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Variational energy functional:
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DFT is an exact theory
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Unfortunately, the exact Exc is not known.

Most common approximations (e.g., LDA and GGA) are based on the homogeneous electron gas

LDA:
ELDA _ / "9 (p(r)) p(r)dr

GGA:

BSOA = [ G9M (p(w), V()] pla)er
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structural and vibrational properties of diamond
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How well does (approximate) DFT work

, . . , structural deformation of bridgmanite under P
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Problematic materials: TM oxides
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e Poor estimate of structural properties
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Localization on defects

CeO; oxygen vacancy

S. Fabris et al., PRB 71, 041102 (2005)

The two extra electrons left behind by the O vacancy are delocalized over 4 Ce atoms
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Electronic localization and energy:
mixed valence materials

Cathodes - LixMPOQg4 olivines

M in 2.5+ oxidation state: metallic ground state
electronic delocalization compromises:

e formation energies and average voltages

e equilibrium structures, magnetization, etc

Li* Solvent C Transition 02-
molecule Metal

Discharge of the batter
MPQ4




Electronic localization and energy
F. E. = E(LiyFePO,) — xE(LiFePO,) — (1 — x)E(FePO,)

E(LiX2 FePO4) — E(Lixl FGPO4) — (X2 — XI)E(Libulk)

F. E. (meV/FU) Voltage (V)

GGA -126 2.73

Voltage (V)

GGA 63 2.82
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Other problematic materials

mixed-valence oxides:Fe304/Co304

HTSC (especially doped)
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metal to insulator transitions: VO,
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Molecular dissociation: H, and H>"
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A.J. Cohen, P. Mori-Sanchez, W. Yang, Science (2008)



Linearity of the energy

Dissociation of an hetero-nuclear diatomic molecule XY
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J. Perdew et al., PRL 49, 1691 (1982)

The total energy is piece-wise linear (between integer values of N)
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Molecular dissociation from DFT

Unfortunately the exact .. is not known and approximations are needed (e.g., LDA, GGA)

Notable failures: molecular dissociations (e.g. H):

equal probability
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Molecular dissociation from DFT

Unfortunately the exact .. is not known and approximations are needed (e.g., LDA, GGA)

Notable failures: molecular dissociations (e.g. H):

equal probability
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LSD ground-state energy

Exact vs DFT total energy
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The (single-particle) band gap “problem”

Si band structure
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The band gap from (approximate) DFT is ~0.6 eV,
smaller than the experimental gap, ~1.1 eV
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The (single-particle) band gap “problem”

Si band structure
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Si band structure
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A very simple idea: let’s describe localized d or f electrons with a Hubbard Hamiltonian
embedded in the “crystal bath”

V. 1. Anisimoyv et al., PRB 48, 16929 (1993) A. Liechtenstein ef al. PRB 52, R 5467 (1995)

We add the Hubbard functional, subtract its MF value (to avoid double-counting)
Eprr+ulp(r)] = Eprr|p(r)] + Egus [{n:i}] — Eac [{n:i}]

Original formulation:

U b
Erup = 5 anj Edc = §N(N — 1)
17]

The Hubbard correction acts selectively on localized (d or f) states:

Ey = Egu — Eie = Ey [{ni}] 1= fro(Bil¥ko) (Yrolds)
kv



DFT+U: rotationally invariant formulation

The expression of the corrective “+U” functional should be independent from the specific
choice of localized states
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A. Liechtenstein ef al. PRB 52, R 5467 (1995)



DFT+U: rotationally invariant formulation

The expression of the corrective “+U” functional should be independent from the specific
choice of localized states

Enuw[{ni..} = Z {{m, m"|Vee|m',m""\nlo ni-co .,
{m},U I

lo Ia
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//|
mm m’'m

+({m,m" |Vee|m',m""y — (m, m

B Y
Eael{npm}] = Y {70! (0" —1) = T ("1 — 1) +-n"H(n!* — 1)]}
I
A. Liechtenstein ef al. PRB 52, R 5467 (1995)
where:
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F§

qp;’ are Kohn-Sham states ¢m, are localized atomic orbitals (d or f)
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Effective interactions:
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A simpler formulation

Effective interactions:
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A simpler formulation

Effective interactions:

(m, m”|Vee|m,7 m///> . Z ak(m, m/’ m//, m///)Fk
k
* / 14 14 4 : / 14 * 11
— /dr/dr,¢lm(r)¢lm’ k-|—1 ¢lm”( )¢lm”’(r,) ag(m,m’,m",m") = ij—l qzz_k<lm|ykq|lm><lm |qu|lm )
Let’s neglect interaction anisotropy:
2 4
[ — FO £ 0 <+ F
= FO £ — 0
14
After some algebra.... Dudareyv et al., PRB 57, 1505 (1998)

Eprriulp(r)] = Eprrlp(r)| + Z _TT af e B )
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How does it work?

Because of the rotational invariance we can use a diagonal representation:

UI
EU:EHub_EdC:Z7Z[Agg(]‘_)\f?ﬁ.)]
/]

where: m,o
nlov,, =\, M7= fro(Wg, |05 (@ 1¥7,)
k
Potential: ’

0F b
Vol = 5ege 3 = 23 2 (1= 200 I8 6nvE,)

1 . ( Partial occupations of atomic states
)\fr‘: - 5 = Vi <0 are discouraged

> » \ Potential discontinuity re-established
| (and inserted in the spectrum)

Ao < = =Vy>0 |
s 2 ' A gap opens: EQNU
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CeO; oxygen vacancy

DFT: delocalization of extra charge (2 e-) on
4 Ce atoms around the O vacancy




Charge localization in CeO,

CeO; oxygen vacancy

D

DFT

DFT: delocalization of extra charge (2 e-) on
4 Ce atoms around the O vacancy

E (V)

DFT+U

Localization of the extra
charge on two Ce atoms
around the O vacancy

S. Fabris et al., PRB 71, 041102 (2005)

E (aV)



LixFePO 4: charge ordering and energetics
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LixFePOg4: formation energy and voltage

F. E. = E(Li,FePO,) — xE(LiFePO,) — (1 — x)E(FePOy)

E(LiX2 FGPO4) — E(LixlFePO4) — (Xz — XI)E(Libulk)
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LixFePO4: formation energy and voltage

F. E. = E(Li,FePO,) — xE(LiFePO,) — (1 — x)E(FePOy)

E(LiX2 FePO4) — E(Lixl FePO4) — (XQ — Xl)E(Libulk)

F. E. (meV/FU) Voltage (V)

DFT -126 2.73
DFT+U 159 4.06




Electronic localization in chemical reactions

Relative Energy (eV)
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H. Kulik et al., PRL 97, 103001 (2006)
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Vibrational properties of TM oxides: DFPT+U
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Vibrational properties of TM oxides: DFPT+U

DFPT+U:  (HEL, 1 — €n)|AY,) = —(AVEL L — Aey)|ton)

Hubbard term to Dy, 53 :
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A. Floris, S. de Gironcoli, E. K. U. Gross, and M. Cococcioni, Phys. Rev. B 84, 161102 (2011)



Electronic localization and magnetism
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Electronic localization and magnetism
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Electronic localization and magnetism
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Can the metallic solution be understood as a combination of insulating ground states?

Would the “+U” correction stabilize the insulating GS?
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Summary of the general theory part

e DFT+U is based on a correction shaped on the Hubbard model

e |t helps improving the localization of charge and quantities that
depend on it (e.g., magnetic interactions)

e |t can be expected to work for non degenerate ground states

e Use with care in presence of degenerate ground states (e.g., FeO)
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The meaning of U

Eprriulp(r)] = Eprrlp(r)| + Z _TT (1 - nIG)]
Iio

V. I. Anisimov, J. Zaanen, O. K. Andersen, PRB 44, 943 (1991) S. L. Dudarev, et al., PRB 57, 1505 (1998)
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The meaning of U

Eprriulp(r)] = Eprrlp(r)| + Z _TT (1 - nIG)]

Iio
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Hubbard U from first-principles

e U corresponds to the spurious curvature of the energy to be eliminated
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Hubbard U from first-principles

e U corresponds to the spurious curvature of the energy to be eliminated

e A finite contribution due to the re-hybridization of orbitals must be subtracted:

B d2EDFT dzE%FT

U d(nl)? d(nl)?

From the self-consistent ground state From a diagonalization at fixed potential
(screened response) (“Kohn-Sham response”)

M. Cococcioni and S. de Gironcoli, PRB 71, 35105 (2005)
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Second derivatives

e Second derivatives can not be directly obtained from DFT calculations
® Legendre transforms can help us:

Let’s apply a shift to the potential acting on localized states:
f

El{a!}] = min Elp(r)] + 3 alnl b

\

A functional of the atomic occupations can be defined as:
El{n'}] = E[{a'}] - Z B s

First and second derivatives can be easily obtained:

dE[{n"}] ¢E[{n’}] _ da'({n'})

dn! = —a ({n"}) dnl)2  —  dn!

M. Cococcioni and S. de Gironcoli, PRB 71, 035105 (2005)
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Linear response in practice

Apply a perturbation to the potential acting on each Hubbard atom;
compute the response of the occupations (from supercell calculations)

Vietl¥Zo) = Vics|¥g) + ! 3 8L ) (6L 1vg,) = An'

Response matrices:
I I

1J _ dn 1J _ dny
do’

Effective interactions:

X

M. Cococcioni and S. de Gironcoli, PRB 71, 035105 (2005)
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Summary of LR calculations of U

e Fully ab initio estimate of the effective interaction (no guess or semiempirical
evaluation needed)

e Consistency of the effective interactions with the definition of the energy functional

and of the on-site occupations
Other localized basis sets can be equivalently used: gaussian, Wannier functions, etc

e Consistency with the approximation used in the xc term of the energy
e Easy implementation in different computational schemes.

e Captures the variation of U with species, spin, crystal structure, volume and
symmetry



Overview of some extensions
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Self-consistent calculation of U
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P
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Self-consistent calculation of U

[’
E[{a'}] = min {EDFT p()] + ) = Trn? (1 —n”)] + afnf}

dn’ I dnj
~da’d X0 T dal

— {Anf} X"’
Uout T (XO_l o X_l)ll

How can U be computed from a DFT+U ground state?



Self-consistent calculation of U

J
El{a’}] = min {EDFT o] + 3 T (1 1)) + !

dn! dn}
; I 1J _ 1J _ ang
1An"} X dod X0 da’

UOIut — (XO_l o X_l)ll

How can U be computed from a DFT+U ground state?



Self-consistent calculation of U

J
El{a’}] = min {EDFT o] + 3 T (1 1)) + !

— {An'} X'’

Uout T (XO_l o X_l)ll

CyC|e unl'l| Uout U|n - Uscf



Self-consistent calculation of U

El{a'}] —mpin{EDFT +Z ”Tfrr'] l1—n )]+ozlnl}

dnl I dnj
~da’d X0 T dal

— {An'} N

—1 —1
Uout o (XO — X )II
CyC|e unl'l| Uout U|n - Uscf

The calculation of U can be also made consistent with the crystal structure by performing a
structural optimization after every calculation of U.

The cycle is interrupted when both structure and Hubbard parameters have converged.
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Automatic calculation of U

Calculation of the Hubbard U from Density Functional Perturbation Theory

- -

- point perturbation sum over monochromatic perturbations

pert — Oé[ Z ‘¢mk f{nk‘ V;?e’r't T Oé] Z _Zq RI ‘¢mk—|—q><¢’{nk‘

finite differences in

I —1q-R I
Anl  read from output An,, = E e ' IAnq

sc
q

Automation of the calculation and possible porting on “high-throughput” platforms

Extension of the method to closed-shell systems
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DFT+U for covalent systems: Si e GaAs

U= s =i —Digg

Can DFT+U improve the band gap estimate for band semiconductors?

Si CEVAD
B(GPa) Eg(eV) a(A) B(GPy) E (eV)
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DFT+U energy functional (from the Hubbard model)
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DFT+U+V energy functional (from the extended Hubbard model)
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DFT+U energy functional (from the Hubbard model)
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The DFT+U+V functional

DFT+U energy functional (from the Hubbard model)

Eprriulpe(r)] = Eprrlpe(r)] + Z _T"' S B ]

DFT+U+V energy functional (from the extended Hubbard model)

N
( U’ /f = Lo
Eprriv+v|p(r)] = Eppr|p(r)H E :—T"" [ (1 — 1 0) — E : —=—dif [ ’n 0]
2 2
I,o0 o
J
U favors on-site localization, V favors inter-site hybridization

& ¢ ol o

DFT+U+V can capture more general localization patterns and intermediate situations (e.g., TM
magnetic impurities in semiconductors)

U and V can be computed simultaneously (at no extra cost)
V. L. Campo Jr and M. Cococcioni, J. Phys.: Condens Matter 22 055602 (2010)




DOS (electrons/eV/cell) DOS (electrons/eV/cell)

DOS (electrons/eV/cell)

Al GGA+U+V

NiO

Typical TMO:

e Rock-salt structure

e AFll: rhombohedral symmetry
e Mott or Charge transfer insulator

a (bohr)

NiO

B (GPa)

|88

8.07 181 3.2
8.031 189 3.6
7.99 197 3.2
7.89 1 66-208 3.1-4.3
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Up Ups Usp Uss Vpp  Vps Vsp Vs

Si-Si 2.82 3.18 3.18 3.65 1.34 1.36 1.36 1.40
Ga-Ga 3.14 3.56 3.56 4.17
As-As 424 4.38 4.38 4.63
Ga-As .72 1.68 1.76 1.75




Electronic and structural properties of Si and GaAs

2.82 3.18 3.18 3.65 1.34 1.36 1.36 1.40

Ga-Ga 3.14 3.56 3.56 4.17
As-As 424 4.38 4.38 4.63

095" Ga-As .72 1.68 1.76 1.75

70& Upp Ups Usp Uss Vpp ‘/;?S Vtsp Vs
9%  Si-Si

Sioa: GaAs
a(A) B(GPa) E;(eV) a(A) B(GPa) E;(eV)

DFT+U

DET+U+V

Exp

V. L. Campo Jr and M. Cococcioni, J. Phys.: Condens Matter 22, 055602 (2010)



DFT+U+V band structure of Si and GaAs
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Voltage and formation energies of LixFePOq

F. E. (meV/FU) Voltage (V)
DFT -126 2.73
DFT+U 159 4.06

DFT+U+V 128 (3.48 )




Voltage and formation energies of LixFePOq

F. E. (meV/FU) Voltage (V)
DFT -126 2.73
DFT+U |59 4.06
DFT+U+V 128 (3.48 )

e on ke

LiFePOx4

DFT | 622 6.11 | 608 5.93
DFT+U | 6.19 6.19 | 568 5.65
DFT+U+V 5.77




Voltage and formation energies of LixMnPO4

Method F. E. (meV/FU) Voltage (V)
Exp >0 (~4.1)
DFT 63 2.82
DFT+U 212 4.3
DFT+U+V 206 (4.15)
e on Mn LiMnPO4 LiosMnPO4
Method
DFT 5.30 5.19 5.17 5.11
DFT+U 5.19 5.11 5.05 4.96
prr+u+v | (5.23
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DFT+U & DFT+U+V

e The “+V” is a useful extension of the DFT+U for systems with significant
hybridization

e The success in correcting the description of covalent semiconductors
clarifies that DFT+U(+V) can address some effects of (strong) correlations

e Can be very useful to capture/improve electronic localization in non-
degenerate systems

e Handle with care in presence of degenerate ground states (e.g., FeO)

e Never use as a black-box :-((((



End

Questions?



Hands-on tutorial (afternoon session)

Aims:

e To compare DFT and DFT+U results (e.g., DOS)
e To understand electron localization in mixed-valence oxides

e To familiarize with the calculation of U using LRT (finite differences
between supercell calculations)

e To study the convergence of U with the size of the supercell

Systems:

e NiO
o Lio,5FePO4
® Lio,5COOz
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DFT+U: energy functional and potential

Energy functional

Eprriulp(r)| = Eprrip(r)] + Z —T’r ad e B ol
I,o0

Potential

UI
Vorriu = Vorr + ) 7 (Omms = 200 ) |G} (S|
Il,0



The meaning of U

Eprriulp(r)] = Eprrlp(r)| + Z _TT (1 - nIG)]
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The meaning of U

Eprrivlpe(r)] = Eprrle(r)] + Z _T"" L — e
Iio

V. I. Anisimov, J. Zaanen, O. K. Andersen, PRB 44, 943 (1991) S. L. Dudarev, et al., PRB 57, 1505 (1998)
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- [LDA+U correction
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The meaning of U

Eprrivlpe(r)] = Eprrle(r)] + Z _T"" (1 n nIo)]

Iio
V. I. Anisimov, J. Zaanen, O. K. Andersen, PRB 44, 943 (1991) S. L. Dudarev, et al., PRB 57, 1505 (1998)
= DFT .
— Exact Hubbard U: spurious curvature of the
- LDA+U correction
energy...
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) DFT
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The meaning of U

Eprriulp(r)] = Eprrlp(r)| + Z _TT (1 - nIG)]

Iio
V. I. Anisimov, J. Zaanen, O. K. Andersen, PRB 44, 943 (1991) S. L. Dudarev, et al., PRB 57, 1505 (1998)

e DFT .

— Exact Hubbard U: spurious curvature of the

- LDA+U correction

energy...
> 2
. -
5 " d“Eprr
s —
= dn?
4]
pnd
e
= . . .
... discontinuity of the xc functional
|
|
BN T T oo
N-1 N U%AmCZA—AKS

Number of electrons



Hubbard U from first-principles

Bl{a'}] = mm{ [p<r>1+zafnf} = An!




Some technical details

e The perturbation is applied in a supercell to
avoid interactions with its periodic replica

* The value of U should be converged with the
size of the supercell

* The perturbation is applied on all the
non-equivalent “Hubbard atoms”

e Often also non-Hubbard atoms and states are
perturbed to evaluate the response of the
“crystal bath” (charge reservoir)




Isolated perturbations

7 i P The U must be converged with the
A L / size of the supercell. Extrapolation
/ / also helpful
/ v /
/ f 50 —————T1———— —
Cl C4 s f e—oct |
iy E—&C4
S ° - o—©C16 |
| | 4 T a0
I A / / 4 2'00‘3' T7500 1000 1500 2000 2500
/ / / / . . Number df Fe ions pe;r unit cell - |
AN AN Potential shifts can be viewed as

C16 C128 I'- point perturbations for supercells.



DOS

NiO

Aims:

e To study the effects of U (e.g., DOS)

e To compute U

b T 31—

L —Nidup - - —N?dup
5| " : glsldown | 25 B ” : IC\J;;idown ” _
4 -

DOS




Lio,5Fe PO4

Aims:

e To recognize mixed-valence ground
states

e To study the role of U on enhancing
electron localization and stabilizing
charge disproportionation

atom

spin 2

1

Tr(ns(na)) (up, down, total) =
1.59590 6.57774

elgenvalues:
0.202 0.215 0.300
elgenvectors:

0.000
0.000
0.543
0.000
0.457

0.114
0.695
0.000
0.191
0.000

occupations:
0.479 -0.072

-0.072 0.266

0.000 0.000

-0.068 -0.042

0.000
0.000
0.457
0.000
0.543

0.000 -0.068 0.000
0.000 -0.042 0.000

0.360

0.029
0.261
0.000
0.709
0.000

Study the output (occupations)

0.519

0.857
0.044
0.000
0.099
0.000

0.247 0.000 0.048

0.000 0.348 0.000

0.000 0.000 0.048 0.000 0.255

4.98184



Lio,5COOz

Aims:

e To practice the calculation of U (on a mixed-valence material)

e To study the convergence of U with the size of the supercell
used in the calculations




