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(NAk(α,θ)h)(v) =

∫
RM

h(Ak(α, θ)v+
(
IM − Ak(α, θ)Ak(α, θ)T

)1/2
w)e−π|w|

2
dw

Orthogonal Singular Value decomposition

Ak(α, θ) = Uk(α, θ)Γk(α, θ)Vk(α, θ)T

Γk(α, θ) = [γ1, · · · , γM ] , 0 ≤ γj ≤ 1



Theorem

Let h ∈ L1(RM , e−π|v|2dv) and assume that S(h) <∞. Then

S(NAh) ≤
∑

σ⊂{1,...,M}
Πi∈σcγ2

iΠj∈σ(1−γ2
j )

∫
Rσc

hσU (u) log hσU (u)e−π|u|
2
du

where

hU (v) = h(Uk(α, θ)v)

and the σ marginal hσU is given by

hσU (u) =

∫
Rσ
h(U(u′,u))e−π|u

′|2du′

Note∫
Rσc

hσU (u) log hσU (u)e−π|u|
2
du =

∫
RM

h(v) log hσU (PσcU
Tv)e−π|v|

2
dv



Have to show that∑
α1,...,αk

λα1 · · ·λαk
∫
ρ(θ1)dθ1 · · · ρ(θk)dθk×

×
∑

σ⊂{1,...,M}
Πi∈σcγk,i(α, θ)2Πj∈σ(1− γk,j(α, θ)2)×

∫
RM

h(v) log hσUk(α,θ)(PσcUk(α, θ)Tv)e−π|v|
2
dv .

≤
∫
RM

h(v) log(h(v))e−π|v|
2
dv



Brascamp-Lieb inequalities

For i = 1, . . . K, let Hi ⊂ RM be subspaces of dimension di and
Bi : RM → Hi be linear maps with the property that BiB

T
i = IHi,

the identity map on Hi. Assume further there are non-negative constants
ci, i = 1, . . . , K such that

K∑
i=1

ciB
T
i Bi = IM . (1)

Then for any non-negative functions fi : Hi→ R∫
RM

ΠKi=1f
ci
i (Biv)e−π|v|

2
dv ≤ ΠKi=1

(∫
Hi

fi(u)e−π|u|
2
du

)ci
. (2)



For any non-negative function h ∈ L1(RM , e−π|v|2dv) with ‖h‖1 = 1∫
RM

h(v) log h(v)e−π|v|
2
dv

≥
K∑
i=1

ci

[
h(v) log fi(Biv)e−π|v|

2
dv − log

∫
Hi

fi(u)e−πu
2
du

]
Apply the BL theorem to our problem∑

α1,...,αk

λα1 · · ·λαk
∫
dρ(θ1) · · · dρ(θk)×

×
∑

σ⊂{1,...,M}
Πi∈σcγk,i(α, θ)2Πj∈σ(1− γk,j(α, θ)2)×

∫
RM

h(v) log hσUk(α,θ)(PσcUk(α, θ)Tv)e−π|v|
2
dv .



fi(u)⇔ hσU (u) ,

∫
Rσc

hσU (u)e−π|u|
2
du = 1

Hi⇔ Rσ
c

Bi⇔ PσcUk(α, θ)T

∫
ρ(θ1)dθ1 · · · ρ(θk)dθk

∑
σ⊂{1,...,M}

Πi∈σcγk,i(α, θ)2Πj∈σ(1−γk,j(α, θ)2)×

Uk(α, θ)PTσcPσcUk(α, θ)T = IMCk,M .

where

Ck,M =

[
M

N + M
+

N

N + M
(1− µρ

N + M

NΛ
)k
]



∫
ρ(θ1)dθ1 · · · ρ(θk)dθk

∑
σ⊂{1,...,M}

Πi∈σcγk,i(α, θ)2Πj∈σ(1−γk,j(α, θ)2)×

Uk(α, θ)PTσcPσcUk(α, θ)T

=

∫
ρ(θ1)dθ1 · · · ρ(θk)dθk

Uk(α, θ)

 ∑
σ⊂{1,...,M}

Πi∈σcγk,i(α, θ)2Πj∈σ(1− γk,j(α, θ)2)PTσcPσc

Uk(α, θ)T

=

∫
ρ(θ1)dθ1 · · · ρ(θk)dθkUk(α, θ)Γ2

k(α, θ)Uk(α, θ)T

=

∫
ρ(θ1)dθ1 · · · ρ(θk)dθkAk(α, θ)Ak(α, θ)T = Ck,M



∑
α1,...,αk

λα1 · · ·λαk
∫
dρ(θ1) · · · dρ(θk)×

×
∑

σ⊂{1,...,M}
Πi∈σcγk,i(α, θ)2Πj∈σ(1− γk,j(α, θ)2)×

∫
RM

h(v) log hσUk(α,θ)(PσcUk(α, θ)Tv)e−π|v|
2
dv .

≤
[

M

N + M
+

N

N + M
(1− µρ

N + M

NΛ
)k
]
S(h)



Kac Model

References

[1] M. Kac. Foundations of kinetic theory. In Proceedings of the Third
Berkeley Symposium on Mathematical Statistics and Probability,
1954–1955, vol. III, pages 171–197, Berkeley and Los Angeles, 1956.
University of California Press.

[2] Elise Janvresse. Spectral gap for Kac’s model of Boltzmann equation.
Ann. Probab., 29(1):288–304, 2001.

[3] Eric Carlen, M. C. Carvalho, and Michael Loss. Many-body aspects
of approach to equilibrium. In Journées “Équations aux Dérivées
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