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Main tenet of polarization theory

For a bounded sample P is a (trivial) vector :

P =
1
V

∫
dr rρ(r)

Within Born-von-Kàrmàn PBCs:
r

Insofar as PBCs are adopted
P is a lattice: arbitrary by a “quantum”

For a large bounded sample the vector P converges to one
of the lattice values: which one? It depends on termination!
Caveat: Even the surfaces must be insulating!
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Three manifestations of polarization

1 Polarization linearly induced by some perturbation: ∂P/∂λ
(problem solved long ago by linear response & DFPT)

2 Polarization difference ∆P between two structures
(as measured since decades in ferroelectric oxides)

3 Polarization “itself” (a.k.a. “formal” polarization)



[1] Linearly induced polarization ∂P/∂λ

Examples:
Permittivity

↔
ϵ∞=

↔
1 +4π

∂P
∂E

, E is the internal (screened) field

Born effective-charge tensors

↔
Z

∗
s=

∂P
∂Rs,

, E = 0

What is actually computed (by LRT, DFPT)?

∂P
∂λ

=
∂P/∂t
∂λ/∂t

=
j
λ̇

current density induced by λ̇
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Born effective-charge tensors

Current density linearly induced by a nucleus
moving with unit velocity:

↔
Z

∗
s=

∂j
∂Ṙs,

, E = 0

Notice:
E = 0 is a boundary condition for integrating Poisson Eq.

Besides insulating crystals, it applies at it stands to:

Charge transport in insulating liquids
(Grasselli & Baroni, Nature Phys. 2019)

Inertia of the many-electron system in metals
(Dreyer, Coh, & Stengel, PRL 2022)
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[2] Polarization difference ∆P

Experimental definition of “spontaneous” P in ferroelectrics:

What is the measured observable?

P

E

B

A

A B

How a series of computationschanged our viewof the polarization of solids – p. 41/61

The observable is the integrated transient current:

P =
1
2

∫ B

A
j(t) dt

Can it be evaluated with a two-point formula?

P =
1
2
(PB − PA), E = 0
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[3] The Berry-phase theory (formerly called “modern”)
King-Smith & Vanderbilt, PRB 1993; Vanderbilt & King-Smith, PRB 1993

P is a Berry phase of the Bloch orbitals
A phase is arbitrary mod 2π
P is arbitrary mod 2π (rescaled to dimensionless units)

The polarization “quantum”
In 1D the quantum is e
In 2D and 3D the quantum is e × lattice vector

cell volume
Polarization is a lattice

In inversion-symmetric crystals:
P ̸= 0
The polarization lattice is inversion-symmetric
In quasi-1D (stereoregular polymers)
P is a Z2 topological invariant:

either P = 0 mod e (Z2-even)
or P = e/2 mod e (Z2-odd)
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The cell-volume pitfall

To nonbelievers:
The cell volume is somewhat arbitrary.............
Is P a uniquely defined multivalued property?

Go back to KIttel, Chapter 1 (my emphasis in red)
“The set of mathematical points to which the basis is
attached is called the lattice”
“of course the lattice points are just
mathematical constructions”
“A primitive cell is a minimum-volume cell”
“There is always one lattice point for primitive cell”
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What is a crystal?

Whenever a solid is crystalline, its Bravais lattice is unique
even when a supercell is needed for computation:

Interacting electrons
Finite temperature
Quantum nuclei
Chemical disorder (i.e. solid solutions)

Lattice defined as the appropriate average (if needed):



Amorphous & liquid systems

Polarization “itself” is ill defined
Polarization derivatives and differences are well defined
Infrared spectra of liquids routinely computed via
the single-point Berry phase (©Resta1998):

Fourier transform of P autocorrelation function
Car-Parrinello simulations on a supercell
The supercell “quantum” is quite small
∆P = P(t +∆t)− P(t) on a CP time step is much smaller!
∆P evaluated with the two-point formula
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A simple “curved space”

10/09/24, 15:26Is the Universe curved? – Explaining Science

Page 4 of 13https://explainingscience.org/2023/12/01/is-the-universe-curved/

(https://explainingscience.org/wp-content/uploads/2023/11/curvature-positive.png)

In the positively curved geometry on the surface of a sphere (A), the angles of a triangle add up to
more than 180 degrees. For example, if we assume the Earth is a perfect sphere, which it nearly is,
and we draw a large triangle on the surface of the Earth with:

one corner on the equator and at zero degrees longitude (x )
the second corner on the equator at 90 degrees east longitude (x ) and
the third corner at the North Pole (x ),

 then the angles of this triangle add up to 270 degrees.

In general, the smaller the triangle in the relation to the radius of the sphere, the closer the sum of
the angles is to 180 degrees. For example, if we constructed an equilateral triangle on the Earth’s
surface whose sides were 1 km long, the sum of the angles would add up to 180.000 000 706
degrees.

Similarly,  if we draw a circle of radius r on the surface of a sphere, its area is more than the area
given by the formula πr , which applies in Euclidean geometry The larger the radius of the circle r
compared to the radius of the of sphere, the bigger the departure of the area of the circle from πr .

0
1

2

2
2

An ant crawling on a 2D surface (space):
How can it discover whether it is flat or curved?



Theorema egregium (Gauss, 1827)

Gaussian curvature
of a spherical surface K = 1/R2

Integrated over an octant:∫
Σ

dσ K =
1
8
× 4πR2 × 1

R2 =
π

2

10/09/24, 15:30Connection (mathematics) - Wikipedia

Page 2 of 7https://en.wikipedia.org/wiki/Connection_%28mathematics%29

Parallel transport (of the black arrow) on a
sphere. Blue and red arrows represent
parallel transports in different directions
but ending at the same lower right point.
The fact that they end up pointing in
different directions is a result of the
curvature of the sphere.

from rigidly moving v along the second curve. This
phenomenon reflects the curvature of the sphere. A
simple mechanical device that can be used to
visualize parallel transport is the south-pointing
chariot.

For instance, suppose that S is a sphere given
coordinates by the stereographic projection. Regard S
as consisting of unit vectors in R3. Then S carries a
pair of coordinate patches corresponding to the
projections from north pole and south pole. The
mappings

cover a neighborhood U0 of the north pole and U1 of the south pole, respectively. Let X, Y, Z be
the ambient coordinates in R3. Then φ0 and φ1 have inverses

Sum of the three angles:

α1 + α2 + α3 = π + γ = π +

∫
Σ

dσ K

Angular mismatch for parallel transport:

γ =

∫
Σ

dσ K
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Holonomy (angular mismatch)

Parallel transport Arbitrary transport

Theorema egregium: γ =

∮
∂Σ

dϕ =

∫
Σ

dσ K mod 2π

What happens if Σ is a closed surface (i.e. no ∂Σ to speak of)?
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Quantum geometry

Holonomy:
In differential geometry: the angle of a vector
In quantum geometry: the phase angle of a state vector
Angular mismatch on a closed path: the Berry phase γ

The Berry curvature is the analogue of the Gaussian curvature
In differential geometry γ =

∮
∂Σ dϕ =

∫
Σ dσ K

In quantum geometry γ =
∮
∂Σ dϕ =

∫
Σ dκdλ Ω(κ, λ)

Σ domain included by the closed path ∂Σ

Berry curvature = Berry phase per unit area
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Berry connection & Berry curvature

Infinitesimal phase difference:

dϕ = −Im ln ⟨Ψ0,κλ|Ψ0,κ+dκ λ+dλ⟩

Berry connection (gauge dependent)

dϕ = i⟨Ψ0|∂κΨ0⟩dκ+ i⟨Ψ0|∂λΨ0⟩dλ
= Aκdκ+Aλdλ

Berry curvature (gauge invariant)

Ω(κ, λ) = ∂λAκ − ∂κAλ = −2 Im ⟨∂κΨ0|∂λΨ0⟩

Berry phase:

γ =

∮
∂Σ

dϕ =

∫
Σ

dκdλ Ω(κ, λ)
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Alternative expression

Berry curvature:

Ω(κ, λ) = i(⟨∂κΨ0|∂λΨ0⟩ − ⟨∂λΨ0|∂κΨ0⟩)
= −2 Im ⟨∂κΨ0|∂λΨ0⟩;

Also expressed as a Kubo formula:

Ω(κ, λ) = −2 Im
∑
n ̸=0

⟨Ψ0|∂κĤ|Ψn⟩⟨Ψn|∂λĤ|Ψ0⟩
(E0 − En)2 .



A flavor of topology

Integrating the Gaussian curvature over a closed surface:

Gauss-Bonnet theorem (1848)

1
2π

∫
Σ

dσ K = 2(1 − g)

2/3/12 5:21 PMLotsa 'Splainin' 2 Do: Are all mathematicians crazy?
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Here comes the crazy part. Solving the Poincaré Conjecture comes with a prize

of... $1,000,000! (Put your pinky finger to your mouth like Dr. Evil if you feel so

inclined.)

Grisha doesn't want it.

Separate from that cash, Grisha has been awarded the Fields Medal, equivalent

to the Nobel Prize in math, which also comes with a nice clump of cash. (There

is no Nobel Prize in math.)

Grisha doesn't want it.

Maybe his mama could talk some sense into this boy. But taking a look at this

Rasputin lookin' mofo, if she could talk sense into him, she'd probably start by

not dressin' him funny anymore.

Matty Boy, can you 'splain the Poincaré Conjecture to your gentle readers,

some of whom have serious issues with the math?

Let's give it a shot.

In the picture above, we have three different objects, a sphere, a torus and a

Klein bottle. We are going to consider only the surface of each, which we can

think of as a two dimensional thing in a three dimensional world.

The sphere is the easiest of these. It splits the three dimensional world into

three parts: the inside of the sphere, (known as a ball), the skin of the sphere

and the outside.

A torus is the next easiest. There is an inside, the skin and the outside, but

there's the "hole in the middle", which makes a torus different from a sphere in

mathematically important ways.

Then we have the physically impossible model that is the Klein bottle. It can be
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Appareils de cuisine à gaz (8)

Appareils dessert et accessoires (10)

Lounge (11)

Matériel de table (9)

Assiettes et porcelaine divers (19)

Couverts (20)
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Matériel buffet (16)

Tables et chaises (14)

Etales d'animation équipés (2)
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Accessoires apéro (23)

Matériel de cuisine (8)

Appareils de cuisine électrics (13)

Linge de table & chaise (32)

Chapiteaux et chauffages (9)

2 Débordeurs Elégance avec 1
corde noire ou bordeaux

14,00EUR

14,00EUR
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Enlever Produit(s) Qté. Total

Lubiana tasse
potage-consommé
blanche 32 cl

1 0,22EUR

Sous-total : 0,22EUR
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From quantum geometry to quantum topology

Integrating the Berry curvature over a closed surface
(in our case a torus):

Gauss-Bonnet-Chern theorem (1944)

1
2π

∫
Σ

dκdλ Ω(κ.λ) = C1 ∈ Z

C1 first Chern number, a.k.a. Z topological invariant

Topological observable:
Intensive ground-state property, expressed as:
a universal constant × an integer number
Robust under change of the experimental conditions
Measurable in principle with infinite precision
(the limit being set by the constant’s accuracy)
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Connection and curvature

Bloch orbitals |ψjk⟩ belong to different Hilbert spaces:

⟨ψjk|ψjk+dk⟩ ≡ 0

Geometry of periodic Bloch orbitals |ujk⟩ = e−ik·r|ψjk⟩:

⟨ujk|ujk+dk⟩ ̸= 0 i.e. same Hilbert space

Berry connection of band j :

dϕ− Im ln ⟨ujk|ujk+dk⟩ = i ⟨ujk|∂kujk⟩ · dk

Berry curvature of band j

Ωkλ = −2 Im ⟨∂kujk|∂λujk⟩ in linearly induced P

Ωαβ(k) = −2 Im ⟨∂kαujk|∂kβujk⟩ in conductivity theory
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The famous formula (King-Smith and Vanderbilt, 1993)

Polarization in zero E field:

P = −2e
∫

BZ

dk
(2π)d A(k) + P(nuclear), A(k) = i

nb∑
j=1

⟨ujk|∂kujk⟩

Periodic gauge mandatory:

|ψk+G⟩ ≡ |ψk⟩ ⇒ |uk+G⟩ ≡ e−iG·r|uk⟩

Closed loop in reciprocal space:
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Fig. 6. Illustration showing how the Brillouin zone in one dimension (left) can
be mapped onto a circle (right), in view of the fact that wavevectors k = 0 and
k = 2π/a label the same states

Equation (22) makes it easy to see why this quantity is called a Berry
“phase”. We are instructed to compute the global product of wavefunctions

. . . 〈uk1 |uk2〉〈uk2 |uk3〉〈uk3 |uk4〉 . . . (24)

across the Brillouin zone, which in general is a complex number; then the
operation “# ln” takes the phase of this number. Note that this global phase
is actually insensitive to a change of the phase of any one wavefunction uk,
since each uk appears once in a bra and once in a ket. We can thus view the
“Berry phase” ϕn, giving the contribution to the polarization arising from
band n, as a global phase property of the manifold of occupied one-electron
states.

In three dimensions (3D), the Brillouin zone can be regarded as a closed
3-torus obtained by identifying boundary points ψnk = ψn,k+Gj , where Gj is
a primitive reciprocal lattice vector. The Berry phase for band n in direction j
is ϕn,j = (Ω/e)Gj · P n, where P n is the contribution to (19) from band n,
so that

ϕn,j = Ω−1
BZ #

∫

BZ
d3k 〈unk|Gj ·∇k|unk〉 . (25)

We then have

P n =
1
2π

e

Ω

∑

j

ϕn,j Rj , (26)

where Rj is the real-space primitive translation corresponding to Gj . To
compute the ϕn,j for a given direction j, the sampling of the Brillouin zone is
arranged as in Fig. 7, where k‖ is the direction along Gj and k⊥ refers to the
2D space of wavevectors spanning the other two primitive reciprocal lattice
vectors. For a given k⊥, the Berry phase ϕn,j(k⊥) is computed along the
string of M k-points extending along k‖ as in (22), and finally a conventional
average over the k⊥ is taken:

ϕn,j =
1

Nk⊥

∑

k⊥

ϕn(k⊥) . (27)

Note that a subtlety arises in regard to the “choice of branch” when taking
this average, as discussed in the next subsection. Moreover, in 3D crystals,



Key features

P = −2i e
nb∑

j=1

∫
BZ

dk
(2π)d i⟨ujk|∂kujk⟩ + P(nuclear)

Invariant by translation of the coordinate origin
Gauge-invariant modulo the “quantum” eR

Vcell

Gauge-invariant by Marzari-Vanderbilt Bloch-orbital mixing
Choice of the branch obvious when evaluating
polarization derivatives by finite differentiation:
Born effective charges, piezoelectricity...
Cannot be used as such to evaluate dielectric constants
Choice of the branch simple even when evaluating
spontaneous polarization



Cubic lattice in 3D, single band

Integral on the reciprocal cell:

P(electronic)
x = − 2i e

(2π)3

∫ 2π
a

0
dky

∫ 2π
a

0
dkz

∫ 2π
a

0
dkx ⟨uk|∂kx uk⟩

The inner integral is a Berry phase:

P(electronic)
x = − 2e

(2π)3

∫ 2π
a

0
dky

∫ 2π
a

0
dkz γx(ky , kz)

γx(ky , kz) = i
∫ 2π

a

0
dkx ⟨uk|∂kx uk⟩



Discretization of the single-band Berry phase

Integral of the Berry connection on a closed loop:

γx(kx , ky ) = i
∫ 2π

a

0
dkx ⟨uk|∂kx uk⟩ =

∫ 2π
a

0
dkx Axk)

The Berry connection is the infinitesimal phase difference:

Ax(k)∆kx ≃ −Im log ⟨uk|uk+∆k⟩, ∆k along x

Discretizing with n points at constant (ky , kz):
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Fig. 7. Arrangement of Brillouin zone
for computation of component of P
along k‖ direction

it may happen that some groups of bands must be treated using a many-
band generalization of (22) due to degeneracy at high-symmetry points in
the Brillouin zone; see [18, 19] for details.

The computation of P according to (26) is now a standard option
in several popular electronic-structure codes (abinit2, crystal3, pwscf4,
siesta5, and vasp6).

3.3 The Quantum of Polarization

It is clear that (22), being a phase, is only well-defined mod 2π. We can see
this more explicitly in (21); let

|ũnk〉 = e−iβ(k) |unk〉 (28)

be a new set of Bloch eigenstates differing only in the choice of phase as a
function of k. Here β(k) is real and obeys β(2π/a) − β(0) = 2πm, where m

is an integer, in order that ψ̃n,0 = ψ̃n,2π/a. Then inserting into (22) we find
that

ϕ̃n = ϕn +
∫ 2π/a

0
dk

(
dβ

dk

)
dk = ϕn + 2πm. (29)

Thus, ϕn is really only well-defined “mod 2π”.
In view of this uncertainty, care must be taken in the 3D case when

averaging ϕn(k⊥) over the 2D Brillouin zone of k⊥ space: the choice of branch
cut must be made in such a way that ϕn(k⊥) remains continuous in k⊥.
In practice, a conventional mesh sampling is used in the k⊥ space, and the
average is computed as in (27). Consider, for example, Fig. 7, where Nk⊥ = 4.
If the branch cut is chosen independently for each k⊥ so as to map ϕn(k⊥)
to the interval [−π,π], and if the four values were found to be 0.75π, 0.85π,
0.95π, and −0.95π, then the last value must be remapped to become 1.05π

2 http://www.abinit.org/
3 http://www.crystal.unito.it/
4 http://www.pwscf.org
5 http://www.uam.es/departamentos/ciencias/fismateriac/siesta
6 http://cms.mpi.univie.ac.at/vasp/
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γx(ky , kz) =

∫ 2π
a

0
dkx Ax(k) → −Im

n−1∑
s=0

log ⟨uks |uks+1⟩

= −Im log
n−1∏
s=0

⟨uks |uks+1⟩

Erratic phase factors irrelevant:

γx(ky , kz) = −Im log ⟨uk0 |uk1⟩⟨uk1 |uk2⟩ . . . ⟨ukn−1 |ukn⟩
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3 http://www.crystal.unito.it/
4 http://www.pwscf.org
5 http://www.uam.es/departamentos/ciencias/fismateriac/siesta
6 http://cms.mpi.univie.ac.at/vasp/

γx(ky , kz) =

∫ 2π
a

0
dkx Ax(k) → −Im

n−1∑
s=0

log ⟨uks |uks+1⟩

= −Im log
n−1∏
s=0

⟨uks |uks+1⟩

Erratic phase factors irrelevant:

γx(ky , kz) = −Im log ⟨uk0 |uk1⟩⟨uk1 |uk2⟩ . . . ⟨ukn−1 |e
−iG·r|uk0⟩
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nb × nb connection matrix:

⟨uks |uks+1⟩ → Sjj ′(ks, ks+1) = ⟨ujks |uj ′ks+1⟩

γx(ky , kz) = −Im log det
n−1∏
s=0

Sjj ′(ks, ks+1)

Invariant by Marzari-Vanderbilt unitary transform
Implemented as such in many DFT codes



Electronic term, Wannier formulation

|wj⟩ Wannier function of band j in a given cell

Wannier centers:
r̃j = ⟨wj |r|wj⟩

Electronic term:

P(electronic) = − 2 e
Vcell

nb∑
j=1

r̃j

Same key features as for the Berry-phase theory
(multivaluednes, generalized gauge invariance...)

Algebra of the transformation known since the 1960s
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1 In a crystal polarization IS a multivalued observable

2 A flavor of quantum geometry

3 Bloch geometry & polarization
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Why different quanta are never observed?
(in 3D materials)

The bulk material has polarization P0 in zero E field

A slab cleaved normal to P0:

x

z

+ + + + + +

- - - - - -

Figure 5.1: Macroscopic polarization P in a slab normal to z, for a vanishing external
field E(ext). Left: When P is normal to the slab, a depolarizing field E = −4πP is
present inside the slab, and charges at its surface, with areal density σsurface = P · n
Right: When P is parallel to the slab, no depolarizing field and no surface charge
is present.

expressed as a time-integrated adiabatic current.[102, 103] Only afterwards it was
realized [119] that even polarization itself can be defined, although by means of
a change of paradigm: bulk polarization is not a vector (as theretofore assumed),
it is a lattice. In these Notes I will follow the historical developments, presenting
polarization differences first, and polarization itself later, in Sect. 5.4.

The first calculation ever of spontaneous polarization was published in 1990 [101].
The case study was BeO: it has the simplest structure where inversion symmetry is
absent (i.e. wurtzite), and furthermore its constituents are first-row atoms. The
idea was to address the macroscopic polarization of a slab of finite thickness,
with faces normal to the c axis, embedding it in an ad hoc medium which (i)
has no bulk polarization for symmetry reasons, and (2) does not produce any
geometrical or chemical perturbation at the interface. The optimal choice is
a fictitious BeO in the zincblende structure. Because of obvious reasons, the
system is periodically replicated in a supercell geometry (Fig. 5.2, top panel). The
selfconsistent calculation shows well localized interface charges, of opposite sign and
equal magnitudes at the two nonequivalent interfaces (Fig. 5.2, bottom panel). The
interface charge is related to the difference in polarization between the two materials:
σinterface = ∆P·n. The computer experiment provides the value of σinterface, and since
P vanishes by symmetry in the zincblende slab, one thus obtains the bulk value of
P in the wurtzite material. Notice that here P is a longitudinal polarization, in a
depolarizing field.

It must be emphasized that the quantity really “measured” in this computer
experiment is ∆P, not the polarization P itself. After Ref [101] was published,
a study of the experimental literature showed that—contrary to an incorrect
widespread belief—no experimental value of P in any wurtzite material exists: only
estimates are available. Ref. [101] marks, as said above, a change of paradigm:
polarization must be defined by means of differences, and the concept of polarization
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Depolarizing field E = −4πP

Screened polarization P = P0/ϵ

Energy cost: E2/(8π)× volume

Very likely the surface is metallic
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No depolarizing field, P = P0

No energy cost

When polarization is switchable
(ferroelectrics)
Spontaneous P is parallel
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What happens in quasi-1D? Example: Polyacetylene

Quantization of the dipole moment and of the end charges
in push-pull polymers
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A theorem for end-charge quantization in quasi-one-dimensional stereoregular chains is formulated
and proved. It is a direct analog of the well-known theorem for surface charges in physics. The
theorem states the following: !1" Regardless of the end groups, in stereoregular oligomers with a
centrosymmetric bulk, the end charges can only be a multiple of 1 /2 and the longitudinal dipole
moment per monomer p can only be a multiple of 1 /2 times the unit length a in the limit of long
chains. !2" In oligomers with a noncentrosymmetric bulk, the end charges can assume any value set
by the nature of the bulk. Nonetheless, by modifying the end groups, one can only change the end
charge by an integer and the dipole moment p by an integer multiple of the unit length a. !3" When
the entire bulk part of the system is modified, the end charges may change in an arbitrary way;
however, if upon such a modification the system remains centrosymmetric, the end charges can only
change by multiples of 1 /2 as a direct consequence of !1". The above statements imply that—in all
cases—the end charges are uniquely determined, modulo an integer, by a property of the bulk alone.
The theorem’s origin is a robust topological phenomenon related to the Berry phase. The effects of
the quantization are first demonstrated in toy LiF chains and then in a series of trans-polyacetylene
oligomers with neutral and charge-transfer end groups. © 2007 American Institute of Physics.
#DOI: 10.1063/1.2799514$

I. INTRODUCTION

Push-pull polymers have received much attention due to
their highly nonlinear electronic and optical responses. Such
molecules usually contain a chain of atoms forming a conju-
gated !-electron system with electron donor and acceptor
groups at the opposite ends. Upon an electronic excitation a
charge is transferred from the donor to the acceptor group,
leading to remarkable nonlinear properties. What is surpris-
ing, however, is that—as will be shown in the present
work—nontrivial features already appear when addressing
the lowest-order response of such molecules to the static
electric fields, i.e., their dipole moment. A model push-pull
polymer is shown in Fig. 1. Note that instead of addressing
computationally challenging excited states, we would rather
much prefer to focus on the ground state properties. There-
fore, in the case of the push-pull system shown in Fig. 1, we
simulate the charge transfer not by moving an electron but by
moving a proton from the COOH to NH2 groups located at
the opposite ends.

The most general system addressed here is, therefore, a
long polymeric chain, which is translationally periodic !ste-
reoregular, alias “crystalline”" along, say, the z direction,
with period a. We are considering insulating chains only, i.e.,
chains where the highest occupied molecular orbital–lowest
unoccupied molecular orbital gap stays finite in the long-

chain limit. The chain is terminated in an arbitrary way, pos-
sibly with some functional group attached, at each of the two
ends. In the case of a push-pull polymer, such groups are a
donor-acceptor pair. Therefore, the most general system is
comprised of Nc identical monomers !“crystal cells”" in the
central !“bulk”" region, augmented by the left- and right-end
groups. If the total length is L, the bulk region has a length

a"Electronic mail: kkudin@princeton.edu

FIG. 1. !Color online" Two states of a prototypical push-pull system. The
long insulating chain of alternant polyacetylene has a “donor” !NH2" and
“acceptor” !COOH" groups attached at the opposite ends. The charge trans-
fer occurring in such systems upon some physical or chemical process is
simulated here by moving a proton from the COOH to NH2 groups: in !a"
we show the “neutral” structure and in !b" the “charge-transfer” one. The
two structures share the same “bulk,” where the cell !or repeating monomer"
is C2H2, and the figure is drawn for Nc=5.
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Focus on π electrons only:
they contribute by a single (doubly occupied) band
Insulating whenever alternating
The Berry-phase theory yields P = 0 modulo e
The corresponding WF sits at the double-bond center

What happens in bounded samples?
No depolarizing field to speak of
No metallic “surface” to speak of
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I. INTRODUCTION

Push-pull polymers have received much attention due to
their highly nonlinear electronic and optical responses. Such
molecules usually contain a chain of atoms forming a conju-
gated !-electron system with electron donor and acceptor
groups at the opposite ends. Upon an electronic excitation a
charge is transferred from the donor to the acceptor group,
leading to remarkable nonlinear properties. What is surpris-
ing, however, is that—as will be shown in the present
work—nontrivial features already appear when addressing
the lowest-order response of such molecules to the static
electric fields, i.e., their dipole moment. A model push-pull
polymer is shown in Fig. 1. Note that instead of addressing
computationally challenging excited states, we would rather
much prefer to focus on the ground state properties. There-
fore, in the case of the push-pull system shown in Fig. 1, we
simulate the charge transfer not by moving an electron but by
moving a proton from the COOH to NH2 groups located at
the opposite ends.

The most general system addressed here is, therefore, a
long polymeric chain, which is translationally periodic !ste-
reoregular, alias “crystalline”" along, say, the z direction,
with period a. We are considering insulating chains only, i.e.,
chains where the highest occupied molecular orbital–lowest
unoccupied molecular orbital gap stays finite in the long-

chain limit. The chain is terminated in an arbitrary way, pos-
sibly with some functional group attached, at each of the two
ends. In the case of a push-pull polymer, such groups are a
donor-acceptor pair. Therefore, the most general system is
comprised of Nc identical monomers !“crystal cells”" in the
central !“bulk”" region, augmented by the left- and right-end
groups. If the total length is L, the bulk region has a length

a"Electronic mail: kkudin@princeton.edu

FIG. 1. !Color online" Two states of a prototypical push-pull system. The
long insulating chain of alternant polyacetylene has a “donor” !NH2" and
“acceptor” !COOH" groups attached at the opposite ends. The charge trans-
fer occurring in such systems upon some physical or chemical process is
simulated here by moving a proton from the COOH to NH2 groups: in !a"
we show the “neutral” structure and in !b" the “charge-transfer” one. The
two structures share the same “bulk,” where the cell !or repeating monomer"
is C2H2, and the figure is drawn for Nc=5.
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final statement is that the end charges Qend of the most gen-
eral polymeric chain, whose bulk region is centrosymmetric,
may only assume !in the large-Nc limit" values which are
integer multiples of 1 /2. We have previously anticipated this
statement !Sec. II" and demonstrated it heuristically !Sec. III"
using a simple binary chain as test case. Although we used
for pedagogical purposes a strongly ionic system, the theo-
rem is general and holds for systems of any ionicity. Further-
more, in all cases, the actual value of Qend is determined,
within the set of quantized values, by the chemical nature of
the system.

E. The correlated case

Throughout this work, we have worked at the level of
single-particle approaches, such as HF or DFT. The specific
tools used in our detailed proof !i.e., localized Boys’/
Wannier orbitals" prevent us from directly extending the
present proof to correlated wave function methods. Nonethe-
less, the exact quantization of end charges !in the large-
system limit" still holds, as a robust topological phenom-
enon, even for correlated wavefunctions. In this respect, the
phenomenon is similar to the fractional quantum Hall effect,
where correlated wavefunctions are an essential ingredient.16

We have stated above that the bulk dipole per cell !or per
monomer" p0 is defined in terms of Berry phases; more de-
tails about this can be found in our previous paper,26 where a
QC reformulation of the so-called “modern theory of
polarization”7–10 is presented. The ultimate reason for the
occurrence of charge quantization is the modulo 2! arbitrari-
ness of any phase, as, e.g., in Eq. !17". A correlated wave
function version of the modern theory of polarization, also
based on Berry phases, does exist.10,27,28 The quantization
features, as discussed here for polymeric chains, remain un-
changed. While not presenting a complete account here, we
provide below the expression for p0 in the correlated case.

Suppose we loop the polymer onto itself along the z
coordinate, with the loop of length L, where L equals a times
the number of monomers. Let "!r1 ,r2 , . . . ,rN" be the many-
body ground state wave function, where spin variables are
omitted for the sake of simplicity. Since z is the coordinate
along the loop, " is periodic with period L with respect to
the zi coordinate of each electron. We define the !unitary and
periodic" many-body operator

Û = ei!2!/L"#i=1
N zi, !18"

nowadays called the “twist” operator,28 and the dimension-
less quantity

# = Im ln$"%Û%"& . !19"

This #, defined modulo 2!, is a Berry phase in disguise,
which is customarily called a “single-point” Berry phase.27

In order to get p0 in the correlated case, it is enough to
replace the sum of single-band Berry phases occurring in Eq.
!17" with the many-body Berry phase #, as defined in Eq.
!19".

Notice that the large-L limit of Eq. !19" is quite non-
trivial, since as L increases, Û approaches the identity, but
the number of electrons N in the wave function " increases;

nonetheless, this limit is well-defined in insulators !and only
in insulators".29,30 In the special case where " is a Slater
determinant !i.e., uncorrelated single-particle approaches",
the large-L limit of # converges to the sum of the Berry
phases of the occupied bands, each given by Eq. !13". This
result is proved in Refs. 10 and 27. Therefore, for a single-
determinant ", the correlated p0 defined via # in Eq. !19"
coincides !in the large-L limit" with p0 discussed throughout
this paper.

V. CALCULATIONS FOR A CASE OF CHEMICAL
INTEREST

Our realistic example is a set of fully conjugated trans-
polyacetylene oligomers with the C2H2 repeat unit !a
=4.670 114 817 4 a.u.", such as shown in Fig. 1. For the
monomer unit, the bond distances and angles are r!CvC"
=1.363Å, r!C–C"=1.428Å, r!C–H"=1.09Å, $!CCC"
=124.6°, and $!CvC–H"=117.0°. Note that due to alter-
nating single-double carbon bond length, such a system is
insulating. The chain with the equal carbon bonds would be
conducting and, therefore, the theorem would not be appli-
cable. The calculations were carried out at the RHF/30-21G
level of the theory with the GAUSSIAN 03 code,6 up to Nc
=257 C2H2 units in the largest oligomer !Fig. 4". In order to
save computational time, all the monomers were taken to be
identical, i.e., each one with the same geometry. For the
structure with the noncharged groups 'Fig. 1!a"(, we compute
p!257"=8.0%10−7, i.e., both p, and Qend vanish, with a very
small finite-size error. The charge-transfer structure 'Fig.
1!b"( yields instead p!257"=4.669 728 2, which corresponds
to Qend=1 to an accuracy of 8.0%10−5. Thus, by modifying
the end groups, one can observe the quantization theorem in
a conjugated system, and again, the quantization is extremely
accurate. For comparison, we have also carried out full peri-
odic calculations31 of the dipole moment via the Berry-phase
approach,26,32 utilizing 1024 k points in the reciprocal space.
Since these calculations were closed shell, the electronic di-
pole was computed for only one spin and then doubled. If the

FIG. 4. Longitudinal dipole moment per monomer p!Nc" of the trans-
polyacetylene oligomers, exemplified in Fig. 1, as a function of Nc: dia-
monds for the neutral structure 'NN( 'Fig. 1!a"( and squares for the charge-
tranfer structure '&¯'( 'Fig. 1!b"(. The double arrow indicates their
difference, which is exactly equal to one quantum.
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Simple I-symmetric tight-binding Hamiltonians

Onsite ϵi constant, alternating hoppings t and t ′

Constant hopping t , alternating ϵi

Two-band model, insulating at half filling
(except when nonalternating)
Neutralizing nuclear charges: +e on each site

Upper chain: P = 0 mod e (like in polyacetylene)
Lower chain: P = e/2 mod e
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Z2 topological classification

Z2-even: Onsite ϵi constant, alternating hoppings t and t ′

Z2-odd: Constant hopping t , alternating ϵi

Z2 invariant protected by I-symmetry
When joining the two with a continuous & I-symmetric
deformation of the Hamiltonian the gap closes!
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