SYMBOLIC DYNAMICS FOR LOW DIMENSIONAL
NON-UNIFORMLY HYPERBOLIC SYSTEMS

YURI LIMA

ABSTRACT. The goal of these notes is to construct symbolic models for uni-
formly hyperbolic systems and low-dimensional non-uniformly hyperbolic sys-
tems (surface diffeomorphisms and three dimensional flows). In the first part
we focus on uniformly hyperbolic systems, and discuss the method of suc-
cessive approximations of Sinai [Sin68] and the method of pseudo-orbits of
Bowen [Bow08]. In the second part we discuss the recent method of Sarig for
non-uniformly hyperbolic surface diffeomorphisms [Sarl3|, also implemented
for non-uniformly hyperbolic three dimensional flows with positive speed [LS].
Applications are also discussed.

1. INTRODUCTION: UNIFORMLY HYPERBOLIC SYSTEMS

The prototypes of uniformly hyperbolic systems are:
. . . 2 1
o Hyperbolic toral automorphisms, e.g. fa: T? - T? induced by A = [ 11 ]
o Smale’s horseshoe, see [Sma98g].
o Geodesic flows on compact manifolds with negative sectional curvature.

See the appendix for the definitions of uniformly hyperbolic systems.

Introductory example: Smale’s horseshoe. Let g : K — K be the Smale
horseshoe map and ¢ : ¥ — 3 the full shift, where 3 = {0,1}%. There is a bijection
m:% - K st. moo =gom. Therefore g, from a dynamical point of view, can be
analyzed via 0. Many properties of o are easier to understand, such as:

o Easy iteration.

o Number of periodic orbits.

o Invariant measures.

The goal of these notes is to discuss other smooth systems with similar symbolic
representations.

Symbolic models. The triple (X, 0, 7) above is an example of a symbolic model.
The general definition is as follows. Fix a countable oriented graph ¢ = (V, E).

TOPOLOGICAL MARKOV SHIFT (TMS): Let ¥ = Z-indexed paths on ¢, and let
0: Y — ¥ be the left shift. The pair (¥,0) is called a topological Markov shift.

An element of 3 is denoted by v = {v,}nez. Let f: M — M be an Axiom A
diffeomorphism.
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SYMBOLIC MODEL FOR DIFFEOMORPHISMS: A symbolic model for f is a triple
(2,0,m) where (3,0) is a TMS and 7 : X - Q(f) is a finite-to-one Holder contin-
uous map s.t. f Iy om=moo.

To define a symbolic model for flows, we add the flow direction to the TMS.

ToprPOLOGICAL MARKOV FLOW (TMF) [LS]: Given a TMS (X,0) and a Hoélder
continuous function r : ¥ — R with 0 < infr < supr < oo, define the topological
Markov flow (2, 0,) by:

o X, ={(v,t):veX,0<t<r(v)} with the identification (v,r(v)) ~ (o(v),0).

o o0, :%, > X, the unit speed vertical flow on X,.

(0,r(0)) araph(r)

!

S (v,0)  (o(),0)

FIGURE 1. The suspension flow o,: starting at (v,0), flow at unit
speed until hit the graph of r, then return to the basis via the
identification (v, 7(v)) ~ (¢(v),0) and continue flowing.

Let ¢ : M - M be an Axiom A flow.

SYMBOLIC MODEL FOR FLOWS: A symbolic model for ¢ is a triple (X, o, 7, ) where
(2, 0.) is a TMF and 7, : X, - Q(y) is a finite-to-one Holder continuous map s.t.
@t Fo(p) o7 = Tp © ol for all t € R.

Markov partitions. Let f : M - M be an Axiom A diffeomorphism, and let
x,y € Q(f). The following are classical:

o W2(x)={yeM:dist(f"(x), f"(y)) <e,Vn >0} = local stable manifold.
o W (x)={yeM:dist(f*(x), f"(y)) <e,¥n <0} = local unstable manifold.
o {[z,y]} = WZ(xz) nW2(y) = Smale product. It exists whenever dist(z,y) « 1.

Fix § « € s.t. [z,y] is well-defined whenever dist(z,y) < . Given a subset R c
Q(f), let R* c Q(f) denote its interior in the induced topology of Q(f). We call R
a rectangle if:

o REGULARITY: R = R* and diam(R) < §.
o PRODUCT STRUCTURE: z,y € R = [z,y] € R.

In this case, let W*(z, R) := W2(z) n R and W*(z, R) := W*(z) n R.
It is easy to construct rectangles: given x € Q(f), the set
(W (x) nQ(f), W (z) nQ(f)]
is a rectangle for all p > 0 sufficiently small. Let Z be a cover of Q( f) by rectangles.

MARKOV PARTITION: Z is called a Markov partition for f if:
(1) DisJOINTNESS: The elements of % can only intersect at their boundaries.
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(2) MARKOV PROPERTY: If z € R* and f(x) € S, then
FW*(2,R)) c W*(f(),8) and f(W*(f(),5)) c W"(z,R).
If % only satisfies (2), we call it a Markov cover.

R S R S
f
RNy | EN e —
f(R) f(R)
©® Allowed intersection ® ® Not allowed interserction ®

FIGURE 2. The Markov property: if f(R) intersects S non-
trivially, then f(R) crosses S completely all the way from one
side to the other.

Markov sections. Let ¢: M — M be an Axiom A flow.

PROPER SECTION [Bow73|: A finite family .# = {By,...,B,} is a proper section

of size « if there are closed differentiable discs Dy, ..., D, s.t.:

(1) CLosEDNESS: Each B; is a closed subset of Q(¢p).

(2) CoVER: Q(p) = UL, ol B;.

(3) REGULARITY: B; cint(D;) and B} = B;, where B} is the interior of B; in the
induced topology of D; nQ(¢p).

(4) PARTIAL ORDER: For i # j, at least one of the sets D; n ¢[%**D; and D; n
go[o’m]Di is empty; in particular D;n D; = @.

For simplicity, denote By u---uU B,, also by .#. Let H =H_ 4, : .# — .# be the
Poincaré return map, i.e. H(x) is the first time the forward orbit of x hits .Z
again. Let also t =t 4 : .# — (0,00) be the return time function, i.e. t(x) is the
smallest ¢ > 0 s.t. H(z) = ¢'(z). By properties (2) and (4), 0 <inft<supt<a.

The maps H,t are not continuous, but they are continuous on the subset
M ={xed H"(z)e| B, VkeZ}.

Most of the arguments we will explain below will consider points in .#’. This avoids
many problems, the first being the definition of the Markov property. We do not
want to consider a transition from B; to Bj when H(B;)n B; is a subset of 9B;.

TRANSITIONS: We say that B; - B, if there exists z € #' s.t. z € B;, H(z) €
B;. When this happens, define 7°(B;,B;) = {vre#':xeB;,H(z) € B;} and
yu(B“Bj) = {y /AN Y € Bj,H_l(y) € Bz}

MARKOV SECTION [BowT3|: . is called a Markov section of size « if it is a proper
section of size a with the following additional properties:

(5) PRODUCT STRUCTURE: Each B; is a rectangle.
(6) MARKOV PROPERTY: If B; - Bj, then

X € ys(B“BJ) = WS(SC,BZ‘) c ﬂS(B“BJ)
y e 7"(Bi, B;j) = W"(y, B;) ¢ 7"(Bi, Bj).
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Markov partitions/sections generate symbolic models. If # is a Markov
partition for f, then f has a symbolic model:
o 9=(V,E) withV=%and E={R— S: f(R*)nS* +a}.
m:3 = Q(f) is defined for R={R,} € ¥ by
{r(B)} = f"(Ron) 00 T (R).

nez

o

Alternatively, w(R) is the unique z s.t. f"(z) € Ry, VYn € Z. The map 7 is
well-defined because of the Markov property and uniform hyperbolicity.

If 4 is a Markov section for ¢, then ¢ has a symbolic model:
4 =(V,E)with V=4 and E={B; - B;j: 3z e /" st. ve B, H(x) e Bj}.
m: 35 > M nQ(f) is defined for B ={B,} € X by

{m(B)} = H"(Bn).

nez

[e]

[e]

[e]

r:3 - R is defined by r:=tom.

7t B = Q) is defined by 7,.(B,t) = o' [7(B)].

Therefore it is sufficient, in the uniformly hyperbolic case, to construct Markov
partitions/sections.

[e]

Markov partitions for hyperbolic toral automorphisms [AW67]. This method,
developed by Adler and Weiss [AW67], constructs Markov partitions for two dimen-
sional hyperbolic toral automorphisms. Fix f = f4 as in the introduction, and let
W# = contracting eigendirection at (0,0), W" = expanding eigendirection at (0,0).
Since f is linear, W* and W" are the stable and unstable manifolds of (0,0),
respectively. Construct a Markov partition for f following the steps below:

o Take a cover Z of T? by finitely many rectangles whose sides belong to W* and
W* s.t. that every non-trivial intersection f(R*)nS* is connected, i.e. f(R*)
does not intersect S* “twice”.

o Since f contracts W*¥, the stable boundary of f(Z) is contained in W*, while its
unstable boundary contains W*. Partition &% further by adding the pre-image of
the unstable segments of f(2).

o The final cover & is a Markov partition.

The projection map 7 : ¥ — T2 is surjective and injective on {x € T? : () €

Upez B*,VneZ}.

For higher-dimensional toral automorphisms, a similar construction works, but
there is an important difference from the two dimensional case: the boundary of
any Markov partition is never smooth [Bow78|. Here is a heuristic explanation in
three dimensions: if the matrix has one contracting and two expanding eigenvalues,
then the stable boundary of % cannot be fully contained in E°, therefore it has
components on £* and so it expands.

2. THE METHOD OF SUCCESSIVE APPROXIMATIONS

The method of successive approximations for diffeomorphisms [SinG§|.
This method, due to Sinai [Sin68§], builds Markov partitions for Anosov diffeomor-
phisms. It was also works, under some modifications, for Axiom A diffeomorphisms
[Bow70]. The construction consists of three main steps.
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STEP 1. Let 7 = {T;} be a finite cover of M by rectangles (as we have seen before,
it is easy to build one such cover).

STEP 2 (SUCCESSIVE APPROXIMATIONS). Recursively define families % = {S; x}
and %, = {U; i} of rectangles as follows:
o Sio=Uo=T;.
o If A, %, are defined, let
Sika= U {ly2]:yeSinze fV(f7(2),850)) for f7'(z) € Sjn}

:()GSiyk

U= U {[zy] iy €U,z e fTHW(f(2),Ujp)) for fz) €Uyl
zelU;
Let S; = Upso Siks Ui = Upso Uik, and Z; := [U;,S;]. Then 2 = {Z;} is a finite
cover of M by rectangles satisfying the Markov property.
STEP 3 (BOWEN-SINAI REFINEMENT). To destroy non-trivial intersections, refine
Z as follows. For Z;, let I; = {j: Z n Z; # @}. For j e I;, let &;; = cover of Z; by
rectangles:

B ={zeZ W (z,Z;i)n Zr+ @, Wu(z, Z;) n 77+ o
EZSJQ = {I € Zz* : Ws(xazl) n Z; * @,W“(Z,Zl) N Zj = Q}
EZ ={weZ :Ws(x,Zi)n Zj = 2, W*(2, Z;) N Zr + o}
Eg@ ={xeZ Ws(x,Z;)nZj =2, W*(x,Z;) N Z; = &}

Hence Z := cover defined by {&;; : Z; € Z,j € I;} is a Markov partition, and 7 is
1-1on {zeM: f"(x) € Uper R*,Vn € Z}.

u Z;
—
Eff Efj@
Z;

S
E@u EZ@
i 1]

FIGURE 3. &; = {E;}', E;?, EF", E7?} is a cover of Z; by rectangles.

The method of successive approximations for flows [Rat69, Rat73l [Bow73].
Ratner applied the method of successive approximations for three dimensional
Anosov flows [Rat69)]. Later she used it for higher-dimensional Anosov flows [Rat73],
and Bowen used it for Axiom A flows [Bow73]. We follow Bowen’s construction.
The main difficult is the presence of discontinuities for the Poincaré map.

Consider a proper section . By transversality, the stable/unstable directions
of ¢ project to stable/unstable directions of the Poincaré map H, hence it is easy
to construct rectangles inside €. Let Z be a cover of € n () by rectangles. To
apply successive approximations, proceed as follows:

o Take L >0 large s.t. for every = € R € % there are C*,C~ € € s.t. oL (W2(x)) c
pleed(Cr) and ¢ H (W () € pl-2I(07).
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o For each such z, take a neighborhood V 3 z small enough s.t. ¢ (V) c pl-®2l(C*)
and p~E(V) c pl-@el(C7), and define Hy, : V — C* and Hy, : V - C~ by:

Hy = (projection to C*) o @, Hy = (projection to C7) o o ~.

o Pass to a finite collection of neighborhoods V' as above, and apply the method of
successive approximations to the maps Hy,, Hy,. The resulting cover by rectangles
has a Markov property: for each x € #Z there are k,£ > 0 s.t. x satisfies a stable
Markov property at H*(z) and an unstable Markov property at H~*(z).

o The values of k, £ are uniformly bounded by some N > 0.

o To get the Markov property for H, apply a refinement procedure along the iterates
—N,...,N of H. The resulting partition is a Markov section.

Summary of results.

o Adler-Weiss 1967: two dimensional hyperbolic toral automorphisms [AWG67].
o Sinai 1968: Anosov diffeomorphisms [Sin6§].

o Bowen 1970: Axiom A diffeomorphisms [Bow70].

o Ratner 1973: Anosov flows |[Rat69, Rat73].

o Bowen 1973: Axiom A flows [BowT73].

3. APPLICATIONS

The main applications consist of pushing properties of the symbolic model to
the smooth one. We focus on three of them:

o Lifting invariant measures.
o Counting periodic orbits.
o Ergodic properties of equilibrium states.

Lifting invariant measures. Assume f: M — M is an Axiom A diffeomorphism,
and let (X,0,7) be a symbolic model. It is easy to project measures: if T is
o—-invariant, then 7 o 7! is f-invariant. It is harder to lift measures without
increasing entropy, but this is possible when 7 is finite-to-one. If u is f—invariant,
then 7 = [,, Fl(x)l(zyeﬂ.—l(w) dy)dp(x) is o-invariant and satisfies hz(o) = hu(f),
by the Abramov-Rokhlin formula. This is part of Sinai’s program on statistical
mechanics: first build a symbolic model, then use it to construct Gibbs measures
[Sin72].

Another consequence of finiteness-to-one is that hop(o) = hiop(f), and 7 is a
measure of maximal entropy for o iff p is for f. Hence every (transitive) Axiom A
diffeomorphism has a unique measure of maximal entropy [Bow70].

Counting periodic orbits. Assume f has a measure of maximal entropy. Peri-
odic orbits of o project to periodic orbits of f. Reversely, a periodic orbit of f lifts to
finitely many periodic orbits of o, hence Per, (f) ~ Per, (o). If (X,0) has period p
then Per,,,(c) ~ """ where h = hiop() = hiop(f). Therefore Per,,,(f) ~ e"Pheor(f)
for all n > 0.

For Axiom A flows, Parry and Pollicott proved that #{closed orbits of period

< T} . e;h

[PP83]. The proof is much harder than for diffeomorphisms.
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Ergodic properties of equilibrium measures. Gibbs measures, under regular-
ity assumptions, are equilibrium measures. The definition of equilibrium measures
is in the appendix. They are the measures that minimize the free energy of a fixed
potential. Equilibrium measures of Axiom A systems are lifted to equilibrium mea-
sures of the symbolic model. This implies that every Hélder continuous function
has a unique equilibrium measure [Bow75b]. Additionally, it is either Bernoulli or
Bernoulli times a periodic measure [Bow75al.

4. THE METHOD OF PSEUDO-ORBITS

Bowen developed an alternative method to build Markov partitions for Axiom A
diffeomorphisms [Bow08]. The construction uses pseudo-orbits, graph transforms,
and shadowing. For simplicity, let us assume that M is a surface and that its
Riemannian metric is adapted to f (see the appendix).

Lyapunov charts. Let e; = (1,0),e3 = (0,1) be the canonical basis of R%. Given
x € Q(f), let e, e¥ € T, M be unitary vectors in the directions of E?, E¥ respectively.
Define C(z) : R? - T, M s.t.

Cx):ep e, eq ey,

Fix £ > 0 small enough so that the exponential map exp, : [~¢,e]? ¢ T,M — M is
a diffeomorphism onto its image for every x € M.

LYAPUNOV CHART: It is the map ¥, : [-¢,¢]> - M, ¥, := exp, o C(x).
In Lyapunov charts, f takes the form f, := \I!}%x) ofoW,.

Theorem 4.1. The following hold for all € >0 small enough.

(a) d(fz)o=C(f(z)) odfyoC(x)= [ 13 g ] with |A| < X and |B| > AL

(b) fe(u,v) = (Au+ hy(u,v), Bv+ ha(u,v)), where |h1|c1, |h2lcr <e.

When f(x) is close to y, we can similarly define f,, := \I/;1 o foW,. By continuity,
if dist(f(x),y) < 1 then f,, satisfies similar conditions of Theorem We fix
0 > 0 sufficiently small so that fg, satisfies Theorem for every z,y € Q(f)
with dist(f(z),y) < d, and f;yl satisfies Theorem for every z,y € Q(f) with
dist(f ' (y), =) <S. When dist(f(z),y) <8 and dist(f~(y),z) < 8, write ¥, > ¥,
and call it an edge.

Graph transform. A consequence of the hyperbolic behavior of f;, is that it sends
curves almost parallel to e; to curves with the same property, and analogously its
inverse sends curves almost parallel to e to curves with the same property. These
curves can be represented as graphs of real functions.

ADMISSIBLE MANIFOLDS: An s—admissible manifold at ¥, is a set of the form
Ve =, {(t,F(t)): |t| < e}, where F : [-g,e] - R is a C! function s.t. |[F(0)|<¢e
and |F'||co < 1. Similarly, a u—admissible manifold at ¥, is a set of the form
V% =0, {(G(t),t) : |t| < e}, where G : [-e,e] - R is a C! function s.t. |G(0)| < e
and |G'||co < 1.

We call F,G the representing functions. Let ., #,' be the space of all s,u—
admissible manifolds at ¥, respectively. Introduce a metric on . as follows: for
Vi, Vo € A with representing functions Fy, Fo, let

dist(Fy, Fy) = | Fy — Fa co.
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A similar definition holds for .#'. Assume that ¥, - ¥,.

GRAPH TRANSFORMS 77 . Z' : The unstable graph transform F.', : M, — M}
is the map that sends V" ¢ /// i to the unique 7' [V"] € 4} w1th representlng
functlon F s.t. \I/y{(F(t) t):t| <e}c f(VY). Slmllarly, the stable graph transform

: M, — M, is the map that sends V*° € ., to the umque Fa Vo] e M
w1th representmg function G s.t. W, {(t,G(t)):|t| <e} c fH(V*).

In other words, .7, takes a u—admissible manifold at W, with representing func-
tion F' to a u—admissible manifold at ¥, whose graph of the representing function
is contained in the graph of f, , o F, and #;  takes an s-admissible manifold at
W, with representing function G' to an s—admissible manifold at ¥, whose graph

of the representing function is contained in the graph of ;’1y o G. See figure

T,y

/ v P Zu, V]

FIGURE 4. The graph transform 7} : it sends a u-admissible
manifold at ¥, to a u-admissible manifold at ¥,,.

Theorem 4.2. If ¥, >V, then Z;  and F,', are well-defined contractions.

The proof of the theorem follows from the hyperbolicity of f.,.

Shadowing. Let v = {U, },.cz be a sequence of Lyapunov charts s.t. ¥, — U
for all n € Z.

Tn+1

STABLE/UNSTABLE MANIFOLDS: The stable manifold of {U, }nez is the unique
s—admissible manifold V*[v] € . defined by

Vs[g] := lim (ﬁs o F? )[Vn]

n—>o0 Zo,T1 Tn-1,Tn

for some (any) sequence {V;, }ns0 with V,, € . . The unstable manifold of {¥,, }nez
is the unique u—admissible manifold V*[v] € //l ¥ defined by

Vel Mm (P 000 P ) V]

T-1 Io Tn,Tn+l
for some (any) sequence {V, }n<o with V, € .7 .

V*[v] and V*[v] are well-defined because graph transforms are contractions
(Theorem [4.2). Note that V*[v] only depends on the future {¥, },»0, whereas
V*[v] only depends on the past {¥,. },.<o-

SHADOWING: We say that v = {U, }.z shadows z if f*(z) € ¥, ([-¢,2]?) for all
n € Z. Necessarily {z} = V*[v] nV*[v].
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Construction of a Markov partition. We now use the above tools to construct
a Markov partition for f. The proof is divided into three steps.

STEP 1 (COARSE GRAINING). Cover Q(f) by a finite §/4—dense set of Lyapunov
charts o/. The finite oriented graph with vertex set &/ and edge set ¥, — ¥,
defines a TMS (X, 0) with finitely many symbols.

STEP 2 (INFINITE-TO-ONE EXTENSION). Define 7: X — Q(f) by
{r(v)} = V°[u]nV*[u].
7 is a surjective map with moo = f o, but it is usually infinite-to-one.

STEP 3 (BOWEN-SINAI REFINEMENT). Let 2 ={Z, :v € &}, where Z, = {m(v) :
vg = v}. Each Z € & is a rectangle, and % is a cover of Q(f) with a symbolic
Markov property: if « = 7w(v) then

FW(@, Zuy)) e W (f(2), Zy, ) and f7HW(f(2), Z0,)) € WH(2, Zyy)-

Apply the refinement as in the method of successive approximations. The resulting
partition & is a Markov partition, and it generates a new TMS (X,7) and a new
coding @: ¥ — Q(f). If #% = N, then 7 is at most N2-to-one.

5. NON-UNIFORMLY HYPERBOLIC SURFACE DIFFEOMORPHISMS

Now we want to go beyond uniformly hyperbolic systems and construct sym-
bolic models for non-uniformly hyperbolic systems. Many difficulties that arise,
e.g. non-uniform hyperbolicity is an almost-everywhere statement, and the hyper-
bolicity parameters are usually not continuous. Here are examples of non-uniformly
hyperbolic systems:

o The slow down of f4 : T? — T2, see [Kat79].
o Geodesic flows on manifolds with nonpositive sectional curvature.

Introduction. The first construction of symbolic dynamics in this setting is due
to Katok [Kat80]. He used Pesin theory and the method of pseudo-orbits to code
sets of large (but not necessarily full) topological entropy. A consequence is that
C'*# surface diffeomorphisms have horseshoes of large (but not necessarily full)
topological entropy. Recently, Sarig introduced new ideas to the method of Katok
and constructed, for C'*# surface diffeomorphisms, horseshoesﬂ of full topological
entropy [Sar13]. It is this result that we now discuss.

Let M be a closed smooth surface, and f: M — M a C'*# surface diffeomor-
phism. We want to code f with respect to hyperbolic measures. Let x > 0.

X—HYPERBOLIC MEASURE: A x—hyperbolic measure is an f—invariant probability
measure on M s.t. py—a.e. point has one Lyapunov exponent > x and one Lyapunov
exponent < —y.

For example, every ergodic invariant measure with h,(f) > x is x—hyperbolic.
This follows from the Ruelle inequality and the identity h,(f) = h,(f™"). For a
fixed x > 0, the method of Sarig codes all x—hyperbolic measures simultaneously.
Here is the precise statement.

IThe terminology of horseshoes for non-uniformly hyperbolic diffeomorphisms we consider here
is different from the classical one; for instance its alphabet is usually infinite.
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Theorem 5.1 ([Sarl3]). Let f: M — M be a C**# surface diffeomorphism on a
closed smooth Riemannian manifold M. For every x > 0, there exists a TMS (3, 0)
and a Hélder continuous map w:% - M s.t.:

(1) moo=fom.

(2) 7[E#] has full p-measure for every x-hyperbolic measure .

(3) 7 is finite-to-one on T[X7].

Above, X7 is the recurrent set of ¥. It is the set of {v,} € ¥ s.t. Jv,w eV s.t.
v, = v for infinitely » > 0 and v,, = w for infinitely many n < 0. Contrary to the
uniformly hyperbolic case, ¥ usually has infinitely many states.

The non-uniformly hyperbolic set NUH,,. By the Oseledets theorem, every
X-hyperbolic measure is carried by the set NUH, of points x € M for which there
are vectors {€}, ) tnez, {€%n(,)tnez s.t. for every y = f"(x) the following hold:

(1) &/ e TyM, /| =1.

(2) bpan(dfmey/ )= bpan(efm( )) for all m € Z.

(3) 1imyyy 00 = —log|df™e, | < —x and lim, - 1e0 7 L —log|ldf™ey | > x.

(4) limy,so0 7 - log|sina(f™(y))| =0, where a(fm(y)) = 2 (e} €pm(y) fm(y))

We reinforce that, contrary to the uniformly hyperbolic case, the maps x €
NUH, + ej, ey are usually not more than just measurable. Points of NUH, are

just asymptotlcally hyperbolic. To measure the quality of hyperbolicity, we consider
the parameters below.

PARAMETERS s(z),u(x): For x e NUH,, define

1/2 1/2

s(x) = ﬂ(z M| df"e; ||2) » u(z) = ﬂ(z 62"X|df”65|2) :
n>0 n>0

There are three cases when x ¢ NUH,, has bad uniform hyperbolicity:

o s(x) is large: it takes a long time to see contraction along E°.
o u(x) is large: it takes a long time to see expansion along E".
o a(x) is small: it is hard to distinguish the stable and unstable directions.

Linear Pesin theory on NUH,. For z e NUH,, consider the linear map C, () :
R? - T, M s.t.
CX(x):elve%, 62'9%.
Theorem 5.2 ([Sarl3]). For all x e NUH,, the following hold:
(1) ICx(@)] <1 and | C(w) v = YT
(2) Cy(f(z)) ! odfy 0 Cy(x) is a diagonal matriz with diagonal entries A, B € R
s.t. |A| <e™X and |B| > eX.

Above, |- |Fron represents the Frobenius nornﬂ

2The Frobenius norm of a 2 x 2 matrix A = [ z Z ] is |Alfrob = Va2 +b2 +c2 +d2. It is

equivalent to the usual sup norm.
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Proof. (1) For v = aey + fBex with o + 8% < 1, |Cy(2)v]? < 2(?|Cy(x)er|* +
B?|Cy(z)ea]?) < 2(0‘72+%2) <1, hence |Cy(z)| < 1. For the second part, we express
Cy(z)™! in coordinates. In the basis {e1, €2} of R? and the basis {eZ, (e5)*} of T, M,

1 cosa(z) _s(z) cosa(z)
@ _u(z) - | (@) o)
Cx() takes the form [ *0 ;00 |, whose inverse is ST
u() sin a(z)
Hence [ Cy(z) v, = YIETH0"

(2) Tt is clear that e, ez are eigenvectors of Cy(f(x))™! odfy o Cy(z). We cal-
culate the eigenvalue of e; (the calculation of the eigenvalue of es is similar, and

is left to the reader). Since dfe’ = infe;Hej}(I), [df o C\(x)](e1) = idf[%] =

#1555 €y therefore [C(f(1)™ o df o Cy(@))(er) = #ldfes|*YGPer. Then

|A| = |dfes H% is the eigenvalue of e;. Note that

2
s(f(2))2 =2 Y X df"eh o P = s O €2 df e
Zo T@T ™ e2x| dfes |2 Z
1 2 3(33)2
= )< L
e A E e
hence |A| < e™X. O

Note that the difference from Cy to the matrix C' in the uniformly hyperbolic
case is the presence of the denominators s(z),u(z): if the hyperbolicity is bad,
then C,, dilates eq, e accordingly. Alternatively, s(z),u(z) boost the non-uniform
hyperbolicity to a uniform one. This is what causes |Cy(z)7!| to be large, see

Theorem [5.2{2).

Non-linear Pesin theory on NUH,. We now define the equivalent of Lyapunov
charts for the non-uniformly hyperbolic case. These are the charts that make f
close to a hyperbolic matrix. Fix € > 0 small.

PESIN CHART ¥,: For z e NUH,, let U, : [-e,e] > M, ¥, = exp, o C\ ().

Let f, := \If}%w) o foW,. As before, we wish that f, is close to a hyperbolic
matrix. The main obstruction is when [C,(f(z))™!| is large, hence we reduce
the domain of Pesin charts. Since we want to construct a countable set of Pesin

charts (coarse graining in the sequel), the sizes of Pesin charts will always belong
to I, = {e"3" :n > 0}.

PARAMETER Q.(): Q.(z) = largest element of I, that is < €3/ C\ (f(x))™! ||;§é5

Lemma 5.3 ([Sar13]). There is a set NUH; c NUH, that carries all x—hyperbolic
measures s.t. limy, oo ~1og Q-(f™(x)) =0 for all x NUH;.

The lemma above folllows from recurrence and the Oseledets theorem.
Theorem 5.4 ([Sar13]). The following holds for all € > 0 small enough. If x €
NUH, then f, is well-defined on [-10Q.(z),10Q.(x)]* and satisfies:

(1) d(f)o = Cx(f(@)) " o dfe 0 Oy ().
(2) fe(u,v) = (Au+ hi(u,v), Bv+ ho(u,v)) with:
(a) |Al <e ™ and |B| > eX.
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(b) h1(0,0) = h2(0,0) =0 and Vh1(0,0) = Vha(0,0) = 0.

(¢) |[hill crepsz < €, i =1,2, where the norm is taken in [-10Q.(x),10Q.(x)]>.
A similar statement holds for f;1 =W 1o flo U ta)-
Proof. Part (1) is consequence of Theorem [5.2(1) and the identities d(exp,)o = Id
and d(exp}%w))f(x) =1Id. This also implies (a)—(b) of part (2). We focus on (c). We
have (hy,ho) := fr —d(fs)o. Since f is C1*7 there is a constant & > 0, depending
only on M and f, s.t.

ld(expisy o f o expy)= = d(expy, © f o expy)u| < &)z - w]?
for all z e NUH,, and z,w € [-10Q.(),10Q(z)]*. Then
[ (P, h2)(2) = (has h) (W) = [d(fz)= = d(fa)w|
= IO (f(2)) ™ o [d(expy(yy o f o exDy)z = d(exDy(yy © f 0 exp,)w] 0 Oy (2) ]
<&z - w|?|C (f ()7 < (4072 RQc (@) | Oy ( (@) 7H) 12 = w] 72,
since |z —w| < 40Q.(z) and |Cy(x)| < 1. By the definition of Q.(z), we have
4072 8Q. ()P C (f(2)) 7] < 40712 &2,
which is < € if € > 0 is sufficiently small. (]

We will eventually consider Pesin charts with different domains. For 7 € I, let

\Ifg = \I/:c [‘[_n’n]z.

e—overlap of Pesin charts. For dist(f(z),y) < 1, let fgy = \I/;1 ofoW,. We
want to have an analogue of Theorem for fyy,. The idea is to write f;, as
(\Il;1 o Ws(y)) o fr and see it as a perturbation of f,. Since x € NUH, + e, el
are not necessarily continuous, it might happen that dist(f(x),y) < 1 and yet

\II;1 oW, has alarge norm. To bypass this, Sarig defined the notion of e—overlap.

PARALLELIZATION OF M: Let 2 be a finite cover of M s.t. for each D € & there
is a map ©p s.t. Op : T, M — R? is a linear isometry for all x € D.

Actually, ©p needs to have some additional regularity properties, but we skip it
to ease the presentation, see [Sarl3l §3.1] for the rigorous definition. From now on
we write 7 = e when e™ < ¢ <e.

€-OVERLAP [Sarl13]: Two Pesin charts W' W72 are said to e-overlap if Z—; = e**

and if there is D € & s.t. x1,x2 € D and
dist(21,22) + |Op o Cy (1) = Op o Cy(x2)] < (mma)™. (5.1)
. . €
When this happens, write U ~ Wiz,

€

Theorem 5.5 ([Sar13]). The following holds for all € >0 small enough. If \II;Z(I) ~

\Iﬂy’, then fuy is well-defined on [-10Q.(z),10Q(x)]* and can be put in the form
foy(u,v) = (Au+ hy(u,v), Bv + ha(u,v))

where:

(a) |A|<e™ and |B| > eX.

(b) h1(0,0) = h2(0,0) =0 and Vh1(0,0) = Vha(0,0) = 0.

(¢) |[hillcresss < €, i = 1,2, where the norm is taken in [-10Q.(x), 10Q.(x)]>.

If q/?:l(y) ~ W, then a similar statement holds for fog =V lof oW,
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Note that we relaxed the norm in (c) from C**#/2 to C**#/3. We will use Theorem
to apply the graph transform method.

The parameters g.,q?,qY. To apply the graph transform from W7 to \I";/(m) we
require that - = e*°, otherwise the images of admissible manifolds might not be
admissible. Unfortunately @., our initial candidate for the size of Pesin charts,
does not satisfy thisﬂ Fortunately, there is a way of defining a smaller value g.(z)
satisfying this. Take 0. € I. largest as possible s.t. . < e.

*

e () := 6. min{es™Q (f™(2)) : n e Z}.

Note that g-(z) depends on the whole orbit of 2. Since non-uniformly hyperbolic
systems might have different future and past behavior, we separate this dependence
as follows.

THE PARAMETER ¢.(z): For x e NUH, let

*

PARAMETERS ¢Z(7),q¢ (v): For x e NUHY, let
¢2(2) = 6. min{e Q. (" ()  n > 0}
¢(x) = 6. min{e Q. (7 (x)) 0 > 0}.
Lemma 5.6. For all x € NUH;, the following holds:
(1) GOOD DEFINITION: 0 < g:(2),q3(x),q¥(x) < eQ:(z) and ¢S (x) Aq¥(x) = ¢ (z).
(2) TEMPEREDNESS: 2U@) _ g

qe ()
(3) GREEDY ALGORITHM: for all n € Z it holds

¢2(f"(2)) = min{e®q2 (f""(2)),6-Q-(f" (2))}
g2 (f"(2)) = min{e*qZ (f"~'(2)), 0:Q=(f" (2))}.
Clearly g.(z) € I. and ¢.(z) < eQ:(x). By Lemma [5.3] ¢-.(x) > 0. We leave
(2)—(3) as exercises to the reader.
e—double Pesin charts. We now define e-double charts. These will be the vertices
of the TMS we will construct.
£ DOUBLE CHART: An e¢-double chart is a pair of Pesin charts WP ?" = (U2 @P")
where p®, p* € I. with 0 < p® p" < Q. (z).
The parameters p°, p* control the local future/past hyperbolicity of x.
EDGE v > w: Given e-double charts v = U2 ?" and w = \I'gs’qu, we draw an edge
from v to w if the following conditions are satisfied:
(GPO1) W1 " % wd™" and WH1P & Wh'AP",
(GPO2) p® =min{e°¢®,5.Q(x)} and ¢* = min{e®p*,0:Q-(y)}.
(GPOL1) allows to pass from an e-double chart at « to an e—double chart at v,
and vice-versa. (GPO2) is a greedy algorithm that chooses the local hyperbolic-

ity parameters the largest as possible. Its motivation comes from Lemma 3).
(GPO?2) is crucial to prove the inverse theorem (Theorem [6.1)).

3The ratio QCSQL((;E))) is uniformly bounded away from zero and infinity, but it is not necessarily

equal to e*c.
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€~GENERALIZED PSEUDO-ORBIT (e—GPO): An e-generalized pseudo-orbit is a se-
s u S u I3 s . u
quence v = {¥hrP"}, 7 of e-double charts s.t. Whr*» = WhrtiPrt for all n e Z.

Tn+1

Graph transform and shadowing. We can similarly apply the graph transform
method for edges v 5 w, but we need a stronger definition for admissible manifolds.
Here it is important that f is C'*#. Let v = 2 ?" be an e-double chart.

ADMISSIBLE MANIFOLDS: We define an s—admissible manifold at v as a set of the
form W, {(t, F(t)): [t| <p°} where F: [-p®,p°] = R is a C'*#/3 function s.t.:
(AM1) [F(0)] < 10(5" A p").

(AM2) |F(0)] < 3(p* A p*)°P°.

(AM3) |F'|co + Holg/3(F") < 3 where the norms are taken in [-p®, p*].

Similarly, a u—admissible manifold at v is a set of the form W, {(G(t),t) : |t| < p“}
where G : [-p%, p"] - R is a C'*#/3 function satisfying (AM1)-(AM3), where the
norms are taken in [-p",p*].

Note that p¥/* control the domains of the representing functions. An analogue of
Theorem holds. Therefore we can similarly define stable and unstable manifolds
V?[v], V*[v] for every e—gpo v, and hence also the notion of shadowing.

SHADOWING: We say that v = {\Ifﬁi’pl‘i}nez shadows z if f™(z) € U, ([-pS AP, ps A
p]?) for all n € Z. Necessarily {x} = V*[v] n V¥[v].

Coarse graining. The next result constructs a countable set of e-double charts
whose e-gpo’s shadow all of NUH}.

Theorem 5.7. For all ¢ > 0 sufficiently small, there exists a countable set <f of

e—double charts with the following properties:

(1) DISCRETENESS: For all t >0, the set {U2 P ¢ of : p° p* >t} is finite.

2) SUFFICIENCY: If € NUH] then there is a sequence v € " that shadows .

3) RELEVANCE: For all v € of there is an e—gpo v € A% with vy = v that shadows
a point in NUH, .

—~

Remark 5.8. In the original statement [Sar13, Thm 4.16], sufficiency is only proved
on a subset NUHf of NUH;. The reason of the improvement is that our defini-
tion of g.(x) differs from that of [Sarl3], and the introduction of the parameters

¢ (x), ¢ (x).

In the sequel we fix one such &/ and let (X,0) be the TMS generated by it. As
in the uniformly hyperbolic case, let 7: X - M, w(v) := V*[v] n V*[v].

6. INVERSE THEOREM

Introduction. The next step is to use 7 to construct a family 2 of rectangles
with a symbolic Markov property and then apply the Bowen-Sinai refinement. This
resulting partition, being the refinement of the possibly infinite family 2, could
be uncountable (for example, the dyadic intervals in [0, 1] form a countable family
whose refinement is the point partition). To avoid this, we require 2 to be locally
finite: every Z € % intersects finitely many others Z’' € 2. The local finiteness
is consequence of the inverse theorem: if v,w € ¥# and 7(v) = m(w), then the
parameters of v and w are comparable.
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Theorem 6.1 (Inverse theorem [Sarl3]). Let v = {\Ifgfjl’p"}mz,w {\Ilq’”q" Ynez in
»#. If m(v) = 7(w), then the following hold for all n € Z:

sina(zn) _ iconst

sina(yn) €

s(zn) _ w(zn) _ _+const
s(yn) — ulyn) €

(3) CONTROL OF p®,p*: Z: - zn _ pkconst

Let = 7(v) = 7(w). Below we sketch the proof Theorem [6.1] for n = 0.

(1) CONTROL OF a:

(2) CONTROL OF s, u:

Control of a. Since {z} = V*[v] n V*[v], and since V*/*[v] is almost parallel to
E3" . we have a(zo) ~ a(x). Similarly a(yo) ~ a(z), hence a(zo) » a(yo).

Control of s,u. This is the more delicate part. We show that s(x),u(z) are finite,
then we compare s(xg),u(xo) with s(z),u(z), as follows:

o DEFINITION OF s(V?*[v]): the relevance of each vertex and the recurrence of v

imply that s(z) < oo for every z € V*[v]. By hyperbolicity, ,((Z)) = e*omst for all
z,2z" € V®[v]. Define s(V*[v]) := s(¥,,(0,F(0))), where F is the representing
function of V*[v].

o RATIO IMPROVEMENT: if v - w and V} € 4 s.t. s(V1) < oo then s(.7; ,[V1]) <
oo. Moreover, if Vo € A7 st. s(Va) < oo with igg;
8(Fy wlVi])
s(Z3 wV2])

s(xo) _ ns
conclude that s(vsfy]) = g*const,

= e*! for p > 1 then

_ B4y . .. .
= ¢x(P=Q=(#)"") " e. the ratio improves. Using the recurrence of v we

Similarly we have (f/(f[")]) €St hence SEIO; e*const - An analogous argument

for the unstable graph transforms gives that % eFeonst,

Note that parts (1)—(2) imply that gs 80; gxeonst

Control of p®, p*. We show that are pJ,p, are maximal infinitely often.

Lemma 6.2. Ifv = {‘Pgi’pz}mz e X%, then p3 = 5.Qc(x,) for infinitely many
n>0, and p = 6.Qc(x,,) for infinitely many n < 0.

Proof. This follows from (GPO2) and the recurrence of v. We prove the first part.
If it is not true, then In > 0 s.t. p, = e°p;,,; for all m > n, hence p;, = es(m’")pfn
for all m > n. This is a contradiction, since limsup,,,_, ., p5, > 0. g

We check that pS > e “°"%¢® for indices n satisfying the previous lemma, then we
propagate this inequality to smaller indices. If p, = 0:Q:(zy,), then p? = JeQ.(xy) >
e~ 5 Qe (yn) 2 €7 . Now, by (GPO2) we have

Py = min{epp, 0:Q= (wn) } 2 €™ min{e“qy, 6:Qc(yn) } = gy 4.

By induction, p3, > e™“™t¢3 for all m < n. Since n can be taken arbitrarily large,
we conclude that p;, > e ConSt q;, for all m e Z.
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A locally finite Markov cover [Sarl3]. We now use the map 7 : ¥ - M defined
in the previous section and Theorem to construct a locally finite family of
rectangles in M. This family is 2 :={Z, : v € &}, where

Zy = {r(v):veX¥ and vy = v}.
Each Z, is a rectangle with respect to the Smale bracket. Local finiteness follows
from Theorem 1) and Theorem |6 . ) if v = WE P and w = U9 satisfy
ZyN Zy, + @ then Z— = f]’ = e*°onst hence

s

H(Z e ZnZ +2) <H#{wed  q°,q" 2 e " (p® Ap™)} < 0.
The family 2 satisfies a symbolic Markov property, inherited from X: if v € 2%
and 7(v) =z, then
W3 (@, 2,,)) e W(f (), Zoy) and fH (W (f(2), Zu,)) € W (2, Zyy)-
A refinement procedure. Since rectangles Z, are usually neither closed nor
empty, we apply a refinement method more abstract than in the uniformly hyper-

bolic case, not paying attention to relative interiors/closures. The price we pay is
that we have less information on the resulting partition.

For Z,7' € & st. ZnZ' + @, let &4z = cover of Z by rectangles:
={zxeZ W2, 2)nZ' + a3, W"(2,Z)nZ" + @}
={xeZ - W(z,Z)nZ' +2,W"(z,Z)nZ" =&}
={zxeZ W2, 2)nZ =g, W"(2,Z)nZ" + @}
G={zeZ W¥(x,2)nZ =a,W"(z,Z)nZ" = &}.
Let Z be the partition that refines all of &7 2. Then & is a Markov partition:

(1) PRODUCT STRUCTURE: If z,y € R € Z then [x,y] € R.
(2) MARKOV PROPERTY: if R, S € #Z and if z € R, f(z) € S then:

FW?(z, R)) c W*(f(x),S) and [ (W"(f(),5)) c W"(z, R).

This notion of Markov partition is weaker than the one considered for uni-
formly hyperbolic d1ffeomorphlsms nevertheless it generates a coding as before:
Z Z(V E) where V = % and R - S if f(R)nS # @. We can therefore define

S M by

T(R) = () f(Bon) 00 f (1),
n>0
The map 7 is finite-to-one on the set ’ﬁ[i#], therefore (E,E, 7) is a symbolic model
for f. This completes the proof of Theorem

Applications. Assume h = hyop(f) > 0. Here are applications of Theorem

o If f has a measure of maximal entropy, then limsupe ™"Per, (f) > 0 [SarL3].
This improves an estimate obtained by Katok [Kat80].

o f has at most countably many ergodic measures of maximal entropy [Sarl3].

o If p1 is an ergodic equilibrium measure of a Holder potential with h,(f) >0, then
(f, ) is either a Bernoulli automorphism or a Bernoulli automorphism times a
finite rotation [Sar1l].

o Buzzi-Crovisier-Sarig 2016: if f is transitive and C'* then it has a unique measure
of maximal entropy.
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Uniform hyperbolicity versus non-uniform hyperbolicity. Below is a sum-
mary of the main differences in the construction of symbolic dynamics for uniformly
hyperbolic systems and non-uniformly hyperbolic ones.

UNIFORMLY HYPERBOLIC NON-UNIFORMLY HYPERBOLIC
Regularity fe ct fe cl+B
Coding All points p—almost every point
Chart Lyapunov chart: uniform size Pesin chart: size Q. with % log Qe (f™(x)) =0
Vertex set Finite number of Lyapunov charts Countable number of e-double charts
Edges Wy - Wy: f(z)~y and Tl ~e \Ilgs’pu 5 \I’Zs’qu: (GPO1) and (GPO2)
Repr. function FeCl st |F(0) <eand [F'|,0 <1 FeCMh/3 5t (AM1)-(AMS3)
miToM {r(»)} = V°[v] n V¥ [v] Same
Cover & Zy ={m(v) : vg = v} are closed Zy={n(v):ve s# v = v} not open nor closed
Refinement Relative interiors and closures Set-theoretical refinement
Partition & Markov in the sense of Bowen Markov in the sense of Sinal
Graph (V, E) V=%,E={R-S: f(R*)nS* + &} V=%,E={R—S: f(R)nS =&}
DR {#(B)} = Nnzo f*(B-n) N0 f7(Rn) {F(B)} = Nnzo M (R-n) N0 f(Rn)
Finite-to-one 71 (2) < |2|?, Vo e M 71 (2) nS#| < o0, Vo e #(EH#)

7. SURFACE MAPS WITH DISCONTINUITIES

Theorem [5.1]does not cover the case when at least one of the following conditions
hold: M is not closed, f has discontinuities, df is not uniformly bounded. The main
examples where (all) these conditions hold are billiard maps. Given a compact
domain T c R? with piecewise smooth boundary, consider the straight line motion
of a particle inside T, with specular reflections in 9T Let f: M — M be the billiard
map, where M = 0T x [~5, 5] with the convention that (r,0) € M represents r =
collision position at 9T and € = angle of collision. The map f has a natural invariant
Liouville measure du = cosfdrdf. Sinai proved that for dispersing billiards p is
ergodic [Sin70]. Bunimovich constructed examples of ergodic nowhere dispersing
billiards [Bun74al Bun74b, Bun79]. These billiards, known as Bunimovich billiards,
are non-uniformly hyperbolic: p—almost every point has one positive Lyapunov

exponent and one negative Lyapunov exponent, see [CM06, Chapter 8].

It is possible to adapt the methods of [Sarl3] to the context of billiards [LM]. Let
M be a smooth Riemannian surface with finite diameter, possibly with boundary.
We assume that the diameter of M is smaller than one. Let 27,2~ be closed



18 YURI LIMA

subsets of M. Fix f: M\?* — M a diffeomorphism onto its image, s.t. f has an
inverse f~!: M\%~ — M that is a diffeomorphism onto its image. Let 2 := 2*u P~
be the set of discontinuities of f. We require some regularity conditions on M, f.
The first four assumptions are on the geometry of M. Given x € M\ 2, let inj(z) be
the injectivity radius of M at x, and let exp, be the exponential map at x. Given
r >0, let B.[r] c T, M be the ball with center 0 and radius r. The Riemannian
metric on M induces a Riemannian metric on T'M, called the Sasaki metric, see e.g.
[BMWT12| §2]. Denote the Sasaki metric by dgas(+,-). Similarly, we denote the Sasaki
metric on T'B,[r] by the same notation, and the context will be clear in which space
we are. For nearby small vectors, the Sasaki metric is almost a product metric in
the following sense. Given a geodesic vy joining y to z, let P, : Ty M — T, M be the
parallel transport along v. If v € T, M, w € T, M then ds,s(v, w) x d(z,y)+|v-Pyw|
as dgas(v,w) - 0, see e.g. [BMWI12, Appendix A]. The rate of convergence depends
on the curvature tensor of the metric on M. Here are the first assumptions on M.

REGULARITY OF exp,: Ja>1 s.t. for all z € M\Z there is d(z, 2)* <t(x) <1 s.t.

for D, := B(x,2¢t(x)) the following holds:

(A1) If y € D, then inj(y) > 2¢(z), exp,' : D, - T, M is a diffeomorphism onto its
image, and %(d(m, y) + |v— Py zwl|) < dsas(v,w) <2(d(z,y) +||v - P, zw|) for
all y € D, and v € T,M,w € T,M s.t. |v],|w]| < 2t(z), where P, , := P, is
the radial geodesic v joining y to x.

(A2) If y1,y2 € D, then d(exp,, v1,exp,,v2) < 2dgas(v1,v2) for vy, [vz] < 2¢(z),
and dSaS(exp;le,exp;;ZQ) < 2[d(y1,y2) + d(21, 22)] for 21, 25 € D, wherever
the expression makes sense. In particular ||d(exp, ), | < 2 for ||v] < 2v(x), and
Jd(exp, ), | <2 for y < D,.

The next two assumptions are on the regularity of dexp,. For z,2’ ¢ M\Z,
let ZLpq = {A:T,M - Ty M : Aislinear} and %, := %, ,. Then the parallel
transport P, , considered in (Al) is in %, ,. Given y € D,z € Dy and A e 7 .,
let A e Ly 2t A= P, ;0 Ao P, ,. By definition, A depends on z,z’ but different
basepoints define a map that differs from A by pre and post composition with
isometries. In particular, | A| does not depend on the choice of z,z’. Similarly,
if A; €%, .. then |A; - Ay| does not depend on the choice of x,2’. Define the
map 7 =7, : Dy x Dy > %, by 7(y,2) = d(g;pbf)z, where we use the identification
T,(T,M) =T,M for all veT,M.

REGULARITY OF dexp,;:

(A3) If y1,y2 € D, then [d(expy, )u, — d(expy, )o, | < d(z, 2) *dgas(v1,v2) for all
|1, vzl < 2¢(2), and |7 (y1,21) =7 (y2, 22) [ < d(z, 2)"*[d(y1,y2) +d(21, 22)]
for all 21,29 € D,.

(A4) If y1,y2 € D, then the map 7(y1,-)-7(y2,-) : D, —» %, has Lipschitz constant
<d(z, 2) *d(y1,y2).

Conditions (A1)-(A2) guarantee that the exponential maps and their inverses
are well-defined and have uniformly bounded Lipschitz constants in balls of radii
d(x,2)*. Condition (A3) controls the Lipschitz constants of the derivatives of
these maps, and condition (A4) controls the Lipschitz constants of their second
derivatives. Here are some case when (A1l)—(A4) are satisfied, in increasing order
of generality:
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o The curvature tensor R of M is globally bounded, e.g. when M is the phase
space of a billiard map.

o R,VR,V?R, V3R grow at most polynomially fast with respect to the distance to
2, e.g. when M is a moduli space of curves equipped with the Weil-Petersson
metric [BMW12].

REGULARITY OF f: There are constants 0 < 8 <1< b s.t. for all x € M\Z:
(A5) If y € D, then |df'] < d(z, ).
(AG) If y1,y2 € Dy and f(y1), f(y2) € Do then |dfy, —dfy, | < Rd(y1,y2)”, and if
Y1,Y2 € Dm and fﬁl(yl)v fﬁl(yQ) € Dz” then Hd Y1 dfy H < ﬁd(yhyQ)ﬁ
Although technical, conditions (A5)—(A6) hold in most cases of interest, e.g. if

|df=], [|d%f=1| grow at most polynomially fast with respect to the distance to 2.
We finally define the measures we code. Fix y > 0.

X—HYPERBOLIC MEASURE: An f-invariant probability measure on M is called y—
hyperbolic if p—a.e. x € M has one Lyapunov exponent > x and another < —x.

f—ADAPTED MEASURE: An f-invariant measure on M is called f-adapted if
/ logd(z, 2)du(x) > —oo.
M
A fortiori p(2) = 0.

Theorem 7.1. Let M, f satisfy (A1)—(A6). For all x > 0, there exists a TMS
(X,0) and a Hélder continuous map w:% — M s.t.:

(1) moo=fom.

(2) 7[S7] has full p-measure for every f-adapted x-hyperbolic measure .

(3) For all x e n[S%], #{ve X% :7(v) = 2} < 0.

Theorem [7.1] applies to Sinai billiards and to Bunimovich billiards, see figure [5]

L O

(a) (b) () (d)

FIGURE 5. (a) is a Sinai billiard table. The others are Bunimovich
billiard tables: (b) is the pool table with pockets, (c) is the sta-
dium, (d) is the flower.

The proof of Theorem requires a finer definition of Pesin charts: their images
cannot intersect &, and the distortions caused by f have to be controlled. Since the
derivative grows at most polynomially fast with the distance to 2, we can define
Q. with the temperedness property: Q.(x) is largest element of I, that is

<onin {[Cy (@) erah 1O (S @) gah” o) /P

Above, p(z) = d({f(z),x, f(x)},2). Note that this definition is stronger than
the one of [Sarl3].
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8. THREE DIMENSIONAL FLOWS WITH POSITIVE SPEED

The next result we want to discuss is a version of Theorem [B.1] for flows. Let
M be a three dimensional closed smooth Riemannian manifold, and ¢ : M - M a
flow s.t. its generating vector field X = dp is C'*# and X # 0 everywhere. Since
dp'(X) = X o ¢!, the Lyapunov exponent of ¢ in the direction of X is zero. For
x > 0, we can similarly define y—hyperbolic measures.

X—HYPERBOLIC MEASURE: A y—hyperbolic measure is a p—invariant probability
measure s.t. p—a.e. x € M has one Lyapunov exponent > x and another < —yx.

By the same reason for diffeomorphisms, every ergodic invariant measure with
hu () > x is x—hyperbolic. Contrary to Theorem we code each y—hyperbolic
measure at a time.

Theorem 8.1 ([LS]). Let ¢: M — M as above. For each x—hyperbolic measure p,
there is a TMF (¥,,0,) and 7, : ¥, - M Hélder continuous s.t.:

(1) w00l =ptom, for all t e R.

(2) 7. [S#] has full p—measure.
(3) m, is finite-to-one on m,[X¥].

Above, X7 = {(v,t) € ¥, : v € #}. By the Oseledets theorem, every y—
hyperbolic measure is carried by the set NUH,, of points x € M for which there
are vectors {eZ. ) beer, {€:(,) bter s.t. for every y = ¢'(z) the following hold:
(1) " €T, M, [}/ = 1.

(2) bpan(dgo ey/ )= bpan(e vy )) for all ¢’ e R.
(3) limyosoo 7 log [diplel || < —x and lim; o0 7 log [detelt| > x.
(4) Ty oo Hog|sina(!(1))] = 0, where a(p' (1)) = 2 (e, €y

Flow boxes, standard sections. For x € M and r > 0, consider the disc
S, (z) =exp,{veR®:v 1 X(z),|v]|<r}.

There is a constant t = v(y) s.t. if r <t then S,(z) is an embedded surface on M,
transversal to X. In the sequel we always assume that r < t.

Frow Box FB(z,r): We define the flow box FB(z,r) by
FB(z,7) = | ¢'[S-(2)].

[t|<r

FB(x,r) has a simple system of coordinates (y,t) € S,.(x) x [-r,7] = ¢'(y). In
these coordinates, ¢ is a unit speed vertical flow.

STANDARD SECTION: A standard section is a finite disjoint union A = [ ¥, S,.(z;)
of discs s.t. M = UN, FB(;,7).

Standard sections exist [LSl, Lemma 2.7]. The idea of proof can be summarized
as follows:

o By compactness, M can be covered by finitely many flow boxes FB(z;, R).

o If the Sg(x;)’s are disjoint, then we are done. If not, change each Sgr(x;) by
Sr(¢®% (x)) for small parameters ¢;. If there are €;’s s.t. these discs are disjoint,
then we are done.
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o If not, replace each Sg(x;) by %2 discs Sy (9 (yj(l))) for r < R, y](i) € Sp(x;),
and €;; small. This procedure adds one degree of freedom to the choice of &,
and now they can be chosen to make the discs disjoint.

Poincaré return map. Fix a standard section A.

POINCARE RETURN MAP f: A — A: It is the map x € A — ¢'(z), where ¢ is the
smallest positive number s.t. ¢'(z) € A.

The measure p induces an f—invariant measure pup on A, sometimes called the
flux measure. uy relates to p explicity: if R: A — (0,7] is the return time function
of A, R(x) =min{t >0:¢!(z) e A}, then

1 R(z)
= m A /(; (ipf(x)dt d[LA(.T)

where 0, (;) is the Dirac measure at ¢*(z).

For x e AnNUH,, let v;, vy € T, A be unit vectors s.t.

x) Yx

vy =7 (x)es +n°(z) X ()

X

vy =" (@)eg +n"(2) X (x)

for scalars v*/*(z),n*/*(x). These vectors exist because A is tranversal to X. We
can explicitly calculate the Lyapunov exponents of f in the directions v° and v"
and conclude the following.

Lemma 8.2 ([LS]). pa is x'—hyperbolic for f, where x' = xinf R.

At this level, we would like to apply the method of [Sar13] to f, but unfortunately
f is not C**#. Actually f is not even continuous, because A has boundaries.

REGULAR AND SINGULAR SETS OF f: The regular set A’ of f is the set of z € A
that posses a neighborhood V ¢ A\OA s.t. the restrictions f tyv: V - f(V) and
vV - f74(V) are diffeomorphisms onto their images. The singular set is

S(A) = A\
The good news is that f is well-behaved inside A’.

Lemma 8.3 ([LS]). R, f, ! are differentiable on A’, and 3€ only depending on M
and ¢ s.t. supyeps [dR: | < €, sup,ens |dfu | < € supgep [ (dfe) ™ < € | flofoms <€
and | 7Yy | cies < € for all open and connected U c A'.

Adapted sections. Another potential problem is when p[G(A)] > 0 (actu-
ally, in Lemma we needed to require that ux[S(A)] = 0). The requirement
1a[G(A)] =0 is not enough: we also want almost all trajectories of f not to con-
verge exponentially fast to G(A). If so, then we can define Q. (z) satisfying an
analogue of Lemma [5.3

ADAPTED SECTION: A standard section A is called adapted if:

(1) ualS(4)] =0,
(2) limyo s = logdist(f™ (), S(A)) =0 for pa—a.e. zeA.

There is no reason for a single standard section to be adapted. To construct an
adapted section, we consider a 1-parameter family of standard sections {A,} and
show that 3r s.t. A, is adapted.
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Theorem 8.4 ([LS]). If A, = UY, S, (z;) is a standard section for all r € [a,b],
then A, is adapted for Lebesgue—a.e. r € [a,b].

Proof. Let f,. = fa, and &, = &(A,.). It is enough to show that

1
,uAT{a: €A, : llin|1infﬁ logdist(f(z),&,) < O} =0 for a.e. 7 €[a,b]. (8.1)
n|—oo |1
For a > 0, let
A () := {x € Ay : 3 infinitely many n € Z s.t. =+ logdist(f;'(z),&,) < —al.

In]
Hence ([8.1)) follows from the statement
V a > 0 rational (pa,[Aa(r)] =0 for a.e. re[a,b]). (8.2)

Theorem fab tin, [Aa(r)]dr = [y Leb[In(x)]dua, (x). So (8.2) follows from

Leb[I,(x)] =0 for all x € Ay,.

Let Io(z):={a<r<b:xeAy(r)}, then 14 (y(x) =1;, (5 (r), whence by Fubini’s
-

The set I, () is contained in the limsup of intervals {I,,}nez with |I,| ~ eIl
Since ¥,,cz € " < o0, the Borel-Cantelli lemma gives that Leb[I,(z)] = 0. O

Fix an adapted section A.
THE PARAMETER Q. (x): Q<(x) = largest element of I. that is
< min{dist(z, §(A)), ¥ | Cy (£ ()7 |77}

The values Q. defined above satisfy Lemma [5.3] Now adapt the methods of
[Sar13] to the triple (A, f, ua). Although some modifications are needed (for exam-
ple in the coarse graining), the core ideas are the same. The final result is Theorem

Bl

Applications. Assume that h = hyop(p) > 0.

o If ¢ has a measure of maximal entropy, then liminf Te‘hT#{closed orbits of
length < T} >0 [LS].

o  has at most countably many ergodic measures of maximal entropy [LS].

o If 44 is an ergodic equilibrium measure of a Hélder potential with h,(¢) > 0,
then (¢, 1) is either a Bernoulli flow or a Bernoulli flow times a rotational flow
[LLS16].

The second application is proved as in the case of diffeomorphisms. The first
uses a dichotomy obtained throughout the proof of the third application. In the
sequel we discuss how to establish the Bernoulli property.

9. THE BERNOULLI PROPERTY
The precise statement we prove is the following one.

Theorem 9.1 ([LLS16]). If ¢ : M — M is as above, then every ergodic equilibrium
measure of a Holder continuous potential with positive entropy is either a Bernoulli
flow or a Bernoulli flow times a rotational flow.

Corollary 9.2 ([LLS16]). Let S be a closed smooth orientable Riemannian surface,
with nonpositive and non-identically zero curvature. Then the geodesic flow of S is
Bernoulli with respect to its (unique) measure of mazimal entropy.
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FIGURE 6. A surface with nonpositive and non-identically zero curvature.

Since the Bernoulli property is preserved under factors (this is part of Ornstein’s
theory), it is enough to prove the Bernoulli property for the TMF (X,,0,,7) ob-
tained in Theorem Here, Tt is the lift of u to X,. It is an equilibrium measure
of a Holder potential and it has positive entropy. The measure & projectsﬂ to a
measure v on X, again an equilibrium measure of a Holder potential with positive
entropy. Such measures were studied in [BS03]. One of their properties is the local
product structure.

Bernoulli flows. Let (X, %, u,{T'}) be a measurable flow.

BERNOULLI FLOW: (X, %, u,{T"}) is called a Bernoulli flow if (X, %,u,T?) is a
Bernoulli automorphism for every ¢ # 0.

Here are some examples of Bernoulli flows:

o Totoki flow: suspension flow over {0,1}%, with r o= 1 and 7 1= a ¢ Q, see
figure[7]

o Geodesic flows on closed manifolds with negative sectional curvature [OWT3
Rat74].

o Sinai billiards and Bunimovich billiards, for their invariant volume measures.

(v,r(v))

v (0.0) ((2),0)

FIGURE 7. Totoki flow: a suspension over the shift on {0, 1}% with
uniform Bernoulli measure and piecewise constant roof function.

The Bernoulli property is one the strongest stochastic notions for measure-
preserving systems. For instance, we have the following hierarchy:

‘ Ergodic ‘ c ‘Weak mixing‘ c ‘ Mixing‘ c ’ K property ‘ c ‘ Bernoulli property

4Just like w© projects to pa, @@ projects to a o—invariant probability measure v on X.
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The K property. The intermediate K property is usually established before the
Bernoulli property. Let (X, %, 1, T) be an automorphism.

PINSKER ALGEBRA: The Pinsker algebra of (X, A, u,T) is
P(T)={AeAB:h,(T,{A X\A})=0}.

K-AUTOMORPHISM: (X, %, u,T) is called a K-automorphism if 2(T) ={a@,X}.

The equality of sigma-algebras is modulo x. An automorphism is K iff it satisfies
the Kolmogorov zero-one law, iff tail sigma-algebras of finite partitions are trivial.
For systems with hyperbolicity (e.g. Axiom A diffeomorphisms and TMS’s), there
are two dynamically relevant tail sigma-algebras, associated to partitions &°,&%
subordinated to the stable, unstable foliations respectivelyﬁ A consequence of
Rokhlin-Sinai theory is that

P(T) < Tail(€°) A Tail(€"), (9.1)

hence & (T)-measurable functions are py—a.e. constant along global stable and
unstable manifolds.

Now let (X, %, u,{T"}) be a flow. We have 2(T") = 2(T*) for all t # 0.
K-rLow: (X, %,u,{T?}) is called a K-flow if 2(T") = {@, X }.

The holonomy group. While analyzing mixing properties for flows, the main
difficulty is to mix in the flow direction. One way of doing this is to mix along the
stable and unstable directions altogether, and push this to the flow direction.

Remeber (%, 0,), the TMF obtained in Theorem For v,w € 3, write v ~w
if v, w belong to the same weak stable or unstable manifold of o. Call a sequence
v = (yo, ...,v™) an su-loop if vl =" and v* ~ vt for all i =0,...,n—1. Each su—
loop 7 lifts to a path 7 := {(v°,0), (v!,t1),..., (0", t,)) on B, s.t. (v%, ), (', ti1)
belong to the same strong stable or unstable manifold of o,.. There is no need for
7 to be a closed path, see figure [§] below. Define the weight of v as P(7y) :=t,. It
is along these times that we can mix the flow direction.

HoroNoMY GROUP: The holonomy group of o, is G := {P(7) : v is a su—loop}.

Rigorously, to define G we fix some v € ¥ and consider only su-—loops with v° = v.
This definition is the same for v—a.e. v e X. See [LLS16] §4] for details.
Lemma 9.3 ([LLS16]). G is a closed additive subgroup of R.

The proof uses the simple observation that the concatenation of su—paths 71, vz
with v% = v is an su-path v with v° = v, and that P(y) = P(y1) + P(72).

A dichotomy theorem. By Lemma either G = {0} or G = ¢Z for some ¢+ 0
or G =R. The first case never occurs, hence we get the following dichotomy.

Theorem 9.4 ([LLS16]). If (X,,0,,7) is as above, then either (a) or (b) below
holds:

(a) (., 0n,00) is measurably conjugate to a constant suspension over a TMS.
(b) (X,,0,,10) is a K-flow.

5Subordination of £° to the stable foliation means that the atoms of £° are local stable
manifolds.
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(237t3) .
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(v?,t2)
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FIGURE 8. The holonomy group G: above -y is an su—loop forming
a quadrilateral. The lift 7 is not necessarily a loop.

Idea of the proof. We analyze the three possibilities for G.
CAsE 1: G={0}.

Apply the methods of Livschitz theory for partially hyperbolic systems [KK96]
to get that r is a measurable coboundary. This is a contradiction, since inf r > 0.

CASE 2: (G = ¢Z for some c # 0.

Again applying the ideas of [KK96|, we get that r is measurably cohomologous
to a function 7: ¥ - ¢Z. When this happens, we can recode the TMS and conclude
that (a) holds.

CASE 3: G=R.

Let f be &2 (ol)-measurable. By (9.1), f is Tail(£%) ATail(£*)-measurable. This
implies that f is ol—invariant for every t € G, hence o,—invariant. By ergodicity, f
is constant. Therefore & (o)) is the trivial sigma-algebra, and so (b) holds. O

Proof of Theorem and Corollary We prove firstly Theorem If
Theorema) holds, then by Ornstein’s theory (3., 0., 7) is measurably conjugate
to the product of a Bernoulli flow and a rotational flow. If Theorem [9.4(b) holds,
then we adapt the methods of Ratner [Rat74] to construct a generating partition
with the very weak Bernoulli property. By Ornstein’s theory, this implies that
(2,0, 10) is a Bernoulli flow.

Remark 9.5. To adapt the methods of [Rat74], we need two facts from the ther-
modynamical formalism of countable Markov shifts:

o The projection v of i to ¥ has local product structure [BS03].
o The g—functions of v have bounded total variation [Led74, [BS03].
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To prove Corollary 0.2 we use that geodesic flows are Reeb flows. These flows
have the property that the distribution generated by the stable and unstable direc-
tions is not integrable. In particular, they do not posses quadrilaterals whose sides
are small pieces of stable and unstable manifolds. This implies that G # ¢Z for all
c € R, therefore G =R and so Theorem [9.4](b) holds.

APPENDIX

Uniformly hyperbolic systems. Let M be a closed (compact without boundary)
connected orientable smooth Riemannian manifold, and let f: M — M be a C*
diffeomporphism.

ANOSOV DIFFEOMORPHISM: f is an Anosov diffeomorphism if there are C' >0, A < 1
and a df—invariant decomposition TM = E® ® E" s.t. |df™v°|, [|df "v"| < CA™||v?|
for all v° e E® v* e E* n>0.

Sometimes it is impossible to find a decomposition for every point, one of the
reasons being that the relevant part of the dynamics is not all of M.

NON-WANDERING SET Q(f): The non-wandering set of f is the set Q(f) of all
x € M s.t. for every neighborhood U 5 x there exists n € Z s.t. f*(U)nU # @.

In particular, every periodic point belongs to Q(f).

AXIOM A DIFFEOMORPHISM: f is an Aziom A diffeomorphism if:

(1) The periodic points are dense in Q(f).
(2) There are C' > 0, A <1 and a df-invariant decomposition TosyM = E° @ £
st [|dfm ot |df ot € CA™|v?| for all v € E®, v™ € E*, n > 0.

Every Anosov diffeomorphism is Axiom A, but not necessarily the opposite (an
example is the Smale horseshoe). In these notes Axiom A diffeomorphisms are also
called uniformly hyperbolic.

If f is uniformly hyperbolic, then there is a way of defining a metric on M,
equivalent to | - ||, that satisfies (1)—(2) with C =1, see [Shu87]. A metric with this
property is called adapted.

Now let ¢: M — M be a C! flow, and X = dip.

ANOSOV FLOW: ¢ is called an Anosov flow if X # 0 everywhere, and if there
are C > 0, A < 1 and a dy-invariant decomposition TM = E° @ (X) & E" s.t.
ldptvs|, [de~tv™| < CAH|v*] for all v¥ € B, v* e E¥, t>0.

AXIOM A FLOW: ¢ is called an Aziom A flow if:

(1) The closed orbits are dense in Q(y).

(2) X #0 in Q(y) and there are C > 0, A < 1 and a df-invariant decomposition
ToyM = E° @ (X) @ E* st. |de'v®|,||de~"v"| < CX'|v®|| for all v° € E*,
vt e B, 130

We also call an Axiom A flow by uniformly hyperbolic flow.
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Lyapunov exponents. Let f : M — M be C! diffeomorphism, and let p a f—
invariant measure probability measure.

LYAPUNOV EXPONENT: The Lyapunov exponent of f in the direction of v e T, M is
x(v):= lim log|df"v]
when the limit exists.

The Oseledets theorem guarantees the p—a.e. existence of the limit.

Theorem 9.6 (Oseledets). If f : M — M is as above, then there exists a set
My c M of full u—measure s.t., for all x € My and veT,M:

x() = lim_Llog df™].

NON-UNIFORMLY HYPERBOLIC DIFFEOMORPHISM: (f,u) is called a non-uniformly
hyperbolic diffeomorphism if for p—a.e. x € M it holds x(v) # 0 for all v e T, M.

Similar definitions are valid for flows. In these notes we assume more than non-
uniform hyperbolicity: we require that the measure is y—hyperbolic.

Equilibrium measures. Let X be a set, # a sigma-algebra, T : X - X a bi-
measurable map, and ¥ : X - R be a function. Given p a probability measure
preserving T', let h,(T) denote its Kolmogorov-Sinai entropy.

TOPOLOGICAL PRESSURE: The topological pressure of v is hiop(¢) = sup{h,(T) +
[ ¥du}, where the supremum ranges over all T-invariant probability measures.

EQUILIBRIUM MEASURE: An equilibrium measure for v is a T—invariant probability
measure p S.b. hiop (1) = h, (T) + [ Ydp.

We interpret — [ 1dp as the potential energy of ¢ with respect to the distribution
1. Hence an equilibrium measure is a distribution that minimizes the free energy.
This is in accordance with the principle of Maupertius: nature minimizes the free
energy.

A special case is when 1 = 0. An equilibrium measure for this potential is called
a measure of mazimal entropy, for obvious reasons.
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