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Lectures on Perturbative QCD

Iain Stewart, ICTP Summer School 2017

Problem: Splitting Functions

Infrared enhancements in the quark and gluon branching processes q ! qg, g ! gg, and
g ! qq̄ are key ingredient in the formation of jets. The structure of collinear enhancements
is described by splitting functions P

ab

, which to first order in the strong coupling ↵

s

are:

P

(0)
qq

(x) =
↵

s

(µ)

2⇡
C

F


1 + x

2

(1� x)+
+ a

q

�(1� x)
�
, (1)

P

(0)
qg

(x) =
↵

s

(µ)

2⇡
T

R

h
x

2 + (1� x)2
i
,

P

(0)
gq

(x) =
↵

s

(µ)

2⇡
C

F


1 + (1� x)2

x

�
,

P

(0)
gg

(x) =
↵

s

(µ)

2⇡
2C

A


x

(1� x)+
+

1� x

x

+ x(1� x)
�
+ a

g

�(1� x) .

Here the color factors are C

F

= 4/3, T
R

= 1/2, and C

A

= 3, and you will determine the

constants a
q

and a

g

below. Each P

(0)
ab

(x) should be thought of as the probability of finding
a parton of type a inside an initial parton b, with a having a fraction x of the parent b’s
momentum. These expressions include the familiar Dirac �-function, and the less familiar
+-function. The latter is defined by 1/(1� x)+ = 1/(1� x) for any x < 1, and by the fact
that the singularity at x = 1 is regulated such that

Z 1

0
dx

1

(1� x)+
g(x) =

Z 1

0
dx

1

(1� x)

h
g(x)� g(1)

i
(2)

for any function g(x).

a) Derive results for the constants a
q

and a

g

such that quark number is conserved:

Z 1

0
dx P

(0)
qq

(x) = 0 , (3)

and momentum is conserved by the quark and gluon splittings:

Z 1

0
dx x

h
P

(0)
qq

(x) + P

(0)
gq

i
= 0 ,

Z 1

0
dx x

h
P

(0)
gg

(x) + 2n
f

P

(0)
qg

i
= 0 . (4)

Here n

f

is the number of light quarks. Show that you can rewrite P

(0)
qq

as P (0)
qq

(x) =

(↵
s

(µ)C
F

/2⇡) [(1 + x

2)/(1� x)]+.

Given an initial distribution of quarks q(⇠, µ0) and gluons g(⇠, µ0) at a momentum scale µ0,
the distribution of quarks at a scale µ1 is given by

q(x, µ1) = q(x, µ0) +
Z

µ1

µ0

2 dµ

µ

Z 1

x

d⇠

⇠


P

(0)
qq

⇣
x

⇠

⌘
q(⇠, µ) + P

(0)
qg

⇣
x

⇠

⌘
g(⇠, µ)

�
, (5)

where the terms in the integral account for the possibility that the quark we observe came
from a splitting rather than the initital distribution.
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b) By iterative use of Eq. (5) derive a series in ↵

s

that writes q(x, µ1) in terms of terms
only involving q’s and g’s at µ = µ0. Draw Feynman diagrams to describe physically
what is happening with the various terms in your infinite series.

The subtraction term from the plus function in P

(0)
qq

in Eq. (5) sets ⇠ = x, and is related
to evolution to the scale µ1 without branching, so strictly speaking Eq. (5) does not yet
have a clean separation between branching and no-branching. To better distinguish the two
possibilites we will rewrite this equation in a di↵erent way. To simplify the formulas below,
we’ll set P (0)

qg

= 0. The probability that a quark does not split when it evolves from µ0 to
µ1 is then given solely by the quark Sudakov form factor:

�
qq

(µ1, µ0) = exp

�

Z
µ1

µ0

2 dµ

µ

Z
dx P̂

(0)
qq

(x)
�
. (6)

Here P̂

(0)
qq

(x) = (↵
s

(µ)C
F

/2⇡) (1 + x

2)/(1� x) and we will assume that the limits on the x

integration keep us away from the singularity at x = 1 (more on this in part d).

c) Taking µ1d/dµ1 derive di↵erential equations for q(x, µ1) and �
qq

(µ1, µ0). Next derive
an equation for µ1d/dµ1(q/�qq

) and show that its solution yields

q(x, µ1) = �
qq

(µ1, µ0) q(x, µ0) +
Z

µ1

µ0

2 dµ

µ

�
qq

(µ1, µ0)

�
qq

(µ, µ0)

Z
d⇠

⇠

P̂

(0)
qq

⇣
x

⇠

⌘
q(⇠, µ) . (7)

Since this result does not involve the +-function we can interpret the second term as the
probability from splitting, and the first term as the probability of having no splitting.
Thus the Sudakov form factor in the first term gives the no-splitting probability when
we evolve from µ0 to µ1. Can you provide an interpretation for the presence of the
ratio of �

qq

’s in the second term? This result with its probabilistic interpretation
is used in parton shower Monte Carlo programs that describe parton branching and
QCD jets.

Next you will calculate the form of the exponent in �
qq

(µ1, µ0). The result can be thought
of as an infinite series in ↵

s

(µ0), but to keep things simple for this calculation we’ll freeze
↵

s

(µ) = ↵

s

(µ0) and approximate P

(0)
qq

(x) ' (↵
s

(µ0)CF

/⇡)/(1 � x) which will allow us to
determine the dominant term for µ1 � µ0.

d) Lets identify the evolution scale parameter as the parton’s virtual mass squared,
µ

2 = p

2 ⌘ t

0, and hence impose the corresponding kinematic limits on the x-integral:
µ

2
0/µ

2
< x < 1 � µ

2
0/µ

2 (obtained for particles with large energy and expanding
µ0 ⌧ µ). With the approximations above and these limits perform the double integral
in Eq. (6), and show that your result involves a ln2(µ1/µ0). This double log is related
to the presence in the branching and no-branching probabilities of the soft (x ! 1)
singularity and the collinear singularity described by the splitting function equations.
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