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geometry.

 Examples include fluid-structure interaction, cell growth, and
multiscale irregular topography in ocean and atmosphere models.

 Often boundary shape is not known analytically, is non-smooth, or
IS given by a time-dependent free boundary problem.

* Explicitly representing geometry is very challenging numerically and
mathematically.

Need to represent (moving) boundaries and enforce boundary conditions on complex geometry ...

Hard!
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Solution: change equations, not geometry!

 Define mask that labels solid cells £2¢ and fluid cells L2 .

 Solve modified fluid equations (Navier-Stokes, shallow water) over
entire computational domain.

* Modified fluid equations penalize flow in solid regions.

 Penalization introduces control parameter € that ensures solution of
penalized equations converges to solution of fluid equations as

e — 0.

Example: Brinkman volume penalization.
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Examples of Brinkman volume penalization

* Navier-Stokes equations: vortex induced vibration of cylinder
Kevlahan & Ghidaglia (2001), Kevlahan & Vasilyev (2005)

* Shallow water equations: tsunami propagation
Kevlahan, Dubos, Aechtner (2015)
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e Sigma vertical grid (terrain following) ocean models must smooth resolved topography to minimize horizontal pressure
gradient error due to tilted layers.

* |oss of accuracy compared to z—grid since topography resolution is lower than computational grid resolution.

* Increase accuracy by adding back small scale bathymetry features using penalization.
Penalized small scale bathymetry does not affect stability limit!

Free surface

‘——-___R___—____/
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Details
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Smoothed bathymetry

* Physical model is porous shallow water equation flow (0SWE).

 Control parameters for enforcing no-slip boundary conditions are porosity ¢ << 1 and permeability k < 1.
Error O(¢k'?).



Brinkman volume penalization for Gulf Stream

Multilayer shallow water ocean model (CROCQO) (Debreu, Keviahan & Marchesiello 2020, 2022)
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Brinkman volume penalization for Gulf Stream

Multilayer shallow water ocean model (CROCQO) (Debreu, Keviahan & Marchesiello 2020, 2022)

* 1/8° o solution separation too far north.
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Brinkman volume penalization for Gulf Stream

Multilayer shallow water ocean model (CROCQO) (Debreu, Keviahan & Marchesiello 2020, 2022)

* 1/8° o solution separation too far north.
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Brinkman volume penalization for Gulf Stream

Multilayer shallow water ocean model (CROCQO) (Debreu, Keviahan & Marchesiello 2020, 2022)

* 1/8° o solution separation too far north.
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Multilayer shallow water ocean model (CROCQO) (Debreu, Keviahan & Marchesiello 2020, 2022)
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Brinkman volume penalization for Gulf Stream

Multilayer shallow water ocean model (CROCQO) (Debreu, Keviahan & Marchesiello 2020, 2022)
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New idea: use porous flow model for upscaling topography

* Assume subgrid scale (5G:5) topography characterized by perelview: mer _ Crmeseconbaymay
permeability and porosity of each fine grid (SGS) cell €2.. i

* Permeability: 3 X 3 symmetric positive definite matrix K(X).

« Porosity: scalar ¢p(x), 0 < ¢p(x) < 1.

Y z |
« Bathymetry/coastlines
Fluid cells have porosity ¢ = 1, solid cells have porosity ¢ = 0.
Fluid cells €2 have diagonal permeability /, solid cells 2 have more permeanl fuid

diagonal permeability permeability €/ with ¢ < 1.

* Marsh or estuary
Porosity and permeability of SGS cells given by data.
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Upscaling topography: separation of scales

« Computational domain £2; of size L decomposed into grid cells £2,
of size Ax = 1.

| L>1>¢ |
» Grid cells £2; are decomposed into SGS cells €2, of size €. |
: Global scale B
 Assume separation of scales:
L> [ > € Grid scale
Subgrid
Q; scale

* Assume permeability and porosity topography data available for
SGS cells. (e.g., ETOPOS)

» Upscaled porosity ¢, is easy: just average ¢, over £2)!

How to upscale permeability data from €2_to €,?
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Upscaling algorithm: periodic homogenization

SGS flow approximated by Darcy’s law

Darcy

V . (_ K VP) — O V-(-KVP) =0 subgrid scale: O(¢)

grid scale: O(])

Linear elliptic PDE for porous media flow.

Corrector

. . . . V-(-K: (E; +Vw,)) =0
Separation of scales and periodic microstructure:

Allow us to pass to Lippmann-Schwinger (1950) limit. LS form

Proven to converge! Vwe = =L * (E; + Vwe)
Solve corrector problem for pressure gradient to find upscaled LS form limit

permeability Kl given fine scale permeabilities K€ and coarse K E = fo K. (E; + Vi) dQ Subgrid-scale pressure gradient
scale pressure gradient L. Vo,

Compute upscaled permeability K, for each grid cell €2,.

Grid-scale effective permeability

Periodic homogenization well established for equivalent elasticity .

problem (Allaire 1992, 2002).

Computationally efficient since uses FFT and is done once offline!
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Upscaling algorithm: validation

* J[est cases with analytical upscaled permeability:
layered structures, homogeneous material.

 Compare periodic homogenization (PH) with volume
averaging (VA)
(Renard & Ababou & 2022)

 Upscaling ratios 11, 31, 101.
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Upscaling algorithm: validation

* J[est cases with analytical upscaled permeability: Q,

. (
layered structures, homogeneous material.

> K1 more permeable

IR~ K, 'oss pormeabo

> K1 more permeable

» Compare periodic homogenization (PH) with volume
averaging (VA)
(Renard & Ababou & 2022)

K2 less permeable

Blockage Laminated

* Upscaling ratios 11, 31, 101. A O,

 Consider both diagonal and non-diagonal SGS
permeability matrices.
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Upscaling algorithm: validation

Ql Ql

> K1 more permeable

K, less permeable > K1 more permeable
2

K2 less permeable

Laminated

Blockage

* PH gives exact result for all blockage and
laminated cases to within machine precision.
Harmonic or arithmetic mean.

* PH gives exact result for homogeneous case.
Reproduces fine-scale permeabillity.

* VA for diagonal permeability matrices is less
accurate and slower than PH.

* VA unstable for non-diagonal permeability
matrices.
Conjugate gradient fails to converge!

Method | Run Time K1 K> K;
11 x 11 Blockage
PH 1 0.00212s {0'73 * 0.2%67‘ P 0 0.4%58‘ Mo 028 =
VA | 14001 | ooss o | | ©
| oooness | (720 045 | [onrs ozl [ fos oaml
VA | 20685 | S aons | | ©
Blockage permeability: PH reproduces exact results.
31x31 Laminated
PH | 0.00935s |O'7§ * 0.2%67] {O' 0 0.4(9))58‘ {OAS > 0.3(;02‘ ©
VA | 14405 | Goss oxeos | | ©
| ooossts | |00 00| | [orzss ossss| | loaars oasos] | @
VA | 7469 o e | |
Laminated permeability: PH reproduces exact results.
31x31 Homogenous
PH | 000707 \0'73 * 0.2%67‘ N/A \0'73 * 0.2%67‘ 2
VA | 196 | 004 otors | | BB
| oomns | 1728 045 [ omae ool e
VA | 7637 | 10065 e | | B

Homogeneous case: upscaled permeability 1s same as fine scale permeability!
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Porous shallow water equations (pSIWE) in conservation form
Dropped constant density factor p,.

e @(x) € (0,1]is porosity, k is permeability matrix.
e = @h is fluid mass, where /1 is height of free surface.
. M = Au is the mass flux or momentum.

e g is gravitational acceleration, v is viscosity, v, is effective viscosity and F is body force.

« Assume v, = v and absorb viscosity into permeability, K := vk

1, 1ex) <1, . . . .
1(x) = , is mask defining fluid/non-fluid regions.
0, otherwise.
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Porous shallow water equations (0SIVE) in conservation form

» Upscaled porosity ¢, is simply average of SGS porosity ¢, (0 or 1) over grid cells €2,.
No adjustable parameters!
. Upscaled permeability matrices K, computed by PH where K/™/K$°ld = 1),
Upscaled permeability depends only on ratio of fine scale permeabillities.
« Numerical stability: globally rescale friction matrix Kl_1 so maximum eigenvalue is < 1/Af, .

Solid permeability KZSOM = Af;: value that enforces no-slip boundary conditions at solid interfaces.

e Set solid porosity to ¢ . = 0.05.

min
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Porous shallow water equations (pSIWE) in conservation form

* Second order finite volume/finite difference method on Arakawa C-grid (staggered grid).
* Periodic inflow/outflow boundary conditions.

* Free-slip lateral boundary conditions.

* RK4 in time.

e Masking for solid no-slip boundary conditions for non-porous SWE (reference fine scale L2, simulation).

* Cell-edge permeability is the harmonic mean of porosities of adjacent cells.
* Cell-edge friction (inverse permeability matrix) is arithmetic mean of adjacent cell resistivity matrices.

* Impose constant body force in x—direction (simple model of large scale internal tides).
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Asymmetric channel (CH) Islands (IS)

 Constant body force.

 Laminar flow with separated wakes.

e Truth is fine scale €2, SWE simulation results averaged to coarse grid £2,.
« Averaged topography defined by setting cell 2, solid if upscaled porosity ¢, < 0.5.
Compare upscaled topography and averaged topography coarse scale Ql simulations with truth.

e Consider upscaling ratios 5,7, ---, 21, 23.

Diagnostics
* Mean speed of coarse simulations compared to mean speed of fine simulation averaged to coarse grid.
* Total dissipated power of coarse simulations compared to fine simulation averaged to coarse grid.



Results: upscaled topography

Upscaling ratio 9
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Off-diagonal Darcy friction matrix entries Kl_zl represent flow deflection by SGS topography:
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Upscale ratio 9: mean speed for Re ~ 40
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Upscale ratio 9: total dissipated power
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Scaling of TDP error with upscaling ratio
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Scaling of speed error with upscaling ratio
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Summary and conclusions

* New method for upscaling subgrid scale (SGS) topography based on  acial view: marsh Cross section: bathymetry
porous medium flow model. |
Porous SWE upscaled topography.

« SGS topography represented by effective porosity ¢(X) and

permeability K(X).

« K(X)is 3 X 3 symmetric positive matrix: captures anisotropy and y A 2 1

blockage effects of SGS topography.

 Upscaled porosity is simply SGS porosity averaged over
computational grid cells. No adjustable parameters!

* Upscaled permeability computed using periodic homogenization for
Darcy flow elliptic equation using Lippmann-Schwinger equation.

\4
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more permeable fluid
less permeable solid

e Validate results for 2D shallow water equation flow for rough walled
channel and island topographies.

 Results for mean speed and total dissipated power are excellent for
upscaling ratios up to about 15.

* Much better than simple topography averaging!



