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Background: Curvature-Homogeneous Riemannian Manifolds

A Riemannian n-manifold (Mn, g) is said to be curvature-homogeneous if, for any two points
x , y ∈ M, there is an g -isometric isomorphism ι : TxM → TyM such that ι∗(Ry ) = Rx , where
Rx ∈ Λ2(T ∗

x M)⊗ Λ2(T ∗
x M) is the Riemann curvature tensor at x ∈ M.

Obvious examples: Any connected, locally homogeneous Riemannian n-manifold (Mn, g) is
curvature-homogeneous.

In dimension 2, the converse is true: A Riemannian surface (M2, g) is curvature-homogeneous
iff it has constant Gauss curvature K , and, by Minding’s Theorem (1839), all Riemannian
surfaces with constant Gauss curvature are locally homogeneous.

However, the converse is not true for n ≥ 3, as will be seen.
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The Condition of Curvature Homogeneity

The curvature Rg of (Mn, g) is a tensor of rank n2(n2−1)/12. I.e., it takes values in a bundle
Kn ⊂ Λ2(T ∗M)⊗ Λ2(T ∗M) associated to an O(n)-rep’n Kn of dimension n2(n2−1)/12.

Each O(n)-orbit O(n) · r ∈ Kn defines a subbundle Or ⊂ Kn. A metric g is curvature
homogeneous iff Rg takes values in such a subbundle Or .

The codimension of Or in Kn is

c(Or ) =
1
12n

2(n2−1)−
(
1
2n(n−1)− dr ) =

1
12n(n−1)(n−2)(n+3) + dr

where dr = dimHr with Hr ⊂ O(n) being the stabilizer of r ∈ Kn. So the condition
Rg (M) ⊂ R0 is c(Or ) diffeomorphism-invariant, second-order PDE on g .

Since g , modulo diffeomorphisms, depends on only 1
2n(n−1) functions of n variables, this

second-order system of PDE for g is overdetermined as soon as n > 3, no matter which r ∈ Kn

is considered.
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Cartan-Spencer analysis

Let (Mn, g) is curvature-homogeneous of type r ∈ Kn, and let F → M be the g -orthogonal
frame bundle over M. Cartan’s first and second structure equations are

dω = −θ ∧ω dθ = −θ ∧ θ + ⟨R, ω ∧ω⟩.

▶ ω : TF → Rn is the tautological 1-form

▶ θ : TF → so(n) is the Levi-Civita connection 1-form, and

▶ R : F → Kn is the curvature function, satisfying R(u · h) = ρn(h)
−1

(
R(u)

)
for h ∈ O(n).

The second Bianchi identity is dR = −θ.R + ⟨R ′, ω⟩, where
〈
⟨R ′, ω⟩, ω∧ω

〉
= 0.

By hypothesis, F → M contains an Hr -subbundle

Br =
{
u ∈ F | R(u) = r } ⊂ F

Let so(n) = hr ⊕ h⊥r and write θ = ψ + τ where ψ has values in h and τ has values in h⊥r .



Cartan-Spencer analysis

Let (Mn, g) is curvature-homogeneous of type r ∈ Kn, and let F → M be the g -orthogonal
frame bundle over M. Cartan’s first and second structure equations are

dω = −θ ∧ω dθ = −θ ∧ θ + ⟨R, ω ∧ω⟩.

▶ ω : TF → Rn is the tautological 1-form

▶ θ : TF → so(n) is the Levi-Civita connection 1-form, and

▶ R : F → Kn is the curvature function, satisfying R(u · h) = ρn(h)
−1

(
R(u)

)
for h ∈ O(n).

The second Bianchi identity is dR = −θ.R + ⟨R ′, ω⟩, where
〈
⟨R ′, ω⟩, ω∧ω

〉
= 0.

By hypothesis, F → M contains an Hr -subbundle

Br =
{
u ∈ F | R(u) = r } ⊂ F

Let so(n) = hr ⊕ h⊥r and write θ = ψ + τ where ψ has values in h and τ has values in h⊥r .



On Br → M, the second Bianchi identity becomes

0 = dr = −(ψ + τ).r + ⟨r ′, ω⟩ = −τ · r + ⟨r ′, ω⟩.

So τ = pω for some p : Br → ar ⊆ Hom(Rn, h⊥r ) = h⊥r ⊗(Rn)∗, where

ar = { p ∈ h⊥r ⊗(Rn)∗ | ⟨ pω . r , ω ∧ω⟩ = 0 }.

The first structure equation becomes dω = −θ∧ω = −ψ∧ω − (pω)∧ω, while the second
structure equation d(ψ + τ) = −(ψ + τ)∧(ψ + τ) + ⟨r , ω∧ω⟩ splits into two parts according to
so(n) = hr + h⊥r :

dψ = −ψ ∧ψ +Πhr

(
< r , ω ∧ω > −(pω) ∧ (pω)

)
d(pω) = −ψ ∧ (pω)− (pω) ∧ψ +Πh⊥

r

(
< r , ω ∧ω > −(pω) ∧ (pω)

)
This last equation takes the form dp = −ψ.p + qω for some q : Br → ar ⊗(Rn)∗ that satisfies

δ(q) = Qr (p) + Lr

where Qr (p)+Lr : Br → h⊥r ⊗Λ2(Rn)∗ and δ : ar ⊗(Rn)∗ → h⊥r ⊗Λ2
(
Rn)∗

)
is the Spencer

skewsymmetrization.
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The upshot is that the structure equations for the coframing η = ω ⊕ ψ : TBr → Rn ⊕ hr and
the structure function p : Br → ar on Br take the Cartan-Spencer form

dω = −ψ ∧ω − (pω) ∧ω

dψ = −ψ ∧ψ +Πhr

(
< r , ω ∧ω > −(pω) ∧ (pω)

)
dp = −ψ.p + qω, where δ(q) = Qr (p) + Lr .

• If ar = 0, then p = q = 0 and only locally symmetric examples exist.

• The relation Qr (p) + Lr ≡ 0 mod im(δ) may impose further conditions on p (or even allow
no solutions p).

• Best case: Qr (p) + Lr ≡ 0 mod im(δ) is an identity and ar is involutive in h⊥r ⊗(Rn)∗.

• Usually: Neither condition holds, and prolongation is required before the Cartan-Kähler
machinery can be applied. Effectively, this involves expressing dq in terms of ψ and ω.



The upshot is that the structure equations for the coframing η = ω ⊕ ψ : TBr → Rn ⊕ hr and
the structure function p : Br → ar on Br take the Cartan-Spencer form

dω = −ψ ∧ω − (pω) ∧ω

dψ = −ψ ∧ψ +Πhr

(
< r , ω ∧ω > −(pω) ∧ (pω)

)
dp = −ψ.p + qω, where δ(q) = Qr (p) + Lr .

• If ar = 0, then p = q = 0 and only locally symmetric examples exist.

• The relation Qr (p) + Lr ≡ 0 mod im(δ) may impose further conditions on p (or even allow
no solutions p).

• Best case: Qr (p) + Lr ≡ 0 mod im(δ) is an identity and ar is involutive in h⊥r ⊗(Rn)∗.

• Usually: Neither condition holds, and prolongation is required before the Cartan-Kähler
machinery can be applied. Effectively, this involves expressing dq in terms of ψ and ω.



The upshot is that the structure equations for the coframing η = ω ⊕ ψ : TBr → Rn ⊕ hr and
the structure function p : Br → ar on Br take the Cartan-Spencer form

dω = −ψ ∧ω − (pω) ∧ω

dψ = −ψ ∧ψ +Πhr

(
< r , ω ∧ω > −(pω) ∧ (pω)

)
dp = −ψ.p + qω, where δ(q) = Qr (p) + Lr .

• If ar = 0, then p = q = 0 and only locally symmetric examples exist.

• The relation Qr (p) + Lr ≡ 0 mod im(δ) may impose further conditions on p (or even allow
no solutions p).

• Best case: Qr (p) + Lr ≡ 0 mod im(δ) is an identity and ar is involutive in h⊥r ⊗(Rn)∗.

• Usually: Neither condition holds, and prolongation is required before the Cartan-Kähler
machinery can be applied. Effectively, this involves expressing dq in terms of ψ and ω.



The upshot is that the structure equations for the coframing η = ω ⊕ ψ : TBr → Rn ⊕ hr and
the structure function p : Br → ar on Br take the Cartan-Spencer form

dω = −ψ ∧ω − (pω) ∧ω

dψ = −ψ ∧ψ +Πhr

(
< r , ω ∧ω > −(pω) ∧ (pω)

)
dp = −ψ.p + qω, where δ(q) = Qr (p) + Lr .

• If ar = 0, then p = q = 0 and only locally symmetric examples exist.

• The relation Qr (p) + Lr ≡ 0 mod im(δ) may impose further conditions on p (or even allow
no solutions p).

• Best case: Qr (p) + Lr ≡ 0 mod im(δ) is an identity and ar is involutive in h⊥r ⊗(Rn)∗.

• Usually: Neither condition holds, and prolongation is required before the Cartan-Kähler
machinery can be applied. Effectively, this involves expressing dq in terms of ψ and ω.



The upshot is that the structure equations for the coframing η = ω ⊕ ψ : TBr → Rn ⊕ hr and
the structure function p : Br → ar on Br take the Cartan-Spencer form

dω = −ψ ∧ω − (pω) ∧ω

dψ = −ψ ∧ψ +Πhr

(
< r , ω ∧ω > −(pω) ∧ (pω)

)
dp = −ψ.p + qω, where δ(q) = Qr (p) + Lr .

• If ar = 0, then p = q = 0 and only locally symmetric examples exist.

• The relation Qr (p) + Lr ≡ 0 mod im(δ) may impose further conditions on p (or even allow
no solutions p).

• Best case: Qr (p) + Lr ≡ 0 mod im(δ) is an identity and ar is involutive in h⊥r ⊗(Rn)∗.

• Usually: Neither condition holds, and prolongation is required before the Cartan-Kähler
machinery can be applied. Effectively, this involves expressing dq in terms of ψ and ω.



Does each R0 ∈ Kn occur for some curvature-homogeneous g?

Spiro-Tricerri (1993): r = a RS4 + b RCP2 can only occur for a curvature-homogeneous
(M4, g) if a = 0 or b = 0.

Kowalski-Prüfer (1994): There is a 6-dimensional family of O(4)-orbits in K4 that cannot
occur for curvature-homogeneous (M4, g).

B– & Bettiol (2024): An (M4, g) that is Einstein or conformally flat can only be
curvature-homogeneous if it is homogeneous (and, in fact, locally symmetric).

The proofs all involve examining the consequences of the second Bianchi identity, and, in the
case of B–Bettiol, first and second derivatives of these identities.

In dimensions n ≥ 5, it’s easy to give examples of r for which the second Bianchi identity alone
rules out existence of curvature-homogeneous metrics with curvature type r .
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The proofs all involve examining the consequences of the second Bianchi identity, and, in the
case of B–Bettiol, first and second derivatives of these identities.

In dimensions n ≥ 5, it’s easy to give examples of r for which the second Bianchi identity alone
rules out existence of curvature-homogeneous metrics with curvature type r .
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Does curvature-homogeneity imply homogeneity?

Sekigawa (1973): There are (M3, g) that are curvature-homogeneous but not locally
homogeneous.

Ozeki–Takeuchi (1975–76) and Ferus–Karcher–Münzer (1981) found many examples of
(compact) isoparametric hypersurfaces Mn ⊂ Sn+1 for which the induced metric is
curvature-homogeneous (because of the Gauss equations) but not homogeneous.

(‘isoparametric’ = ‘constant eigenvalues of the second fundamental form’)

This provides examples of curvature-homogeneous (but not homogeneous) manifolds of
arbitrarily large dimension. These are, to date, the only known compact examples.

B.–Florit–Ziller (2024) completed the classification of curvature-homogeneous hypersurfaces
in space-forms, finding new explicit examples of dimension 3.
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Curvature-Homogeneous Riemannian 3-Manifolds

A (M3, g) is curvature-homogeneous if and only if the Ricci curvature of g has constant
eigenvalues (c1, c2, c3).

Remark: Not every triple of eigenvalues (c1, c2, c3) occurs for some homogeneous Riemannian
3-manifold. By Bianchi’s classification, for c1 < c2 < c3, there are two types of possibilities:

1. If c1c2c3 > 0, there is a 3-dimensional Lie group G with left-invariant 1-forms ωi satisfying

dωi =
ci (cj+ck)√
2c1c2c3

ωj ∧ ωk , where (i , j , k) is an even permutation of (1,2,3)

with Ric
(
ω1

2 + ω2
2 + ω3

2
)
= c1 ω1

2 + c2 ω2
2 + c3 ω3

2.

2. If (c2j +c2k )/(cj+ck) ≤ ci <
1
2 (cj+ck) < 0 for some (i , j , k) distinct, there are constants

p1, p2, p3, p4 and a 3-dimensional Lie group G with left-invariant 1-forms satisfying

dωi = 0, dωj = (p1 ωj + p2 ωk) ∧ ωi , dωk = (p3 ωj + p4 ωk) ∧ ωi

with Ric
(
ω1

2 + ω2
2 + ω3

2
)
= c1 ω1

2 + c2 ω2
2 + c3 ω3

2.
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Theorem (K. Yamato; 1992): Let r = (c1, c2, c3) be real, distinct constants satisfying

c2 > 0 > c1+c2 > c3 ≥
c1

2+c2
2

c1+c2

Then there exists a complete, inhomogeneous metric gr on R3 whose Ricci eigenvalues are
distinct and equal to the ri .

Yamato’s method is a direct Ansatz construction: Assume a metric on R3 of the form

g = dz2 + E (z)dx2 + 2F (z)dx dy + G (z)dy2

and write down the set of ODE for the functions E , F , and G that will make the resulting
metric g have Ricci eigenvalues (c1, c2, c3). Such a metric will be complete iff the solutions
(E (z),F (z),G (z)) are defined on the entire real line.

Note that these metrics generally have cohomogeneity 1, since they are clearly invariant under
x- and y -translations.
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Theorem (Kowalski,Prüfer; 1994): For any distinct constants c1, c2, c3, there exist local
non-homogeneous Riemannian 3-manifolds (M, g) with the eigenvalues of the Ricci tensor
equal to (c1, c2, c3).

Up to local diffeomorphism, such real-analytic metrics depend on three
functions of two variables.

More precisely: When written in geodesic normal coordinates that diagonalize the Ricci tensor
at the origin, the space of k-jets of curvature-homogeneous metrics in dimension 3 with
distinct Ricci eigenvalues has dimension 3

(
k
2

)
= 3

2k(k−1).

The characteristic variety: The underlying PDE, which is diffeomorphism invariant, is not
‘transversely elliptic’, In fact, for the linearization of the PDE at a metric g = ω1

2+ω2
2+ω3

2

that satisfies Ric(g) = c1 ω1
2+c2 ω2

2+c3 ω3
2 with the ci distinct, one finds that a covector

ξ = ξ1 ω1 + ξ2 ω2 + ξ3 ω3

is characteristic (modulo diffeomorphisms) if and only if ξ1ξ2ξ3 = 0.

The PDE for the metric is ‘transversely symmetric hyperbolic’, so that a
curvature-homogeneous metric is determined up to diffeomorphism by data specified along a
‘non-characteristic’ surface Σ ⊂ M3, i.e., a surface on which ωi∧ωj is non-vanishing for i ̸= j .
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Theorem (Kowalski,Prüfer; 1994): For any constants c1 = c2 ̸= c3, there exist local
non-homogeneous Riemannian 3-manifolds (M, g) with the eigenvalues of the Ricci tensor
equal to (c1, c2, c3).

Up to local diffeomorphism, these real-analytic metrics depend on two
functions of one variable.

More precisely: When written in geodesic normal coordinates that diagonalize the Ricci tensor
at the origin, the space of k-jets of curvature-homogeneous metrics in dimension 3 with exactly
two distinct Ricci eigenvalues has dimension 2(k−1).

The characteristics: It turns out that, in this case, the nature of the PDE modulo the
diffeomorphism group depends on the value of c3.

▶ When c3 > 0, the PDE is ‘transversely elliptic’.

▶ When c3 < 0, the PDE is ‘transversely hyperbolic’.

▶ When c3 = 0, the PDE is ‘transversely degenerate’ and can be explicitly solved locally.

I will set the case c3 = 0 aside for now and refer those interested to the the 2021 arXiv preprint
by Thomas Brooks (arXiv:2111.15499) for details.

Henceforth, I will set (c1, c2, c3) = (2c , 2c , 2r) for constants c ̸= r ̸= 0.
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Theorem (Kowalski,Prüfer; 1994): For any constants c1 = c2 ̸= c3, there exist local
non-homogeneous Riemannian 3-manifolds (M, g) with the eigenvalues of the Ricci tensor
equal to (c1, c2, c3). Up to local diffeomorphism, these real-analytic metrics depend on two
functions of one variable.

More precisely: When written in geodesic normal coordinates that diagonalize the Ricci tensor
at the origin, the space of k-jets of curvature-homogeneous metrics in dimension 3 with exactly
two distinct Ricci eigenvalues has dimension 2(k−1).

The characteristics: It turns out that, in this case, the nature of the PDE modulo the
diffeomorphism group depends on the value of c3.

▶ When c3 > 0, the PDE is ‘transversely elliptic’.

▶ When c3 < 0, the PDE is ‘transversely hyperbolic’.

▶ When c3 = 0, the PDE is ‘transversely degenerate’ and can be explicitly solved locally.

I will set the case c3 = 0 aside for now and refer those interested to the the 2021 arXiv preprint
by Thomas Brooks (arXiv:2111.15499) for details.

Henceforth, I will set (c1, c2, c3) = (2c , 2c , 2r) for constants c ̸= r ̸= 0.



Theorem (Kowalski,Prüfer; 1994): For any constants c1 = c2 ̸= c3, there exist local
non-homogeneous Riemannian 3-manifolds (M, g) with the eigenvalues of the Ricci tensor
equal to (c1, c2, c3). Up to local diffeomorphism, these real-analytic metrics depend on two
functions of one variable.

More precisely: When written in geodesic normal coordinates that diagonalize the Ricci tensor
at the origin, the space of k-jets of curvature-homogeneous metrics in dimension 3 with exactly
two distinct Ricci eigenvalues has dimension 2(k−1).

The characteristics: It turns out that, in this case, the nature of the PDE modulo the
diffeomorphism group depends on the value of c3.

▶ When c3 > 0, the PDE is ‘transversely elliptic’.

▶ When c3 < 0, the PDE is ‘transversely hyperbolic’.

▶ When c3 = 0, the PDE is ‘transversely degenerate’ and can be explicitly solved locally.

I will set the case c3 = 0 aside for now and refer those interested to the the 2021 arXiv preprint
by Thomas Brooks (arXiv:2111.15499) for details.

Henceforth, I will set (c1, c2, c3) = (2c , 2c , 2r) for constants c ̸= r ̸= 0.
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The case r = −1

A Lorentzian surface ‘Ansatz’: Let L be a surface and let dσ2 be a Lorentzian metric on L.
Let F 3 → L be the O(1, 1)-bundle whose sections are coframes (α1, α2) such
that dσ2 = 4α1◦α2 and let ψ represent the Levi-Civita connection 1-form on F . Thus,

dα1 = ψ ∧α1 dα2 = −ψ ∧α2 dψ = −2K α1 ∧α2 ,

where K is the Gauss curvature of dσ2. Define the β-metric of dσ2 on F to be

β
(
dσ2

)
= α1

2 − 2K α1◦α2 + α2
2 + ψ2.

Note that β
(
dσ2

)
is positive definite iff |K | < 1. (So set K = cos θ for 0 < θ < π.)

Proposition: If dσ2 satisfies |K | < 1 and ∆
(
cos−1(K )

)
= −2c

√
1−K 2, then g = β

(
dσ2

)
has

Ricci eigenvalues (2c , 2c ,−2). (Equivalently, ∆θ = −2c sin θ.)

Conversely, every (M3, g) with Ricci eigenvalues (2c , 2c ,−2) is locally of the form
(
F , β

(
dσ2

))
for some (L,dσ2) satisfying |K | < 1 and ∆

(
cos−1(K )

)
= −2c

√
1−K 2.
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An example: In 2015, Schmidt and Wolfson found a family of complete metrics on SL(2,R)
with (c1, c2, c3) = (0, 0,−2).

This family can be described via the above Ansatz as follows:
Parametrize SL(2,R) in the form

A =
1√

cos(x−y)

(
ez/2 cos x −e−z/2 sin y
ez/2 sin x e−z/2 cos y

)
where (x , y , z) ∈ R3 lie in the open ‘slab’ S ⊂ R3 defined by |x − y | < π/2, and this
representation is unique up to replacement by (x + 2kπ, y + 2kπ, z) for some integer k.

Then the Schmidt-Wolfson metrics are the β-metrics of surface metrics of the form

dσ2 =
4 sec 2v(x)dx◦dy

cos2(x−y)
.

on the strip |x − y | < π/2 in the xy -plane, where v is a 2π-periodic function of x that
satisfies 0 < v < π/4.

However, one does not need v to be periodic in order to define the β-metric of this dσ2, one
merely needs that 0 < v < π/4. Moreover, the β-metric will be complete whenever v is
constrained to take values in [ϵ, π/4− ϵ] for any positive ϵ.
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The case r = +1

A Riemann surface ‘Ansatz’: In this case, when c ̸= 1, the natural object is a Riemann
surface L endowed with a conformal metric dσ2 whose Gauss curvature K ̸= 1 has the property
that f =

(
(c+1)− 2K

)
/(c−1) satisfies the elliptic equation

∆(log f ) = 2c(f − 1).

There is a corresponding ‘β-metric’ construction that yields all of the (M3, g) where Ric(g)
has eigenvalues (2c , 2c , 2).

A pseudoholomorphic curve ‘Ansatz’: There is also a way to interpret the data (L,dσ2) as
defining an embedding of L into an almost-complex 4-manifold Xc as a pseudoholomorphic
curve.

The analysis of the almost-complex manifold Xc is an ongoing project.
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The big surprise: The two cases where c/r = 3 are connected to Toda lattices of type A2!

Ansatz when (c , r) = (3, 1):

Write CP2 = SU(3)/U(2). I am going to describe how to use a holomorphic curve C ⊂ CP2 to
construct an (M3, g) with Ricci curvatures (6, 6, 2).

Let B ⊂ SU(3) be the special unitary bases frames f = (f0 f1 f2) such that p = [f0] ∈ CP2 lies
in C and f0 and f1 span a 2-plane that represents the tangent line to C at p = [f0]. Then

(df0 df1 df2) = (f0 f1 f2)

 iθ0 −ω10 0
ω10 iθ1 −ω21

0 ω21 iθ2

 . Let T =


e it 0 0

0 e−2it 0
0 0 e it

 .

Proposition: The quadratic form g = 1
2 (ω10 + ω21) ◦ (ω10 + ω21) +

1
4 (θ2 − θ0)

2 descends to
M3 = B/T to be a metric (where nondegenerate) with Ricci eigenvalues (6, 6, 2).

Conversely, every connected (M3, g) with Ricci eigenvalues (6, 6, 2) is of this form for some
holomorphic curve C ⊂ CP2.
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Ansatz when (c , r) = (−3,−1):

In this case, the group is SU(2, 1) acting on C3 (and hence CP2) preserving an Hermitian form
H of type (2,1). It preserves the H-null lines N3 ⊂ CP2 and a contact structure on N3.

Instead of a holomorphic curve C ⊂ CP2, one considers a surface L = C1 ×C2 where the Ci are
(real) disjoint contact curves in N3.

There is a natural Lorentzian metric dσ2 induced on L that is independent of the action of
SU(2, 1) and its curvature K satisfies the conditions of the r = −1 Proposition.

Hence there is induced a Riemannian metric (M3, g) with Ricci eigenvalues (−6,−6,−2) on
the frame bundle F → L, and every (M3, g) with Ricci eigenvalues (−6,−6,−2) is locally of
this form.
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T2-invariant curvatures in dimension 4

The Riemannian curvature tensors r ∈ S2
(
Λ2(R4)

)
in dimension 4 that are invariant under the

standard maximal torus in SO(4) form a 4-dimensional family:

r = 2(a+b−c+s) (ω1 ∧ ω2)
2 + 2(a+b+c+s) (ω3 ∧ ω4)

2

+ (2s−a−b)
(
(ω1 ∧ ω3)

2 + (ω1 ∧ ω4)
2 + (ω2 ∧ ω3)

2 + (ω2 ∧ ω4)
2
)

+ 2(a−b)
(
2(ω1 ∧ ω2) ◦ (ω3 ∧ ω4)− (ω1 ∧ ω3) ◦ (ω4 ∧ ω2)− (ω1 ∧ ω4) ◦ (ω2 ∧ ω3)

)
.

▶ a = 0 if the metric is anti-self-dual

▶ b = 0 if the metric is self-dual

▶ c = 0 if the metric is Einstein

▶ 12s is the scalar curvature

We already know that a metric with this curvature will be homogeneous if it is conformally flat
or Einstein, so we can assume c ̸= 0 and (a, b) ̸= (0, 0). Normalizations: c = 3 and a ≥ b.
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Theorem (B— & Bettiol, 2025): Assuming c = 3 and a ≥ b, there is a
curvature-homogeneous Riemannian 4-manifold with curvature r only in the following cases:

r = 2(a+b+s−3) (ω1 ∧ ω2)
2 + 2(a+b+s+3) (ω3 ∧ ω4)

2

+ (2s−a−b)
(
(ω1 ∧ ω3)

2 + (ω1 ∧ ω4)
2 + (ω2 ∧ ω3)

2 + (ω2 ∧ ω4)
2
)

+ 2(a−b)
(
2(ω1 ∧ ω2) ◦ (ω3 ∧ ω4)− (ω1 ∧ ω3) ◦ (ω4 ∧ ω2)− (ω1 ∧ ω4) ◦ (ω2 ∧ ω3)

)
.

1. a = b = s ̸= ±1. A product of surfaces with constant Gauss curvatures differing by 12.

2. a = 1, b = s = −1. One example exists. Homogeneous with a 5-dim’l isometry group.

3. a = b = s = −1. Inhomogeneous examples exist depending on three functions of one
variable. Many examples are complete and have no nontrivial symmetries.

4. a = b = s = 1. Inhomogeneous examples exist depending on three functions of one
variable. No inhomogeneous examples are complete.

5. a = b = 1 and s = −1/2. One example exists. It is complete, of cohomogeneity 1.

6. a = b = 1 and s = −3/5. One example exists. It is incomplete, of cohomogeneity 3.
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The case a = 1, b = s = −1, and c = 3

On R5 with coordinates x , y , z , u, v , consider the quadratic form

g =
1

8

(
dy2 − dx dz + x du2 − 2y du dv + z dv2

)
pulled back to the M4 ⊂ R5 defined by the equation xz − y2 = 1 and the inequalities x , z > 0.
This defines a positive definite metric on M4, with a symmetry group that is a direct product
of SL(2,R) with R2 (translations in u and v).

The case a = b = s = −1 and c = 3

On R4 with coordinates x1, x2, x3, x4, let g = ω1
2+ω2

2+ω3
2+ω4

2 where

ω1 = cosh(2
√
3 x2)dx1 ,

ω2 = dx2 −
(
h(x1)−f (x1) x3−g(x1) x4

)
dx1 ,

ω3 = dx3 − f (x1) x2 dx1 ,

ω4 = dx4 − g(x1) x2 dx1 .

and f , g , and h are smooth functions on R. For generic choice of f , g , and h, the metric g has
trivial symmetry group and is complete.
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The first (exceptional) case a = b = 1, s = −1/2, and c = 3

Here is it most convenient to write the expression in ‘polar coordinates’ on M̂ = R× SO(3).
Let t be the coordinate on the R-factor, and, for a : SO(3) → M3(R) the inclusion, write

a−1 da =

 0 σ3 −σ2
−σ3 0 σ1
σ2 −σ1 0

 .

Consider the metric on M̂ defined by

g =
1

3

(
dt2 + (2 sinh t σ1)

2 + e−2t σ2
2 + e2t σ3

2
)

This is the unique example (originally found by Tsukada in 1988). It has cohomogeneity 1. To
get the actual manifold M, one must divide by the isometry of order 4

f (t, a) = (−t, aC ) , where C =

1 0 0
0 0 1
0 −1 0

 satisfies C 4 = I3,

and ‘blow down’ the locus t = 0 to a 2-sphere in M.
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