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I+/>?*('(L%?E*%)/%A*0/-')G%-.>(L'(L%Ym>A*+>L'(Ln[%%

-/00':'/(:C%@.'-.%H>G%*').*+%I*%m:/cn%/+%m.>+?n%%
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LASER 
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I0 I = I0.e-. l 
Photodetector 

! = n1 !"

absorption coefficient (cm-1)%

 number density  
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5B$)/"&I&$()T)/$$()#'A)":)#08$'()'<-"(+?"8%
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W/)*K%>--E+>)*%?*)*+H'(>F/(%/=%'()*L+>)*?%>I:/+BF/(%+*DE'+*:%>%

A*+G%>--E+>)*%=+*DE*(-G%:->0*Z%%

5B$)/"&I&$()T)/$$()#'A)":)#08$'()'<-"(+?"8%
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&>A*0*(L).%-%MjP % %ÜH%Y32
O4%
H[C%(H%Y32

O6%
H[C%á%Y32

O32%
H[%

&>A*(EHI*+%%.%MjO3P %-H
O3
%%

o+*DE*(-G%.%M#O3P % %\S%Y:
O3
[C%b\S%Y32

4%
\S[C%k\S%Y32

6
%\S[C%#\S%Y32

31
%\S[%

^(LE0>+%=+*DE*(-G%#%M#O3P %+>?'>(:5:*-/(?%

7(*+LG%E%Mbj
1
#
O1
P% %NC%/+%?*+'A*?%E('):%:E-.%>:%-HO

3
C%*z%

%

"/(A*+:'/(%I>:*?%/(%).*%=/00/@'(L%+*0>F/(:K%

.%p%#5Y2/[%p%c5-%p%-'
E%p%h.%p%h#%p%hc/-%p%qeV!

r%

symbol quantity value / unit
c speed of light in vacuum 2.997 924 58 1010 cm s-1

e electron / proton charge 1.602 177 10-19 C
h Planck constant 6.626 075 10-34 J s
R molar gas constant 8.314 510 J mol-1 K-1

NA Avogadro constant 6.022 137 1023 mol-1
k Boltzmann constant 1.380 658 10-23 J K-1

u atomic mass unit 1.660 540 10-27 kg
mp proton rest mass 1.672 623 10-27 kg
me electron rest mass 9.109 389 10-31 kg
a0 Bohr radius 0.529 177 25 10-10 m

=)8",$)"8)&80,-%
%

!!

!!
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*%.>:%?'H*(:'/(%/=%'(A*+:*%0*(L).%Mj
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6%%.>:%?'H*(:'/(%/=%0*(L).%MjP%

%%.>:%?'H*(:'/(%/=%H/0*-E0*:%B*+%A/0EH*%Mj
O;
P%

3%%.>:%?'H*(:'/(%/=%'(A*+:*%0'(*%@'?).%M#PC%/+%'(A*+:*%@>A*(EHI*+%MjP%

%

C%.>:%?'H*(:'/(%/=%MjO
3
j
;
#
O3
PpMj

1
#
O3
PC%/+%Mj

O3
j
;
j
O3
PpMjP%

%

#.E:C%>%-/(A*('*()%E(')%=/+%S%':%-H5H/0*-E0*C%'=%@*%*dB+*::%l%'(%-HC%n%'(%H/0*-E0*:%B*+%

-EI'-%-HC%>(? f%'(%'(A*+:*%+*-'B+/->0%-*(FH*)*+%Yp%-H[U%

%

1L'C+#$J%>%@*>8C%@>)*+%':/)/B/0/LE*%0'(*%(*>+%-p1Ua%ÜH%.>:%,p4%32
O1;
%
-H
5
H/0*-

U%%

k'A*(%>(%>I:/+BF/(%B>).%0*(L).%/=%12%H*)*+:C%%>(?%>%B+*::E+*%/=%3;%HI>+%>)%;229C%

@.>)%':%).*%=+>-F/(>0%>I:/+BF/(%'=%).*%0'(*%@'?).%':%;22%b\Sà%Y>::EH*%322â%j/+*()S[U%

!
n=N/V=p/(kT)=3.2 1017 molec/cm3; $.=300 MHz=0.01 cm-1!

a = 6 10-23 cm·molec-1 (1/") (0.01 cm-1)-1 3.2 1017 molec·cm-3 2000 cm = 1.2!
I/I0 = exp(-a) = 0.3C%).E:%a2â%>I:/+BF/(Z%

=)8",$)"8)&80,-%
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(EHI*+%?*(:')G%IG%'):%-/++*:B/(?'(L%B+*::E+*%>)%>%L'A*(%)*HB*+>)E+*U%

=)8",$)"8)&80,-%
%

a(! ) ="(! ) ! l = S ! f (! "!0 ) !n ! l

,H').%*)%>0UC%!()*(:'F*:%>(?%-/00':'/(%I+/>?*('(L%B>+>H*)*+:%=+/H%'(=+>+*?%:B*-)+>U%!(%I.6,-7651'*9,-+1.*-.9W^''
I.8,1%'1,*,51-;C%X>/C%9U%WUC%7?U%^->?*H'-%$+*::K%36]Rh%z/0U%!!!U%
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!"#$%&#'()-+$%,("-%"+.J)5B$)/"(8DV++$8B$0C$()'++("L0C'?"8%

oE00%lb%)+*>)H*()C%'(-0E?'(L%>00%B>+F-0*:%Y(E-0*>+%>(?%*0*-)+/('-[%':%>%=/+H'?>I0*%)>:8C%

*A*(%=/+%H>(G%:H>00%H/0*-E0*:U%#.*%TOg%>BB+/d'H>F/(K%

%

*08%$)8&%#$0)C"9$)C&%B)-#"A$(),B'8)$#$%,("8-)).*%*0*-)+/('-%,-.+q?'(L*+%*DE>F/(%':%
:/0A*?%=/+%:)>F/(>+G%(E-0*'%>)%>%L'A*(%'()*+(E-0*>+%?':)>(-*%R%%
%

0%

%

%"/(-*B)%/=%B/)*(F>0%*(*+LG%:E+=>-*:%

%#.*%*0*-)+/('-%B/)*(F>0%*(*+LG%I*-/H*:%B>+)%/=%%

%).*%B/)*(F>0%'(%@.'-.%).*%(E-0*'%H/A*%

%

%

%,*B>+>F/(%/=%*(*+L'*:%

%

%E = Eel + Evib + Erot + Etrans%

%
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\>H'0)/('>(%H = T + V =%97%ä%$7%

%H = Te + Tn + Vee + Vnn + Ven !

,)>F/(>+G%(E-0*'K! Tn = 0,  Vnn = constant, :E-.%).>)K%

%He0e = Ee 0e ,   @').K    He = Te + Vee + Ven !

#.':%L'A*:%).*%$7%>:%>%=E(-F/(%/=%).*%(E-0*>+%-//+?'(>)*:C%).*%$7,%

TOg%>BB+/dUK%Ee%':%B>+)%/=%).*%B/)*(F>0%*(*+LG%V*0?%'(%@.'-.%).*%(E-0*'%H/A*K!

! Hn0n = En 0n ,   @').K%   !Hn = Tn + Vnn + Ee !

! 0 = 0e(q,-;Q) · 0n(Q)C%>(?K !E = Ee + En !!

,'(-*%).*%*(*+LG%?'s*+*(-*:%>+*%0>+L*K ! 0n = 0v 0r  C%>(?K!   En = Ev + Er!

!

#.E:K %%0 = 0e(q,-;Q)  0v(Q)  0r(Q) C%%%>(?K   E = Ee + Ev + Er ! !!

!"#$%&#'()-+$%,("-%"+.J)5B$)/"(8DV++$8B$0C$()'++("L0C'?"8%
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&*%->(%:/0A*%).*%*0*-)+/('-%,-.+q?'(L*+%*DE>F/(%=/+%*>-.%(E-0*>+%-/(VLE+>F/(K%%

!
!2

2me

"i
2

i=1

n

# +V (q,Q)
$
%
&

'
(
)
!e(q,! ;Q) = Ee(Q)!e(q,! ;Q)

#.*%(E-0*'%(/@%H/A*%/(%).*%*s*-FA*%B/)*(F>0%*(*+LG%:E+=>-*%(,A_L%).>)%':%/I)>'(*?%IG%
:/0A'(L%).*%>I/A*%*DE>F/(%=/+%>00%A>0E*:%/=%).*%(E-0*>+%-//+?'(>)*:%_K%

!
!2

2Mi

"i
2

i=1

N

# +Ee(Q)
$
%
&

'
(
)
!n (Q) = En!n (Q)

^:%>(%*d>HB0*%@*%:./@%).*%\
;
%$7,%+*B+*:*()>F/(%/=%).*%B+/)/)GB*%*d-.>(L*%+*>-F/(%%

\ä\
1
%1%\

1
ä\%'(%).*%0'(*>+%-/(VLE+>F/(%YI*(?'(L%>(L0*%/=%3]2°[%>:%>%B+/)/)GB*%/=%).*%

L*(*+>0%I'H/0*-E0>+%*d-.>(L*%+*>-F/(%^äT"%1%^Tä"K%

%



!"#$%&'()*+%,-.//0%123451536% 7+'8%9*+:)*0% <3%

!"#$%&#'()-+$%,("-%"+.J)S",$8?'#)18$(I.)*&(:'%$-)

^:%>(%*d>HB0*%@*%:./@%).*%\
;
%$7,%+*B+*:*()>F/(%/=%).*%B+/)/)GB*%*d-.>(L*%+*>-F/(%%

\ä\
1
%1%\

1
ä\%'(%).*%0'(*>+%-/(VLE+>F/(%YI*(?'(L%>(L0*%/=%3]2°[%>:%>%B+/)/)GB*%/=%).*%

L*(*+>0%I'H/0*-E0>+%*d-.>(L*%+*>-F/(%^äT"%1%^Tä"K%

%



!"#$%&'()*+%,-.//0%123451536% 7+'8%9*+:)*0% <1%

!"#$%&#'()-+$%,("-%"+.J)S",$8?'#)18$(I.)*&(:'%$-)

^(/).*+%*d>HB0*%':%L'A*(%IG%).*%\*O"0
1
%z>(%?*+%&>>0:%?'H*+C%@.'-.%.>:%B/)*(F>0%H'('H>%

'(%I/).%).*%0'(*>+%Y3]2°[%>(?%#O:.>B*?%Y62°OI*(?'(L%>(L0*[%-/(VLE+>F/(:U%,B*-)+/:-/B'-%
?>)>%-/(V+H*?%*>+0G%/(%).>)%).*%L+/E(?%:)>)*%':%#O:.>B*?C%IE)%')%)//8%>I/E)%>(/).*+%

?*->?*%I*=/+*%>%+*>:/(>I0*%-/(:*(:E:%@>:%+*>-.*?%>I/E)%).*%*DE'0'I+'EH%L+/E(?%:)>)*%

L*/H*)+G%

#.*%=+*DE*(-'*:%/=%'()*+H/0*-E0>+%(/+H>0%

H/?*:%/=%I/).%-/(VLE+>F/(:%>+*%:'H'0>+%

IE)%).*%A'I+>F/(>0%ã$7%/=%).*%0'(*>+%

-/(VLE+>F/(%':%0>+L*+%I*->E:*%/=%'):%

L+*>)*+%(EHI*+%/=%A'I+>F/(>0%?*L+**:%/=%

=+**?/HU%#.*%?'s*+*(-*%'(%A'I+>F/(>0%

ã$7%*d-**?:%).*%?'s*+*(-*%'(%*0*-)+/('-%

*(*+L'*:C%@.'-.%H>8*:%).*%#O:.>B*?%

-/(VLE+>F/(%).*%L+/E(?%A'I+>F/(>0%

:)>)*U%

o'LE+*%=+/H%9*((*).%N>(?>C%�('A*+:')G%/=%%">0'=/+('>C%

!+A'(*U%

,**K%"GIE0:8'%å%\/0)C%$F')%)2.'9.+,%256',%,1HW'
*7135-,*'3.1'>,`B6#0'a,`B6#0'5%8'$1`B6#C%NU%".*HU%

$.G:U%332C%aa<R%Y3666[C%>(?%+*=*+*(-*:%).*+*'(U%

%%
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WB',)'($),B$)'--"%0',$@):($X&$8%0$-Y)
)
%"8-0@$()(",'?8I)C"#$%&#$Z)$[I[)R\]O#)^+$(C'8$8,)@0+"#$)"8)AB0%B),B$)1!)K$#@)%'8)'%,_)
)
"0>::'->00GK%/+I')>0%>(LE0>+%H/H*()EH L = I# = I 2*", ).E:K " = L/(2*I)!
%

lE>()EHK%

%
! J =

! J(J +1)
2! I

!
!J
2! I

! 

I = µre
2 =

m1m2

m1 + m2

re
2 =

35 "1.66054 "10#27kg
36

(1.2746 Å)2 = 2.623 "10#4 7  kg "m 2

!1 =
h

4" 2I
=

6.626 10!34 J  s
4" 2 "2.62 10!47kg m2 = 6.41 1011s!1 # 21.3 cm!1 (true: 21.18 cm-1; !

MW-FIR)%

Y>00%?>)>%=+/HK%\*+SI*+LC%

C9,-+15'.3'8)5+.:)-':.6,-76,*[%

!"#$%&#'()-+$%,("-%"+.J)(",'?"8%
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WB',)'($),B$)'--"%0',$@),('8-0?"8):($X&$8%0$-Y)
)
%"8-0@$()$#$%,("8)"(<0?8I)'("&8@)RD',"CJ))
%

%

! 

I = µre
2 " meleca0

2 = 9.109 #10$31kg  (0.529  Å)2 = 2.549 #10$51  kg # m2

!1 =
h

4" 2I
=

6.626 10!34 J  s
4" 2 "2.549 10!51kg m2 = 6.59! 1015 !s!1 # 21, 9 10!cm!1 # 27.3! eV

(true 1s 1 2p:  10.2 eV; VUV)%

1-?C',$@):($X&$8%0$-)'($)":),B$)(0IB,)"(@$()":)C'I80,&@$`))
%

%

!"#$%&#'()-+$%,("-%"+.J)$#$%,("80%)C"?"8%
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"0>::'->0%>(LE0>+%H/H*()EH%/=%>%+'L'?%I/?G%':%+*0>)*?%)/%).*%H/H*()%/=%'(*+F>%)*(:/+%>(?%%

).*%>(LE0>+%=+*DE*(-G%A*-)/+%'(%).*%=/00/@'(L%@>GK%

L = I ! !! =

Ixx Ixy Ixz
Iyx Iyy Iyz
Izx Izy Izz

!

!x

!y

!z

"

#

$
$
$
$

%

&

'
'
'
'

=

Ixx!x + Ixy!y + Ixz!z

Iyx!x + Iyy!y + Iyz!z

Izx!x + Izy!y + Izz!z

"

#

$
$
$
$

%

&

'
'
'
'

Ixx = mi ri
2 ! xi

2( )
i=1

n

"

Iyy = mi ri
2 ! yi

2( )
i=1

n

"

Izz = mi ri
2 ! zi

2( )
i=1

n

"

Ixy = Iyx = ! mixiyi
i=1

n

"

Ixz = Izx = ! mixizi
i=1

n

"

Iyz = Izy = ! miyizi
i=1

n

"

@').%11pJ1äW1äQ1K%%
+'L'?%I/?G%H>::%:'

H>::%*0*H*()%:)'

1)'

!
!
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!(%).*%B+'(-'B>0%>d':%-//+?'(>)*%:G:)*H%).*%H/H*()%/=%'(*+F>%)*(:/+%I%':%?'>L/(>0K%

L = I ! !! =

Ia 0 0
0 Ib 0
0 0 Ic

!

!a

!b

!c

"

#

$
$
$$

%

&

'
'
''
=

Ia!a

Ib!b

Ic!c

"

#

$
$
$$

%

&

'
'
''

#.*%4%*DE>F/(:%/=%H/F/(%=/+%).*%'(?'A'?E>0%B/'()%H>::*:%:)%>+*K%

%

-*()*+%/=%H>::%>--*0*+>F/(K%%

%

>(?%)/+DE*K%

!!R = F
m!

! = r!F =mi r!
dv
dt
=mi
!r !

d !! ! !r( )
dt

!
! =mi

d
dt
!r ! !! ! !r( )=mi

d
dt

r2 !! " !r # !!( )
!r( ) = dLdt =

d I # !!( )
dt

9'(*F-%*(*+LG%/=%+/)>F/(K%

Erot =
1
2
!
! ! I! !!( ) = 1

2
Ia!a

2 + Ib!b
2 + Ic!c

2( ) = La
2

2Ia
+
Lb
2

2Ib
+
Lc
2

2Ic

Ia ! Ib ! Ic
:GHHU%

>d':%
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#.*%DE>()EH%>(>0/LGK%

px !!!"i!
#
#x

L !!!! J(J +1)

#.*%+/)>F/(>0%*(*+LGK%

Erot =
Ja

2

2Ia
+
Jb

2

2Ib
+
Jc

2

2Ic
= !2 Ja (Ja +1)

2Ia
+
Jb(Jb +1)
2Ib

+
Jc (Jc +1)
2Ic

!

"
#

$

%
&

Y-/HB>+*%)/%).*%-*()+'=EL>0%)*+H%'(%).*%*dB+*::'/(%=/+%).*%

+>?'>0%B>+)%/=%).*%.G?+/L*(%>)/H%@>A*=E(-F/([%
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^--/+?'(L%)/%).*%+*0>FA*%:'S*:%/=%).*%B+'(-'B>0%H/H*():%/=%'(*+F>%@*%?':-*+(K%

Erot =
Ja

2

2Ia
+
Jb

2

2Ib
+
Jc

2

2Ic
= !2 Ja (Ja +1)

2Ia
+
Jb(Jb +1)
2Ib

+
Jc (Jc +1)
2Ic

!

"
#

$

%
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#.*%lb%0'(*>+%+'L'?%+/)/+K%/(0G%/(*%+/)>F/(>0%-/(:)>()%!'>(?%/(*%DE>()EH%(EHI*+%Vp2C3C1C`%

Erot = !
2 J(J +1)

2I
= BJ(J +1)

= hc !BJ(J +1)

@').%!%'(%*(*+LG%E('):%MNP%

@').%!%'(%@>A*(EHI*+:%M-H
O3
P%

"0>::'->00GK%

Ia=0!

Ib=Ic!

m1r1 =m2r2
r1 + r2 = r
!
"
#

$

r1 =
m1

m1 +m2

r

r2 =
m2

m1 +m2

r

!

"
%%

#
%
%

9)

()

#&!v = !! ! !r

µ =
m1m2

m1 +m2

I = µr2

L = I!

Erot =
1
2
µv2 = 1

2
I! 2 =

L2

2I

!B
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&*%@'00%:./@%).>)%).*%*(*+LG%0*A*0:%+*DE'+*%/(0G%/(*%+/)>F/(>0%-/(:)>()%!'>(?%/(0G%
/(*%DE>()EH%(EHI*+%Vp2C3C1C`%

@').%!%'(%*(*+LG%E('):%MNP%

@').%!%'(%@>A*(EHI*+:%M-H
O3
P%

#.*%lb%>(LE0>+%H/H*()EH%/B*+>)/+%':K%

%

>(?K%

%%

L = r!p = "i! r!#( )

L2 = !!2 1
sin!

"
"!

sin! "
"!

#

$
%

&

'
(+

1
sin2!

"2

"" 2
#

$
%

&

'
(

H =
L2

2I
#.*%,-.+q?'(L*+%*DE>F/(C%@').%%%%%%%%%%%%%%%%%C%).E:%I*-/H*:K%

!
!2

2I
1

sin!
"
"!

sin! "
"!

#

$
%

&

'
(+

1
sin2!

"2

"" 2
#

$
%

&

'
(Y (! ,") = EY (! ,")

#.':%':%+*-/L('S*?%>:%?*:-+'I'(L%).*%>(LE0>+%?*B*(?*(-*%/=%).*%.G?+/L*(%>)/H%%

@>A*=E(-F/(U%!):%?*+'A>F/(%>(?%:/0EF/(%*+*%).*+*=/+*%B+*:EH*?%=>H'0'>+%`%

Erot = !
2 J(J +1)

2I
= BJ(J +1)

= hc !BJ(J +1) !B
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#.*%,-.+q?'(L*+%*DE>F/(%':%:/0A*?%IG%>%:*B>+>F/(%/=%A>+'>I0*:K%%

@.'-.%G'*0?:K%

Y (!,") =!(! )"(")

!
1
"
sin! d

d!
sin! d"

d!
#

$
%

&

'
(!Cl sin

2! =
1
)
d 2)
d" 2

=Cm

!m (!) = eim!

2"
  with Cm " #m

2  and m an integer#.*%+'L.)OH/:)%:'?*%/=%).*%*DE>F/(%G'*0?:K%

&.*+*>:%).*%0*cOH/:)%:'?*%/=%).*%*DE>F/(%':%@+'J*(%>:K%

d
d!

1!! 2( ) d"d!
#

$
%

&

'
(+ Cl !

m2

1!! 2

#

$
%

&

'
(" = 0     with ! ) cos"

#.*%:/0EF/(:%>+*%L'A*(%'(%)*+H:%/=%).*%j*L*(?+*%B/0G(/H'>0:%Pl(cos1)C%>(?%@').%Cl=l(l+1)%K%

Pl,m (! ) = (1!!
2 )m /2 d

mPl (! )
d! m

2I E
!2

=Cl
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Yl,m (!,") =!l,m (! )"m (")

=
(2l +1)
4#

(l #m)!
(l +m)!

Pl,m (cos! )e
im"

Np2%

Np3%

Np1%

Np;%

IVp%%%%%%%%%%O;%%%%%%%%%%%O1%%%%%%%%%%%%%O3%%%%%%%%%%%%%%%2%%%%%%%%%%%%%%%%3%%%%%%%%%%%%%1%%%%%%%%%%%%%%%%;%

#.*%@>A*=E(-F/(:%>+*%8(/@(%>:%).*%:B.*+'->0%.>+H/('-:K%
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Cl =
2I E
!2

!!!!!!!EJ !=!
!2

2I
J(J +1)

\*+*%@*%>+*%H/:)%'()*+*:)*?%'(%).*%*(*+LG%0*A*0:%/=%).*%+'L'?%+/)/+C%=/+%@.'-.%@*%V(?%%

Y>c*+%:EI:F)EF/(%/=%V%=/+%lC%>(?%:V%=/+%:[K%

J = 0,!1,!2,!...
mJ = !J,!!J +1,!...,!J !1,!J

^:%@*%@'00%:**C%)+>(:'F/(:%/--E+%I*)@**(%(*'L.I/+'(L%

0*A*0:C%@').%>%:B>-'(L%).>)%'(-+*>:*:%0'(*>+0G%@').%NK%%

!E = EJ+1 "EJ = 2B(J +1)

"/(:*DE*()0GC%).*%/I:*+A*?%>I:/+BF/(%0'(*:%>+*%

*DE'?':)>()%'(%=+*DE*(-G%:B>-*U%
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EJ =!BJ(J +1)!DJ
2 (J +1)2 +...

!(%).*%->:*%/=%>%(/(O+'L'?%H/0*-E0*C%).*%*s*-)%/=%-*()+'=EL>0%?':)/+F/(%->(%I*%?*:-+'I*?%IG%

.'L.*+%/+?*+%)*+H:K%

@.*+*%).*%H'(E:%:'L(%>::E+*:%).>)%).*%V+:)%?':)/+F/(%-/(:)>()%i%.>:%>%B/:'FA*%A>0E*U%

%

%

,'(-*C%'(%).*%>I:*(-*%/=%>(%*d)*+(>0%V*0?C%).*%*(*+LG%':%'(?*B*(?*()%/=%:V%Y'U*UC%).*%Y1Vä3[':VO

0*A*0:%.>A*%).*%:>H*%*(*+LG[C%*>-.'VO0*A*0%':%^H0aG_D:"#@)@$I$8$(',$[)
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i*V(*%).*%B>+>00*0%>(?%B*+B*(?'-E0>+%H/H*():%/=%'(*+F>%@').%+*:B*-)%)/%).*%:GHH*)+G%

>d':C%).*%QO>d':%/=%).*%H/0*-E0*K%%

I! = Ix = Iy !"!Iz = I //
#.*(K%%% I! < I // =/+%).*%/I0>)*%)/B%YQ'?'-\>d':[%

I! > I // =/+%).*%B+/0>)*%)/B%YQ'?'5O>d':[%

E =
Jx
2 + Jy

2

2I!
+
Jz
2

2I //
=

J
2I!

+
1
2I //

"
1
2I!

#

$
%

&

'
(Jz

2

#.*%DE>()EH%(EHI*+:%->(%)>8*%).*%A>0E*:K%Vp2C%3C%1C%`%>(?%bp2C%ç3C%ç1C%`C%çV&%%
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4",'?"8J),B$)-.CC$,(0%)(","()%

,'(-*%(AV0'@bL'?'(AV0'\bLC%*>-.%AV0bLO%0*A*0%*d-*B)%Vp2%':%?/EI0G%?*L*(*+>)*U%
!(%>??'F/(C%).*%:B>-*%DE>(FS>F/(%/=%).*%NOA*-)/+%@').%+*:B*-)%)/%>(%*d)*+(>0%+*=*+*(-*%

=+>H*%L'A*:%>%Y1Nä3[%?*L*(*+>-G%'(%).*%>I:*(-*%/=%>(%*d)*+(>0%V*0?U%

%

#/L*).*+C%).':%L'A*:%>%H^H0aG_)@$I$8$('%.)/=%*>-.%AV0bLO0*A*0%@').%1)b)cC%>(?%>%%
^HdaG_)@$I$8$('%.)=/+%>00%0*A*0:%@').%1)F)cU%
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4",'?"8J),B$)-+B$(0%'#)(","()%

\/@*A*+C%).*%>(LE0>+%H/H*()EH%':%:F00%DE>(FS*?%+*0>FA*%)/%>(%>+I')+>+G%'()*+(>0%>d':K%

).*%DE>()EH%(EHI*+%b%H>G%)>8*%>(G%/=%'):%Y1Vä3[%A>0E*:U%
!(%>??'F/(C%).*%:B>-*%DE>(FS>F/(%/=%).*%VOA*-)/+%@').%+*:B*-)%)/%>(%*d)*+(>0%+*=*+*(-*%
=+>H*%L'A*:%>%Y1Vä3[%?*L*(*+>-G%'(%).*%>I:*(-*%/=%>(%*d)*+(>0%V*0?U%
%

#/L*).*+C%).':%L'A*:%>%^H0aG_H)@$I$8$('%.)/=%*>-.%0*A*0U%

o/+%).*%:B.*+'->0%+/)/+%$'?'!'?'BC%:E-.%).>)%).*%*(*+LG%A>0E*:%>+*%'?*(F->0%)/%)./:*%/=%>%
0'(*>+%+/)/+C%?*B*(?'(L%/(0G%/(%).*%DE>()EH%(EHI*+%VK%

EJ =!BJ(J +1)!DJ
2 (J +1)2 +...
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4",'?"8J)3)X&'8,&C)8&C<$()'8@)08,$(8'#)-+'%$)X&'8?P'?"8%

bcVK%+/)>F/(%>+/E(?%
).*%:GHH*)+G%>d':%

b?=K%*(?O/A*+O*(?%
+/)>F/(%
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4",'?"8J)20)X&'8,&C)8&C<$()'8@)$L,$(8'#)-+'%$)X&'8?P'?"8%

>[%':V'c'VK%+/)>F/(%>+/E(?%).*%0>I/+>)/+G%>d':%

Q')*'+;,'65F.15+.1W0',J+,1%56'5J)*%

-[%':V'?'=K%+/)>F/(%>+/E(?%>(%>d':%B*+B*(?'-E0>+%
)/%).*%0>I/+>)/+G%>d':%

I[%%'()*+H*?'>)*%->:*%

!(%>00%->:*:%b%p%2%>(?%).*%H/0*-E0*%E(?*+L/*:%*(?O/A*+O*(?%+/)>F/(U%

#.*%VLE+*:%@/E0?%(**?%)/%I*%+*B*>)*?%=/+%?'s*+*()%A>0E*:%/=%bU%
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*$#$%?"8)(&#$-)08)(",'?"8'#)-+$%,("-%"+.%

^I:/+BF/(%'()*(:')G%/=%>%)+>(:'F/(%'(%I*)@**(%)@/%0*A*0:%?*)*+H'(*?%IGK%

%

3[  ).*%B/BE0>F/(%/=%).*%0/@*+%0*A*0%
1[  )+>(:'F/(%H>)+'d%*0*H*()%

o/+%>(%*0*-)+'-%?'B/0*%)+>(:'F/(%4
31
%p%t3u+u1é%).*%-/HB/(*():%>+*K%

Rx = 1 µx 2 = 1 µ0 sin! cos" 2 = µ0 1 sin! cos" 2

Ry = 1 µy 2 = 1 µ0 sin! sin" 2 = µ0 1 sin! sin" 2

Rz = 1 µz 2 = 1 µ0 cos! 2 = µ0 1 cos! 2

!

"
#

$
#

%S*+/%)+>(:'F/(%B+/I>I'0')G%'=%µ
2
%p%2K%BE+*%+/)>F/(>0%:B*-)+/:-/BG%+*DE'+*:%).>)%).*%

H/0*-E0*%B/::*::*:%')+$(C'8$8,)@0+"#$)C"C$8,[)
)
%'=%µ

2
%É%2C%@*%E:*%).*%>(LE0>+%B>+)%/=%).*%@>A*=E(-F/(:%3%>(?%1%)/%?*+'A*%:B*-'>0%

+*DE'+*H*():%).>)%(**?%)/%I*%=E0V00*?%'(%/+?*+%=/+%4
31
%)/%I*%8",%'?*(F->0%S*+/K%).*%

+/)>F/(>0%-$#$%?"8)(&#$-U%

μ 
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*$#$%?"8)(&#$-)08)(",'?"8'#)-+$%,("-%"+.%

#.*%>(LE0>+%B>+):%/=%).*%@>A*=E(-F/(:%/=%>%0'(*>+%+/)/+%>+*%:B.*+'->0%.>+H/('-%=E(-F/(:%%

Y>:%@*%.>A*%:**(%6%:0'?*:%>L/[K%

%

%

%

,EI:F)EF/(%G'*0?:K%%

%

%

%

%

%

%

%

#.*%V+:)%'()*L+>0%':%'?*(F->0%S*+/C%E(0*::%VwpVnç3%YE:*%+*-E+:'A*%'?*(FF*:%=/+%DV0I'[%
#.*%:*-/(?%'()*L+>0%':%*DE>0%)/%1/%'=%IwpIn%>(?%/).*+@':*%'?*(F->0%S*+/%

%

!   ,V%p%ç3%>(?%,Ip2%%=/+%>(%*0*-)+'-%V*0?%>0/(L%).*%QO>d':C%>(?K%
%

YJ ,M (!,") =!J ,M (! )"M (") = PJ ,M (cos! )!M (")

Rz = µ0 !1 cos" !2

= µ0 !
J",M "

* !J ',M ' cos"! sin"d"d#

= µ0CJ",M "CJ ',M ' PJ",M "(cos" )
0

$

! PJ ',M ' (cos" )cos" sin"d" eiM "#
0

2$

! eiM '#d#

Rz (J ',M ', J",M ') = Rz (J +1,M, J,M )

= µ0
(J +1)2 !M 2

(2J +1)(2J +3)
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*$#$%?"8)(&#$-)08)(",'?"8'#)-+$%,("-%"+.%

,'H'0>+0GC%/(*%->(%:./@%).>)K%

%

%

%

%

%

%

%

%

%

%

^(? ,V%p%ç3%>(?C%:'(-*%>(%*0*-)+'-%V*0?%>0/(L%).*%J\'/+'WO>d':%':%>I0*%)/%>BB0G%>%)/+DE*%>I/E)%
).*%QO>d':%Y'U*UC%).*%:GHH*)+G%>d':[C%,Ipç3U%%

%

o/+%E(B/0>+'S*?%0'L.)C%).*+*%':%(/%B+*=*+*(F>0%>0'L(H*()%/=%).*%H/0*-E0*:%'(%>(%*d)*+(>0%V*0?%

>(?%:EHH>F/(%/A*+%>00%I%A>0E*:%G'*0?:%>%H>)+'d%*0*H*()%:DE>+*?%).>)%':%'(?*B*(?*()%/=%IK%%

%

Rx (J ',M ', J",M ') = Rx (J +1,M +1, J,M )

= !
µ0
2

(J +M + 2)(J +M +1)
(2J +1)(2J +3)

Ry (J ',M ', J",M ') = Rz (J +1,M !1, J,M )

=
µ0
2

(J !M +1)(J !M + 2)
(2J +1)(2J +3)

R 2
= Rx

2
+ Ry

2
+ Rz

2( )
M '
!
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*$#$%?"8)(&#$-)08)(",'?"8'#)-+$%,("-%"+.%

o/+%,V%p%ä3K%
%

%

%

%

%

^(?%=/+%,V%p%O3K%
%

%

%

%

#>8'(L%).*%?*L*(*+>-G%/=%).*%'('F>0%0*A*0%'()/%>--/E()C%@*%V(?%).*%:>H*%*dB+*::'/(%'(%

>I:/+BF/(%>:%'(%*H'::'/(K%

%

%

%

%

W/)*%).>)%'(%BE+*%+/)>F/(>0%:B*-)+/:-/BGC%).*%)+>(:'F/(%@').%,V%p%O3%->(%I*%'()*+B+*)*?%>:%>%
)+>(:'F/(%=+/H%>%.'L.*+%)/%>%0/@*+%*(*+LG%0*A*0C%'U*UC%*H'::'/(%'(:)*>?%/=%>I:/+BF/(U%%

#.*%?':F(-F/(%I*)@**(%,V%p%ä3%>(?%,V%p%O3%I*-/H*:%H/+*%H*>('(L=E0%@.*(%@*%-/(:'?*+%+/O

A'I+>F/(>0%)+>(:'F/(:U%

+>F/%+*Å*-):%?*L*(*+>-G%

/=%).*%0*A*0:%'(A/0A*?K%

HV%p%1Vä3C%HV@"%p%1Vä;%%

R(J ';J",M ") 2 = R(J +1! J,M ) 2 = µ0
2 J +1
2J +1

R(J ',M ';J") 2 = R(J! J +1,M ) 2 = µ0
2 J +1
2J +3

R(J ', J") 2 = µ0
2 J +1( )
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>8,$8-0?$-)08)(",'?"8'#)-+$%,("-%"+.%

#.*%'()*(:')G%/=%>%)+>(:'F/(%':%B+/B/+F/(>0%)/%).*%>I:/+I>(-*K%

%

%

%

%

%

#.*%B/BE0>F/(:%>+*%L'A*(%IG%).*%T/0)SH>((%?':)+'IEF/(K%

%

%

% % % % %@').%).*%B>+FF/(%=E(-F/(K%

a(! ) ="(! ) ! l = n1 "
g1
g2
n2

#

$
%

&

'
(!S ! f (! ) ! l

ni = n
gie

!Ei kT

Q
Q !QR = (2 j +1)e"Bj ( j+1) kT

j=0

#

$ =
kT
B
+
1
3
+
1
15

B
kT

+...

S = h!
c
B12 =

h!
c
g2
g1
B21 =

h!
c
g2
g1

c3

8"h! 3
A21 =

h!
c
g2
g1

c3

8"h! 3
16" 3! 3

3#0hc
3 R

21 2

#.*%0'(*%:)+*(L).%->(%I*%*dB+*::*?%'(%)*+H:%/=%).*%)+>(:'F/(%H>)+'d%*0*H*()K%
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>8,$8-0?$-)08)(",'?"8'#)-+$%,("-%"+.%

!(:*+F(L%).*%B+*A'/E:0G%?*+'A*?%*DE>F/(%=/+%).*%$Vpä3%H>)+'d%*0*H*()%:DE>+*?K%

%

%

%

%

%

%

%

%

%

@.*+*%@*%.>A*%E:*?K % % % % % %%

%

%

:'(-*%%

a(J ) ! B(J +1)
kT

2J +3( ) " 1# e#$E kT%& '(e
#BJ (J+1) kT " $E

! (J +1)3 2J +3( ) "e#BJ (J+1) kT

1! e!"E kT#$ %& '
"E
kT

!E = 2B(J +1)<< kT
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>8,$8-0?$-)08)(",'?"8'#)-+$%,("-%"+.%

!(:*+F(L%).*%B+*A'/E:0G%?*+'A*?%*DE>F/(%=/+%).*%$Vpä3%H>)+'d%*0*H*()%:DE>+*?K%

%

%

%

%

%

%

%

%

%

%

608$)08,$8-0?$-)@$+$8@)"8),$C+$(',&($`)

0

100

200

300

400

500

600

700

0 0.02 0.04 0.06 0.08 0.1

E(
J)

   
[c

m-1
]

N(J)

T = 300 K

T = 350 K

a(J ) ! B(J +1)
kT

2J +3( ) " 1# e#$E kT%& '(e
#BJ (J+1) kT " $E

! (J +1)3 2J +3( ) "e#BJ (J+1) kT
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Q0<('?"8'#)-+$%,("-%"+.J),B$)B'(C"80%)"-%0##',"(%

%

%

%

$/)*(F>0%*(*+LG%:E+=>-*%=/+%>%?'>)/H'-%>BB+/d'H>)*?%IG%>%B>+>I/0>K%%

! 

V (R) = 1
2 k(R " Re )

2

#.*%,-.+q?'(L*+%*DE>F/(%=/+%).*%'()*+(>0%H/F/(%/=%).*%H/0*-E0*%I*-/H*:K%

%

%

%

%

%

%

%

%

F=-k·x 

! 

1
µ

=
1
M1

+
1
M2

(dominated by the  
lightest atom) !

!2

2µ
"2!
"x2

+V (x)! = E!

!
!2

2µ
d 2

dx2
+
µ" 2x2

2
#

$
%

&

'
(! = E! ! = k

µ

d 2

dy2
+ ! ! y2( )

"

#
$

%

&
'!(y) = 0 with  y ! µ!

!
x,   and   " ! 2E

!!

i'H*(:'/(0*::K%
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Q0<('?"8'#)-+$%,("-%"+.J),B$)B'(C"80%)"-%0##',"(%

#.*%:/0EF/(%':%L'A*(%'(%)*+H:%/=%\*+H')*%B/0G(/H'>0:%=/+%"K%
%

%

%

%

%

%

@.*+*>:%).*%*(*+LG%*'L*(A>0E*:%>+*%L'A*(%IGK%

with  ! =
k
µ

 ;  v = 0, 1, 2, ...

 equidistant energy levels! 

!v (y) =
1

2v v! "
Hv (y)e

!
y2

2

!v = 2v+1
Ev = !! v+ 1

2( )

zero point energy = !!
2
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Q0<('?"8'#)-+$%,("-%"+.J)'8B'(C"80%0,.%

b/+:*%B/)*(F>0K%

V (r) = De 1! e
!a r!re( )( )

2

! =
2a2De

µ
=
!k
µ

&').%).*%*d>-)%:/0EF/(K%

Ev = !! v+ 1
2( )! !e!! v+ 1

2( )2

!e =
a!

2 2µDe

k*+(*+>0K% Ev = !! v+ 1
2( )! !e!! v+ 1

2( )2 + ye!! v+ 1
2( )3 +...
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Q0<('?"8'#)-+$%,("-%"+.J),B$)B'(C"80%)"-%0##',"(),('8-0?"8-%

Transitions: $v = ±1  
based on the orthogonality of the harmonic oscillator eigenfunctions 

! 

µ = µ0 + ˙ µ 0x + 1
2! ˙ ̇ µ 0x

2 + ...

and evaluate Rv v =<"v !µ!"v > : 

• orthoganality means <"v !"v >=0 when v #v !
• the second term is non-zero only if v =v ±1!
• the derivatives of µ are zero for homo-nuclear diatomics!
• the higher order terms result in weakly allowed v =v ±2, v =v ±3, ... !

!electrical anharmonicity: 2nd and higher derivatives of µ ! 0 
 mechanical anharmonicity: higher order matrix elements ! 0 (i.e., anharmonic potential)  

To see this, expand µ as a Taylor series: 

R(v ',v") = µ0 !v ' !v" + !µ0 !v ' x !v" + 1
2 !!µ0 !v ' x

2 !v" +...
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))))))))))))))))4",'?"8'#D90<('?"8'#)-+$%,("-%"+.%

T/+(OgBB*(.*'H*+%>BB+/d'H>F/(K%

E = Evib +Erot

! =!vib!rot

!
"
#

\*+*@').%).*%Y-/HB/(*():%/=[%).*%)+>(:'F/(%?'B/0*%%

H/H*()%I*-/H*K%%

%

%

%

%

,E-.%).>)%).*%B+*A'/E:0G%?*+'A*?%:*0*-F/(%+E0*:%>BB0GC%@').%).*%E(?*+:)>(?'(L%).*%?'B/0*%

H/H*()%':%(/)%).*%B*+H>(*()%?'B/0*%H/H*()C%IE)%+>).*+%).*%A'I+>F/(>0%%*345"674%?'B/0*%
H/H*()U%

%

o/+%>%0'(*>+%H/0*-E0*K%%

Rx = !v '! J 'K '
µx !v"! J"K"

= !v ' µ !v" !
J 'K '
sin" cos# !

J"K"

!v = ±1  and   !J = ±1
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))))))))))))))))))))))))4",'?"8'#D90<('?"8'#)-+$%,('%

j'(*>+%/+%:B.*+'->0%)/B%H/0*-E0*%Y/(*%H/H*()%/=%'(*+F>[K%

!E = E(v ', J ')"E(v", J")
= Ev ' "Ev"[ ]+ Bv 'J '(J '+1)"Bv"J"(J"+1)+...[ ]
=!0 !+!B 'J '(J '+1)"B"J"(J"+1)+...

!E =!0 !"(B '+B")J"+ (B '"B")J"
2+...

!E =!0 !+(B '"B")J"(J"+1)+...
!E =!0 !+(B '+B")(J"+1)+ (B '"B")(J"+1)

2 +...

P-branch
Q-branch
R-branch

+'('##$#)<'8@K%%%%%%%>0'L(*?%@').%H/0*-E0>+%:GHH*)+G%>d':C%>(?%[V%p%ç3C%'U*U%(/%lOI+>(-.%!µ
+$(+$8@0%&#'()<'8@K%%%%%%%B*+B*(?'-E0>+%)/%H/0*-E0>+%:GHH*)+G%>d':C%>(?%[V%p%2C%ç3%!µ
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4",'?"8'#D90<('?"8'#)-+$%,('%

!E =!0 !"(B '+B")J"+ (B '"B")J"
2+...

!E =!0 !+(B '"B")J"(J"+1)+...
!E =!0 !+(B '+B")(J"+1)+ (B '"B")(J"+1)

2 +...

P-branch
Q-branch
R-branch

+'('##$#)<'8@K%%%%%%%>0'L(*?%@').%H/0*-E0>+%:GHH*)+G%>d':C%>(?%[V%p%ç3C%'U*U%(/%lOI+>(-.%!µ
+$(+$8@0%&#'()<'8@K%%%%%%%B*+B*(?'-E0>+%)/%H/0*-E0>+%:GHH*)+G%>d':C%>(?%[V%p%2C%ç3%!µ

55%1è
1
%

I*(?'(L%

55%è
;%

"O\%:)+*)-.%
%è
1
%

I*(?'(L%
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4",'?"8'#D90<('?"8'#)-+$%,('%

!E =!0 !"(B '+B")J"+ (B '"B")J"
2+...

!E =!0 !+(B '"B")J"(J"+1)+...
!E =!0 !+(B '+B")(J"+1)+ (B '"B")(J"+1)

2 +...

P-branch
Q-branch
R-branch

+'('##$#)<'8@K%%%%%%%>0'L(*?%@').%H/0*-E0>+%:GHH*)+G%>d':C%>(?%[V%p%ç3C%'U*U%(/%lOI+>(-.%!µ

Yè
3
%è
1%
è
;
[%p%Y3%2%4%[%

U%NU%".*HU%$.G:U%366;C%66%Y6[C%41]aO4;23%%
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*.CC$,(0%),"+)-+$%,('%

&*%+*->00%).*%+/)>F/(>0%:)+E-)E+*%/=%>%:GHH*)+'-%)/BK%

!J = 0,!±1,!!!K = 0!!!!!!!!!!!if!K " 0
!J = ±1,!!!K = 0!!!!!!!!!!!!!!!if!K=!0
#
$
%

E(J,K ) = BJ(J +1)+ (A!B)Ka
2

E(J,K ) = BJ(J +1)+ (C !B)Kc
2

#.*%:*0*-F/(%+E0*:%=/+%>%B>+>00*0%I>(?%>+*K%

%/(0G%A*+F->0%)+>(:'F/(:%'(%).*%VLE+*Z%

o/+%>%B*+B*(?'-E0>+%I>(?K%

!J = 0,±1,!!!!!!!!!!!K = ±1

%-+/::*?%)+>(:'F/(:%'(%).*%VLE+*Z%
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*.CC$,(0%),"+)-+$%,('%

"/(:'?*+%).*%>%B>+>00*0%I>(?%/=%>%B+/0>)*%:GHH*)+'-%)/BK%
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