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Based on

Arras - AG.- Weigand: arXiv1612.05646, hep-th

G. - Weigand: arXiv, alg-geom/geom-top, to appear.
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In the historical papers by Vafa, Morrison-Vafa |, Morrison Vafa Il

F-theory is “compactified” on X with:

Example
m: X — B is an elliptic fibration (with section) <>
7' (p) is a smooth elliptic curve E, (with a marked point), p general in B.

X, smooth, Calabi-Yau

B smooth. )
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Recently:

7 : X — B is an elliptic fibration (with seetior), that is :

75 (p) is a smooth elliptic curve E, (with a marked-point) p general in B.

X, smooth, Calabi-Yau

B smooth.
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This talk:

X, smooth
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Motivation, from Vafa's original paper:

m: X — B is an elliptic fibration (with section)

7>} (p) is a smooth elliptic curve E, (with a marked point), p general in B.

X, smooth, Calabi-Yau
B smooth.

“Give a wealth of examples”
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Math supporting evidence for these working assumptions:
(Corollaries of AG. '91; AG '16)

7”{ : X — Bis an elliptic fibration without multiple fibers,
X, Calabi-Yau dim(X) < 4, then:

there is a commutative diagram:

X—X B(~P" B), smooth if dim(X) < 3
i?"f l” X(~P'" X) with at most:
B B Q-factorial terminal singularities

» smooth varieties have at most Q-factorial terminal singularities.

» If X, Calabi-Yau has Q-factorial (non-smooth) terminal singularities,
then for any resolution Y, Ky # Oy.

These are often called: “non-Calabi-Yau resolvable singularities”
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It is important to analyze terminal singularities:

X, Calabi-Yau, dim(X) = 3, X is generally smooth, but not always.

X, Calabi-Yau, dim(X) = 4 is NOT generically smooth.
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Few examples, in F-theory literature, where Q-factorial terminal
singularities occur:: [Denef, Douglas, Florea, AG, Kachru '05],
[Braun,Collinucci,Valandro'14] [Grimm,Kerstan,Palti, TW'11]
[Martucci, TW'15] , [Braun,Morrison'14], [Morrison, Taylor'14] [Morrison
Park Taylor'16] [Mayrhofer,Palti, Till, TW'14]

[Cvetig, Klevers,Poretschkin'15] [Anderson,Grimm,Etxebarria,Keitel'14]
[Anderson, Gray, Raghuram, Taylor '15] [Font, Garca-Etxebarria, Liist,
Massai, Mayrhofer, '16] . . .

o ) = = E 9HaAe
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[Arras, AG, Weigand 2016], [AG, Weigand, to appear|:

Physics, dim(X) < 3, Calabi-Yau:

» Claim: Q-factorial (non smooth) terminal singularities «»
localized uncharged massless hypermultiplets in F-theory

» Implement a quantitative analysis to verify it

» Verify it (anomalies cancellation)

Next: For Fourfolds with Q-factorial terminal singularities
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Math: “A Brieskorn-Grothendieck program”

» Semi-simple Lie algebras and some of their representations <
geometry of elliptic fibrations and degenerations of fibers,

» “codim 1 " Q-factorial canonical (non-smooth) singularities <>
algebras and some of their representations

» Q-factorial terminal (non smooth) singularities <> Tjurina's numbers,
dimensions of versal complex deformations of the singularities
» Implement a quantitative analysis to verify it

Next: For Fourfolds with Q-factorial terminal singularities
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Classical Analysis: gauge algebras and their representations
<> singular fibers of elliptic fibrations

» X smooth

» X smooth, Calabi-Yau threefold: dimension of complex deformations
is h>1(X)

» X smooth, Calabi-Yau threefold: dimension of kaheler deformations is
Ab(X)

> Xtop(X) = %(hLl(X) - h2’1(X))

> Xtop(x) Can be computed with any (co)-homology, usual (singular)...
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Challenges with singularities:

» (Co)-homology theories do not coincide. In particular:

» The regular singular cohomology does not necessary have a Hodge
decomposition

» Poincaré duality might not hold
A

» Question: How to compute the dimension of complex deformations
h%1 smooth case

» Question: How compute the dimension of kaheler deformations
hY1, smooth case

» Question: How to combine them?
Xtop, SMooth case
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“Non-Calabi-Yau-resolvabe singularities”

Definition
X has terminal singularities if and only if: for any f : Y — X resolution,
then Ky = f*(Kx) + >_ bkEx with by > 0 and Ej exceptional divisors

v

Definition
X is Q-factorial if any Weil divisor is Q-Cartier.
(X, Toric: every cone in the fan is simplicial)

Example

X C P* of equation xogo + x181 = 0 is NOT Q-factorial

Example

X, singular with Kx ~ Ox
X has Q-factorial terminal singularities if, for any resolution Y, Ky # Oy.
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[Arras, AG, Weigand'16], [AG, Weigand]

Stated here for X, Calabi-Yau, Q-factorial terminal singularities,
locally defined by f =0

1. dim Kaheler deformations: computed by
bo(X) as in the smooth case (rank of the Neron-Severi group)

2. dim Complex deformations: computed by:

14 S bs(Ys) + Y (me — 27} + 7
P P

~——
unlocalized localized
where: mp = dimc(C[x;]/(0f /Dx;)), is the Milnor number of the

singularity
mp = dimc(C[x;]/(f,0f /Ox;)), is the Tjurina number of the singularity,
dimension of versal deformations of the singularity at P.

3. localized <+ localized massless uncharged hypermultiplets

4. Can compute the difference via xtop, usual homology
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Verified for:

Example

1. mpsz=2

2. mp=1,=1.
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More examples

Checked for several other example: B =P2 m =7

(:uﬁ//'g) (151) (271) (1’5) (177)
fibres =1 =1 = =I5
Gauge Group — — SU(2) SU(2)
# isolated sing. 17 17 11 11
mp 2 2 2 4
Xtop —506 —506 —434 —412
htt 2 2 3 3
Cxdef 272 272 231 231
nloc =3, mp 34 34 22 44
n'o¢,  per locus 2 2 2 4
ninoc = A2 41 —1/2%  mp || 14238 | 1+238 | 1+ 209 | 1+ 187
Neh, 0 0 44 44
nen. per locus 0 0 4 4
irrep — — 2x2 2x2
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Ingredients: Q-factorial terminal singularities, on X
Calabi-Yau threefold

1.They are classified, they are isolated hypersurface singularities
(+ Reid)

2. They are smoothable to X; and b3(X) — b3(X;) is computable
(<= Namikawa-Steenbrink)

3. They are rational homology sphere (Example 1), then
iff are locally analytic Q-factorial ( < Flenner-Kollar)
ICH, singular (co)-homology, Deligne MHS, coincide

( +Saito-McPherson)

4. If not (Example 2), we can reduce to the rational homology sphere
case, to prove Poincaré duality and compute X op

5. Milnor number and Tjurina number coincides in a wealth of examples
(weighted hypersurfaces, Saito), resolution of Weierstrass models over P2.
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Opportunities with (Q-factorial terminal singularities:

» (Co)-homology theories might not coincide
The regular singular cohomology does not necessary have a Hodge
decomposition, AND

> this provides the key to the (physics) interpretation of the singularity
» Poincaré duality does hold

» We compute the dimension of complex deformations
from b3: unlocalized part @ localized parts (Tjurina numbers)

» We compute the dimension of kaheler deformations
b>

» We combine them in the usual (singular) (co)-homology
X top
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Other opportunities with Q-factorial terminal singularities:

e Hold the key to understand other dualities
[AG,Halverson, Ruhele, Shaneson '16], [AG,Halverson, Ruhele, Shaneson]

e Points us towards fourfolds with singularities
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