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LDA+U: static mean-filed approximation

U U
LDA+U functional: E=E ,, + 5 2 n;n, - 5 ny(n,-1)

oK 1
One-electron energies: €. = =& + U(- — ni)
' 9dn; LDA 2

Occupied states: n =1 = ¢ =¢

Empty states:

€LDA /\ : U=

“‘Band theory and Mott insulators: Hubbard U instead of Stoner | ©
V. |. Anisimov, J. Zaanen, and O. K. Andersen, PRB, 44, 943 (1991)




Charge transfer TMO insulators
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Rotationally invariant LDA+U

LDA+U functional
BRI (0), (n7)] = EM DAL 014+ B [0} - Eqel{n”}]
Local screend Coulomb interaction
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LDA-double counting term (n° =Tr(n.,.,,° ) and n:nﬁn%:
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Occupation matrix for correlated electrons:
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A. L., J. Zaanen, and V. |. Anisimov, PRB 52, R5467 (1995)



General LDA+U formulation

AMF: S =1/(21 +1), P =0
SIC: S=0,P=1/2

'—(S n. +Pn_ )

FLL is the right “DFT” mean field for localized systems, n,, =1 or 0

AMF is the right “DFT” mean field for for uniform occupancy, n,, = <n_>

Generalization: (2/+1)S ,+P =1 n> /(21 +1) < E n. <n,

m

. Petukhov, L. Chioncel, |. Mazin, A.L., PRB 67, 153106 (200




Slater parametrization of U

I\/Iultipole expansion — atomic-like symmetry:
rk

Y (7 ~
r — r’l B Z 2k -|- 1, k+1 Vieg (7)Y (77)

Coulomb matr|x elements in Y, basis:

< mm/\ m!' ! ~>—= Z ak(’m, m”, ’m/, m///)Fk
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Angular part — 3] symbols
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Slater integrals: F*= 62/0 7“erlsocz(r)lzfo (T/)erl|<ﬂd(7“/)|2r;;j_1

V. Anisimoy, F. Aryasetiawan and A. L., JPCM 9, 767 (1997)



Average Interaction: U and J

0

Average Coulomb parameter:

1

U = N Uy = F°
P mm
(204 1)<

Average Exchange parameter:

1 [ k 1 2 k
(20+1) mm/ k#0 000

For d-electrons: J;= %4(1?2 + F
Coulomb and exchange interactions:

U,y =< mm|lmm' >
J

! =< mm/||m'm >
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NB: different notation for U and J

Maurits Haverkort, PhD (2005)
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Density-Density U-matrix

Z (Umm’ - Jmm’)ﬁm,aﬁm’,a
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Full-potential LDA+U: a problem
E o= LDA+ U - DC

Spherical RI-LDA+U
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Orbital order: KCuF,

In KCuF; Cu* ion has with a single hole in e, doubly degenerate subshell.
d’ configuration . .
LDA+U calculations for undistorted

Experimental crystal structure perovskite structure
hole density of the same symmetry

antiferro-orbital order

A. L., J. Zaanen, and V. |. Anisimov, PRB 52, R5467 (1995)




Spin and Orbital moments in CoO

e LDA+U+SO+non-collinear

® Useful tools for topological insulators
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The Best of Both Worlds: LDA+DMFT

V. Anisimoy, et al. J. Phys. CM 9, 7359 (1997)
A. L and M. Katsnelson PRB, 57, 6884 (1998)

LDA+U L DA+DMFT
Static mean-field Dynamic mean-field approximation
approximation | Energy-dependent self-energy operator
Energy-independent potential
V = 2 |inlmo > V¢, <inlm’c| 2(g) = 2| inlmo > 2(¢)° . <inlm'c|
Applications: Applications:
Insulators with long-range Paramagnetic, paraorbital
spin-,orbital- and charge order strongly correlated metals

short range spin and orbital order

Cluster LDA+DMFT approximation

A. Poteryaey, A. L, and G. Kotliar, PRL 93, 086401 (2004)
S. Biermann, A. Poteryaey, A. L, and A. Georges PRL 94, 026404 (2005)



Baym-Kadanoff Functional
F[G] = -TrIn[-(Gy ' -Z[G)]-Tr(Z[G)G)+[G]

Exact representation of ®: ve_=a V.,

L/ o o o
CD:E/O dCVTT[V€6<¢ Y ) >

Different Functionals and “source” field ]

DFT: G=p J=V,+V, .
DMFT: G=G(iw) )=, (iw)
BKF: G=G(k,iw) J=3(k,iw)

G. Kotliar, et al. Rev. Mod. Phys. 78, 865 (2006), A. Georges (2004) arXiv/0403123



General Projection formalism for LDA+DMFT

L)
G)

ilmo) <Li|Lj> — 5ij
nko)  P.=(L|G)

P Blochl, PRB 50, 17953 (1994)
: : S T T N1
G (19) = 37 (Ll Gn) |(iw + 1) T = Hies(F) = AZ(iw)| (Gl L)

?nn’
AY, (iw) = Y (Gp|Lm) AX,,,,/(iw) (LG
S (iw) = (Got-G71)
A (w) = X i(iw) — X,

nov, N. Binggeli, D. Korotin, V. Anisimov. JPCM 20,135227

rges, F. Jollet, T. Wehling, and



Self-Consistent LDA+DMFT

— DFT part | —

~———— DMFT prelude -

update my .
. n ) Lo7-
from charge density p(r) construet = { xR )} - build Ggg = |:'i"£""n +p+ E; — V[{s]
Vis = Vet + Vi + Vae - -
construct initial Qﬂ
[—Fﬂ—g + ':’Ks] Vi) = Egeu|View)
A DMFT loop | I
|
|
~—— [ update }—
compute new chemical potential p
p(r) = pxs(r) + Ap(r) . . ) - sl A
g'l.'l_l = G;% + Eimp EhﬂP - g"] T GE}P
S
‘ self-consistency condition: construct Gloe \
e c c z z =i =
- Gloc = F .!E‘.E} [Gﬁé - (Eiml’ - Ed“)] Pj{f}
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LDA+DMFT: Charge+Spin+OQOrbital Fluctuations

Slesel == Y i |0+ 1)1 = G2 | coome + 3 Sulel ]

wko mm/’ 7

Siecc”, ¢] = — Z Coa [(Zw + )1 — Agﬁ] Cus + Sulc”, ] Q 912 = —(C1€3)10c




Continuous Time Quantum Monte Carlo
§ = Z / dr / dr-G5 L (r—)el (e (7)) + U5(T et (1) (7)o (7)o (F)]

Gol(r—7) =6(r - T/)[E VNGRS

Interaction expansion CT-INT: A. Rubtsov et al, JETP Lett (2004)

S ZOZ( U)*

Hybridization expansion CT-HYB: P Werner et al, PRL (2006)

Trdet[Go(r — 77)]

Z = Zy Z %T’r <C;.|_(T)CJ(T/)...Cj;(’T)CO./(T/)>O det[A(7—1")]
k=0 """

E. Gull, A. Millis, A.L., A. Rubtsov, M. Troyer, Ph. Werner, Rev. Mod. Phys. 83, 349 (2011)



Constrained c-RPA calculations of U

PHYSICAL REVIEW B 70, 195104 (2004)

Frequency-dependent local interactions and low-energy effective models from electronic
structure calculations

F. Aryasetiawan,! M. Imada,”? A. Georges,*> G. Kotliar,® S. Biermann,* and A. I. Lichtenstein’
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Charge and Spin Fluctuations in LaCoOx4
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DMF T-functional and beyond

Start from Find the optimal Expand around
Correlated Lattice Reference System DMFT solution
Bath hybridization

A.Georges, et al, Rev. Mod. Phys. (1996)



Beyond DMFT: Dual Fermion scheme

General Lattice ActionH = h + U @.

L 1 8
S, =) {h}?m—(zw-l—u)l Cj}kmacwkmla-l_z ) /()U1234c>{030304d7

wkmm/o i{m,o}

Reference system: Local Action with hybridization A

L, 1 g
Sloc = Z {Afym — (iw+p) 1} Czkumacwm’o_l_z Z /O U1234¢]coc3c4dT
/

wmm/o i{m,o}

Lattice-Impurity connection: °°.°°°: :o":": °
[
Sle*, c] = Z Sloc[cf?o ci]+ Z (h}fnm/ N A‘Tm/) C:kaacwkm’a-
1 wkmm'o

A. Rubtsoy, et al, PRB 77, 033101 (2008)



Dual Fermions S I,

o "8 i O e
. . 9\ “
Gaussian path-integral oo’ @
[ DIF" Flew(-" A7+ 7 Be+7BT) = det(A) exp(w*BA1BT)
-1
with A = 61 (Aw—hy)gy*
new Action: B = gw1

Sd[f*vf] ngw fkwfkw‘|‘ Z 71234f1f2f4f3+

1234
Diagrammatic: ‘ - D
‘ g~kw — (g;1+Aw_tk)_1 — Juw

(4) —_ —1 -1 0 —1 -1
- 71234 _ 911/922/ (X1/2/3/4/ T X1/2/3,4/) 93/394/4
g, and x,,.,.,- from CT-QMC impurity solver

-




Dual Fermions: Diagrams

ﬁg) = =T Z Y1324 GIOC

. 1 _
Eg)(k) = 5 (m) Z Z Y345 Gsr(k1) Gas(ka) Gas(k + ko — K1) Yoros

kiko 345678




Condition for A and relation to DMFT

To determine A, we require GI=GM-g
that Hartree correction in dual variables vanishes.
If no higher diagrams are taken into account, one obtains DMFT: 9 — 0

N N

LS @) =0 = LY emag -4 O7 =g
k k

Higher-order diagrams give corrections to the DMFT self-energy,
and already the leading-order correction is nonlocal.

>(k,w)= ZDMFT(m)+§(k,U))/[1+g§(k,oo)] @ a la impurity T-matrix

~ b 4
ka /_E ka — [(gw + ngkwgw)_l + Aw — tk]_l

e na




Dual Fermion: Beyond DMFT

" (&)
O-@-®H E
‘Gk:w = [<9w + gwikaW>_1 + A, — tk]_l

o0




Spin-Polaron near van Hove singularity in real Material: Na,CoO,

— Dual filling 1.75
— DMFT filling 1.75
—— Dual Charge Channel only

— Dual filling 1.3
— DMFT filling 1.3
— Dual Charge Channel only filling 1.3

n=1.75 n=1.3

DMFT
DF
- ]'?3.‘_)
19.3
\ T'-Ux
15» "'. [9.5
_f 5 " 1 t 1 1 ' { 1 ) '
—0.6 -=04 =02 0.0 ;L::-_E 0.4 06 0.8 0.0 0.5 -” 15
DF-spectral function Na,CoO, A. Wilhelm, F. Lechermann, H. Hafermann,
71 8 M. Katsnelson, A. L. Phys. Rev. B 91, 155114 (2015)
17
i 6 . .
| 5 Spin-Polaron physics for n=1.75
4
3 2t(t—Jcosk
2 E(k)=- ( )
1 |t| +J
0

1d t-J model, M. Katsnelson (1982)



Interaction of electrons
with collective excitations

Magnons

Plasmons

Orbitons



Dual Boson: General |ldea




Non-local screened interactions

F. Aryasetiawan, M. Imada, A. Georges, G. Kotliar, S. Biermann, and A. L.,
PRB 70, 195104 (2004).

Interaction CsoF CoH

N AN . Uoo 5.16 4.69
2 e pa— @ c-RPA screening Uos 246 2.19
1 | Uo2 1.66 1.11
s I ] Uos 1.46 0.85
I &/ “\—i d XB J& (screened) 0.018 0.034
A - J¢1 (bare)  0.044 0.099
' ﬁ X0 V. Mazurenko, et al, arXiv:1610.04059
R r X M r

W=(0-vxp) v W=00-Wx))"'W

Ul.j = <lj lj>

L [‘ UCRPA 'S U nnnnnn g

v UPMFT o W

p—

interactions (eV)
0 N
£ <l

<_, > Non-local Coulomb and Exchange . _
Jl:j - lJW JI M

0513575 7253335 4 45 3
C-RPA in Wannier basis: filling n

Y. Nomura, M. Kaltak, K. Nakamura, C. Taranto, S. Sakai, A. Toschi,
R. Arita, K. Held, G. Kresse, M. Imada, PRB 86, 085117 (2012)



Screened Non-Local U

Starting ,low-energy®“ Hamiltonian with screened interactions (also Jg S*S)

S = Z GOkVCkI/O'CkVO‘ + 5 Z
kvo
Only ,d-bands® bare Green‘s function Ngw =

Gokv = [iv+p—eg |71

Screened Coulomb interaction for ,d-bands*

Uqw e Uw = qu

Reference System S = ZS(Z

ref

ref = Z gO kl/cyo'cyo' -+ % Z uw ni)nw

AS = Z kv Ckyackuo i Z U nqwnqw

kvo

+ AS

U. n5 n

qw’ "qw "qw

Zkva (C;{_yck—i—q,l/—kw o <Ci<‘_ycku> 5qw)

B
U
F
Notations:
gOkl/ — [ZV =i M — Ay]_l

~

L

— Uqw

- U

w



Dual Boson Transformation

Effective reference interactions: U, = U, + A,
Effective inon-local interactions: Uqw — U, = qu — Ay
Definition of correlation functions  Gi, /Gy = —(c € ) ew v ref

qu/Xw - <77, n*>qw/wref’
Ww =5 Z/{w ‘|‘ Z/{waZ/{wa
Bosonic Hubbard-Stratanovich transformation

= W, /U,
GO ~ [Grefy + A o gk]_l — GIr/ef = GE - Glz;ef .
Wy W
1 : w
WO = a;l [[Uq i uw]—l o Xw] 1 Oé;l s WE gas W:‘Jef w q



Effective electron boson interaction

- 1
V=, & e, i+ 7 Vorrw Co GGt Cr it e
£ ® o+
Y W
® 0+<2 o -0

. 3 4
Relation between 7Yy, and 7V, ./,

n if 73,,/“, =0 there is the non-thero part of ’}/Ew = a;l




Lattice GF and SCF-condition

Lattice two-point correlation functions

Gl = G2l S+ 6 5 S =A A [T

Weo = Wit = ao(1+ W TIew) ™ fi = P = (B

Self-consistent conditions:

Z ka _ G,r/ef,

Lattice susceptibility

S s a1l e

qw —w




Comparisson GW+DMFT

1.0 . ! ! .
| ——DB-GWry ——EDMFT+GWxy
——DB-GW —+— EDMFT+GW
08 - ——DB —+— DMFT+GW i
—— EDMFT ’




Summary

® DFT+U is efficient scheme for S-O-C ordering

® DFT+DMFT is an optimal for correlated metals

e GW+DMFT is perfect for non-local screened interaction




