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The challenge of complex geometries

Need to represent (moving) boundaries and enforce boundary conditions on complex geometry …

Hard!
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• Define mask that labels solid cells  and fluid cells .ΩS ΩF

• Solve modified fluid equations (Navier-Stokes, shallow water) over 
entire computational domain.

• Modified fluid equations penalize flow in solid regions. 

• Penalization introduces control parameter  that ensures solution of 
penalized equations converges to solution of fluid equations as 

.
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ε → 0

Example: Brinkman volume penalization. 

Solution: change equations, not geometry!
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• Physical model is porous shallow water equation flow (pSWE). 

• Control parameters for enforcing no-slip boundary conditions are porosity  and permeability . 
Error .

ϕ ≪ 1 k ≪ 1
O(ϕk1/2)
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• Marsh or estuary 
Porosity and permeability of SGS cells given by data.

New idea: use porous flow model for upscaling topography
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• Assume separation of scales: 
                                         L ≫ l ≫ ϵ

• Assume permeability and porosity topography data available for 
SGS cells. (e.g., ETOPOS)

• Upscaled porosity  is easy: just average  over !ϕl ϕϵ Ωl

Upscaling topography: separation of scales

   
   How to upscale permeability data from  to ?     

      
Ωϵ Ωl
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• Test cases with analytical upscaled permeability: 
layered structures, homogeneous material.

• Compare periodic homogenization (PH) with volume 
averaging (VA)  
(Renard & Ababou & 2022)

• Upscaling ratios 11, 31, 101.

• Consider both diagonal and non-diagonal SGS 
permeability matrices.
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Application to 2D shallow water equations

•  is porosity,  is permeability matrix.ϕ(x) ∈ (0,1] k
•  is fluid mass, where  is height of free surface.h̃ = ϕh h
•  is the mass flux or momentum.m̃ = h̃u
•  is gravitational acceleration,  is viscosity,  is effective viscosity and  is body force.g ν νe F
• Assume  and absorb viscosity into permeability, νe = ν K := νk

Porous shallow water equations (pSWE) in conservation form  
Dropped constant density factor .ρ0

is mask defining fluid/non-fluid regions.
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Periodic homogenization for pSWE

Porous shallow water equations (pSWE) in conservation form 

• Upscaled porosity  is simply average of SGS porosity  (0 or 1) over grid cells . 
No adjustable parameters!

ϕl ϕϵ Ωl

• Upscaled permeability matrices  computed by PH where . 
Upscaled permeability depends only on ratio of fine scale permeabilities. 

Kl Kfluid
ϵ /Ksolid

ϵ = 10

• Numerical stability: globally rescale friction matrix  so maximum eigenvalue is  . 

Solid permeability : value that enforces no-slip boundary conditions at solid interfaces.

K−1
l ≤ 1/Δtl

Ksolid
l = Δtl

• Set solid porosity to = 0.05.ϕmin
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Numerical model

Porous shallow water equations (pSWE) in conservation form 

• Second order finite volume/finite difference method on Arakawa C-grid (staggered grid).
• Periodic inflow/outflow boundary conditions.
• Free-slip lateral boundary conditions.
• RK4 in time.
• Masking for solid no-slip boundary conditions for non-porous SWE (reference fine scale  simulation).Ωϵ
• Cell-edge permeability is the harmonic mean of porosities of adjacent cells.
• Cell-edge friction (inverse permeability matrix) is arithmetic mean of adjacent cell resistivity matrices.
• Impose constant body force in direction (simple model of large scale internal tides).x−
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• Mean speed of coarse simulations compared to mean speed of fine simulation averaged to coarse grid.
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Results: upscaled topography

Off-diagonal Darcy friction matrix entries  represent flow deflection by SGS topography: K−1
12
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Upscale ratio 9: total dissipated power

Channel configuration, Re ≈ 40
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Scaling of TDP error with upscaling ratio
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Scaling of speed error with upscaling ratio
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•  is  symmetric positive matrix: captures anisotropy and 
blockage effects of SGS topography.
K(x) 3 × 3

• Upscaled porosity is simply SGS porosity averaged over 
computational grid cells. No adjustable parameters!

• Upscaled permeability computed using periodic homogenization for 
Darcy flow elliptic equation using Lippmann-Schwinger equation.

• Validate results for 2D shallow water equation flow for rough walled 
channel and island topographies.

• Results for mean speed and total dissipated power are excellent for 
upscaling ratios up to about 15.

• Much better than simple topography averaging!


