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How to test DE/MG models 

• Einstein equations

• Background (homogeneity & Isotropy)  

everything is determined by the equation of state 

• Small Inhomogeneity 

Linear scalar perturbations with respect to 3-space (assumed to be flat) 
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Cosmological perturbation theory

• Fourie transformation and Decomposition

• Gauge fixing 

We assumed the theory is invariant under diffeomorphism                           and used 
the Longitudinal gauge. The gauge invariance can be always restored by introducing 
additional fields (Stuckelberg fields)  
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Matter content 

• Energy momentum tensor 

• Conservation of energy momentum tensor

for now, we assume matter and dark component obeys the conservation 
independently 
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Equations for linear perturbations

• Einstein equations 

• Conservation of energy momentum tensor for matter

Evolution of matter is determined by the Newtonian potential 

Dark component affects the evolution through the Newtonian potential
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Equations for dark component 

• Conservation of dark component (assumed to be held independently) 

• Sound speed 

2

0

2 2 2 2 ' '
( ) ' , : adiabatic sound speed 

' 3 (1 )

s

v

s s a a

P
c

v P w
P c c c c w

k w





  






     
H

3 ( ) ( )( 3 )

(1 ) 2
4 ( )

3

E
E E E

E E E
E E E E E

d
P P kv

d

w vd
P P P

d k


  




 



      

   
         

  

H

H



Classification (1)

1) LCDM

We define the growth function       as the growing mode 

solution for 

in MD era,

at late times, due to the cosmological constant, 

gravity becomes weaker  
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Classification  (2) 

2) smooth DE

using 

For a fixed present-day          ,if                  ,DE density is 

larger in the past suppressing the growth compared 

with LCDM  
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Growth rate 

• Growth rate

is insensitive to the equation of state 

(but the growth rate depends on through         ) 
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Classification (3)

• Clustering DE

Let’s consider a toy model for dark component with non-zero sound speed

assuming that the dark component dominates the universe   

For                                        pressure wins over gravity and          does not grow 

clustering DE requires small sound speed 
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Quintessence

• Sound speed 

propagation speed 

scalar field equation of motion 

for standard kinetic term,                         thus the scalar field does no cluster  

below the horizon scale thus can be approximated as smooth DE   
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Quintessence 

• Note that this does not mean we can ignore the perturbations of scalar field 
entirely 

Caldwell: An introduction to quintessence  



K-essence/massive scalar field  

• K-essence 

• Massive scalar field 

scalar field perturbations oscillate with frequency

averaging order many oscillations  
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Effects on growth

• Einstein equations 

clustering DE acts like modifications of gravity for dark matter 

• Anisotropic stress   

scalar field does not have anisotropic stress

normal matter has small anisotropic stress compared with density 
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Classification (4)

• Brasn-Dicke gravity

• f(R) gravity example
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BD

GR
Growth in f(R) gravity 
• Poisson equation

• Gravity is modified on small scales so we need screening mechanism 
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Classification (5) 

So far, we assumed that matter and dark component obey the conservation equation 
independently, but this is not necessarily the case. 

Example:

Although we do not modify gravity, this looks like modified gravity  

(we can evade local constraints by breaking strong equivalence principle)
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Zoology of DE/MG models 
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Smooth DE
Quintessence 
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Observations 

• Background

Supernovae:   luminosity distance

CMB/Baryon Acoustic Oscillation (BAO): angular diameter distance 
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Observations

• Weak lensing 

Convergence  (photons follow geodesic)

Galaxy shape is determined by shear which can be 

computed from convergence
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Observations 

• CMB

Integrated Sachs-Wolfe (ISW) effect 

The time variation of lensing potential causes

a shift of photon temperature

lensing 

CMB is also lensed  
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Observations 

• Redshift distortions

galaxies have peculiar velocities

clustering of galaxies in redshift space

is enhanced along the line of sight

If the continuity equation holds, the velocity dispersion is related to the growth rate  
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Background expansion history

• Background expansion is determined by the equation of state

Parametrisation 
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Model independent approach

• Principal component analysis

Approximate              with many stepwise constant values

Errors on       are highly correlated. We diagonalise the covariant matrix   

Errors on new parameters                                are uncorrelated and given by  
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Principal component 

• Requires a prior to truncate poorly determined eigen modes  
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Model based parametrisation 

• Parametrisation 
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LCDM

Smooth DE

Smooth DE

• LCDM/Smooth DE

There is a one-to-one correspondence between background expansion history and

growth of structure 
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Expansion history v structure growth

• Clustering DE/MG

structure growth is controlled also by        

Even if it has the same expansion history as smooth DE, structure growth is 
different 
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Consistency test
Assume that the Universe is described by a clustering DE/MG model but we still try 
to fit the date using smooth DE

Inconsistent!                                            

SNe+CMB

SNe+weak lensing
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Clustering DE v Modified gravity 

• Modified gravity models have anisotropic stress

cf. BD gravity with  

this creates a difference between lensing potential and Newton potential

lensing mass is not the same as dynamical mass 

ex.) Eg parameter 
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