Statistical inference with correlated disorder in community detection
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Most theoretical work on Bayesian Inference model inputs as 1.1.d. component-wise draws from
some probability distribution. Despite providing valuable insights, these approaches are blind
to the structure of real-world data. Determining the effects of the structure in the signal on
the inference process is a priori an open question and will depend on the particular problem
to be considered. While it might make inference easier, as the knowledge of some structure
in the signal can help to restrict the search to a smaller space, it might as well make the prob-
lem harder from an algorithmic viewpoint, as observed in [1, 2] when an ergodicity breaking
phenomenon prevents numerical methods (such as message-passing approaches) to provide a
reasonable approximation of the posterior probability distribution of the signal given the data.
This is particularly surprising, as it was conjectured that Bayes optimality implied the absence
of glass phase at equilibrium [3].

In order to gain theoretical insights, we focus on the Censored Block Model model, also
known as planted spin glass, with a structured signal. In particular, we consider the signal,
or planted configuration, to be sampled from the Boltzmann distribution of an homogeneous
Ising model with inverse temperature «. This model is minimal, analytically tractable and
its theoretical and computational limits are well understood in the case of unstructured (x = 0)
signal [3]. We study the information-theoretic and algorithmic properties, focusing on the Bayes
optimal setting.

We provide a quantitative analysis of the feasibility of the inference task in the form of a
phase diagram depending on x quantifying the structure of the signal and the signal-to-noise
ratio #. The analysis is comprised of both a theoretical and a numerical part: in the former
we studied the properties of the posterior distribution in typical realizations of the inference
problem on random regular graphs, focusing on the thermodynamic limit in order to use the
cavity method, while in the latter we performed numerical resolutions of the cavity equations
and compared with the results obtained by running Belief Propagation on finite size instances
of the problem.

The planted configuration undergoes a ferromagnetic phase transition at k. = atanh(1/c — 1)
and a replica symmetry breaking phase transition at —rxs = atanh(1/4/c — 1). The phase di-
agram can therefore be divided into 3 regions, one for each phase of the prior. When the prior
is replica symmetric the phase diagram is divided into a region in which inference is “easy”
(information-theoretically possible and with optimal performance achieved with Belief Propa-
gation) and a region in which it is “impossible” (information-theoretically impossible).

In the region where the prior is paramagnetic the critical value 3. dividing the easy and
impossible phases is lower than the one obtained with an unstructured prior S.(x = 0): the
inference process is made easier as the introduction of the structure lowers the critical value [..

In the region in which the prior is ferromagnetic the critical value is 5.(k) = &, therefore
the introduction of structure hinders the inference process for large enough values of «.

Finally, in the region where the prior is in a replica symmetry breaking phase the posterior
undergoes a RSB phase transition for small enough values of .
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