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Introduction

3d N =4 supersymmetric gauge theories with gauge group (G .
« 8 real SUSY Q2 with R-symmetry SU(2)y x SU(2)¢
* Vector multiplet
N =2 vector multiplet A4,, + + Adjoint chiral multiplet ¢

* Hypermultiplet
Two N =2 chiral multiplets X, Y with W = TrpXY

Rich structure of supersymmetric vacua parametrized by vacuum
expectation value (VEV) of gauge invariant scalar operators.

Higgs branch Coulomb branch
X,Y o, 0, Vi



Higgs branch Mg

* VEV of scalars XY in hypermultiplets (and 0 = ¢ = 0).

* Superpotential constraint (F-term)

oW
/L@E—:X-Y:O
o[t

e D-term constraint
r=X-X"—Y'Y =0

* Hyper-Kahler quotient
My ={X,Y |uc = pur = 0}/G

* No quantum correction. So classical geometry is exact.



Coulomb branch M ¢~

* VEV of three real scalars o, ¢ in vectormultiplets together with
monopole operators V,,.

* Monopole operator

Aq = %(:I:l —cosf)dop + - - (m € T'gv weight lattice of G)

/F:m
5'2

 Hyper-Kahler with dimgcMs = 2 rank G

* Quantum corrections on the classical geometry.

* Sometime we can study quantum-corrected Coulomb branch
geometry indirectly using mirror symmetry.



Monopoles in Higgs branch

In Higgs branch, there are vortex solitons carrying magnetic flux.

Monopoles become interfaces (or kinks, or domain walls) in 1d vortex
quantum mechanics (QM) living on the vortex world line (blue line).
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We shall find UV gauge theory description for the 1d vortex system with the
monopole interface.



Monopole correlation functions

~~

Partition function of ¢ V4 = <n—|—A | Va ‘ n>

---------

We will compute correlation functions of monopole operators using
supersymmetric localization computation in |d vortex QM.

Main goal is to extract exact chiral rings and Coulomb branch algebra from
the correlation functions.

| will also show that the Coulomb branch algebra is naturally quantized in
our setting.
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Symmetries and deformations

We consider unitary gauge groups G = ®;U(N;) and fundamental (and also
bi-fundamental) hypermultiplets.

Global symmetry :

* Flavor symmetry acting on Mg : Gy = ®;SU(Ny,)

» Topological symmetry acting on M¢: G = (U(1)p)#ofU(1)'sinG
Mass deformations for G

o—0+mr, ©— @+ mg

Fayet-lliopoulos (Fl) deformations for G¢

pr=0—pur =tr , pc=0—=puc="1c

()-deformation for U(1), Lorentz rotation

O — @ —1eL, + Qg



Abelian Coulomb branch

Abelian gauge field A, can be dualized into a periodic scalar field a, called

dual photon.
da = *dA and a ~ a+ 2mwg*

+-L (o+i
Monopole operators are definedas 1V, = e ¢° (o+ia)

Classical Coulomb branchis M¢ = {o, Vi|V_ =V '} =R? x §!

Quantum corrections modify this classical geometry.

- For N fundamental hypers, quantum-corrected Coulomb branch is

Ny

Mo ={p,Vi}/(*), (=) :ViVo =] ]l +mE)

o [Borokhov, Kapustin,Wu 02]
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Non-Abelian Coulomb branch (classical analysis)

At generic points on M, scalar fields ¢ take non-degenerate values in
Cartan subalgebra of g and the non-abelian gauge group will be broken to
maximal abelian subgroup U(1)" C G .

Monopole operators in IR abelian theory can be explicitly constructed as

V. — eg%m-(a—l—ia)
=

Therefore, the classical Coulomb branch takes the form
ME® ~ {(R? x ST}/ We
This description breaks down by quantum effects when W-bosons becomes

massless and thus non-abelian gauge symmetry is restored.

We shall compute Coulomb branch chiral rings with full quantum

corrections by studying monopole actions on vortices in Higgs branch.



Higgs branch and vortices

Focus on U(N) gauge theory with N, fundamental hypermultiplets and a real
FI parameter tx > 0.

Higgs branch which admits vortex solution is Grassmannian G(N, N)
parametrized by X (and Y = o0 = ¢ = 0).
On a Higgs vacuum labelled by 1/, we find BPS vortices satisfying

F.4+X -X'=tg, D:X=0
o

F,; = X "= (X)),
/]R2 " ~ < > z::cl—l—z'x2

Moduli space of vortex solutions M), is a complex manifold with

dim@./\/lﬁ — an

which respects symmetry U(1). x S[U(N) x U(N; — N)] .



Complex masses and {)-deformation such as ¢ — ¢ +mc — €L, + eQH
Ny

leaves <N> isolated massive vacua which are fixed points w.r.t equivariant
gauge and flavor rotations.

Vortex moduli space on a massive vacuum / will also be lifted and localized to
isolated fixed points labelled by

N
Vortex charge . and &k = (ki,--- ,kn), Zkz =n
i=1

()-deformation effectively compactifies 3d gauge theory to |d quantum
mechanics at z = 0.

Hilbert space of the |d quantum mechanics is the equivariant cohomology of
the moduli space of the |/2 BPS vortices :

H,= & Clp)

fixed p

= @ Cln, k)
n,k



Vortex quantum mechanics

Brane construction of vortices.

3,4,5
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[Hanany, Tong 03]

D I-brane worldvolume theory is |d /' = (2,2) gauged quantum mechanics of

BC@< s Y

* Global symmetry : U(1), x S[U(N) x U(N; — N)]

* Higgs branch agrees with vortex moduli space M?”.



Monopole as Interface

We propose

[ Monopole operator in 3d = |/2 BPS interface in vortex QM j

vortex with charge n+ A ld
/T\ U(n+A) gauge theory
a > (n+A)

VA > @ > @ < Monopole Interface

T
~— U(n) gauge theory

vortex with charge 71

* |d vortex system with the interface preserves N = (0,2) SUSY
* Interface connects vortex QM with U(n) gauge group and
another vortex QM with U(n+A) gauge group.



. / L
Monopole interface between 11 and 71 vortices is constructed as follows:

|. Neumann boundary condition on |d vector and chiral multiplets.

— Induces N = (0,2) vector and chiral multiplets at the interface.
2.Additional 0-dimensional degrees of freedom & and 7,7, 1.
§
D==@)
v X
7 fn X d||n

/

g q — : Fermi multiplet

—> : chiral multiplet

A4

N Ny—N

3. Superpotentials

Jy=¢&B"=B¢, Jy=¢&0—q, Jj=q ¢ (E,=E,=E;=0)

This interface provides a (surjective) map from M” to M”,when n' > n.
So, we claim that the interface realizes 3d monopole operator.

In mathematics, this map is known as Hecke correspondence.

[Nakajima | 1], [Braverman, Feigin, Finkelberg, Rybnikov 1 1]



Correlation functions

Partition function of the |d vortex system with the interface on t; >t > t;.

- ]n’} at 1o

e O > (n'|O|n) (for N =1)

- ”nj> at 74

e Ifn'=n,0=1 andifn’ =n+1, 0=V,.

Localization computation gives rise to the correlation function (at Ist vacuum)

4 )

n N n’
<n/‘0‘n> _ Hszl(n, +1 - S)GHz‘:fQ szl(ml — My + 86)

Wy Wn!
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where w, = [[(n+1—s)e][]](mi—m:+se) is the equivariant weight at fixed point |n)

s=1 =2 s=1



Identity interface ® =1 when n' = n:

1
O p— = —
(n|Ofn) = (nfn) = —
 This gives the correct normalization of the vortex state |n) .

» 3d vortex partition function on interval with Neumann b.c. |N)is

Zvortex— N‘N Zq n‘n Zq o

n>0 n>0

Correlation functions of monopole operators V. when n’ =n + 1 :

1

(n+1Vi|n) = (n|V_|n+1) = - —
[Ty |+ 1 = s)e [T (my — my + se)




Monopole action and Coulomb branch algebra

We can compute monopole actions and Coulomb branch algebra from the
monopole correlation functions.

Monopoles act on the state [n) as Vi |n) = C |n+1), V_|n)=C_|n—1)

where ¢, mHUVelD) (0= 1IVejn)

(n+1n+1) ° (n—1|n—1)
In addition, the 3d complex vectormultiplet scalar ¢ acts as
p|ln) = (—m; —ne — 5)n) (at i-th vacuum)
4 R
Monopole action :
Viln) = P(p+ Slnt1), Vo|n) = n—1)
\ )

Ny

with P(z) = [ [ (z + ma)

a=1



Hilbert space H, is the highest-weight Verma module of the Coulomb

branch algebra.
In) ~ (Vo)"0) for V |n)eH,

The Coulomb branch algebra is
V-I—V— :P(gp_'_%) ) V—V-|- :P(SD_ %) ) [Spavzl:] =FeVy forN=1

“Spherical rational Cherednik algebra”

The algebra is quantized by (2-parameter €.

v, ® () -deformation Vb
>
() VB ¢ VB
-« > « >
Commutative Non-commutative

[Nekrasov, Shatashvili 09], [Yagi 14]



For general IV, monopole operators acts on the vortex states as

P(pa + &
V¥in, k) = N(SO ) in+1,k+d,)
Hb;éa(gpb T SOCL)
1
V.n, k) = n—1,k—0dq4)

N
[Tpra (6 — ©a)
Yaln, k) = (—mgq — kg€ — %)]n, k)

Quantized Coulomb branch algebra :

P(pa + €
VAV = ot 5) A
Hb;éa(SOa — p) (b — Pa — €)

_ P(Spa T %)
Hb;éa(@a — ©p) (Vb — Pa +€)

[Bullimore, Dimofte, Gaiotto |5]

Therefore, Coulomb branch chiral ring is

CIMc] = {V,5, 0a}/{x, W}



Conclusion

————

Exact Coulomb branch algebra can be computed using correlation functions
of monopoles operators which are partition functions of 1d vortex QM with
interfaces.

Generalization to “Triangular quiver gauge theories”.

* Finite Wy algebra and finite AGT correspondence
[Braverman, Feigin, Rybnikov, Finkelberg | 1], [Nakajima 11]

Moduli matrix approach for monopole operators.

Extensions :

* General unitary quiver theories  [Bulimore, Dimofte, Gaiotto 15]
* Higher dimensional generalization

* N=3 or N=2 gauge theories

* Other gauge groups !



