Path Integral Monte Carlo

calculations of atomic Bose gases

Markus Holzmann, LPMMC, CNRS UGA Grenoble

Outline:

||» Thermodynamics of quasi 2D atomic gases
II» Linear response from imaginary time dynamics

"» Out-of equilibrium real time dynamics:
Time dependent variational Monte Carlo



[ Quantum Many-Body Problem }

Hamiltonian:
(non relativistic)

v, (R)=FE,¥,(R)

Bosons: symmetric under permutations

7
¥, (PR) = (£1) "1, (R)

Condensed
Matter

position/ spin variables:

R = {:1'10'1,1'20'25 - .I'N(TN}

-

PR = {I‘p(l)ap(l),rp(g}ap(g)j P }
Fermions: antl-symmetrlc
T=0: ground state observables, N ( finite T thermodynamics: h
e.g.energy Eo den5|ty matrix
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Observation of Pair Condensation in the Quasi-2D BEC-BCS Crossover
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FIG. 4: Phase diagram of the strongly interacting 2D
Fermi gas. The experimentally determined critical temper-
ature T, /Ty is shown as black data points and the error bars
indicate the statistical errors. Systematic uncertainties are
discussed in detail in [27]. The color scale indicates the non-
thermal fraction Ny/N and is linearly interpolated between
the measured data points (white crosses). Each data point
is the average of about 30 measurements. The dashed white
line is the theoretical prediction for the BKT transition tem-
perature given in [10].



[ Characteristics of 2D physics at T>0: J

any temperature 1>0 Mermin, Wagner, Hohenberg
(1966-68)

absence of long-range order & no BEC

low temperture T<Tkr Berezinskii (1971)

algebraic correlations g1 (r) ~ 7"

T dependent exponent  7)(1)
superfluidity, superfluid density p

Phase transition at TKT Kosterlitz, Thouless

, (1973)
universal exponent: )K" — 1 / 4

2m 1T

universal jump of the superfluid density:  pgs =

/\

enourmous finite size effects = macroscopic systems needed




[ Ultracold atomic gases: J

g: interaction constant

y;_! 0 00 N: number of Bosons

X g ~(log na?)! for hard disks of diameter a

) 0 § W: trap frequency quasi2D: W,>> Wy~ W,

¢ trapping potential: density variation vs algebraic order

¢ interaction: BEC vs KT Cross-over
¢ confining potential: quasi2D vs anisotropic 3D bf—:tween
different
¢ mesoscopic atom number: small vs big regimes
———

¢ Fermions vs Bosons: particles vs quasi-particles

= quantitative studies needed (and possible)

I — T



QMC simulations of Bosons: A successful story

based on Feynman’s path integral representation of the N-particle density matrix

1
p(R,R') = §<

/ (e
Bosons: p(R.R/) ZB N Z p(R.P(R')) R=(ri,ra...1x)

R‘f??_"ﬁH‘R” ;R|f—3H| / I]RQ{R —i‘H!Q‘R \;R f—iHr2|R}

Path Integral Monte Carlo:

use M>>1 discretizations («time slices»): T=03/M —0

use of high temperature approximation, e.g. : = _— v
—7T AN —T —7V(R")
(position representation — positive!) (Ble [B) = (Rl |R) e

Do random walk in extended position space (M x d x N coordinates)
and permutation space (N! permutations)
Ceperley, Pollock, Boninsegni, Svistunov, Prokof’ey,...
Zero temperature variants:
Ground State Path Intetgral, Diffusion, Reptation,... Monte Carlo



Simulating dilute degenerate gas: a.n'/? ~a/Ar <1

Collision between 2 particles, thermal wavelength A_
(relative space): hard core a (= scattering length a_), density: n

Path-discretization needed to see potential

2
TrLa
- <

/ ™l
7—12
Huge number of slices are needed for dilute gas

M=—> —g ~ 1/n% 4>
T a

ICI -1/d 9
. Use soft pseudopotential a~n How to be efficient for a<<n??~

« Use hard pseudopotential and pair density matrix
<F‘E—T(p2f??1.—|—1f") ‘IJ>

<I‘| e—T (p2/m) |I"f>

II» Pre-solve 2-body problem exactly g2 (r. ', T) =

N

: : : : R —T7H R/ ~ I, I
II» Pair-particle approximation: (Rle R’) ~ p1(r;.1;:7) gﬁ(rij‘ LjjsT
d i=1 7<1
M Ej I'I-)\T Analytical expression: M.H.,Y.Castin, EPJD 7, 425 (1999)



Quasi2D Bose gases

direct comparison between experiment and exact QMC calculations possible

S.P. Rath, T.Yefsah, K.J. Gunter, M. Cheneau, R. Desbuquois, M.H.,W. Krauth, ]. Dalibard,
Phys. Rev.A 82,013609 (2010)

density profiles compared
using scale invariance in
2D time-of-flight exapnsion

il

i

—
1
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Scaled optical density

0 20 0 800 20 40 60 density profile after 2D time-of-
r (pm) r (um) flight given by scaling transform

FIG. 4: (Color online) (a) Optical density profiles obtained

for a TOF duration ¢t = 0 (black), 3 (red), 6 (green), 10 (blue), .2

12 (cyan), 14 (magenta) ms and rescaled to their in-situ value n(r, t) — n (Vtr)
according to (1). (b) Squares: Optical density profile obtained

by averaging the results of (a) for 10 < ¢ < 14 ms, yielding 2,9\ —1/9
fit parameters 7' = 94nK, o = 0.36 for £ = 0.63. Lines: Vi — (1 + w’t ) /
QMC results for the same fit parameters (continuous, N =

42000), and for those deduced assuming £ = 0.47 [dashed red,

(T (nK), a, N)= (104,0.39, 57600)] and £ = 0.79 [dash-dotted

blue, (87,0.33, 32100)].



[ Non-local probe for: Momentum profile n(k) }

",

mean field

n(k) [10°um?

10r

T. Plisson, B.Allard, M. H., G. Salomon, A. Aspect, P. Bouyer, and T. Bourdel
Phys. Rev.A 84,061606(R) (201 1)

Hi]|

Ye—aQMC

N/Ne=174 @]

P

N/Ne =118 ®I

N/Ne=113 @ |

N/Ne = 1.02

(d} |

3D Time of flight expansion (TOF):

* time evolution of the density operator
[)(lf) _ e—th/hp(t _ 0)€?Hf/h

* strong confinement in z (quasi 2D)

= large initial momentum in z
= rapid expansion in z

* slow expansion for in-plane density x/y

= TOF density = momentum dist., n(k),

for long TOF-time t




[ Theory (QMC) < Experiment: Coherence properties ]

T. Plisson, B.Allard, M. H., G. Salomon, A. Aspect, P. Bouyer, and T. Bourdel
Phys. Rev.A 84,061606(R) (2011) Kosterlitz-Thouless transition: Ngr

Characterization of

)

Coherence (Peak around k=0): 5" ™ B .b- 161_4'OT~
S 0-8 h&qt:‘"'f : mean field 13.0 E:sl
Width of the peak: S 0.6 : 0=
HWHM = 0.4 §
E 0.2 -0 an
0.0 .0
1.2t
Height of the peak: X QMC
Fraction of particles in k=0 peak: £ 0.8
No/N 2 0.4}

0 0 - o =m0y

0.6 0.8 1.0 12 14 1.6 1.8
N/Nc

N/Ne = (T/Te)?




jump in the superfluid density ns
where density is critical n(r¢)=n.

KT: nsA2=4 at n.

N
~<
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o
o
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moment of inertia |:

classical: I :/dr?"2p(?‘)

below T.: only normal density

I = /drfrgpn(fr)

non-classical moment of Inertia (NCMI): [, — I = /dr r2ps(T)

total density

T=0 —

N\ QMC —
\Boltzm. --

1/2 4
20,
jump of the superfluid
density at rc
superfluid density ’

0

T./ ~1/2
C _mj‘ /




R. Desbuquois, L. Chomaz, T.Yefsah, |. Léonard, |. Beugnon, C.Weitenberg, and |. Dalibard,

Nature Physics 8,645 (2012)

Step-like behavior in the
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Figure 2 | Evidence for a critical velocity. Two typical curves of the temperature after stirring the laser beam at varying velocities. a, In the superfluid
regime, we observe a critical velocity (here v. =0.87(9) mm s 1), below which there is no dissipation. b, In the normal regime, the heating is guadratic in
the velocity. The fitted heating coefficients are k =18(3) nK s mm 2 and x = 26(3) nK smm ™ in a and b, respectively. The experimental parameters are
(N, Tﬂufr) =(87000,89nkK, kg x59nk, 14.4 um) and (38,000, 67 nK, kg = 39 nK, 16.6 um) for a and b, respectively, yielding pmﬂch:DBE and

fice ks T = 0.04. The data points are the average of typically ten shots. The y error bars show the standard deviation. The x error bars denote the spread of
velocities along the size of the stirring beam (1/+/ radius). The solid line is a fit to the data according to equation (1). The stirring time is 0.2 s for all data
points. Mote that the three low-lying data points in a correspond to the completion of an odd number of half turns. For these data points, where we see a
downshift of the temperature by approximately 1.5nK, we also observe a displacement of the centre of mass of the cloud by a few micrometres.

¢,d, Calculated radial density distribution for the clouds in a and b, respectively. The dashed blue curve shows the superfluid density, the solid red curve
shows the normal density. The stirring beam potential is indicated by the grey shaded area (in arbitrary units). The densities are calculated via the local
density approximation from the prediction for an infinite uniform system'®. The jump of the superfluid density from zero to a universal value of 4,’1§B

(where Ay is the thermal de Broglie wavelength) is a prominent feature of the BKT transition. The normal density makes a corresponding jump to keep the
total density continuous.
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Local superfluid density: QMC

«local» moment of inertia I(r)
from linear response to local field coupled to momentum density

classical «local» moment of intertia la(r) from local total density

non-classical «local» moment of intertia lhemi(r)=la(r)-1(r)

NCMI I_(r)=I_;-I (N=70000, g=0.147, o,/0,=185.5, t=0.606)
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[ Kosterlitz-Thouless: algebraic order]

@ density profile: Tkt from phase space density + LDA
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@ one-body coherence in the center of the trap gi(r,0)
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towards stronger interactions....

local superfluid

£

t=0.50, T=73.7 nK ---
rhoC lambda® (LDA) ——-—

lambda

t=0.62,

density rho_(r): N=47500 g=1.07
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t
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[ Algebraic decay in trap ]

P.A. Murthy, |. Boettcher, L. Bayha, M.H., D. Kedar, M. Neidig, M.G. Ries,A.N.Wenz, G. Ziirn, S.Jochim,
Phys. Rev. Lett. [ 15,010401 (2015).

p= O Exponental ety apparent exponent
S s of algebraic decay

¥ (arbitrary units)
= =
[ [

=
1
1

g 14- . 1 ne(trap) ~1.4>1/4

analytlFaI desc.rlptlon based on ph:zise  Bocticher MH.
fluctuations (spin-wave approximation):  Phys.Rev.A 94,011602(R) (2016).



Competition between interaction (g) and disorder (V)

Kosterlitz-Thouless
transition at T>0?

Suprafluid islands,
percolation ?

[ «Insulatory state J
Normal state at T>0?
at T=0 (Bose glass) ?

Experimental realizations:

¢ suprafluid transition of *Helium in vycor,

¢ superconductor-insulator transition in high Tc

(X trapped ultracold atoms with artificial disorder (2D) )




[ Dirty Bosons: Suprafluid transition J

Number of condensed particles No at fixed disorder amplitude Vg

at Tkr
8 ! =7
superfluid phase:  Ng/L7/4 i{\.-'(:] ~ L.f/ 4 normal phase:
Superfluid
AT 2—n (T 6 N —
*\ 0~ L (1) Normal *'\ 0 — O ( 1)
r‘;jq- _muuu
3
2 - 100
o) L=40
03 4 5 6

Suprafluid transition remains in Kosterlitz-Thouless universality class

up to high disorder amplitude
(Harris criterium: small amplitude)




Dirty Bosons in two dimensions:
Phase diagram

Phase diagram as a function of temperature T and disorder amplitude Vr

2mo2u=5 fixed

7 | | | |
0 1
Tc (#’) —_—Pr 8
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- . s mmmm=me===ST E
universality class 4L . ]
(different from ~ » 3
Percolation transition!) ~ 3 F ?% -
o TN |
% 3
\ Bose Glass
~ TV Lr — T —=Va) -
T.(Vi) ~ T (Vi — 1)
.0. | | | |

renormalization of | 0 0.5 l 15 > 35
compared to clean system Vil



[Transport : Conductance from QMC (homogenous)j

G. Carleo, G. Boéris, M. Holzmann, and L. Sanchez-Palencia, Phys. Rev. Lett. [ | |, 037203 (201 3)

current-correlations . . 1 (B—VH ol
S oS (@) T (—q, 0)) = =T [e (B=mH T (q)eT Ja.(—q)]
in imaginary time: Z
d G(0) f - - = wexp(—Tw)
conductance G(0) from lim (Jo(q 7)Ja(—q,0)) =2 [ duw — = G(w)
inverse Laplace transform: 90 —oo 1 —exp(—fw)
79.5 T T T T T T T
Integral Estimator ——
70 L Direct Estimator 4
direct computations of
. 78.5%
current-correlations: o L
78 M, y -
large errors! \
77.5 - N /f-;' _
77 b \“‘g_. / -
. , 76.5 | \J_--l_\ ;:e/ |
improved QMC estimator: L
large reduction of variance! o o
755 1 -
?5 | | | | | | |
0 2 4 6 8 10 12 14 16

Figure 1: Current-current correlations deep in the disordered phase



Dirty Bosons:
transport properties

]0 | | | | | | I . |
. 0.8 Arrhenius
«Conductance» Gpc C os \G (/W)
at VR=2.4l [ ' —
I 0
Gpo ~ e BT | ’ : 2
G 15 :
RS
no indication of 10 hG (Vo /1)
localized phase i
at T>0 :
0.1 ¢ 1 2 *\3#\: E

1 2 3 4 5 6 7 8

kT
Many-Body «delocalization» at T>0: &

Perturbation theory around non-interacting localized phase diverges for

continuum systems + correlated disorder
R. Nandkishore, cond-mat 1408.6235 (2014).



Accessing Out-Of-Equilibrium-Dynamics:
Time-Dependent Variational Monte Carlo

 Action priciple for time-dependent Schrodinger equation

S = / dt / dRU*(R. 1) (—ihd, + H) U(R. 1)

0S5

o =0 ™ im0 E(R.1) = HY(R1)

« Ansatz with correlated many-body wavefunction with time-dependent parameters

U (R 1) = exp [—(_,.T(Q)(R,z‘) _UG(R.1) — ]
U(Q)(R_.t) = Z ug(r;, r;:t) [.,-7(3)([{,1‘) — Z ug(r;.r;, T8 1)
1<] 1<j<k
> First implementation using two-body Jastrow VMC for 1D lattice system:

G. Carleo, F. Becca, M. Schiro, and M. Fabrizio, Scientific Reports 2, 243 (2012).



Quench-Dynamics for Lieb-Liniger 1D Bosons:
Time-Dependent VMC In continuum space

G. Carleo, L. Cevolani, L. Sanchez-Palencia, and M. H., cond-mat/1612.06392
1D Bosons with d-interaction:

volx,y) = golx — ~
« Sudden quench of interaction strength from g=0 to g=g, at t=0

» Correlated wave function with 2-body U2 and 3-body U® Jastrow function

1.0
Comparison for N=6-11 Bosons

With Bethe-Ansatz (BA) results

0.6}

Pair-correlation function at 0.4
zero distance g,(0)

0.2

0.0 '
0.0




Large systems (N=100)

0.0 '
0.0 0.4 4 038 1.2

0.4}

General quenches:
from interacting Initial state g.

92(0)

0.2}

O'OO 2 4 6 &8 100 2 4 6 8 10



Tests against exact diagonalization with N=3:

2.0 .

Time-discretization error

Quench from g=0 to g=8

Pair correlation at finite distance
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Perspectives:

» Better variational wave functions (iterated backflow)
||» Fermions  Variational density matrix (- B.Clark)
* Imaginary time dynamics (- J.Boronat)

||» spectral quantities? * Dynamic structure factor (- D.Galli, G.Bertaina,N.Prokof’ev)
e conductivity

) Time dependence for 3D quantum gases/ liquids

. Krauth (ENS, Paris)
PA. Murthy,
G. Carleo (ETH, Ziirich . Boettcher,
L. Bayha, M.H., D. Kedar,
M. Neidig, M.G. Ries,

B. Allard, T. Plisson, A.N.Wenz, G. Zurn,
S.Jochim,
(Univ. Heidelberg)

G. Salomon, A. Aspect,
P. Bouyer, T. Bourdel
(Paleseau)
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