctua1ons, finite memory, non-Gaussian PDFs

• Non-local transport, non-diffusive transport, avalanches, blobs, streamers, nonlinear 
coupling of modes (J Drake 1988, W Horton 1999, P Beyer 2000, G Antar 2021, PA 
Politzer 2002, Dif-Pradalier  2010; 2022, X Garbet 1994, BA Cararees 1996)VOLUME 85, NUMBER 23 P H Y S I C A L R E V I E W L E T T E R S 4 DECEMBER 2000
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FIG. 1. Time evolution of the magnetic surface averaged pres-
sure profile [isobars in the !x, t" plane]. The horizontal line
indicates the time at which Figs. 2 and 3 are taken.

120 grid points are used in the main interval and 2 3 36
in the buffer regions. The source S!x" is Gaussian shaped
and located in the left buffer zone.

The values of the parameters n ! x! ! 2, xk ! 0.5,
j#r0 ! 0.002, Ls#R0 ! 1, q0 ! 2.5, and $xq!2; xq!3% !
$250; 33.33% have been chosen such that in the case of a
constant equilibrium pressure gradient of 21 the balloon-
ing modes with wave numbers n in the range considered
in the present simulations are all unstable. More precisely,
for each wave number n, this is true for the mode with the
largest linear growth rate, i.e., those with no knots in the
radial envelope. In a linear analysis, the amplitude of
the source needed to build up a pressure gradient of 21
would be determined by x21

!

R
S dx ! 1, where the inte-

gral is taken over the left buffer region. However, in the
fully nonlinear case, modes react back on the pressure pro-
file and strongly weaken the mean gradient. To counterbal-
ance this effect, the source has to be increased, but it turns
out that even for very large amplitudes, the resulting mean
pressure gradient is only slightly above the linear instabil-
ity threshold. However, strong gradients appear locally in
space and time. In the present simulations, an amplitude
of the source 50 times larger than the value given by the
linear expression is used, which is the largest amplitude
possible with the given numerical discretization.

Following the time evolution of the radial pressure
profile, large bursts are observed alternating with quiet
periods, as illustrated in Fig. 1. One observes both low
pressure events traveling inward and high pressure bursts
propagating in the outward direction. Note that the early
times shown in Fig. 1 correspond to a transient phase
where the mean pressure gradient has not yet reached a
statistically stationary state. In this phase, many large
bursts are observed. From the previous plot, it is possible
to determine a time when a large burst appears. To inves-
tigate the 3D structure of this burst, the spatial distribution

FIG. 2 (color). Radially elongated structure (streamer) of the
turbulent radial flux in a section (at the low field side) of a
poloidal plane. The coordinates !r cosu, r sinu" in this plane are
given in units of the perpendicular scale length j.

of the turbulent radial flux is analyzed at that specific time.
A dominant structure corresponding to a strong local
maximum of the flux is observed. At the low field side,
this structure is highly elongated in the radial direction
which suggests its interpretation as a streamer. To illus-
trate this, Fig. 2 shows the contours of the turbulent radial
flux in a small section of the poloidal plane, at the toroidal
position where the structure passes at the low field side.
In the toroidal direction, the maximum of the flux follows
the local magnetic field line at each radial position,
which results in a strong distortion due to magnetic shear.
This indicates that structures and magnetic shear are not
incompatible. Since the modulational structure drive
has ballooning character, the streamer can adjust to the
magnetic shear. Figure 3 shows the structure at a distance

FIG. 3 (color). Same structure as in Fig. 2 one-half turn
around the torus away.

4893

Beyer, PRL 85, 4892, 2000

VOLUME 85, NUMBER 23 P H Y S I C A L R E V I E W L E T T E R S 4 DECEMBER 2000

corresponding to half a tour around the torus. Note that
the amplitude of the flux is lower in this region due to the
ballooning character of the turbulence. The corresponding
e-folding length in the toroidal direction can be roughly
estimated by 2p . To distinguish between a possible linear
or nonlinear character of the structure, the toroidal wave
number spectrum of the corresponding kinetic energy is
calculated. It shows that the streamer is composed of a
large (!10) number of modes with different toroidal wave
numbers n and is therefore clearly different from a linear
ballooning mode that is characterized by a single wave
number n [19]. Therefore, there is strong evidence that
the generation of streamers is an intrinsically multimode
nonlinear process rather than a secondary instability of a
purely linear eigenmode flow.

In the previous simulations, the generation of zonal
flows has been artificially suppressed. In order to study
the influence of these flows on the large scale transport
events, simulations including self-consistently generated
zonal flows are performed. As shown in Fig. 4, the fre-
quency of appearance of bursts is found to be remarkably
higher compared to the previous case (Fig. 1). On the other
hand, the amplitudes of single events are lower. More pre-
cisely, the spectrum of the turbulent radial flux at a given
radial position exhibits a 1"f decrease in a range of inter-
mediate frequencies [3,5,6] up to a certain cutoff, and the
latter is extended to higher frequencies when zonal flows
are included (Fig. 5). This behavior can be understood
analyzing the time evolution of the velocity shear at the
same given radial position. When a burst is building up,
the velocity shear starts growing after a short time delay,
inhibiting the flux to grow to large amplitudes. This is due
to the decorrelation of the radially elongated structures by
the shear stress. The cross correlation function of the tur-
bulent radial flux and the velocity shear shows a maximum
at a time delay of the order of 10 time units. This corre-
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e

FIG. 4. Time evolution of the magnetic surface averaged pres-
sure profile in the case with self-consistently generated zonal
flows.

sponds roughly to the cutoff in the frequency spectrum
mentioned above.

The change in the frequency spectrum is in perfect
agreement with the one observed in Ref. [2] in the running
sandpile model. There a suppression of the low-frequency
components and an increase of the high-frequency parts are
observed. Here the simulations presented so far confirm
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FIG. 5. Frequency spectra of the turbulent radial flux at x ! 0
in the cases without zonal flows (a), with self-consistent zonal
flows (b), and with externally imposed strong shear flow (c).
In each case, the spectrum is calculated in the statistically sta-
tionary state. Dashed lines indicate slopes of 21 and 24,
respectively.
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streamer
Power-law scaling



Structure used for predicIon of anomalous transport PDF
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Sta1onary PDF tails for rare, large amplitude events: Instanton methods by using coherent 
structure as `empirical eigenfunc1on’ (“structure-based theory) (E Kim 2002;2003;2008, J 
Anderson & E Kim 2008;2009)

as

φ(x, y, t) = ψ(x, y − Ut)F (t), and Ti = χφ. (10)

Here,

ψ(x, y − Ut) = c1J1(kr)(cos θ + ε sin θ) +
α

k2
r cos θ for r ≤ a, (11)

ψ(x, y − Ut) = c2K1(pr)(cos θ + ε̄(r) sin θ) for r ≥ a. (12)

Here J1 and K1 are the first Bessel function and the second modified Bessel

function, respectively; r =
√
x2 + y2, tan θ = y′/x, y′ = y − Ut, α = (A1 −

k2A2), A1 = (1− εngi − U + V0)/β, A2 = (U + αi − V0)/β. By matching the

inner and outer solution at r = a we find the conditions c1 = −αa/J1(ka),

c2 = −Ua/K1(pa), J ′
1(ka)/J1(ka) = (1 + k2/p2)/ka − kK ′

1(pa)/pK1(pa);

U is the velocity of the modon, and a is the size of the core region. The

function ε̄(r) is chosen such that the matching conditions are similar to those

in previous previous studies [11]- [12]. It is important to note that when

ε = 0 the Reynolds stress vanishes. The action Sλj is then to be expressed

only as an integral in time by using the conjugate variables,

F̄0 =
∫

d2xφ̄(x, t)J0(kr), (13)

F̄1s =
∫

d2xφ̄(x, y, t)J1(kr) sin θ, (14)

F̄1c =
∫

d2xφ̄(x, y, t)J1(kr) cos θ, (15)

F̄2s =
∫

d2xφ̄(x, y, t)J2(kr) sin 2θ, (16)

F̄2c =
∫

d2xφ̄(x, y, t)J2(kr) cos 2θ. (17)

Note that the contribution from the outer solution (r > a) to Sλj is neglected

compared to that from the inner solution (r < a) for simplicity. This can

be justified since the outer solution decays fast and inherently gives a minor

contribution to the PDF tail. The action Sλj consists of four different parts;

9

(
∂

∂t
+ V0

∂

∂y
)Ti −

5

3
τεngi

∂Ti

∂y
+
(

ηi −
2

3

)

∂φ

∂y
−

2

3
(
∂

∂t
+ V0

∂

∂y
)n =

− [φ, Ti] +
2

3
[φ, n] . (2)

Eqs. (1)-(2) are closed by using the quasi-neutrality condition. Here [A,B] =

(∂A/∂x)(∂B/∂y) − (∂A/∂y)(∂B/∂x) is the Poisson bracket; f is a forcing;

n = (Ln/ρs)δn/n0, φ = (Ln/ρs)eδφ/Te, Ti = (Ln/ρs)δTi/Ti0 are the nor-

malized ion particle density, the electrostatic potential and the ion tem-

perature, respectively. In equations (1) and (2), τ = Ti/Te, ρs = cs/Ωci

where cs =
√

Te/mi, Ωci = eB/mic and ν is collisionality. We also define

Lf = − (dlnf/dr)−1 (f = {n, Ti}), ηi = Ln/LTi , εn = 2Ln/R̄ where R̄ is the

major radius and αi = τ (1 + ηi). The perpendicular length scale and time

are normalized by ρs and Ln/cs, respectively. The geometrical quantities are

calculated in the strong ballooning limit (θ = 0, gi (θ = 0, κ̄) = 1/κ̄ where

gi (θ) is defined by ωD (θ) = ω!εngi (θ) and κ̄ is the plasma cross-sectional

elongation) [25]- [26], with ω! = kyv! = ρscsky/Ln. It should be noted that

the time evolution of the zonal flow potential (φZF ) is governed by an aver-

aged Eq. (1) [see last line in Eq. (6)]. This is equivalent to using the electron

density response ne = φ− 〈φ〉 [24].

We calculate the PDF tails of momentum flux and zonal flow formation

by using the instanton method. To this end, the PDF tail is expressed in

terms of a path integral by utilizing the Gaussian statistics of the forcing

f [22]. The probability distribution function of Reynolds stress Z1 = R and

zonal flow formation Z2 = φZF (using the notation Zj for j={1,2}) can be

defined as

P (Z) = 〈δ(Zj − Z)〉

=
∫

dλj exp(iλjZ)〈exp(−iλjZj)〉

=
∫

dλj exp(iλjZ)Iλj , (3)
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where

Iλj = 〈exp(−iλjZj)〉. (4)

The integrand can then be rewritten in the form of a path-integral as

Iλj =
∫

DφDφ̄DφZFDφ̄ZFe
−Sλj . (5)

Here, the parameter j refers to the two specific cases included in the present

study; namely j = 1 gives the PDF tail of momentum flux while j = 2

the PDF tail of the structure formation. The angular brackets denote the

average over the statistics of the forcing f . By using the ansatz Ti = χφ [see

Eq. (10)], the effective action Sλj in Eq. (5) can be expressed as,

Sλj = −i
∫

d2xdtφ̄

(

∂φ

∂t
− (

∂

∂t
− αi

∂

∂y
)∇2

⊥φ+ V0(1−∇2

⊥)φ

+ (1− εngiβ)
∂φ

∂y
− β[φ,∇2

⊥φ]

)

+
1

2

∫

d2xd2x′φ̄(x)κ(x− x′)φ̄(x′)

+ iλ1
∫

d2xdt(−
∂φ

∂x

∂φ

∂y
)δ(t)

+ iλ2
∫

dtφZF (t)δ(t)

− i
∫

dtφ̄ZF (t)(
∂φZF (t)

∂t
+ 〈vxvy〉). (6)

Note that the PDF tails of momentum flux and structure formation can be

found by calculating the value of Sλj at the saddle-point in the two cases

λ1 → ∞,λ2 = 0 or λ1 = 0,λ2 → ∞, respectively. Here the term 〈vxvy〉 is the

Reynolds stress averaged over the forcing (f) and space. that generates the

zonal flow. The first case λ1 → ∞,λ2 = 0 gives the PDF tail of momentum

flux in ITG turbulence including the interaction of a shear flow (V0) while

the second limit λ1 = 0,λ2 → ∞ gives the PDF tail of zonal flow formation.

In Eq. (6) we have used,

β = 1 + τ + τχ, (7)

7

PDF of flux becomes a func1onal of F(t), PDF tail to be found by extremizing effec1ve ac1on J/

effective action

) <, >, H = 	K <, > − 9H 	L(H)
Coherent structure



Spectra separate turbulence by scale

)(x, t) =P
0
)0 H Q"01

R S : spa1al scales, R S ∝∣ )0 ∣-

V W : temporal scales, V W ∝∣ X) W ∣-

Peaks: coherent modes or 
characteris1c frequencies (orange)
Broadband power: turbulent cascade 
/ mul1scale fluctua1ons (blue dashed)
Quasi-coherent mode with finite-width
Peak (blue) 

Spectra show where turbulence lives in scale space.

3. Spectral view of turbulence: where does fluctuaIon power live?



• Dominant scales: Ion-scale, electron-scale, or mixed-scale activity 

• Broadband vs coherent activity: Broadband continuum suggests turbulence; narrow peaks 
suggest coherent or quasi-coherent modes (left figure) 

• Changes across transitions: L–H transition or  pedestal formation can reorganize fluctuation 
power across S and W (right figure: weakly coherent mode from L mode -> I mode)

• A spectrum alone does not determine transport. 

• Use spectra together with fluxes,  cross-phases, PDFs, and mode fingerprints (D Hatch)

What can spectra tell us?

R. Bielajew et al PoP 2022, ASDEX-U
time



4. Non-equilibrium tokamak fusion plasmas

§ Driven and/or perturbed externally with injection of heat and particles, magnetic fields and  
constrained by magnetic geometry

§ Open boundaries and many degrees of freedom (Razumova & Lysenko, Plasma 6, 408, 2023) 
§ There might be no clear timescale separation: breakdown of 79 ≫	7: ≫ 7;	(timescales for 

global parameters, mean values, fluctuations, respectively)
• Breakdown of thermodynamic law: entropy can decrease locally with time (cf.: entropy cannot 

decrease with time in thermal equilibrium)

• “Non-equilibrium distance” from the Maxwellian distribution: Stix parameter 9 = <
=%( 7> where 

: 	;!4	7>	are the mean absorption power and slowing-down time (K Itoh & S-I Itoh, Plasma & 
fusion research 10, 3401027, 2015) 

• A good statistical theory must account for both typical fluctuations and rare events

Eun-jin Kim / ITCP-IAEA2026, Trieste 18



Part II - Information theory



What each measure tells you

Turbulence & statistical theory 

• Entropy H(X): uncertainty or spread of 
states: tracks PDF spread but may increase 
or decrease depending on dynamics and 
coordinates
• Mutual information I(X;Y): nonlinear 
dependence beyond correlation
       (I(X;Y)=0 if p(x,y)=p(x)p(y))
• Conditional mutual information I(X;Y|Z): 
dependence after accounting for Z
• Transfer entropy TX->Y tells whether the 
past of X improves prediction of future Y 
beyond the past of Y

Y Z =	−P
1
$ < 	log	$(<)

^ Z _ =P
1,)

$ (<, >) log
$(<, >)
$ < $ >

Use distributions, not only trajectories.



Mutual information: nonlinear correlation detector

Turbulence & statistical theory 

Why MI matters

• Linear correlation can vanish for nonlinear 
dependence. 
• Correlation analysis is lag-dependent;
• Lagged correlation can reveal delayed linear

dependence, but not general nonlinear dep-
endence 

• Mutual information detects general statistical 
dependence if enough data are available
• Conditional mutual information helps 
separate direct dependence from common-
driver e>ects

corr ≈ 0, MI > 0

X

Y

< = sin H , > = cos H + c
	 dℎQ!	c = 0

< <> >	=	< fg!2H >/2 = 0

        -> j1) =
1 3 ) 3
1! 3 )! 3 = 0



threshold.21,23,24,94,95 An example is shown in Fig. 4 from Ref. 21 which
plots the power thresholds against plasma density ne for the toroidal
magnetic field within a small range BT ! ½2:5; 2:8#T for JET data. Red
stars indicate the tens points with lowest threshold power, whose aver-
age value of BT and ne are shown at the left top corner (Fig. 4).

This, thus, begs the question of the role of hidden variables that
do not appear in the scaling relation of power threshold. These include
magnetic/divertor geometry, isotopes, impurity, safety factor, gas puff-
ing, displacing plasma column, and stochasticity that can be caused by
external perturbations, fluctuating energy flux, stochastic magnetic
fields, mini-avalanches on time scales t $ O(0.1) ms (e.g., ECEI on
KSTAR,96 gyrokinetic simulations). In recent L–H transition experi-
ments during the JET-ILW deuterium–tritium campaign (DTE2),
Solano et al.25 performed detailed study of isotope effects on the power
threshold in an ITER-like wall environment and shown that the mini-
mum power threshold and corresponding density shift systematically
with isotope mass. Furthermore, the L–H transition can occur in

different forms, most notably as either sharp or dithering transitions.
Here, a sharp transition refers to an apparently abrupt shift from the L
to H-mode, while a dithering transition involves a phase of limit-cycle
oscillations (I-phase). However, what qualifies as “sharp” is somewhat
subjective and depends on the temporal resolution of the diagnostics
used. For example, transitions previously considered instantaneous
have been shown to occur on a finite timescale of order of 1ms when
measured with improved time resolution. Additionally, the character-
istics of turbulence in both L- and H-mode can vary significantly
between discharges, reflecting differences in plasma conditions and
operational scenarios. As an example, Fig. 5 shows ne and upper diver-
tor Da signals from the MAST tokamak, illustrating diverse turbulence
states across the L–H transition: (a) ELMy H-mode with intermittent
preceding I-phases; (b) H-mode preceded by a long, continuous
I-phase that exhibits peak-skipping toward the end; and (c) dithery
H-mode. Figures 5(d)–5(g), respectively: a dithery period that does not
reach H-mode confinement levels, intermittent dithering, a long

FIG. 3. Information-theoretic transfer
entropy identifies the rational surfaces
(dashed lines) more effectively than linear
cross correlation in the W7-X stellarator.
Figure 4 from Ref. 41. Reproduced with
permission from van Milligen et al., Nucl.
Fusion 58, 076002 (2018). Copyright 2018
International Atomic Energy Agency.

FIG. 4. The L–H transition threshold power vs plasma density ne shows significant
variation in the JET tokamak. Figure 3 from Ref. 21. Reproduced with permission
from Martin et al., J. Phys.: Conf. Ser. 123, 012033 (2008). Copyright 2008 Authors,
licensed under a Creative Commons Attribution (CC BY) license.

FIG. 5. Different types of L–H transitions and turbulent states are reflected in the
time evolution of ne and upper divertor Da in the MAST tokamak. Figure 3 from Ref.
22. Reproduced with permission from Howlett et al., Nucl. Fusion 63, 052001
(2023). Copyright 2023 Authors, licensed under a Creative Commons Attribution
(CC BY) license.

Physics of Plasmas TUTORIAL pubs.aip.org/aip/pop

Phys. Plasmas 32, 070902 (2025); doi: 10.1063/5.0277398 32, 070902-5

VC Author(s) 2025

 28 July 2025 12:33:04

The let panel shows transfer entropy, and the right panel shows ordinary correla1on, both 
plo_ed as func1ons of radial posi1on and 1me lag in the W7-X stellarator 

Transfer entropy: van Milligen et al., Nucl. Fusion 58, 076002 (2018)

Transfer entropy identifies the rational surfaces, shown by the dashed horizontal 
lines, more clearly than the linear cross-correlation.



Part III - Information geometry: information length, 
information rate

Treat PDFs as trajectories through probability space.



Information geometry 
- Application of differential geometry to probability/statistics

Eun-jin Kim / ITCP-IAEA2026, Trieste 24

Distance measures similarity/disparity among PDFs 
by dimensionless number 

Smaller distance for similar PDFs
Larger distance for disparate PDFs

Assigning distance
Using symmetric rela1ve entropy 
(K-L divergence)

7 $, 0 = (745 $ ∥ 0 + 745 q ∥ $ )/2

M#$ N ∥ P =R
%
N S log N S

P S



Infinitesimal 8KL

For two distribu1ons with small difference in parameters l  and l +d l,	the KL divergence 
becomes a quadra1c distance-like object:

745 $ A ∣ l ∣∣ $ A ∣ l + Gl ≈
1
2
p"6Gl"Gl6.

Here

p"6 = r$ < ∣ l
s ln $
sl"

s ln $
sl6

Gt

When l = H, 745 = 
$
- u

- GH 2 where u denotes the informa1on rate
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7+ 8, 9 = ;<A	? 8, 9 @ln[? 8, 9 ]
@9

+
	



<0 (, + = ℰ((, +) = >4A	@ (, + Aln[@ (, + ]
A+

0
	 , %(+) = >

5
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• u t, H  informa1on rate: how quickly a PDF changes (dimension [1me]−1): decorrela1on 
rate

• v t, H 	informa1on length: cumula1ve change in p(A,t), the total number of different 
sta1s1cal states (dimensionless “distance”, wL=1 ater one decorrela1on 1me)

• Causal informa1on rates: dynamic causal rela1ons
• Correla1on between A(t) & B(t): u t, H  ~	 u x, H  even when	$ t, H ≠ $ x, H
• Quan1fy correla1on, causality, hysteresis, forecast abrupt events & work be_er than 

entropy-based methods [E Kim, Entropy 23, 1393, 2021; Entropy 20, 574, 2018; 
Entropy 23, 1087, 2021] 

For a time-dependent PDF p(A,t) for variable A(t) at time t  (∫WA	N Y, Z = 1)

InformaIon rate, informaIon length
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AnalyIcal expression for a Gaussian PDF
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&
v(H)	is quantized by D	(smallest distance that can be resolved)  

So, a broad PDF with large D gives smaller u H 	and v H
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Part IV – Information geometry of the L-H transition:

Stochastic prey-predator L-H transition model vs experimental data analysis



Information length in L-H-like transitions

Turbulence & statistical theory 

Why it is useful
• Information length can reveal rapid 
statistical evolution before or during a 
transition
• It is sensitive to PDF-shape changes, not 
only to mean shifts
• In stochastic prey-predator models, it can 
quantify self-regulation between turbulence 
and zonal flows
• Potential use: regime identification and 
early-warning indicators

time

sign
al

Mean versus information length rate
mean variable

info-geometry signal
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• ~ = <-: Turbulence amplitude (prey: rabbits)
• *: zonal flows (predator: foxes)
• �: Density (pressure) gradient
• Q: Input power (constant + fluctuation)
• V = dN2: mean flow shear (super predator: lions)
• ai, bi, ci, d: constant model parameters

3

transfer entropy, and information flow can be found in [27, 44–46].
From our perspective, a more pressing issue is that these methods are borne out of analyzing stationary, or linear

data. For instance, to determine causal relation in a deterministic prey-predator model in [38], PDFs were calculated
from a single time series of a stationary data, whereby joint/conditional PDFs were computed by sampling over time
with some time lag and causality was studied as a function of this time lag. As such method is not appropriate for
dealing with a time-varying data, we instead utilize the instantaneous transfer entropy provided in §VIB. This will
then be compared with the causal information rate to showcase the limitation of entropy-based causality measure. It
should be noted that our purpose here is not to provide in-depth discussion on di↵erent causality measures (including
transfer entropy) and their merits and limitations, which itself is an important research topic, but rather to highlight
the potential utility of the information geometric theory in comparison with transfer entropy.

To recapitulate, the main aim of this paper is to investigate stochastic dynamics of turbulence, zonal flows and
mean flows as an example of self-organising processes and present the non-perturbative methods. We will elucidate
how they interact and causally related prior to and during the L-H/H-L transitions under di↵erent stochastic noises.
We also provide a probability theory of power loss. The remainder of the paper is organised as follows. §II provides
our stochastic model. The e↵ects of stochastic noise on power threshold is investigated §III. §IV and V present the
trajectories for constant and time-varying power Q together with the analysis of the information rate. §VI compares
the results of the casual information rate and transfer entropy for time-varying Q. PDFs of power loss are discussed
in §VII. Conclusions are found in §VIII. Appendix contains additional figures.

II. STOCHASTIC PREY-PREDATOR MODEL

The L-H transition has been modeled using a zero-dimensional (0-D) prey-predator model [11, 13], or more com-
plicated transport models. While the latter contain more physics, the resulting L-H transition includes more com-
plex interplay among spatial and temporal evolution of di↵erent variables, which is more challenging to disentangle.
Therefore, the 0-D prey-predator model provides a simple theoretical model with a minimal number of key variables
responsible for the transition, enabling us to develop a key insight into complicated phenomena. The focus of this
paper is to incorporate stochastic noises in the deterministic 0-D L-H transition model and investigate the e↵ects of
such stochastic noises.

To this end, we extend the deterministic model (Eqs. (6)-(8) in [11]) for turbulence amplitude ✏, zonal flow shear
VZF = v and pressure gradient N by including the three independent stochastic noises ⇠i (i = 1, 2, 3). The resulting
stochastic prey-predator L-H transition takes the following form

d✏

dt
= N✏� a1✏

2 � a2V
2
✏� a3v

2
✏+ ⇠1✏, (1)

dv

dt
=

b1✏v

1 + b2V
2
� b3v + ⇠2, (2)

dN

dt
= �c1✏N � c2N +Q+ ⇠3. (3)

Here ai, bi, ci and d are non-negative constants; V = dN
2 represents the mean shear; Q is an input power. We

use the same parameter values a1 = 0.2, a2 = a3 = 0.7, b1 = 1.5, b2 = b3 = 1, c1 = 1, c2 = 0.5, and d = 1 as in
the previous works [11, 32–34, 36]. For constant temperature, N can be interpreted as density gradient. We note
that the variables in Eqs. (1)-(3) are non-dimensionalized, whose precise details would depend on turbulence model
(e.g., see [47, 48])1. In the absence of stochastic noises ⇠i = 0 (i = 1, 2, 3), Eq. (1) represents ✏ growing by the linear
instability of the pressure (density) gradient while damping by nonlinear interaction and turbulence regulation by
mean flow and zonal flow shears; Eq. (2) captures zonal flow growth from turbulence subject to the inhibition by the
(1 + b2V

2) and linear (collisional) zonal flow damping; Eq. (3) represents the relaxation of N by turbulent transport
and neo-classical/collisional e↵ect and its growth by the input power Q. The deterministic model has the quiescent
H-mode with ✏ = v = 0, L-mode with high turbulence ✏ and low zonal flow v, and dithering with moderate (finite)
values of ✏ and v as a result of the self-regulation between ✏ and v. We note that VZF = v are interchangeably used
in this paper.

1 For instance, for a generic drift wave model with an estimated linear growth rate � ⇠ k✓⇢scs|@xn0/n0| ⌘ k✓⇢scsN/a ⌘ N/⌧ , we
have the time unit ⌧ = a/(k✓⇢scs) and dimensionless pressure gradient N = a|@xn0/n0|. Here, n0 represents the background pressure
(density); a is the minor radius; k✓ is the characteristic poloidal wave number; cs =

p
Te/mi is the ion sound speed; Te is the electron

temperature. Other variables are also dimensionless as ✏ = (ñ/n0)2 = (e�̃/Te)2, V = ⌧(@xV ), and v = ⌧(@xv) where ñ, �̃, V , and v
represent physical density fluctuation, potential fluctuation, , and zonal flow shear, respectively. Obviously, the parameters can take a
wide range of values, e.g., k✓⇢ ⇠ 0.1 � 1, cs ⇠ 106 � 107 cm/s for Te ⇠ 1 � 100 eV, and a ⇠ 20 � 90 cm. For instance, for k✓⇢ ⇠ 0.1,
cs ⇠ 106 � 107cm/s, and a ⇠ 50 cm, we obtain ⌧ ⇠ 0.05� 0.5 milisecs. Thus, v = 1 corresponds to @xv ⇠ 20� 200 m/s assuming the
length scale of zonal flows is Lv ⇠ 1 cm.

Revisit: Prey-predator stochasIc L-H transiIon model
[E Kim et al, PPCF 2025; PRE 2024; Entropy 2024, P Fuller et al 2024, E Kim et al PRP 2020, R Hollerbach & Kim POP 2021]

• Based on E Kim & PH Diamond (PRL90, 185006, 2003): limit cycle oscilla1on (dithering) due 
to self-regula1on between turbulence and self-generated zonal flows (also, see Malkov 
2015, Hsu 2015, K Miki 2012)
• Input power (hea1ng) drives turbulence (prey) via instabili1es
• (Meso-scale) Zonal flow generated by turbulence regulate turbulence
• (Macro-scale) Mean flow shears on larger scale (driven by density/pressure gradient) 

regulate both turbulence and zonal flow (super-predator, lions)



Hiro J. Farre-Kaga et al.

Fig. 3: Edge radial profiles for shot 185461 and 185498 show-
ing ne from Thomson Scattering (black), u⊥ from DBS (red)
and radial electric field from Charge Exchange Recombination
Spectroscopy (blue). The L- and H-modes are represented by
the dashed and solid lines respectively. The pink shaded re-
gions show the radial range probed by the DBS channel 1.

both plasmas, as well as the clear correlation between u⊥
and Er. For shot 185461, channel 1’s probed radius (pink
shading) remained in the steep pedestal gradient and Er

well region (ρ = 0.97–0.98). In shot 185498, channel 1
covered a wider range (ρ = 0.85–0.95), corresponding to
the top and steep gradient regions of the pedestal, and the
inner part of the Er well.

Examples of the PDFs p(ñe) and p(u⊥) around the L-H
transitions are shown in fig. 4(a) and fig. 5(a) for ñe and
fig. 4(b) and fig. 5(b) for u⊥, along with animations of
the time-dependent PDF evolution at every millisecond in
the SM. The number of bins used to construct the PDFs
for the two measurements was determined using the Rice
rule [21], resulting in 11 and 34 bins for u⊥ and ñe, re-
spectively. A kernel density estimation method [22] for
smoothing the PDFs was tested and found only to slow
down the calculations without meaningfully altering the
results; therefore, no filtering was applied. When com-
paring, p(ñe) appears smoother than p(u⊥) because ñe

contains 128 times more data points.
The experimental parameters, such as the divertor mag-

netic configuration, L-mode n̄e and Pth, are different for
these two shots. A direct comparison of the stochastic
model analysis of the transition dynamics would therefore
provide limited insight and is not made here.

In the following sections, results are presented from the
statistical analysis applied to two separate shots with dis-
tinct L-H transitions, sharp and dithering. These two
shots provide a robust representation of the results from
a comprehensive application of the time-dependent PDF
analysis to all eight DBS channel data for all plasmas in
the L-H transition investigation.

Sharp L-H transition. –

PDF analysis. For shot 185461 with a sudden transi-
tion to an ELM-free H-mode at t = 2366.28ms (fig. 4(a)),
p(ñe) shows a sharp change from a relatively wide

Fig. 4: Statistical properties of shot 185461, which undergoes
a sharp L-H transition at t = 2366.28 ms: (a) time-dependent
PDFs of ñe (arbitrary units AU) and (b) u⊥ (ms−1) for dif-
ferent times before and after the L-H transition. (c) The Dα

intensity (blue) and ρ (red) probed by the DBS diagnostic as
a function of time. Mean values and standard deviations, σ
(denoted by error bars), for (d) ñe and (e) u⊥ against time.
Vertical arrows show the direction of electron (blue) and ion
(red) diamagnetic drift velocities, vdia

e and vdia
i . Kurtosis, K,

for (f) ñe and (g) u⊥ against time. Information length, L
(blue), and information rate, E (red), for (h) ñe and (i) u⊥
against time. In (c)–(f), the L-H transition is marked by the
green vertical line.

distribution in the L-mode phase (dotted lines) with stan-
dard deviation σ(ñe) ≈ 0.5 (green PDF), to a narrow and
asymmetric distribution in the H-mode (solid lines) with
σ(ñe) ≈ 0.2 (red PDF).

While detailed analysis of the changes in PDF struc-
ture for this rapid transition is challenging, important be-
haviour is observed. Specifically, going from the orange
to the green PDF curve involves the shortening of the
right tail in p(ñe), beyond the PDF uncertainties, with
hardly any accompanying change in the left tail. This
suggests only high-amplitude turbulence, with higher val-
ues of ñe, is suppressed before the L-H transition. In ad-
dition, the orange and green curves appear to develop
a secondary peak around ñe ∼ 0.4, near the H-mode
peaks, reminiscent of bimodal PDF behaviour [14,17]. In

64001-p4
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1. Sharp L-H transiIon: InformaIon rate (<a = =)	forms a peak 
at the L-H transiIon (DIII-D experiments vs theory)

• Information rate (decorrelation rate) forms a 
spike at the L-H transition, similar to the 

     model prediction without zonal flow. 
• Information rate is larger in the H-mode

DIII-D
HJ Farre-Kaga 
et al 2023

Prey-
predator
E Kim 2024
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2. Dithering transition: Self-regulation captured by oscillatory information rates with phase 
shift between turbulence, zonal flows, and pressure gradient (E Kim et al 2024;2025)

6

a larger value of N while others remain in dithering with finite x, v values and a smaller N . As Q increases, more
trajectories converge to the H-mode, as can be seen from Figure 4 where PDF peaks associated with the dithering
solution (with finite ✏, v) are reduced with the increase in Q while PDF peaks due to H-mode (✏ = v = 0) grow. This
manifests that stochastic noises make the H-mode characteristic appear well below Q = 0.6 < Qc(= 0.866) while the
dithering persist for Q = 0.9 > Qc. It is only for a su�ciently large Q = 1 > Qc when all the trajectories converge to
the H-mode.

FIG. 5: Initial distribution ✏(0) = 0.1, v(0) = 0.0, N(0) = 0 (Qc = 0.866) with std = (0.05, 0.05, 0.05).
D1 = D2 = D3 = 10�4. Q = 0.2, 0.5, 0.6, 0.8, 0.9, 1.0 from top to bottom.

FIG. 6: PDFs at t = 250 for initial distribution ✏(0) = 0.1, v(0) = 0.0, N(0) = 0 (Qc = 0.866) with std
= (0.05, 0.05, 0.05). D1 = D2 = D3 = 10�4. Qc = 0.866. Q = 0.5, 0.6, 0.8, 0.9, 1.0 from left to right.

B. D1 = D2 = D3 = 10�4

We now look at the e↵ects of all three non-zero stochastic noises D1 = D2 = D3 = 10�4. Trajectories and stationary
PDFs are shown in Figures 5-6. Compared with Figures 3-4, trajectories in Figure 5 are more random with broader
stationary PDFs in Figure 6. This is obviously due to enhanced stochasticity as a result of the all non-zero values
D1 = D2 = D3 = 10�4. Otherwise, Figures 5-6 exhibit quite similar behavior to what was seen in Figures 3-4. This
illustrates that the e↵ects of stochastic noises in turbulence, zonal flows and input power on stationary PDFs are
quite similar probably due to their nonlinear coupling.

V. TIME-VARYING Q - TRAJECTORIES, INFORMATION RATES

In this section, we provide detailed statistical analysis in the case of time-varying Q starting with trajectories and
time-dependent PDFs of ✏, v,N . From the latter, we define the corresponding information rates [21, 22, 25–27] as

�✏ = 2

sZ
d✏


dq(✏, t)

dt

�2
, �v = 2

sZ
dv


dq(v, t)

dt

�2
, �N = 2

sZ 
dq(N, t)

dt

�2
, (5)

where q(✏) =
p
p(✏, t), q(v) =

p
p(v, t), and q(N) =

p
p(N, t). Practically, we approximate the infinitesimal time

interval dt in Eq. (5) by a finite time interval �t = 0.1 to represent the time-derivative as [33]

df(t)

dt
⇡ f(t+�t)� f(t)

�t
. (6)
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This helps avoiding the numerical noise when taking the di↵erence between two PDFs q(X, t + �t) and q(X, t) for
too a small �t in Eq. (5), as detailed in [33]. The value �t = 0.1 is chosen (by trial and error) to o↵set numerical
noise while ensuring to capture di↵erent features of the two PDFs for the accurate calculation of the information rate
in Eq. (5). Finally, the integration in Eq. (5) is done numerically by using the trapezoidal rule.

A. D1 = D2 = 0 and D3 = 10�4

For D1 = D2 = 0 and D3 = 10�4, we show the trajectories and PDFs for the case of time-varying Q = 0.01t in
Figure 7 using ✏(0) = 0.25, v(0) = 0.2, N(0) = 0 with the standard deviation std=(0.01, 0.01, 0.01). Of particular
note is the sudden jumps in the values of ✏, v,N associated with the transition to the H-mode. Due to the stochastic
noise in the input power, this transition to the H-mode occurs at di↵erent times over the time interval t ⇡ (130, 150).
Around t ⇡ 130 (Q(t = 130) = 1.3 > Qc), the PDFs of turbulence, zonal flows and mean shear flow in the bottom
panel of Figure 7 all exhibit bimodal structure. ✏ ! 0 around t ⇡ 150 and v ! 0 at a slightly later time t > 150 while
N seems to complete its transition to the H-mode at a yet later time t ⇡ 160. This is reminiscent of the dynamics of
the deterministic system where turbulence damping precedes the zonal flow damping in the H-mode transition.

FIG. 7: Q = 0.01t. Initial condition with std = (0.01, 0.01, 0.01) and ✏(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952)
and D1 = D2 = 0, D3 = 10�4. From left to right: trajectories of ✏, v,N (top) and PDFs at t = 50, 130, 200 (bottom).

FIG. 8: Q = 0.01t. From left to right, the time-trace of information rates, �N vs �✏, �v vs �N , and �✏ vs �v: Initial
condition with std = (0.01, 0.01, 0.01) and ✏(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952) and

D1 = D2 = 0, D3 = 10�4.

The information rates �✏,�v,�N corresponding to Figure 7 are shown in the first column of Figure 8. Of particular
note is many crossings among �✏,�v,�N for t ⇡ (50, 130) in the first panel of Figure 8. As a result, the information
phase portraits of �N vs �✏, �v vs �N , and �✏ vs �v in the second to fourth columns of Figure 8 exhibit the prominent
congregation of the trajectories around the straight line with the slope 1 in an interval ✏, v,N ⇡ [0, 2]. This means
that the trajectories are hovering around �✏ ⇡ �v ⇡ �N as the PDFs of ✏, v, and N change at a similar rate during
dithering. This is a manifestation that not only ✏ and v but also N have similar or comparable information rates
through a strong coupling, self-regulation occurring among any two of the three during dithering. We note that the
values of �✏,�v,�N become small and approach zero when there is no further change in the PDFs. The results thus
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Appendix A shows the case of the constant Q = 0.98 > Qc where all the trajectories converge to the H-mode very
quickly without going through much dithering phase, leading to much less pronounced �✏ ⇡ �v ⇡ �N due to the lack
of self-regulation.

FIG. 9: Q = 0.01t, ts = 120; Q = 0.01t up to t = ts = 120 and then linearly decreasing in a mirror image. Initial
condition with std = (0.01, 0.01, 0.01) and ✏(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952) and

D1 = D2 = D3 = 10�4; From left to right, trajectories of ✏, v,N (top) and PDFs at t = 50, 130, 200 (bottom).

Figures 9 and 10 are equivalent to Figures 7 and 8 but for a mirror symmetric input power Q = 0.01t around the
time t = ts = 120 so that Q = 0.01t linearly increases to the maximum Qmax = 1.2 (> Qc) until t = ts = 120 and
then linearly decreases for t > ts until t = 2ts. In the remainder of this paper, the case of Q = 0.01t, ts = 120 refers
to such a mirror symmetric input power. We see in Figure 9 that because of a linearly decreasing Q for t > ts, some
trajectories maintain dithering for 120 < t < 190 which then slowly converge to the L-mode for t > 190. On the
other hand, the trajectories that converged to the H-mode for t < ts remain in the H-mode for 120 < t < 240. As
a result, at the end of the simulations at t = 240, some trajectories have ✏ = v = 0 (in the H-mode) while others
have ✏ 6= 0, v = 0 (in the L-mode). That is, the system does not recover the initial L-mode state, reflecting hysteresis.
Because of a longer duration of self-regulation in this case, the information rates against time and phase portraits
in Figure 10 reveal more pronounced time-matching among �✏,�v,�N as well as congregation in the phase portraits
around �✏ ⇡ �v ⇡ �N compared with Figure 8.

FIG. 10: Q = 0.01t, ts = 120: From left to right, the time-trace of information rates, �N vs �✏, �v vs �N , and �✏ vs
�v: Initial condition with std = (0.01, 0.01, 0.01) and ✏(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952) and

D1 = D2 = 0, D3 = 10�4.

B. D1 = D2 = D3 = 10�4

Due to D2 6= 0, v(t > 0) 6= 0 even when v(0) = 0. Thus, we consider the initial conditions given by the Gaussian
distribution with (✏(0), v(0), N(0)) = (0.25, 0, 0) and standard deviation (0.01, 0.01, 0.01). With the stochastic noises
in all the three variables, the trajectories become more stochastic as can be seen in Figure 11 and Figure 12 and
zonal flows develop both negative and positive values unlike those in Figures 7 and 9. One of the consequences of
this increased stochasticity is that in Figure 11, there are some trajectories that converge to the H-mode at an earlier
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Experimental support: InformaRon rate oscillates with phase shi` between 
fluctuaRons and  uperp (DIII-D: HJ Farre-Kaga et al 2023)

• During dithering, self-regulation is captured by oscillatory information rates of turbulence 
and uperp with phase difference

• Information rate increases during dithering due to enhanced decorrelation rate 
• Ä ~ (Å	~É) Ñ ÖÜL/sec (similar to áMNO	, àáP	 in Schmitz 2012)
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Time-dependent PDF analysis of H-mode transitions

comparison, going from the green to the red curve (at
the L-H transition) involves the leftward shift and nar-
rowing of the entire p(ñe), indicating general suppression
of turbulence after the transition. Interestingly, all three
p(ñe) in H-mode (red, purple, violet) exhibit a heavier
right tail, extending over a wider range (0.7 < ñe < 1.5)
than the left tail (0 < ñe < 0.2), despite their narrower
distribution.

When compared with p(ñe), p(u⊥) (in fig. 4(b)) exhibits
more changes across the transition. For instance, p(u⊥)
becomes more positive and skewed as the L-H transition
is approached, and σ(u⊥) changes from ≈ 1600ms−1 to
1100ms−1 around the transition. In addition, the orange
and green curves appear to develop a bimodal structure.
After the transition, the u⊥ PDFs are narrower with their
peaks appearing at a larger value of u⊥.

The expected decrease in the edge plasma region tur-
bulence level at the L-H transition is clearly observed in
fig. 4(d) with a sharp drop in mean ñe, which coincides
with the sudden increase in mean u⊥ in fig. 4(e). In H-
mode, the mean values of ñe and u⊥ vary over time, in-
volving some quasi-oscillations with a long period ≈ 10ms.
The physical origin of these oscillations is not entirely
clear, but it is not central to the purpose of this letter
and will be addressed in a future publication. It is, how-
ever, interesting to note that the local maxima of the u⊥
oscillations tend to occur near the local minima of the
ñe oscillations, indicating self-regulation between the two
variables.

The kurtosis, K(ñe) and K(u⊥), in fig. 4(f) and (g) is
smaller than the Gaussian value of 3 in L-mode. However,
K(ñe) shows a sharp peak at the transition and then a
non-monotonic increase over time. Since a large kurtosis
above the Gaussian value signifies heavy tails and inter-
mittency, the K(ñe) peak at the transition indicates high-
amplitude intermittency, possibly linked to the stronger
suppression of high-amplitude turbulence noted above.

Interestingly, the large spikes in K(ñe) around t =
2400ms seem to be associated with the peaks in mean
value u⊥ in fig. 4(e), and are followed by the spikes in
K(u⊥) in fig. 4(g). Increased values of K(u⊥) indicate
the development of tails in the p(u⊥) due to the growth
of strong localised flows [17]. It is should be noted that
for both shots, skewness was found to provide very similar
results to kurtosis.

Information geometry. The temporal evolution of E(t)
and L(t) in fig. 4(h) and (i) characterises the rate and ac-
cumulated temporal change of the PDFs. Sharp spikes
in E(ñe) and E(u⊥) at the L-H transition reflect sudden
changes in the PDF shapes at this time, thus providing
clear markers for the L-H transition. A notable increase
in the E(ñe) and E(u⊥) oscillations in H-mode signifies
an increased number of statistical state for both vari-
ables compared with L-mode due to the quasi-oscillatory
evolution of both ñe and u⊥ in H mode. Consequently,
the cumulative change in the statistical states, L(ñe) in

Fig. 5: The same as fig. 4, but for a shot 185498 undergoing
a dithering L-H transition at t = 2108.13 ms; in (c)–(f) the
green and grey vertical lines mark the L mode-to-dithering and
dithering-to-H mode transitions, respectively.

fig. 4(h) and L(u⊥) in fig. 4(i), shows shallower slopes
∝

√
E in L-mode, with sudden changes in gradient at the

transition; d
dtL(ñe) = 190 to 290ms−1 and d

dtL(u⊥) =
200 to 220ms−1.

Dithering transition. –

PDF analysis. For shot 185498, the start of the
dithering H-mode occurs at t = 2108.13ms and is fol-
lowed by a period of LCOs. These LCOs are useful be-
cause they prolong the L-H transition dynamics, allowing
the behaviour (e.g., oscillations) of key variables to be ob-
served more clearly over a longer time period [23]. As the
dithering can result from self-regulation between turbu-
lence and zonal flows, u⊥ is referred to as a zonal flow for
the dithering transitions [10].

Statistical analysis of the dithering H-mode phase for
shot 185498 is shown in fig. 5, and an expanded trace is
shown in fig. 6 with detailed features of the LCOs. Overall,
the L-mode ñe PDF (in dotted blue) in fig. 5(a) changes
from a wide, even distribution to a more skewed, nar-
row distribution over the transition, with σ(ne) = 0.38 at
t = 2105ms in L-mode and σ(ne) = 0.17 at 2142ms well

64001-p5
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Self-regulation between turbulence and magnetic fluctuations from information geometry
§ Information rate Γ against time  
• @ (density fluctuations)
• A (fluctuation perpendicular velocity)
• dBp/dt(magnetic fluctuations) 

T. Ashton-Key, Y. Andrew… E. Kim, et al (PPCF 2025)Investigation of magnetic fluctuations on H-mode transition dynamics on DIII-D

FIG. 7. Sequential PDFs during one cycle of the L-H transition between peaks of high Da , with measured

varaible on the x-axis, and the probability density of that value shown on the y-axis. Each PDF is constructed

from 2ms of data, 1ms on either side of the stated time for a PDF. Figures a),d),g),j) show density fluctuation

PDFs for the times shown in the legend. Figures b),e),h),k) show perpendicular velocity fluctuation PDFs.

Figures c), f), i), and l) show magnetic fluctuation PDFs.

activity in Fig. 7j), with probability P(ñe � 0.5) reducing from t = 2845ms to t = 2849ms. Ad-

ditionally, the probability of measuring low amplitude ene is increased in Fig. 7g) (with ñe < 0.1),

just before the high turbulent activity. The final PDF at t = 2851ms in Fig. 7j) shows fairly uni-

form probability of measuring ene over the range of amplitudes from 0.2 < ñe < 1.25, then slightly

reduced for the very high turbulent measurements.

The evolution of eu? during the same period is marked by three main features. The first is

the upward shift of the bulk of the velocity distribution from ũperp ⇠ 5kms�1 at t = 2845ms to

ũperp ⇠ 9kms�1 at t = 2849ms, which may reflect the mean velocity flow at the radial location

the measurement is made. The second feature is the growth of the high velocity tail during the

same period, with P(ũ? > 12kms�1 increasing before the high turbulent phase. This feature could

be the growth of fast localised flows, which may be zonal flows, enhancing the suppression of

turbulence. The final feature is the collapse of the flows during the high turbulence phase, with

some flows measured with ũ? < 0, and the bulk of the distribution centres to ũ? < 8kms�1.

The PDFs of the magnetic fluctuations don’t appear to have significant changes prior to the
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FIG. 5. Mean dynamical quantities over the transitions from DBS measurements and select Mirnov coils.

Da radiation measured in upper divertor for a) forward L-H transitions and b) backwards H-L transition.

The Da y-range is not from zero and is not the same between 185476 and 185469, and is only included to

demonstrate timings. Means of density fluctuation ene for c) forward and d) backward transitions. Means

of perpendicular velocity of fluctuations for e) forward and f) backward transitions. DBS measurements

are shown for Channel 1 (0.91  r  0.95) for the 185476 shot, and Channel 3 (0.95  r  0.97) for

185469. Raw data of Ḃq measured at the upper inner divertor (UID) (coil MPI4A322D) for g) forward and h)

backward transitions. Raw data of Ḃq measurements at the outer midplane (OMP) (coil MPI66M322D) for

the i) forward transition and j) backward transition. The orange region indicates the rapid oscillation phase,

where individual LCO are difficult to identify. The purple bands represent the regions of high turbulent

activity, as measured from the Da emission rising, associated with an L-mode like state of the plasma.

These are localised to the radial position of the particular channel of the DBS being looked at but

the position of DBS measurement is density dependent. So, as the density of the plasma changes

throughout the transition this radial position can change. The channels for 185476 and 185469

were chosen to be as steady as possible and as close in radial location to each other as possible
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FIG. 8. Information geometry analysis for the transitions, D tPDF = 2ms. a) and b) are Da trace for for-

ward and backward transition respectively. The rest of the plot shows information geometry for density

fluctuations in red, x = ñe, fluctuation perpendicular velocity in blue, x = ũ?, and information geometry for

magnetic fluctuations in green, x = Ḃq , measured at the upper inner strike point (MPI4A322D). c) shows

information rate Gx for the forward transition, with DBS measurements made in Channel 1, and e) shows

the information lengths Lx associated with these rates. d) shows Gx for the back transition, with DBS mea-

surements from Channel 3, and f) shows the associated Lx. g) h) i) and j) show similar measurements,

but with DBS measurements from Channel 2 for the forward transition, and Channel 4 for the backward

transition, which has measurements taken radially further from the separatrix. The orange band is the rapid

oscillation region, and purple bands show L-mode-like region of transitions.

as these points. There appears to be evidence of this regulation between ene and eu? for both the

forward and backward transition, most clearly in the time with more distinct L- and H-mode like

phases.

Both transitions have eu? experience the greatest change. This can be seen by Lũ? being the

largest of the variables by the end of the transition. The reason for this appears to be that eu? is being

constantly driven to change, whereas ene and Ḃq are more contained in their evolution. This dis-

agrees with previous theoretical work on information geometry applied to a predator-prey model

for the L-H transition23, which had the turbulence experience the greatest change, but the condi-

tions in these experiments may not match the ones considered in the previous work.
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Drift wave turbulence and zonal flow development measured by information rate 9

3.3. Information rate

A visual inspection of the instantaneous PDFs allows only a qualitative appreciation

of the evolution of the quantities of interest based on a few temporal snapshots.

Information rate � provides more complete and quantitative comparison between

di↵erent fields. For example, similar values of information rate for two di↵erent fields is

a strong indicator of their direct coupling. Figure 6 shows information rates for all three

fields, including their fluctuating and zonal components. Panel (a) of figure 6 shows the

evolution of the potential for all times, and the combined behaviour of its fluctuating

and zonal trace gives a quantitative history across all stages of the system evolution.

We find that �(�̃) nearly doubles, from ⇠ 0.2 to ⇠ 0.4, during the initial development

of turbulent fluctuations. Once anisotropic momentum transfer to the zonal component

starts, at t⇡50, the information rate �(�̃) decreases and then remains nearly constant.

Interestingly, the information rate of the zonal component �(h�i) shows a rapid increase

from �(h�i)⇡ 0.1 to �(h�i)⇡ 4 between times t = 10 and t = 50. This large increase

in information rate is indicative of the fast energy transfer from fluctuations to zonal

component via Reynolds stress. After this initial increase the information rate of zonal

component slowly decreases to reach the value of �(h�i)⇡0.3.

Figure 6. Information rates of potential (a), density (b) and vorticity (c). �(�), �(n)
and �(!) are shown in blue; �(�̃), �(ñ) and �(!̃) are shown in orange; �(h�i), �(hni)
and �(h!i) are shown in green. Dashed vertical lines show the times which are the
snapshots of the profiles and PDFs.

We now contrast the information rate variation of the potential with that found

for the fluctuating and zonal densities, shown in figure 6(b). The information

rate trace �(ñ) evolves nearly identically to �(�̃) and the values of the information

rates are comparable. Similar results are also found for other fluctuating variables,

e.g., �(ũx),�(ũy), etc. (results not shown), corroborating a strong correlation among

fluctuating variables.

However, the behaviour of �(hni) is di↵erent from that of �(h�i). The information

rate for zonal density has a high value �(hni)⇡4 and is nearly constant across the entire

time-span of the simulation. This strongly indicates that the zonal density structure may

emerge independently of the zonal flow. This is consistent with the past observation that
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final increase in disorder for the H-L transition. All three stages are clear
for set 1 and become less clear as we move to sets 2 and 3.

D. Marginal PDFs
The time evolution of px, pv, and pN for all sets can be seen in

Figs. 4–6, respectively. In each of the marginal PDFs, there is the

formation of a bi-modal structure (our observation being restricted to
the region where all variables are positive), and the dynamics are mani-
fested by the multi-peak structure. What the marginal PDFs reveal is
that in our model, the L-H transition is manifested by the formation of
a secondary peak in the PDF, which becomes the dominant peak: for
the density gradient, this is a peak at a larger value, whereas for the tur-
bulence and zonal flow shear, the peak develops at zero. Similarly, the

FIG. 11. The co-variance rxv for turbu-
lence and zonal flow shear. The subscript
indicates whether the two-variable or
three-variable PDF was used.

FIG. 12. The information rate for the joint
PDF. The subscript indicates whether the
two-variable or three-variable PDF was
used.

FIG. 13. The information rate for the mar-
ginal PDF px. The subscript indicates
whether the two-variable or three-variable
PDF was used.
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3. Self-organizaIon is manifested by an almost constant informaIon rate 
of joint PDF [P Fuller, E Kim, et al, PoP 31, 092506, 2024]

CNðtÞ ¼
ð
dN

1
pNðN; tÞ

@pNðN; tÞ
@t

" #2" #1=2

; LNðtÞ ¼
ðt

0
CNðt1Þ dt1:

(21)

The information rate is invariant under a time-independent change of
variable, meaning Cx is identical to CE calculated using pEðE; tÞ.

D. Entropy
The Gibbs entropy is used in this work to study the joint and

marginal PDFs. The entropies associated with the joint PDF and mar-
ginal PDFs are defined using the following expressions:

SxðtÞ ¼ $
ð
dx pxðx; tÞ ln ðpxðx; tÞÞ; (22)

SvðtÞ ¼ $
ð
dv pvðv; tÞ ln ðpvðv; tÞÞ; (23)

SNðtÞ ¼ $
ð
dN pNðN; tÞ ln ðpNðN; tÞÞ; (24)

SðtÞ ¼ $
ð
dxdv pðx; v; tÞ ln ðpðx; v; tÞÞ: (25)

IV. RESULTS
Three sets of results are presented in this paper. For each set,

the input power Q has a linearly increasing stage followed by a line-
arly decreasing stage such that it is symmetric around a time t%. The
increasing stage is referred to as the forward process and
the decreasing stage is referred to as the backward process in the
remainder of the paper. What differs between the sets is the power
ramping rate; the sets reach the same maximum power over differ-
ent spans of time. The objective is to investigate the impact various
ramping rates have on the system, particularly evidence of L-H/H-L
transitions, self-regulation, and dynamic hysteresis between the for-
ward and backward processes. The choice of input powers is as
follows:

• Set 1: Q ¼ 0:01t þ 0:1; t% ¼ 120, Qmax¼ 1.3.
• Set 2: Q ¼ 0:03t þ 0:1; t% ¼ 40, Qmax¼ 1.3.
• Set 3: Q ¼ 0:09t þ 0:1; t% ¼ 13:5, Qmax¼ 1.3.

The addition of 0.1 to the power is to speed up the evolution
so the system is not initially in L-mode for an extended period
of time. This is more important for the slower rampings in sets 1
and 2.

FIG. 2. (1a), (2a), and (3a) Information rates with C in black, Cv in red, CN in green, and Cx in blue. (1b), (2b), and (3b) Information lengths with the same color coding as the
information rates. The information lengths have been set to zero at the beginning of the backward process. In each case, the numerical label corresponds to the set number.

TABLE I. The various information lengths at the end of the forward and backward processes for each set.

Forward Backward

Set L Lx Lv LN L Lx Lv LN

1 59.3 15.5 11.4 36.9 76.4 10.6 6.4 68.2
2 52.9 18.7 12.2 25.0 62.5 7.2 4.6 51.8
3 45.1 18.3 9.9 19.5 53.8 7.4 4.6 49.7
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Qmax=1.3 > Qc

pxðx; tÞ ¼
ð
p dv dN; pvðv; tÞ ¼

ð
p dx dN; pNðN; tÞ ¼

ð
p dx dv;

(9)

and the 2Dmarginal PDFs are given by

pxvðx; v; tÞ ¼
ð
p dN; pxNðx;N; tÞ ¼

ð
p dv; pvNðv;N; tÞ ¼

ð
p dx;

(10)

where p $ pðx; v;N; tÞ is the joint PDF.

B. Covariance
The covariances between two variables are defined as

Cxv ¼ hðx % hxiÞðv% hviÞi; (11)

CxN ¼ hðx % hxiÞðN % hNiÞi; (12)

CvN ¼ hðv% hviÞðN % hNiÞi; (13)

where the angle brackets denote the average over the joint PDF such
that hf i ¼

Ð
f pðx; v;N; tÞ dx dv dN . The normalized covariances are

given by

rxv ¼ Cxv=rxrv; (14)

rxN ¼ CxN=rxrN ; (15)

rvN ¼ CvN=rvrN ; (16)

where rx; rv; rN are the standard deviations.

C. Information rate and length
The information rate and length are useful diagnostics to

monitor the evolution of a PDF.32,33 The information length can be

interpreted as the number of distinct statistical states a PDF enters
as it evolves in time. It is a path-dependent quantity, which is non-
decreasing with time by definition. The information rate is the rate
of change of the information length and gives the rate at which the
PDF undergoes statistical variation. The information rate has units
of inverse time, whereas the information length is dimensionless.
This feature means the information rate and length of different
variables, which themselves have different units, can be meaning-
fully compared. Such a feature is desirable as we are interested in
the correlation between variables and self-regulation. The informa-
tion rate and length of a variable are computed using the marginal
PDF of that variable. The information rate for the joint PDF is
defined by

CðtÞ ¼
ð
dx dv dN

1
pðx; v;N; tÞ

@pðx; v;N; tÞ
@t

# $2" #1=2

: (17)

Summing C along the path defines the information length

LðtÞ ¼
ðt

0
Cðt1Þ dt1: (18)

For the individual variables, we have

CxðtÞ ¼
ð
dx

1
pxðx; tÞ

@pxðx; tÞ
@t

# $2" #1=2

; LxðtÞ ¼
ðt

0
Cxðt1Þ dt1;

(19)

CvðtÞ ¼
ð
dv

1
pvðv; tÞ

@pvðv; tÞ
@t

# $2" #1=2

; LvðtÞ ¼
ðt

0
Cvðt1Þ dt1;

(20)

FIG. 1. (1a), (2a), and (3a) Means, with hxi (turbulence) in blue, hvi (zonal flow shear) in red, and hNi (density gradient) in green. (1b), (2b), and (3b) Standard deviations with
the same color coding as the means. (1c), (2c), and (3c) Covariances with rxv in blue, rxN in red, and rvN in green. In each case, the numerical label corresponds to the set
number. In (1a), the dashed vertical lines mark key phases: (1) turbulence-flow shear self-regulation; (2) the L-H transition; and (3) the H-L transition.
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p dv dN; pvðv; tÞ ¼

ð
p dx dN; pNðN; tÞ ¼

ð
p dx dv;

(9)

and the 2Dmarginal PDFs are given by

pxvðx; v; tÞ ¼
ð
p dN; pxNðx;N; tÞ ¼

ð
p dv; pvNðv;N; tÞ ¼

ð
p dx;

(10)

where p $ pðx; v;N; tÞ is the joint PDF.

B. Covariance
The covariances between two variables are defined as

Cxv ¼ hðx % hxiÞðv% hviÞi; (11)

CxN ¼ hðx % hxiÞðN % hNiÞi; (12)

CvN ¼ hðv% hviÞðN % hNiÞi; (13)

where the angle brackets denote the average over the joint PDF such
that hf i ¼

Ð
f pðx; v;N; tÞ dx dv dN . The normalized covariances are

given by

rxv ¼ Cxv=rxrv; (14)

rxN ¼ CxN=rxrN ; (15)

rvN ¼ CvN=rvrN ; (16)

where rx; rv; rN are the standard deviations.

C. Information rate and length
The information rate and length are useful diagnostics to

monitor the evolution of a PDF.32,33 The information length can be

interpreted as the number of distinct statistical states a PDF enters
as it evolves in time. It is a path-dependent quantity, which is non-
decreasing with time by definition. The information rate is the rate
of change of the information length and gives the rate at which the
PDF undergoes statistical variation. The information rate has units
of inverse time, whereas the information length is dimensionless.
This feature means the information rate and length of different
variables, which themselves have different units, can be meaning-
fully compared. Such a feature is desirable as we are interested in
the correlation between variables and self-regulation. The informa-
tion rate and length of a variable are computed using the marginal
PDF of that variable. The information rate for the joint PDF is
defined by

CðtÞ ¼
ð
dx dv dN

1
pðx; v;N; tÞ

@pðx; v;N; tÞ
@t

# $2" #1=2

: (17)

Summing C along the path defines the information length

LðtÞ ¼
ðt

0
Cðt1Þ dt1: (18)

For the individual variables, we have

CxðtÞ ¼
ð
dx

1
pxðx; tÞ

@pxðx; tÞ
@t

# $2" #1=2

; LxðtÞ ¼
ðt

0
Cxðt1Þ dt1;

(19)

CvðtÞ ¼
ð
dv

1
pvðv; tÞ

@pvðv; tÞ
@t

# $2" #1=2

; LvðtÞ ¼
ðt

0
Cvðt1Þ dt1;

(20)

FIG. 1. (1a), (2a), and (3a) Means, with hxi (turbulence) in blue, hvi (zonal flow shear) in red, and hNi (density gradient) in green. (1b), (2b), and (3b) Standard deviations with
the same color coding as the means. (1c), (2c), and (3c) Covariances with rxv in blue, rxN in red, and rvN in green. In each case, the numerical label corresponds to the set
number. In (1a), the dashed vertical lines mark key phases: (1) turbulence-flow shear self-regulation; (2) the L-H transition; and (3) the H-L transition.
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FIG. 13: Causal information rate for Q = 0.01t: initial condition with std = (0.01, 0.01, 0.01) and ✏(0) = 0.25,
v(0) = 0.0, N(0) = 0 (Qc = 0.94) and D1 = D2 = D3 = 10�4 (top panel); initial condition with std

= (0.01, 0.01, 0.01) and ✏(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952) and D1 = D2 = 0, D3 = 10�4 (bottom panel).

�N!v > �v!N > 1.3 and in �v!✏ > �✏!v > 1. Around t = 130, �N!✏ > �✏!N with continuing transition to the
H-mode as the mean shear flow damps turbulence.

From these observations, we can infer the damping of turbulence by zonal flow shears and the damping of zonal
flows by the s (around t ⇡ 125) before the s play a main role in damping turbulence around t ⇡ 130 onward to
complete the transition to the H-mode. This is consistent with the experimental results from Alcator C-Mod [49] that
the energy transfer from turbulence to zonal flow precedes the turbulence collapse, and the increase in the diamagnetic
electric field shear () for the L-H transition. Interestingly, the largest spikes in the net causal information rate seem
to be associated with the transition to the H-mode.

For t > 170, turbulence is almost zero (with a �-function PDF) (see Figure 7) as it is driven by a multiplicative
noise ⇠1✏ while the additive zonal noise ⇠2 keeps generating stochastic zonal flows around v = 0. This random v is
then subject to the damping by the mean shear flow N , and this behaviour is captured by �N!v � �v!N > 0 in the
top panel of Figure 13.

FIG. 14: Causal information rate with Q = 0.01t, ts = 120: Initial condition with std = (0.01, 0.01, 0.01) and
✏(0) = 0.25, v(0) = 0.0, N(0) = 0 (Qc = 0.94) and D1 = D2 = D3 = 10�4 (top); Initial condition with std

= (0.01, 0.01, 0.01) and ✏(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952) and D1 = D2 = 0, D3 = 10�4 (bottom).

A quite similar behaviour can be seen in the bottom panel in Figure 13. However, due to the stochastic noise only
in Q (D1 = D2 = 0), the initial evolution in the L-mode seems to be a↵ected by the initial transient. Also, due to the
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lack of stochastic generation of zonal flows, v remains zero for t > 170 with �N!v = �v!N = 0. On the other hand,
less stochasticity leads to more pronounced and prolonged self-regulatory behavior reflected in the causal information
rates with the alternative signs of �✏!v � �v!✏, �✏!N � �N!✏ and �N!v � �v!N for t ⇡ (50, 130). Interestingly,
overall, time evolution to the H-mode transition and their temporal sequences for t > 130 exhibit the causal relations
among ✏, v,N that are quite similar to what was observed for D1 = D2 = D3 = 10�4 in the top panel of Figure 13.

Figure 14 is equivalent to Figure 13 but for Q = 0.01t, ts = 120 where the results are obviously the same as those
in Figure 13 up to t = ts = 120. Because of the system having both characteristics of the H-mode and dithering
(which slowly approaches to the L-mode towards t ⇠ 240) for t > ts, the tendency observed for t ⇡ (130, 150) in
Figure 13 persists for a longer time in Figure 14. For t ' 230, the evolution to the L-mode from dithering is marked
by �v!✏ < �✏!v (similar to what was observed for t < 30 in the L-mode). Similar tendency is also observed for other
causal information rates; the net information causalities tend to have the same signs for t ' 230 and t / 30.

B. Transfer entropy

One of the advantages of having unequal time-dependent joint PDFs from stochastic simulations is that we can
define an instantaneous transfer entropy (TE) that can accommodate non-stationary data in the following form [35]

Ti!j(t) = lim
dt!0

Z
dXidXjp (Xj , t+ dt;Xj , t;Xi, t) log2

p (Xj , t+ dt;Xj , t;Xi, t) p (Xj , t)

p (Xj , t;Xi, t) p (Xj , t+ dt;Xj , t)
. (10)

Here, Ti!j , p (Xj , t+ dt;Xj , t;Xi, t), p (Xj , t+ dt;Xj , t), and p (Xj , t), respectively, represent the instantaneous trans-
fer entropy from Xi to Xj , the joint PDF of Xj(t+ dt), Xj(t) and Xi(t), the joint PDF of Xj(t+ dt) and Xj(t), and
the marginal PDF of Xj(t). Eq. (10) permits us to calculate instantaneous transfer entropy at any specific instance
in time as joint/conditional PDFs can be constructed from the stochastic trajectories at any times. We note that in
general, Ti!j can take any real value and is not symmetric in i and j, the net causality from i to j being quantified
by Ti!j � Tj!i (e.g., see [38]).

In order to calculate instantaneous transfer entropy in Eq. (10), we need to estimate univariate, bivariate and
trivariate PDFs. The number of bins that can be used in these estimations is limited to 25 uniform bins along
each dimension because of the requirement of estimation of a trivariate PDF. In principle higher number of bins per
dimension would result in better resolution but empirically it was found to result in increased noise due to the finite
number of samples used in the estimation of the PDFs.

FIG. 15: Transfer entropy (TE) for Q = 0.01t: Initial condition with std = (0.01, 0.01, 0.01) and ✏(0) = 0.25,
v(0) = 0.0, N(0) = 0 (Qc = 0.94) and D1 = D2 = D3 = 10�4 (top); Initial condition with std = (0.01, 0.01, 0.01) and

✏(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952) and D1 = D2 = 0, D3 = 10�4 (bottom).

cf: Instantaneous Transfer entropy

Causal informaRon rate (E Kim, Entropy 23, 1087, 2021; PRE 2024)

5. Effects of dynamical change in staIsIcal state 
of one variable on that of another variable 
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lack of stochastic generation of zonal flows, v remains zero for t > 170 with �N!v = �v!N = 0. On the other hand,
less stochasticity leads to more pronounced and prolonged self-regulatory behavior reflected in the causal information
rates with the alternative signs of �✏!v � �v!✏, �✏!N � �N!✏ and �N!v � �v!N for t ⇡ (50, 130). Interestingly,
overall, time evolution to the H-mode transition and their temporal sequences for t > 130 exhibit the causal relations
among ✏, v,N that are quite similar to what was observed for D1 = D2 = D3 = 10�4 in the top panel of Figure 13.

Figure 14 is equivalent to Figure 13 but for Q = 0.01t, ts = 120 where the results are obviously the same as those
in Figure 13 up to t = ts = 120. Because of the system having both characteristics of the H-mode and dithering
(which slowly approaches to the L-mode towards t ⇠ 240) for t > ts, the tendency observed for t ⇡ (130, 150) in
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by �v!✏ < �✏!v (similar to what was observed for t < 30 in the L-mode). Similar tendency is also observed for other
causal information rates; the net information causalities tend to have the same signs for t ' 230 and t / 30.

B. Transfer entropy

One of the advantages of having unequal time-dependent joint PDFs from stochastic simulations is that we can
define an instantaneous transfer entropy (TE) that can accommodate non-stationary data in the following form [35]

Ti!j(t) = lim
dt!0

Z
dXidXjp (Xj , t+ dt;Xj , t;Xi, t) log2

p (Xj , t+ dt;Xj , t;Xi, t) p (Xj , t)

p (Xj , t;Xi, t) p (Xj , t+ dt;Xj , t)
. (10)

Here, Ti!j , p (Xj , t+ dt;Xj , t;Xi, t), p (Xj , t+ dt;Xj , t), and p (Xj , t), respectively, represent the instantaneous trans-
fer entropy from Xi to Xj , the joint PDF of Xj(t+ dt), Xj(t) and Xi(t), the joint PDF of Xj(t+ dt) and Xj(t), and
the marginal PDF of Xj(t). Eq. (10) permits us to calculate instantaneous transfer entropy at any specific instance
in time as joint/conditional PDFs can be constructed from the stochastic trajectories at any times. We note that in
general, Ti!j can take any real value and is not symmetric in i and j, the net causality from i to j being quantified
by Ti!j � Tj!i (e.g., see [38]).

In order to calculate instantaneous transfer entropy in Eq. (10), we need to estimate univariate, bivariate and
trivariate PDFs. The number of bins that can be used in these estimations is limited to 25 uniform bins along
each dimension because of the requirement of estimation of a trivariate PDF. In principle higher number of bins per
dimension would result in better resolution but empirically it was found to result in increased noise due to the finite
number of samples used in the estimation of the PDFs.

FIG. 15: Transfer entropy (TE) for Q = 0.01t: Initial condition with std = (0.01, 0.01, 0.01) and ✏(0) = 0.25,
v(0) = 0.0, N(0) = 0 (Qc = 0.94) and D1 = D2 = D3 = 10�4 (top); Initial condition with std = (0.01, 0.01, 0.01) and

✏(0) = 0.25, v(0) = 0.2, N(0) = 0 (Qc = 0.952) and D1 = D2 = 0, D3 = 10�4 (bottom).

H
L

L-mode:	B	 → A, D → -,E	 → -
Dithering:	A ↔ ?	(self-regulaIon), E	 → -
H-mode: ? → 	D	, B	 → A,E	 → -



Part VI – Summary, Open problems



Summary

Turbulence & statistical  theory   

• Turbulence statistics are not only spectra; PDFs, tails, dependencies and trajectories 
in probability space matter
• Non-perturbative methods target coherent structures and rare events that 
perturbative closures can miss
• Information theory quantifies nonlinear dependence and directed influence, but 
causality needs careful assumptions
• Information geometry provides a useful tool to understand time-dependent PDFs and 
transitions



Mul$scale fusion turbulence
The pedestal and edge are not single-scale problems

Open problem

Ion-scale turbulence alone oOen 
fails to explain observed transport.
Electron-scale turbulence and 
cross-scale coupling can change 
saturaSon and transport.
Pedestal transport may involve 
ETG, MTM, ITG/TEM, KBM/MHD-
like physics in different channels.

Scale hierarchy and channel coupling

electron
scale

ion
scale

meso
scale

profile
scale

ETG / MTM can set electron heat flux while zonal flows, avalanches, and 
profiles regulate saturaSon.

Fingerprint idea

IdenLfy dominant modes from 
raLos of Qe, Qi, Γe, impurity flux, 
and fluctuaLon frequency.

Needed next

Coupled gyrokinetics + synthetic 
diagnostics + probabilistic 
modelling  + experiments.

Refs: Maeyama et al., Nucl. Fusion 64, 112007 (2024); Kotschenreuther et al., Nucl. Fusion 59, 096001 (2019); Hatch et al., Nucl. Fusion 56, 104003 (2016).
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Advanced/fusion-facing material

References are compact lecture pointers; consult the papers for model assump4ons and quan4ta4ve regimes.




