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 INTRODUCTION 
  
 

 
 
 
 
 
 
[1]  J. Maldacena, The Large N Limit of Superconformal Field Theories and Supergravity, International Journal of 
Theoretical  Physics 38,4 (1999). 

Holographic Principle is about 
encoding information from (D+1)-
dimensional space onto D-
dimensional space. 
In 1997, Juan Maldacena 
[1] developed the holographic idea 
further. In essence, he showed that 
quantum math describing physics in 
three spatial dimensions without 
gravity can be equivalent to math 
describing a four-dimensional space 
with gravity.  
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 anti-de Sitter (AdS)/conformal field theory(CFT) correspondence 
 

 
 

 
 

    One of the most promising 
approaches to a quantum theory 
of gravity is via the anti-de Sitter 
(AdS)/conformal field theory 
(CFT) correspondence. 
 (AdS)/ (CFT) correspondence, is 
a relationship between two kinds 
of physical theories. On one side 
are anti-de Sitter spaces (AdS), 
which are used in theories of 
quantum gravity on the other side 
of the correspondence are 
conformal field theories (CFT).  
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In 3D how does it works? 
 

Einstein’s gravity: It has a healthy boundary structure but suffers from 
bulk triviality. 

 
Topologically Massive Gravity (TMG): It does not have a unitary dual 

CFT in asymptotically AdS spacetimes. In the sense of AdS / CFT 
correspondence it is not viable as a quantum gravity. 

 
New Massive Gravity (NMG): It also has the bulk/ boundary unitarity 
clash and hence does not posses the expected holographic description. 

 
Minimal Massive Gravity (MMG): It is unitary both in the bulk and 

on the boundry. 
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TMG [2] field equations derived from the action: 

 
as, 

 
This model modifies the field equations of general relativity by adding a 

new term with three derivatives. 
 

 

 

                                                                      Sµν = Rµν −
1
4
gµνR

	
	
	   [2]  S. Deser, R. Jackiw and S. Templeton, Topologically Massive Gauge Theories, Ann. Phys. (N.Y.) 140 372 (1982); 
185 406(E) (1988).  

	
	
	

A. INTRODUCTION

The three dimensional (3D) massive gravity model known as ’topologically massive gravity’(TMG)

has attracted much attention over the last decade.Using the methods initiated in the context of 3D

Einstein gravity by Brown and Henneaux one finds that one of the two central charges must be

negative whenever the bulk spin-2 mode has positive energy.Minimal Massive Gravity (MMG) is

an alternative theory to TMG that circumvents this problem .

This thesis proposal is divided into two main sections: In the first section, we will investigate

consistency of the field equations of MMG for both source-free case and matter-coupled case.In

the second section constant scalar curvature solutions will be researced.

B.REVIEW OF LITERATURE

The TMG action is:

S =
´
d

3
x

p
�g(R� 2⇤) + 1

4µ✏
�µ⌫�⇢

��(@µ��
⇢⌫ + 2

3�
�
µ↵�

↵
⌫⇢)

The TMG field equations derived from this action is:

1
µCµ⌫ + �Gµ⌫ + ⇤0gµ⌫ = 0

where Gµ⌫ is the Einstein tensor,Cµ⌫ is the (symmetric,traceless) Cotton tensor and it is given in

terms of Schouten tensor (Sµ⌫) as:

Cµ⌫ = ⌘µ
↵�r↵S�⌫

Sµ⌫ = Rµ⌫ � 1
4gµ⌫R

At present there is no known alternative to TMG that resolves the ’bulk versus boundary clash’

while preserving the minimal bulk properties.MMG presents such an alternative.The essential

difference is that the field equation of MMG includes the additional,curvature squared,symmetric

tensor Jµ⌫ .

J

µ⌫ ⌘ � 1
2 det g "

µ⇢�
"

⌫⌧⌘
S⇢⌧S�⌘ = G

⇢
µG⇢⌫ � 1

2gµ⌫G⇢�G
⇢� + 1

4Gµ⌫R+ 1
16gµ⌫R

2

The MMG field equation is:

Eµ⌫ ⌘ �̄Gµ⌫ + ⇤̄0 gµ⌫ + 1
µCµ⌫ + �

µ2 Jµ⌫ = 0

with dimensionless parameters �,�and dimensionful ones µ, ⇤0.J tensor has a slightyly
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MMG [3] field equations have an additional symmetric J -tensor in it.  

 

 

 

 
 

    The MMG field equations do not obey the Bianchi Identity and 
therefore cannot be obtained from an action with the metric being the 
only variable. But the covariant divergence vanishes for metrics that are 
solutions to the full MMG equations. Therefore, one has an ”on-shell 
Bianchi Identity. 

	

 
   [3]  E. Bergshoeff, O. Hohm, W. Merbis, A. J. Routh and P. K. Townsend, Minimal Massive 3D Gravity, Class. Quantum 
Grav. 31, 145008 (2014).  
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e
Rµ⌫ = p

�
gµ⌫ � 3

a⇠µ⇠⌫

�

where ⇠µ⇠
µ = ±1 and p is a scalar function.The traceless part of the J-tensor becomes

e
Jµ⌫ = �(p+ R

12 )
e
Rµ⌫

reducing the MMG equation to the TMG equation as,

1
µCµ⌫ + (�̄ � �

µ2 (p+
R
12 ))

e
Rµ⌫ = 0

which means all Type-D solutions of TMG solve MMG once the following replacement is made

µ�̄ ! µ�̄ � �
µ (p+

R
12 )

RESULTS

We checked consistency of the field equations of MMG for both source free and matter coupled

cases.We show that for the source-free case the double-divergence of the field equations vanish for

the solutions of the field e quation. In the matter-coupled case, we show that the double-divergence

of the left-hand side and the right-hand side are equal to each other for the solutions of the theory.

This construction proves the consistency of the field equations. We have also found a large class of

solutions to MMG equations that are also solutions to the TMG equations. These solutions have

constant scalar curvature. Type- N solutions and Type-D solutions in the Segre classification.

rµE
µ⌫ ⌘ rµ(�̄Gµ⌫ + ⇤̄0 g

µ⌫ + 1
µC

µ⌫ + �
µ2 J

µ⌫) = rµJ
µ⌫
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relevant background for holography, it is easy to show that the graviton’s mass becomes

M2
g = µ2

✓
�̄ +

�

2µ2l2

◆2

+
1

l2
(4)

where l > 0 is the AdS radius defined in terms of the e↵ective cosmological constant as l2 = � 1
⇤ . There are two

possible values for ⇤ that are determined by the quadratic equation coming from the field equation (1)

⇤̄0 � �̄⇤+
�

4µ2
⇤2 = 0. (5)

Up to this point as far as the bulk excitations are concerned, the only apparent change in MMG from the TMG is
the replacement �̄ ! �̄+ �

2µ2l2 in the mass formula (4) plus the fact that there are two vacua in MMG instead of the
unique vacuum in TMG. But, once one computes the left and right central charges of the boundary Virosoro algebra
as

cL =
3l

2G3

✓
�̄ +

�

2µ2l2
� 1

µl

◆
, cR =

3l

2G3

✓
�̄ +

�

2µ2l2
+

1

µl

◆
(6)

and the energies of bulk excitations

EM =
M2
g

4⇡G3

1

T

Z
d3x

p
�ḡ ✏↵

0µh↵⌫@th
M
µ⌫ , EL = � cL

6⇡`

1

T

Z
d3x

p
�ḡ r̄0h↵⌫

L @th
L
µ⌫ ,

ER = � cR
6⇡`

1

T

Z
d3x

p
�ḡ r̄0h↵⌫

R @th
R
µ⌫ , (7)

one can check that the boundary unitarity constraints CL > 0 ,CR > 0 and the bulk unitarity constraints M2
g � � 1

l2 ,
E � 0 are compatible for non-zero �. Remarkably, the J-tensor does its job: while keeping the bulk theory intact,
it makes the boundary conformal theory unitarity opening up the possibility to find a dual CFT to the bulk gravity.
That is certainly one way to define quantum gravity and it would be quite interesting to find the corresponding dual
CFT of the MMG theory. All this is quite attractive but the J-tensor has a slightly embarrassing defect : Its covariant
divergence does not vanish for generic smooth metrics, instead one has

rµJ
µ⌫ = ⌘⌫⇢�S⇢

⌧C�⌧ , (8)

which means the MMG field equations does not obey the Bianchi Identity and therefore cannot be obtained from an
action with the metric being the only variable. (It can of course be derived from action(s) with auxiliary variables
[1, 7] ) But the state of a↵airs is not that bleak as the covariant divergence vanishes for metrics that are solutions to
the full MMG equations. Therefore, one has an ”on-shell Bianchi Identity”. This is good news but it actually makes
it quite non-trivial to couple the theory to conserved energy-momentum tensors. This was achieved in [2] in quite an
intricate way.

In the current work, we shall consider two aspects of the MMG theory: The first being the consistency of both the
vacuum and matter-coupled MMG equations and the second being the new solutions to the vacuum field equations
that are inherited from the TMG theory. It will be clear below what we mean by the consistency of the field equations.
As for the solutions, there appeared several works on exact solutions of this theory in [1, 2, 6, 8, 9], but our work
is di↵erent in the sense that we shall upgrade all the Type-N and Type-D solutions of TMG to be the solutions of
MMG with simple modifications of the parameters. Our construction is inspired by several works [11–13] that used
the solutions of TMG in finding the solutions of New Massive Gravity [15], a parity symmetric massive spin-2 theory,
and in finding the solutions of all f(Ricci) theories [16].

II. CONSISTENCY OF FIELD EQUATIONS OF MMG

First, let us consider the source-free case, as mentioned above, consistency of the field equations requires that the
first divergence vanishes

rµEµ⌫ = 0, on-shell (9)
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Since MMG has remarkable properties which the other three 
dimensional theories lack, it bring to mind: 

 
• Can we find any different rank two tensor, which satisfy on shell 

conservation at quadratic order? 
 

• Is MMG unique or is it part of a large class of theories? 
 

• Are there any deformations of TMG or MMG at the cubic, quartic 
and higher orders? 
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1) QUADRATIC EXTENSIONS OF TMG 
 

  Let εµν = 0 ,be the field equations. 

 
                                              and the trace equation: 
	

−σ R
2
+3Λ +γY = 0

	

 
The main question is to find all possible Y-tensors, which satisfy 

the on-shell conservation. 
	

∇µε
µν = γ∇µY

µν = 0
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The most general quadratic tensor:  
 

Y µν = aS2
µν + bgµνS2 + cS

µνS + dgµνS2  
 

 
 

 
The trace and divergence are respectivly, 
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In order to get a on shell conserved tensor,we must write the last term in 
terms of Cotton tensor. 
  By using the definition of the 3 index Cotton tensor in any dimension, 

 
in 3 dimensions one has, 

 

                                      Cαµν =∇αSµν −∇µSαν =ηλµαC
λ
ν 	
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                                   i) b≠0 
 

Second term with Cotton tensor vanishes on shell, but first term 
does not, but if we set, 

 
the first term will vanishes too. 

Also a=-1 choice gives us the J-tensor. 
	

Y µν = J µν = RµρRρ
ν −
1
2
gµνRρσR

ρσ −
3
4
RRµν +

5
16
gµνR2

	
	

 ii) b=0 
	

	

Y = (c+3d)S2 	
       gives a shift of TMG parameters. 
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2) UNIQUENESS OF MMG 

Suppose X-tensor is divergence free and symmetric 

 
Using this tensor we can build  symmetric Y-tensor (is not in the most 

general quadratic form) as,  

 
where,  .By using the identity, 

 
 

εµν = Xµν +Yµν = 0  
                            we can write Y-tensor in the form: 
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we defined a new tensor as, 

 

 
																																																																																					

εµν = Xµν +Yµν + Zµν = 0
	

 
Z-tensor is traceless but it is not symmetric. 

 
 

 
 

With the choice a=-1/2 it becomes symmetric.With this choice 
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                                                        If , 

 
 

divergence of Z-tensor vanishes, then X tensor is 

 
we assumed that the covariant derivative of the X tensor vanishes.It is 

possible only if a2 =0. 

 

 
which vanishes on shell for the field equations. 

 
 

This calculations shows uniqueness of the MMG at the quadratic 
order. 
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3) EXTENSIONS OF TMG AND MMG 

Suppose we have the following deformation of TMG and MMG 

 
−σ

R
2
+3Λ +γ1J +γ2K = 0 ,	trace	equation. 

 
A) CUBIC EXTENSIONS 

           The most general two-tensor which can build form powers of 
Ricci tensor is 
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its covariant divergence is; 

 

 
 
          Again, in order to get an on shell conserved tensor, we must write     
Cotton tensor in the expression. 
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                     These reduce the divergence of the K-tensor to 

 
 

the third term vanishes because of symmetries.By using the three 
dimensional identity 

 

 
 

we can combine the remaining two terms and we get, 
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                                       i) k=0 
	

K tensor is conserved and traceless without using the field equations. 
 

 
 

From Cayley-Hamilton theorem 
 

 

 
 

 
this tensor is identically zero. 
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																																																																																																																			ii) k≠0 
	
	

The second term vanishes both for TMG and MMG mass shell, but the 
first term does not. From the trace equation, 

	

−σ
R
2
+3Λ +γ1J +γ2K = 0

	
	

J = 1
2
(RρσR

ρσ −
1
16

R2 )
	

	
	

                                               R is not constant. 
 

There does not exist an on shell conserved tensor for TMG and 
MMG, which build from the third powers of Ricci tensor. 
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                            B)QUARTIC EXTENSIONS 
 

σGµν +Λgµν +
1
µ
Cµν +γ1Jµν +γ2Lµν = 0 	

−σ
R
2
+3Λ +γ1J +γ2L = 0 ,	trace	equation.	

	
 

The most general rank two tensor, which can build from powers of Ricci 
tensor, is, 
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																					and its covariant derivative:	
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       The terms in the last four line can be written in terms of Cotton 
tensor by relating the parameters as; 

 
	

	
	
	

and for simplicity, we can choose the other parameters as; 
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                                i) k=0 
	

We get an on shell conserved tensor as; 
	

	
	

which is identically zero. 
	

	

 
(we get this identity by using  K- tensor) 

	

	
	

(Schouten identity) 
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ii) k≠0 
	

As a result of the trace equation 
	

−σ
R
2
+3Λ +γ1J +γ2L = 0 	

	

J = 1
2
(RρσR

ρσ −
1
16

R2 )
	

	

R is not constant, since the J tensor has the square of the Ricci tensor in 
it. The first term in the divergence of the L-tensor does not vanish. 

	
	

There does not exist an on shell conserved tensor for TMG and 
MMG, which build from fourth powers of Ricci tensor. 
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																																											C) HIGHER ORDER EXTENSIONS 
 

By using the Schouten identities, we can write higher order powers of 
Ricci tensor in terms of the lower ones. 

 
 

 
 

 
 

There does not exist an on shell conserved rank two tensor except 
the quadratic one. 
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CONCLUSION 
	

In this work, 
      we prove that at the quadratic order in the curvature MMG is the 

only deformation of TMG and it is a uniqe theory. 
  We have also showed that there does not exist a deformation of TMG 

or MMG on to the qubic and quartic orders. 
    It is diffucult to construct  on shell conserved rank two tensors in 

three dimensions. 
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