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Prange and Girvin, “The Quantum Hall Effect” (Springer, 1990).

Hasan et al., Rev. Mod. Phys. 82, 3045 (2010). 

Xiao et al, RMP, 82, 1959  (2010)

Qi et al, Rev. Mod. Phys. 83, 1057 (2011). 
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Lecture notes on Quantum Hall: Tong, arXiv:1606.06687

Online course on topological physics: https://topocondmat.org/
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Topology & Mathematics

No holes: genus=0 1 hole: genus=1

In mathematics, topology is used to classify different surfaces

The genus is an example of a “topological invariant”

Key features of topological invariants: 
•  Global property 
•  Integer-valued  
•  Robust under smooth deformations



Topology & Phases of Matter

RH =
h

ne2
n

VH = RHI

Discovery of the quantum Hall effect:

2016

Very precisely-quantized response that is remarkably robust to disorder 

Why?  

Because this is a topological phase of matter

1985

Cold, quasi-2D 
sample 



Topology & Phases of Matter

Most phases of matter:
• Classified according to spontaneously broken symmetries, e.g.: 

• translational symmetry for solids 
• rotational symmetry for magnets… 

• Characterised by local order parameter

Topological phases of matter:
• Cannot be understood in terms of spontaneous symmetry breaking 
• Characterised by global topological integer invariant 



Topology & Phases of Matter

• Greater controllability and tuneability 
• Explore new topological phases of matter 
• Different observables — learn more! 

Photons

Cold atoms

Not just electrons in solid-state systems, also

Fits into this summer school as: 
•  Very interdisciplinary area 
•  Fundamental quantum physics 
•  Quantum simulation 
•  Future quantum technologies?



Not useful for systems where strong correlations are important: 
• Fractional quantum Hall effect… 

Topological band theory

 n,k(r) = eik·run,k(r)

Ĥkun,k = En(k)un,k

We’ll focus on how single-particle energy bands 
are characterised by topological invariants

Figure from: 
Aidelsburger et al., 
Nat. Phys. 11, 162, 
(2015)

Topological invariants 
(e.g. Chern numbers)

E1(k)

What is “topological” in a topological phase of matter?

Useful for systems well-described by independent particles: 
• Integer quantum Hall effect, topological insulators… 

or independent quasi-particles: 
• topological superconductors and superfluids

ν1=1

ky (π/a) kx (π/a)-0.5 -0.5
0.5 0.5

/a)

ν3=1

ν2=-2

The wave-function



Two bands are topologically-equivalent if one can be adiabatically-
deformed into the other without closing the energy gap

Topological equivalence

Bulk-boundary correspondence:  
must be gapless modes at the boundary between two different topological phases

Topological 
invariant (e.g. 

Chern number) of 
lowest band 

Topological invariants 
(e.g. Chern numbers)

tuning 
parameter

gapless system 
(topological phase transition)

Figure from: Aidelsburger et al., 
Nat. Phys. 11, 162, (2015)
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Energy bands can be classified by different types of topological invariants 
depending on the symmetries and dimensionality of the system

Symmetry is, as ever, a guiding physical principle!

Spatial symmetries Non-spatial symmetries

Reflection

Rotation…

Particle-hole symmetry

Chiral symmetry
C = T P

Symmetry & topological band theory

PH(k)P�1 = �H(�k)

T H(k)T �1 = H(�k)

CH(k)C�1 = �H(k)

Time-reversal symmetry

Kitaev, arXiv:0901.2686
Ryu et al., New J. Phys. 12, 065010 (2010)

Chiu, et al., RMP 88, 035005, (2016)
Find out more:



“Periodic table” of gapped phases of quadratic fermionic Hamiltonians with only non-spatial discrete symmetries

Time-
reversal

Particle-
hole Chiral

Dimensionality

Result of squaring the 
symmetry operator  

(0=symmetry is broken)

Possible values of 
topological invariant: 

0 : always trivial 
   :  an integer 
    : 0,1 

N.B. Also topological 
classifications of: 

(i) defects,  

(ii) spatial symmetries,  

(iii)gapless systems… 

Class

Symmetry & topological band theory

Z
Z2

Kitaev, arXiv:0901.2686
Ryu et al., New J. Phys. 12, 065010 (2010)

Chiu, et al., RMP 88, 035005, (2016)
Find out more:



N.B. Role of symmetry 
is very different to in 

spontaneous 
symmetry-breaking

However, the presence/absence of certain symmetries is not a sufficient condition 
for nontrivial topology

0, 1, 2, 3... 2 Z 0, 1 2 Z2

Topological robustness

Within a given symmetry class, topological invariants are typically very robust against 
 small perturbations… 

  
…but if the perturbation breaks the symmetries, the class changes and topological 

properties are no longer necessarily well-protected 

Why are symmetries important?   Tells us where to look &…

Symmetry & topological band theory

So we still have to explicitly calculate the invariant to see if a system is nontrivial



Time-
reversal

Particle-
hole Chiral

Dimensionality
Class

Quantum Hall

Topological 
Insulators

Topological 
Superconductors

SSH Model

These lectures
In these first two lectures, I will briefly introduce:



Bands have non-zero topological 
1st Chern numbers

• Very robust as band invariants can only change if gap closes 

• Bulk-boundary correspondence: one-way chiral edge states

Figure from 
C. L. Kane & E. J. Mele, 

Science  314, 5806, 
1692 (2006)

2D Quantum Hall Effect

Bands are topologically-trivial

quantised Hall response 
of occupied bands

⌫n1

RH =
h

ne2
n

�
xy

= �e2

h

X

n2occupied

⌫
n



Berry phase M. V. Berry, Proc. R. Soc. A 392, 45 (1984)

H(R)|n(R)i = En(R)|n(R)i,

R = (R1, R2..)Let’s consider a general Hamiltonian with a set of parameters: 

To keep it simple, we consider normalised 
non-degenerate eigenstates

| n(t)i = e�i✓(t)|n(R(t))i

A pure state                     evolves under adiabatic variation of parameters as:|n(R(0))i

i~ @
@t

| n(t)i = H(R(t))| n(t)i,Plug into the Schrodinger equation:

~@✓(t)
@t

|n(R(t))i+ i~ @

@t
|n(R(t))i = En(R(t))|n(R(t))i.

From the orthogonality and normalisation of eigenstates:

~@✓(t)
@t

= En(R(t))� i~hn(R(t))| @
@t

|n(R(t))i

✓(t) =
1

~

Z t

0
En(R(t0))dt0 � i

Z t

0
hn(R(t0))| @

@t0
|n(R(t0))idt0.



Berry phase
✓(t) =

1

~

Z t

0
En(R(t0))dt0 � i

Z t

0
hn(R(t0))| @

@t0
|n(R(t0))idt0.

M. V. Berry, Proc. R. Soc. A 392, 45 (1984)

Dynamical phase and this?

�n = i

Z t

0
hn(R(t0))| @

@R
|n(R(t0))i@R

@t0
dt0 = i

Z

C
hn(R)| @

@R
|n(R)idR.

Removing the explicit time-dependence

geometrical phase!

�0
n = 0

But what if we gauge-transform our wave-function? |n(R)i = ei�(R)|n(R)i

�0
n = i

Z

C
hn(R)| @

@R
|n(R)idR�

Z

C

@�(R)

@R
dR = �n � [�(R(T ))� �(R(0))],

Looks like we can choose the 
gauge-transformation so that 

smooth, single-valued function



Berry phase M. V. Berry, Proc. R. Soc. A 392, 45 (1984)

But if we consider a closed contour then:

�(R(T ))� �(R(0)) = 2⇡ ⇥ Z,

�0
n = �n � 2⇡Zand so

C
k
x

ky

i.e. the geometrical phase is physical and gauge-invariant (up to         )  
for a closed contour : the Berry phase

�0
n = �n � 2⇡Z

R1

R2

|n(R)i = ei�(R)|n(R)i



Berry phase M. V. Berry, Proc. R. Soc. A 392, 45 (1984)

Berry phase effects in magnetism E9.3

1 Introduction

In 1983, Berry made the surprising discovery that a quantum system adiabatically transported
round a closed circuit C in the space of external parameters acquires, besides the familiar dy-
namical phase, a non-integrable phase depending only on the geometry of the circuit C [1]. This
Berry phase, which had been overlooked for more than half a century, provides us a very deep
insight on the geometric structure of quantum mechanics and gives rise to various observable
effects. The concept of the Berry has now become a central unifying concept in quantum me-
chanics, with applications in fields ranging from chemistry to condensed matter physics [2, 3].

The aim of the present lecture is to give an elementary introduction to the Berry phase, and
to discuss its various implications in the field of magnetism, where it plays an increasingly
important role. The reader is referred to specialized textbooks [2, 3] for a more comprehensive
presentation of this topic.

2 Parallel transport in geometry

The importance of the Berry phase stems from the fact that it reveals the intimate geometrical
structure underlying quantummechanics. It is therefore appropriate to start with an introduction
of the fundamental concept of parallel transport in a purely geometrical context; we follow here
the discussion given by Berry in Ref. [4].

This is best illustrated by means of a simple example. Consider a surface Σ (e.g., a plane, a
sphere, a cone, etc.) and a vector constrained to lie everywhere in the plane tangent to the
surface. Next, we wish to transport the vector on the surface, without rotating it around the
axis normal to the surface, as illustrated in Fig. 1. We are interested, in particular in the case, in
which the arrow is transported round a closed circuit C ¥ (1! 2! 3! 1). Wemay encounter
two different situations: (i) if the surface is flat, as on Fig. 1(a), then the arrow always remains
parallel to its original orientation, and therefore is unchanged after completion of the circuit C;
(ii) if, however, the surface Σ is curved as on Fig. 1(b,c), the arrow, being constrained to lie in
the local tangent plane, cannot remain parallel to its original orientation, and after completion
of the circuit C, it is clearly seen to have been rotated by an angle µ(C), a phenomenon referred
to as anholonomy.

Fig. 1: Sketch of parallel transport on (a) a plane, (b) a sphere, and (c) a cone.

Let us now formalize this procedure. The arrow is represented by a tangent unit vector e1,

Analogous to the rotation of a vector under parallel transport around a closed contour 

On a surface, the rotation of 
the vector depends on the 

Gaussian curvature enclosed

Figure from: P. Bruno, arXiv:cond- mat/0506270  

�(R(T ))� �(R(0)) = 2⇡ ⇥ Z,

�0
n = �n � 2⇡Zand so

i.e. the geometrical phase is physical and gauge-invariant (up to         )  
for a closed contour : the Berry phase

�0
n = �n � 2⇡Z

 =
1

r1r2

 =
1

r2
> 0 = 0

But if we consider a closed contour then: |n(R)i = ei�(R)|n(R)i



�n =

I

C
dR · An(R) =

Z

S
dS · ⌦n(R)

An(R) = ihn(R)| @

@R
|n(R)i

Berry phase Berry connection Berry curvature

(modulo) gauge-invariant gauge-dependent gauge-invariant

Analogous to  
magnetic flux

Analogous to  
a magnetic vector potential

Analogous to  
a magnetic field

⌦n(R) = r⇥An(R)

An(R) ! An(R)� @�(R)

@R
r⇥r�(R) = 0

A(r) B(r) = r⇥A(r)

�(R(T ))� �(R(0)) = 2⇡ ⇥ Z,

� =

Z

S
dS ·B(r)

Berry phase, connection & curvature
Inspired by that geometrical analogy, 
let’s define some more properties:

�n = i

I

C
hn(R)| @

@R
|n(R)idR



From geometry to topology

⌫n =
1

2⇡

Z

S
tot

dS · ⌦n(R)

Analogously, we can relate the geometry and topology of eigenstates over a closed 
parameter space, e.g.: 

Let’s go back to that geometrical analogy again 

In fact, geometry and topology are connected, e.g. :

g = 0 g = 1

Z

S
tot

dS = 4⇡(1� g)

Gauss-Bonnet theorem

topological  
1st Chern number

For much more about this, see “Geometry, Topology and Physics" by M. Nakahara, IOP Publishing, (2003)

S
tot

closed two-dimensional surface



1st Chern Number
But wait a minute…. 

⌫n =
1

2⇡

Z

S
tot

dS · ⌦n(R) ! 1

2⇡

I

C
dR · An(R) = 0 So this is always 

zero?

Actually, Stokes’ theorem assumes the Berry connection has no singularities 
inside the contour. If this is true, then yes the 1st Chern number is zero.

Z

S
tot

dS · ⌦n(R) =

Z

S
1

dS · ⌦n(R) +

Z

S
2

dS · ⌦n(R) = �n + �0
n = 2⇡⌫n.

�n = ��0
n + 2⇡⌫n,But

As Berry phase is 
gauge-dependent 

modulo �0
n = �n � 2⇡Z

S2

If not, we can get rid of singularities by defining different gauges over different patches

�n =

I

C1

dR · An =

Z

S1

dS · ⌦n(R),

�0
n =

I

C2

dR · A0
n =

Z

S2

dS · ⌦n(R),

S1

Gauge 1 Gauge 2

C1 = �C2



1st Chern numbers & Bloch bands
So far we have considered a general parameter space [come back to in Lecture 3],  
but let’s now return to topological band theory

⌫n =
1

2⇡

Z

BZ
d2k · ⌦n(k) 2 Z

An(k) = ihun,k|
@

@k
|un,ki

⌦n(k) = r⇥An(k)

�

a

��

a

kx

ky

��

a

�

a

kx

ky

Crucially, the Brillouin zone defines “a closed surface”

N.B. the above can be 
generalised to bands with 

degeneracies

 n,k(r) = eik·run,k(r)

Ĥkun,k = En(k)un,k

Figure from: 
Aidelsburger et al., 
Nat. Phys. 11, 162, 
(2015)

E1(k)
ν1=1

ky (π/a) kx (π/a)-0.5 -0.5
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ν2=-2



2D Quantum Hall Effect

Karplus & Luttinger Phys. Rev. 95, 1154 (1954)… 
Chang & Niu, PRL, 75, 1348 (1995)…  
Review: Xiao et al, RMP, 82, 1959  (2010) 

Consequences of the Chern number:

• Quantized Hall conductance (TKNN result) 

•  Chiral edge modes (Bulk-Boundary Correspondence) :

�
xy

= �e2

h

X

n2occupied

⌫
n

n
edge

=
X

n2occupied

⌫n

“Anomalous velocity”: 
analogous to a Lorentz 

force with roles of position 
and momentum swapped

Semiclassical dynamics of a wavepacket in a lattice

k

kcEn

[Better derivation with Kubo formula]

Now consider a band insulator

j
x

= �e2

h

E
y

(2⇡)

X

n2occupied

Z

BZ

d2k · ⌦
n

(k)

j = � e

(2⇡)2

X

n2occupied

Z

BZ
d2k ·


1

~
@En(k)
@k

+
e

~E⇥ ⌦n(k)

�

Thouless et al., Phys. Rev. Lett. 49, 405,1982

ṙc =
1

~
@En(kc)

@kc
� k̇c ⇥ ⌦n(kc)

~k̇c = �eE



⌦n(k) = �⌦n(�k)
Under time-

reversal 
symmetry (TRS)

Time-reversal symmetry breaking

⌫n =
1

2⇡

Z

BZ
d2k · ⌦n(k) = 0so

if TRS is present

How to break TRS physically? 
• Apply a magnetic field to a charged particle:  
• But also many other approaches…

F = qv ⇥B

Seminal theoretical models with broken TRS:
• Continuum: Landau levels 
• Chern insulators [lattice models]: Harper-Hofstadter model & Haldane model

Breaking TRS for 
cold atoms & 

photons in 
Lectures 3 and 4

Time-
reversal

Particle-
hole Chiral



Chern Insulator:  
Harper-Hofstadter Model

Charged particle hopping on a tight-binding 2D square lattice in a uniform magnetic field

Peierls 
substitution J

x

! J
x

ei✓
x

m,n , ✓x
m,n

= � e

~

Z r
m+1,n

r
m,n

A · dx

and similarly for y

(m,n) (m+ 1, n)

J
x

a†
m+1,nam,n

�

in the Landau gauge A = (0, Bx, 0)

H = �J
X

m,n

[a†m+1,nam,n + ei2⇡↵ma†m,n+1am,n + h.c.]

✓y
m+1,n � ✓y

m,n

� ✓x
m,n+1 + ✓x

m,n

= � e

~ [B(m+ 1)a2 �Bma2]

= 2⇡
�

�0
= 2⇡↵

Then hopping around a plaquette:

(m,n) (m+ 1, n)

(m,n+ 1) (m+ 1, n+ 1)

↵ = �eBa2/h

No/ flux quanta per 
plaquette

Hofstadter, PRB 14, 2239, (1976)



Interplay between lattice and magnetic field gives fractal 
energy spectrum : the Hofstadter butterfly
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Chern Insulator:  
Harper-Hofstadter Model
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Figure 2.4: (a-c) The spectrum of the Harper-Hofstadter model as a function of ky, when the
system is finite (100 sites) along x-direction. I have chosen three di↵erent values of
↵. (d,e) The wavefunction of the Harper-Hofstadter model with ↵ = 1/5 when the
system is finite (100 sites) along x-direction. I chose edge states within the first gap,
indicated by greend and red dots in (c).
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E/J

Numerical 
diagonalisation 
on a cylinder
↵ = 1/5

B A

Non-zero Chern numbers and topological edge modes:

Figures courtesy of T. Ozawa



Figure 2: The topological phase diagram of the Haldane model in �-M plane.
The Chern numbers of each phase is also indicated.

the edge states cross. What does it mean? That means, the edge state at the
left edge only has the negative group velocity and the edge state at the right
edge only has the positive group velocity. This means that the edge states are
going around in one direction, and the backscattering is impossible. In that
sense, these edge states are topologically protected, and this is the consequence
of having topologically nontrivial bands.

In Fig. 3(c), I plot the spectrum when both � and M are nonzero but still in
the topological phase. As long as we are in the topological phase in the phase
diagram Fig. 2, the edge state structure does not change, and the edge states
always cross in the spectrum.

In Fig. 3(d), I plot the spectrum with the same parameters as in Fig. 3(c) but
with the periodic boundary condition in x-direction. That means, in Fig. 3(d),
the edge was removed from the system. Now we do not see two lines of edge
states in the spectrum. What we see corresponds just to the bulk band structure.

To summarize, the Haldane model exhibits topologically trival or nontrivial
band structure depending on the relative strenght of � and M/t2. If one is in
the topologically nontrivial regime, the result is that in the energy spectrum
calculated with an open boundary condition exhibits states localized at the
edges. Remember that the topological Chern number is the bulk property of
the system. This relation between the bulk Chern number and the existence
of the edge states, called the bulk-edge correspondence as we saw in previous
lectures, is a highly nontrivial property of topologial phases of matter.

4

⌫1 = +1⌫1 = �1

⌫1 = 0

⌫1 = 0

Figure 1: The schematic hopping structure of the Haldane model. In the lower
left corner, I described the direction of hoppings where the phase is �. The
hoppings in the opposite direction have the phase of ��.

A schematic diagram of the Haldane model lattice structure is written in
Fig. 1. In addition to the nearest neighbor hoppings, which are along R

j

, we
also have next-nearest neighbor hoppings, which are along R

0
j

. The next-nearest
neighbor hopping is complex with phase of �, along the arrows in the lower left
hexagon of the figure, and the hopping phase is �� for the hoppings in the
opposite direction.

The corresponding Hamiltonian is

ĤHaldane =t1
X

r,j

⇣
a†
r+Rj

br + H.c.
⌘

+ t2
X

r,j

⇣
ei�a†

r+R0
j
ar + e�i�b†r+R0

j
br + H.c.

⌘

+ M
X

r

�
a†
rar � b†rbr

�
, (1)

where the first term is the ordinary nearest-neighbor hoppings for a honeycomb
lattice, the second term is the next-nearest-neighbor hoppings with complex
amplitude which breaks the time-reversal symmetry, and the last term is the on-
site energy di↵erence between A and B sublattices (which breaks the inversion
symmetry but that is not really important here).

Making a Fourier transform, the k-space Hamiltonian is

ĤHaldane =
X

k

�
a†(k) b†(k)

�

✓
M + 2t2

P
j

cos(�� k · R0
j

) t1
P

j

e�ik·Rj

t1
P

j

eik·Rj �M + 2t2
P

j

cos(� + k · R0
j

)

◆ ✓
a(k)
b(k)

◆
,

(2)

2

Charged particle hopping on a tight-binding 2D honeycomb lattice

Chern Insulator: Haldane Model

HHaldane = t1
X

r,j

⇣
a†r+Rj

br + h.c.
⌘

+ t2
X

r,j

⇣
ei�a†r+R0

j
ar + e�i�b†r+R0

j
br + h.c.

⌘

+M
X

r

�
a†rar � b†rbr

�

• Complex NNN hoppings break TRS 

• First example of a Chern insulator model 
with zero average magnetic flux

Topological phase transition  
(gapless Dirac points)

Topological phase diagram

Figures courtesy of T. Ozawa

Haldane, PRL, 61, 18, (1988)



Fractional Quantum Hall Effect

N

N�
=

p

q
QH plateaux at non-
integer filling fractions

Important features include: 
•  topological degeneracy  
•  quasiparticles with fractional charge 
•  quasiparticles with fractional statistics & maybe even non-abelian statistics…

Unlike in the integer quantum 
Hall effect, strong electron 

interactions play a crucial role

Ultimate goal for why ultracold atoms and photons want to 
engineer artificial quantum Hall states

Find out more in lecture notes: Tong, arXiv:1606.06687

1998



Anyons & Non-Abelian Anyons
In 2D, exchange statistics of 2 particles can be interesting:

Abelian anyons| 1 2i = ei✓| 2 1i ✓ = ⇡ Fermions
✓ = 0

Non-Abelian anyons| 1 2i = M| 2 1i

When different “Braiding” operations to exchange 
particles do not commute  

(possible when states have some degeneracy) 

Bosons

Anticlockwise Clockwise
Figures: CC0 wikipedia User:maschen

Figure from: http://www.nature.com/
scientificamerican/journal/v294/n4/box/

scientificamerican0406-56_BX3.html

Non-Abelian anyons 
could be used for 

topological quantum 
computing

Braiding = logic gates

Qubits

Small perturbations do not 
disrupt braiding — very 

robust!
C. Nayak et al. Rev. Mod. 

Phys., 80,1083, 2008.  



Before we move on,  
here are a few more interesting things about 

quantum Hall systems 

(that are relevant to cold atoms and photonics) 



Higher dimensions

Time-
reversal

Particle-
hole Chiral

in 6D: 3rd Chern number and so on…

in 4D: 2nd Chern Number

Leads to a nonlinear quantized Hall response

j
x

=
q3

h2
E

y

B
zw

X

n2occ.

⌫(2)
n

⌫(2)
n

=
1

8⇡2

Z

4DBZ
⌦

n

^ ⌦
n

2 Z ,

=
1

4⇡2

Z

4DBZ
[⌦xy

n

⌦zw

n

+⌦wx

n

⌦zy

n

+⌦zx

n

⌦yw

n

]d4k

weak magnetic 
perturbation in z-w 

plane

Ultracold atoms and photons could be used to explore 
higher-dimensional topology (Lectures 3 & 4)

S.-C. Zhang and J. Hu, Science 294, 823 (2001).



Topological Pumping

D. J. Thouless, 
Phys. Rev. B 27, 6083 (1983)

pumping parameter

dsdl

ϕ

Fig adapted from Lohse, M 
et al. Nat. Phys. 12, 

350–354 (2016).  
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Physical consequences? Adiabatically pump a wavepacket
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n @t'

Then for a filled band insulator: x(T ) = ⌫n
Quantized 
COM shift

anomalous 
velocity

BUT remember the pump parameter is external (not a dynamical variable)      
—> quantised transport only after a full pump cycle
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Topological Pumping

H = �J
X

m,n

[a†m+1,nam,n + ei2⇡↵ma†m,n+1am,n + h.c.]

How to make a topological pump?
1. Start from a 2D QH system, e.g. HH model

am,n =
X

ky

eikynam,ky

Harper 
model

2. Fourier-transform with respect to one dimension

H = �J
X

m,ky

h
a†m,ky

am+1,ky + h.c. + 2 cos (2⇡↵m+ ky) a
†
m,ky

am,ky

i
.

3. Take a single Fourier component and relabel the momentum as the pumping parameter

H1D = �J
X

m

h
a†mam+1 + h.c. + 2 cos (2⇡↵m+ ') a†mam

i
.

This is just a 1D hopping model with an onsite-potential that depends on position 

Pumping corresponds to shifting the on-site potential 

[NB Can do similar procedure in 4D]
Kraus et al., Phys. Rev. Lett. 111, 226401 (2013).



Time-
reversal

Particle-
hole Chiral

Dimensionality
Class

Quantum Hall

Topological 
Insulators

Topological 
Superconductors

SSH Model

These lectures
In these first two lectures, I will briefly introduce:



Time-Reversal Symmetry

For spin-1/2 particles:

For spinless particles: T = K (charge conjugation)

T = �i�yK =

✓
0 �1
1 0

◆
K

T �
x

T �1 = ��
x

as need TR to also flip the spin:

and similarly for the other Pauli matrices

T 2 = K2 = +1

T 2 = (�i�yK)2 = �1

bosons (integer spin) have 

fermions (half-integer spin) have T 2 = �1

T 2 = +1

In general

T = K

T = K



Kramer’s Theorem

T �1HT = H

Let’s consider a Hamiltonian with TRS

on the spinor space. The biggest di↵erence between the time-reversal operator of spinless systems,
K, and that in spin 1/2 system, T , is their properties when we square them. We can see

K2 = +1

T 2 = (�i�
y

K)(�i�
y

K) = �i�
y

(+i)(��
y

)KK = �1. (3.9)

So, for the spinless system, the square of the time-reversal operator is +1, whereas for spin 1/2
system, the square of the time-reversal operator is �1. In fact, one can generally show that, for
spin integer (i.e. bosonic) systems, one has T 2 = +1, whereas for spin half-integer (i.e. fermionic)
systems, one has T 2 = �1, where T is the time-reversal operators in respective systems.

The Kramers’ theorem is the theorem which holds in spin half-integer (fermionic) systems with
the time-reversal symmetry. Let us assume that H is a Hamiltonian of spin half-integer (fermionic)
systems with the time-reversal symmetry. That means, there is a time-reversal operator T which
satisfies T �1HT = H and T 2 = �1. Let’s say that | i is an eigenstate of H with energy E. Then,
the state T | i is also an eigenstate of H with the same energy E because

HT | i = T T �1HT | i = T H| i = T E| i = ET | i. (3.10)

Now, the question is, is this state T | i same or di↵erent from | i? If we assume that T | i is the
same state as | i, they should be related just by an overall phase, namely T | i = ei↵| i, where ↵
is some real number. But then

�| i = T 2| i = T ei↵| i = e�i↵T | i = e�i↵ei↵| i = | i, (3.11)

which means that | i = 0, which is a contradiction that | i is an eigenstate of H. Therefore, T | i
and | i are two independent, di↵erent, states. This is the Kramers theorem. Let me write it again:

In time-reversal symmetric systems with fermionoic time-reversal symmetry (T 2 =
�1), for a given eigenstate | i, there exists another state with the same energy given
by T | i.

Note that T 2 = �1 played a crucial role in deriving (3.11). The Kramers’ theorem therefore only
holds for the case of T 2 = �1. When we have a bosonic time-reversal symmetry (T 2 = +1), we do
not know if T | i is the same or di↵erent from | i.

An important consequence of the Kramers’ theorem is that, at time-reversal symmetric mo-
menta, any state is at least doubly degenerate. What I mean is the following. Let’s say that there
is an eigenstate with momentum k = 0, and call it |k = 0i. Upon the time-reversal operation,
k ! �k, but at k = 0, the time-reversal operation does not change the momentum. According
to the Kramers’ theorem, |k = 0i and T |k = 0i are two di↵erent states with the same energy,
but the momentum of T |k = 0i should be still k = 0 and therefore, there are two states with the
same energy at k = 0. A similar result holds for any time-reversal symmetric momentum. In a
lattice system, momenta which di↵er by a reciprocal lattice vector are equivalent, so for example,
k = (⇡, 0) maps to k = (�⇡, 0) upon time-reversal operation on a simple two-dimensional square
lattice, but these two momenta are equivalent, and then because of the Kramers’ theorem, states
are at least doubly degenerate at k = (⇡, 0). We are now ready to introduce the Kane-Mele model.

3.3 Kane-Mele model

The Kane-Mele model is a honeycomb lattice model. A crucial di↵erence with respect to the
honeycomb lattice models we have seen so far is that now we consider a spinful system, with spin
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H| i = E| i

Then from

i.e. T | i

TRS:

is also an eigenstate at energy E

Is this the same state? if so: T | i = ei↵| i
some real number

on the spinor space. The biggest di↵erence between the time-reversal operator of spinless systems,
K, and that in spin 1/2 system, T , is their properties when we square them. We can see

K2 = +1

T 2 = (�i�
y

K)(�i�
y
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y

(+i)(��
y

)KK = �1. (3.9)

So, for the spinless system, the square of the time-reversal operator is +1, whereas for spin 1/2
system, the square of the time-reversal operator is �1. In fact, one can generally show that, for
spin integer (i.e. bosonic) systems, one has T 2 = +1, whereas for spin half-integer (i.e. fermionic)
systems, one has T 2 = �1, where T is the time-reversal operators in respective systems.

The Kramers’ theorem is the theorem which holds in spin half-integer (fermionic) systems with
the time-reversal symmetry. Let us assume that H is a Hamiltonian of spin half-integer (fermionic)
systems with the time-reversal symmetry. That means, there is a time-reversal operator T which
satisfies T �1HT = H and T 2 = �1. Let’s say that | i is an eigenstate of H with energy E. Then,
the state T | i is also an eigenstate of H with the same energy E because

HT | i = T T �1HT | i = T H| i = T E| i = ET | i. (3.10)

Now, the question is, is this state T | i same or di↵erent from | i? If we assume that T | i is the
same state as | i, they should be related just by an overall phase, namely T | i = ei↵| i, where ↵
is some real number. But then

�| i = T 2| i = T ei↵| i = e�i↵T | i = e�i↵ei↵| i = | i, (3.11)

which means that | i = 0, which is a contradiction that | i is an eigenstate of H. Therefore, T | i
and | i are two independent, di↵erent, states. This is the Kramers theorem. Let me write it again:

In time-reversal symmetric systems with fermionoic time-reversal symmetry (T 2 =
�1), for a given eigenstate | i, there exists another state with the same energy given
by T | i.

Note that T 2 = �1 played a crucial role in deriving (3.11). The Kramers’ theorem therefore only
holds for the case of T 2 = �1. When we have a bosonic time-reversal symmetry (T 2 = +1), we do
not know if T | i is the same or di↵erent from | i.

An important consequence of the Kramers’ theorem is that, at time-reversal symmetric mo-
menta, any state is at least doubly degenerate. What I mean is the following. Let’s say that there
is an eigenstate with momentum k = 0, and call it |k = 0i. Upon the time-reversal operation,
k ! �k, but at k = 0, the time-reversal operation does not change the momentum. According
to the Kramers’ theorem, |k = 0i and T |k = 0i are two di↵erent states with the same energy,
but the momentum of T |k = 0i should be still k = 0 and therefore, there are two states with the
same energy at k = 0. A similar result holds for any time-reversal symmetric momentum. In a
lattice system, momenta which di↵er by a reciprocal lattice vector are equivalent, so for example,
k = (⇡, 0) maps to k = (�⇡, 0) upon time-reversal operation on a simple two-dimensional square
lattice, but these two momenta are equivalent, and then because of the Kramers’ theorem, states
are at least doubly degenerate at k = (⇡, 0). We are now ready to introduce the Kane-Mele model.

3.3 Kane-Mele model

The Kane-Mele model is a honeycomb lattice model. A crucial di↵erence with respect to the
honeycomb lattice models we have seen so far is that now we consider a spinful system, with spin
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T 2 = �1For fermions
contradiction!
these must be 
different states

Kramer’s theorem: 
For a TRS fermionic system, all eigenstates are at least two-fold degenerate 

(For bosons T 2 = +1 so eigenstates can be non-degenerate)



i.e.

Kramer’s Theorem
In momentum-space, TRS means

T H(k)T �1 = H(�k)

0 ⇡�⇡
�⇡

0

⇡

k
x

ky

| (k)i | (�k)iSo & have the same energy

Going back to Lecture 1, 
chiral edge states are not 

possible with TRS

Figure adapted from 
C. L. Kane & E. J. Mele, Science  314, 5806, 1692 (2006)

0

E(k) = E(�k)

E(k) = E(�k)

and the 2D BZ has 4 TRS-invariant points where 
fermionic states must be doubly-degenerate



Kramer’s Theorem

0 ⇡�⇡
�⇡

0

⇡

k
x

ky

Usually a small perturbation would 
hybridise and mix the edge states 

but with TRS, these are a Kramers 
pair and so can’t be mixed  

—> robust states

How about two 
counter-propagating 
edge states on the 

same edge?

Figure adapted from 
C. L. Kane & E. J. Mele, Science  314, 5806, 1692 (2006)

0

In momentum-space, TRS means

T H(k)T �1 = H(�k)

and the 2D BZ has 4 TRS-invariant points where 
fermionic states must be doubly-degenerate

| (k)i | (�k)iSo & have the same energy

E(k) = E(�k)i.e.

E(k) = E(�k)



Z2 Topological invariant in 2D 5

E

k

EF

0/a−π

Conduction Band

Valence Band

Quantum Hall 
State n=1

Insulator n=0

(a) (b)

/a−π

FIG. 2 The interface between a quantum Hall state and an
insulator has chiral edge mode. (a) depicts the skipping cy-
clotron orbits. (b) shows the electronic structure of a semi
infinite strip described by the Haldane model. A single edge
state connects the valence band to the conduction band.

Fermi energy E
F

with a positive group velocity dE/dq
x

=
~v

F

and defines a right moving chiral edge mode.
In the 1980’s related ideas were applied to narrow

gap semiconductors, which can be modeled using a 3D
massive Dirac Hamiltonian(Volkov and Pankratov, 1985;
Fradkin, Dagotto and Boyanovsky, 1986). An interface
where the Dirac mass changes sign is associated with gap-
less 2D Dirac fermion states. These share some similari-
ties with the surface states of a 3D topological insulator,
but as we shall see in section IV.A, there is a funda-
mental di↵erence. In a separate development, Kaplan
(1992) showed that in lattice quantum chromodynamics
4D chiral fermions could be simulated on a 5D lattice
by introducing a similar domain wall. This provided a
method for circumventing the doubling theorem(Nielssen
and Ninomiya, 1983), which prevented the simulation of
chiral fermions on a 4D lattice. Quantum Hall edge states
and surface states of a topological insulator evade similar
doubling theorems.

The chiral edge states in the quantum Hall e↵ect can
be seen explicitly by solving the Haldane model in a semi-
infinite geometry with an edge at y = 0. Fig. 2(b) shows
the energy levels as a function of the momentum k

x

along
the edge. The solid regions show the bulk conduction and
valence bands, which form continuum states and show
the energy gap near K and K0. A single band, describing
states bound to the edge connects the valence band to the
conduction band with a positive group velocity.

By changing the Hamiltonian near the surface the dis-
persion of the edge states can be modified. For instance,
E(q

x

) could develop a kink so that the edge states inter-
sect E

F

three times – twice with a positive group velocity
and once with a negative group velocity. The di↵erence
N

R

� N
L

between the number of right and left moving
modes, however, can not change, and is determined by
the topological structure of the bulk states. This is sum-
marized by the bulk-boundary correspondence:

N
R

�N
L

= �n, (7)

where �n is the di↵erence in the Chern number across
the interface.

Γa Γb

Valence Band

Conduction Band

FE

k Γa Γb

Valence Band

Conduction Band

FE

kk

(a) (b)E E

FIG. 3 Electronic dispersion between two boundary Kramers
degenerate points �

a

= 0 and �
b

= ⇡/a. In (a) the num-
ber of surface states crossing the Fermi energy E

F

is even,
whereas in (b) it is odd. An odd number of crossings leads to
topologically protected metallic boundary states.

C. Z2 topological insulator

Since the Hall conductivity is odd under T , the topo-
logically non trivial states described in the preceding sec-
tion can only occur when T symmetry is broken. How-
ever, the spin orbit interaction allows a di↵erent topolog-
ical class of insulating band structures when T symmetry
is unbroken (Kane and Mele, 2005a). The key to under-
standing this new topological class is to examine the role
of T symmetry for spin 1/2 particles.
T symmetry is represented by an antiunitary operator

⇥ = exp(i⇡S
y

/~)K, where S
y

is the spin operator and
K is complex conjugation. For spin 1/2 electrons, ⇥ has
the property ⇥2 = �1. This leads to an important con-
straint, known as Kramers’ theorem, that all eigenstates
of a T invariant Hamiltonian are at least twofold de-
generate. This follows because if a non degenerate state
|�i existed then ⇥|�i = c|�i for some constant c. This
would mean ⇥2|�i = |c|2|�i, which is not allowed be-
cause |c|2 6= �1. In the absence of spin orbit interac-
tions, Kramers’ degeneracy is simply the degeneracy be-
tween up and down spins. In the presence of spin orbit
interactions, however, it has nontrivial consequences.
A T invariant Bloch Hamiltonian must satisfy

⇥H(k)⇥�1 = H(�k). (8)

One can classify the equivalence classes of Hamiltonians
satisfying this constraint that can be smoothly deformed
without closing the energy gap. The TKNN invariant is
n = 0, but there is an additional invariant with two pos-
sible values ⌫ = 0 or 1 (Kane and Mele, 2005b). The fact
that there are two topological classes can be understood
by appealing to the bulk-boundary correspondence.
In Fig. 3 we show plots analogous to Fig. 2 showing the

electronic states associated with the edge of a T invariant
2D insulator as a function of the crystal momentum along
the edge. Only half of the Brillouin zone 0 < k

x

< ⇡/a is
shown because T symmetry requires that the other half
�⇡/a < k < 0 is a mirror image. As in Fig. 2, the shaded
regions depict the bulk conduction and valence bands
separated by an energy gap. Depending on the details
of the Hamiltonian near the edge there may or may not
be states bound to the edge inside the gap. If they are

More generally, 
there are two 
possibilities

even numberHow many Kramers pairs 
are at the Fermi level?

odd number

perturbations can mix pairs of Kramers pairs 
and push them out of the gap

robust edge states

⌫TI = 0
⌫TI = 1

Time-
reversal

Particle-
hole Chiral

Here we exploit the bulk-boundary correspondence —        can also be calculated 
from bulk states, but this is generally quite complicated…

⌫TI

0 ⇡0⇡

Figure from: Hasan et al., 
Rev. Mod. Phys. 82, 3045 
(2010). 
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Simplest example is two copies of a Chern insulator, e.g.:

Figure 1: The schematic hopping structure of the Haldane model. In the lower
left corner, I described the direction of hoppings where the phase is �. The
hoppings in the opposite direction have the phase of ��.

A schematic diagram of the Haldane model lattice structure is written in
Fig. 1. In addition to the nearest neighbor hoppings, which are along R

j

, we
also have next-nearest neighbor hoppings, which are along R

0
j

. The next-nearest
neighbor hopping is complex with phase of �, along the arrows in the lower left
hexagon of the figure, and the hopping phase is �� for the hoppings in the
opposite direction.

The corresponding Hamiltonian is
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where the first term is the ordinary nearest-neighbor hoppings for a honeycomb
lattice, the second term is the next-nearest-neighbor hoppings with complex
amplitude which breaks the time-reversal symmetry, and the last term is the on-
site energy di↵erence between A and B sublattices (which breaks the inversion
symmetry but that is not really important here).
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if have spin-conservation 
can calculate the Z2 
invariant simply as:
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for spin-up for spin-down
⌫" = +1 ⌫# = �1

⌫TI = ⌫",#mod2

2D Topological Insulators

[Quantum spin Hall state is another name 
for a 2D Topological Insulator ]

Also, robust to spin-mixing 
terms preserving TRS 

e.g. Kane-Mele model… 

(but the Z2 invariant is 
harder to calculate) 

Also 3D TIs!

TIs found in materials with 
strong spin-orbit coupling
e.g. HgCdTe quantum wells
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In these first two lectures, I will briefly introduce:



1D Chiral Topological Phases

Time-
reversal

Particle-
hole Chiral

Let’s consider a system with chiral symmetry:

H| i = E| i

Systems with the chiral symmetry have a nice property that, when the system possesses
a chiral symmetry, the energy spectrum is symmetric around the origin. This can be
proved in the following way. Let’s say that the Hamiltonian H has an eigenvector | i with an
eigenvalue E. Namely

H| i = E| i. (4.15)

Then, the state C| i has the energy �E because

HC| i = �CH| i = �EC| i. (4.16)

Therefore, the spectrum is symmetric around 0. This means that for any energy E 6= 0, there is a
state with energy �E which is obtained by applying the chiral symmetry operation to the original
state. In the case of a bipartite lattice, for a state with the energy E 6= 0, one obtains a state with
the energy �E by flipping the sign of the wavefunction only on one sublattice. Now, the zero energy
E = 0 is special because E = �E = 0. In this case of zero energy, we do not know only from the
chiral symmetry argument if there are two (or more) states at zero energy or not. In fact, suppose
that there is a zero energy state which has nonzero wavefunction only on A sublattice. The chiral
symmetry operation will not change the state, and thus | i = C| i, and the chiral symmetry will
not give us any new state. We will shortly see that it is exactly this kind of zero energy state which
is localized on one sublattice that is topologically protected. In fact, from the chiral symmetry you
can see that if the wavefunction is nonzero only on one sublattice, the energy of that state should
be zero. The most important example of a one dimensional model with a chiral symmetry is the
Su-Schrie↵er-Heeger model, which I explain in detail in the following.

4.4 Su-Schrie↵er-Heeger model

Su-Schrie↵er-Heeger (SSH) model is a model originally proposed to understand the physics of
electrons on polyacetylene 4. It is a one-dimensional tight-binding model with two alternating
values of hoppings. The one-dimensional chain is schematically drawn in Fig. 4.1(a). Taking two
sites per unit cell, the system is translationally invariant. Let’s call the hopping within a unit cell
as t1 and the hopping between di↵erent cells as t2. (I assume that t1 and t2 are both real, but this
assumption is not really essential.) Within a unit cell, I say that the site in the left belongs to A
sublattice, where the site in the right belongs to B sublattice. Such situation is schematically drawn
in Fig. 4.1(b). Since the whole system is divided into two sublattices (A and B), and hopping only
connects di↵erent sublattices, the system is bipartite, and thus possesses the chiral symmetry.

The Hamiltonian can be written in the following way

H =
X

x

⇣
t1b

†
x

a
x

+ t2a
†
x+1bx

+ h.c.
⌘

. (4.17)

Let’s first obtain the bulk spectrum of this model. We introduce Fourier transformed variables:

a
x

=
1p
N

Z 2⇡

0
dkeikxa

k

, b
x

=
1p
N

Z 2⇡

0
dkeikxb

k

, (4.18)

4W. P. Su, J. R. Schrie↵er, and A. J. Heeger, Phys. Rev. Lett. 42, 1698 (1979).
W. P. Su, J. R. Schrie↵er, and A. J. Heeger, Phys. Rev. B 22, 2099 (1980).

32

CHC�1 = �H

so the spectrum must be 
symmetric around E=0 

| i = C| i

7

energy gap. More generally, for spatially dependent H0

and � the Schrödinger equation associated with H
BdG

is
known as the Bogoliubov de Gennes (BdG) equation.

Since (13) has both c and c† on both sides there is
an inherent redundancy built into the BdG Hamiltonian.
For� = 0, H

BdG

includes two copies ofH0 with opposite
sign. More generally, H

BdG

has an intrinsic particle-hole
symmetry expressed by

⌅H
BdG

(k)⌅�1 = �H
BdG

(�k), (15)

where the particle-hole operator, ⌅ = ⌧
x

K, satisfies
⌅2 = +1. (15) follows from H0(�k) = H0(k)⇤ and
the odd parity of the real �(k). It follows that ev-
ery eigenstate of H

BdG

with energy E has a partner at
�E. These two states are redundant because the Bogoli-
ubov quasiparticle operators associated with them satisfy
�†
E

= ��E

. Thus, creating a quasiparticle in state E has
the same e↵ect as removing one from state �E.

The particle-hole symmetry constraint (15) has a sim-
ilar structure to the time reversal constraint in (8), so
it is natural to consider the classes of BdG Hamiltonians
that can be continuously deformed into one another with-
out closing the energy gap. In the simplest case, spinless
fermions, the classification can be shown to be Z2 in one
dimension and Z in two dimensions. As in section II.C,
this can be most easily understood by appealing to the
bulk-boundary correspondence.

2. Majorana fermion boundary states

At the end of a 1D superconductor (Kitaev, 2000) there
may or may not be discrete states within the energy gap
that are bound to the end (Fig. 4(a-c)). If they are
present, then every state at +E has a partner at �E.
Such finite energy pairs are not topologically protected
because they can simply be pushed out of the energy
gap. However, a single unpaired bound state at E = 0 is
protected because it can’t move away from E = 0. The
presence or absence of such a zero mode is determined by
the Z2 topological class of the bulk 1D superconductor.

The Bogoliubov quasiparticle states associated with
the zero modes are fascinating objects (Kitaev, 2000;
Read and Green, 2000; Ivanov, 2001; Stern, von Op-
pen and Mariani, 2004; Nayak, et al., 2008). Due to
the particle-hole redundancy the quasiparticle operators
satisfy �0 = �†

0. Thus, a quasiparticle is its own antipar-
ticle – the defining feature of a Majorana fermion. A
Majorana fermion is essentially half of an ordinary Dirac
fermion. Due to the particle-hole redundancy, a single
fermionic state is associated with each pair of ±E energy
levels. The presence or absence of a fermion in this state
defines a two level system with energy splitting E. Majo-
rana zero modes must always come in pairs (for instance,
a 1D superconductor has two ends), and a well separated
pair defines a degenerate two level system, whose quan-
tum state is stored nonlocally. This has profound im-
plications, which we will return to in section V.B, when

k
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0
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∆
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0

Φ
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(b) (c)
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FIG. 4 Boundary states for a topological superconductor (T-
SC). (a) shows a 1D superconductor with bound states at
its ends. (b,c) show the end state spectrum for an ordinary
1D superconductor (b) and a 1D topological superconductor
(c). (d) shows a topological 2D superconductor with a chiral
Majorana edge mode (e). A vortex with flux � = h/2e is
associated with a zero mode (c).

we discuss the proposal by Kitaev (2003) to use these
properties for quantum information processing.
In two dimensions the integer classification, Z, gives

the number of chiral Majorana edge modes (Fig. 4(d,e)),
which resemble chiral modes in the quantum Hall e↵ect,
but for the particle-hole redundancy. A spinless super-
conductor with p

x

+ ip
y

symmetry is the simplest model
2D topological superconductor. Such superconductors
will also exhibit Majorana bound states at the core of
vortices (Caroli, de Gennes and Matricon, 1964; Volovik,
1999; Read and Green, 2000). This may be understood
simply by considering the vortex to be a hole in the su-
perconductor circled by an edge mode (Fig. 4(d)). When
the flux in the hole is h/2e the edge modes are quantized
such that one state is exactly at E = 0.
Majorana fermions have been studied in particle

physics for decades, but have not been definitively ob-
served (Majorana, 1937; Wilczek, 2009). A neutrino
might be a Majorana fermion. E↵orts to observe cer-
tain lepton number violating neutrinoless double � de-
cay processes may resolve that issue (Avignone, Elliott
and Engel, 2008). In condensed matter physics, Ma-
jorana fermions can arise due to a paired condensate
that allows a pair of fermionic quasiparticles to “disap-
pear” into the condensate. They have been predicted
in a number of physical systems related to the spinless
p
x

+ ip
y

superconductor, including the Moore-Read state
of the ⌫ = 5/2 quantum Hall e↵ect (Moore and Read,
1991; Greiter, Wen and Wilczek, 1992; Read and Green,
2000), Sr2RuO4 (Das Sarma, Nayak and Tewari, 2006),
cold fermionic atoms near a Feshbach resonance (Gurarie,
Radzihovsky and Andreev, 2005; Tewari, et al., 2007)
and 2D structures that combine superconductivity, mag-
netism and strong spin orbit coupling (Lee, 2009; Sato
and Fujimoto, 2009; Sau, et al., 2010). In Section Vb we
will discuss the prospect for creating Majorana fermion
states at interfaces between topological insulators and
ordinary superconductors (Fu and Kane, 2008).

At E=0, we can have edge states which satisfy
Energy

these are topologically-protected as they can’t be 
perturbed away from E=0

7
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that can be continuously deformed into one another with-
out closing the energy gap. In the simplest case, spinless
fermions, the classification can be shown to be Z2 in one
dimension and Z in two dimensions. As in section II.C,
this can be most easily understood by appealing to the
bulk-boundary correspondence.

2. Majorana fermion boundary states

At the end of a 1D superconductor (Kitaev, 2000) there
may or may not be discrete states within the energy gap
that are bound to the end (Fig. 4(a-c)). If they are
present, then every state at +E has a partner at �E.
Such finite energy pairs are not topologically protected
because they can simply be pushed out of the energy
gap. However, a single unpaired bound state at E = 0 is
protected because it can’t move away from E = 0. The
presence or absence of such a zero mode is determined by
the Z2 topological class of the bulk 1D superconductor.

The Bogoliubov quasiparticle states associated with
the zero modes are fascinating objects (Kitaev, 2000;
Read and Green, 2000; Ivanov, 2001; Stern, von Op-
pen and Mariani, 2004; Nayak, et al., 2008). Due to
the particle-hole redundancy the quasiparticle operators
satisfy �0 = �†

0. Thus, a quasiparticle is its own antipar-
ticle – the defining feature of a Majorana fermion. A
Majorana fermion is essentially half of an ordinary Dirac
fermion. Due to the particle-hole redundancy, a single
fermionic state is associated with each pair of ±E energy
levels. The presence or absence of a fermion in this state
defines a two level system with energy splitting E. Majo-
rana zero modes must always come in pairs (for instance,
a 1D superconductor has two ends), and a well separated
pair defines a degenerate two level system, whose quan-
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FIG. 4 Boundary states for a topological superconductor (T-
SC). (a) shows a 1D superconductor with bound states at
its ends. (b,c) show the end state spectrum for an ordinary
1D superconductor (b) and a 1D topological superconductor
(c). (d) shows a topological 2D superconductor with a chiral
Majorana edge mode (e). A vortex with flux � = h/2e is
associated with a zero mode (c).

we discuss the proposal by Kitaev (2003) to use these
properties for quantum information processing.
In two dimensions the integer classification, Z, gives

the number of chiral Majorana edge modes (Fig. 4(d,e)),
which resemble chiral modes in the quantum Hall e↵ect,
but for the particle-hole redundancy. A spinless super-
conductor with p

x

+ ip
y

symmetry is the simplest model
2D topological superconductor. Such superconductors
will also exhibit Majorana bound states at the core of
vortices (Caroli, de Gennes and Matricon, 1964; Volovik,
1999; Read and Green, 2000). This may be understood
simply by considering the vortex to be a hole in the su-
perconductor circled by an edge mode (Fig. 4(d)). When
the flux in the hole is h/2e the edge modes are quantized
such that one state is exactly at E = 0.
Majorana fermions have been studied in particle

physics for decades, but have not been definitively ob-
served (Majorana, 1937; Wilczek, 2009). A neutrino
might be a Majorana fermion. E↵orts to observe cer-
tain lepton number violating neutrinoless double � de-
cay processes may resolve that issue (Avignone, Elliott
and Engel, 2008). In condensed matter physics, Ma-
jorana fermions can arise due to a paired condensate
that allows a pair of fermionic quasiparticles to “disap-
pear” into the condensate. They have been predicted
in a number of physical systems related to the spinless
p
x

+ ip
y

superconductor, including the Moore-Read state
of the ⌫ = 5/2 quantum Hall e↵ect (Moore and Read,
1991; Greiter, Wen and Wilczek, 1992; Read and Green,
2000), Sr2RuO4 (Das Sarma, Nayak and Tewari, 2006),
cold fermionic atoms near a Feshbach resonance (Gurarie,
Radzihovsky and Andreev, 2005; Tewari, et al., 2007)
and 2D structures that combine superconductivity, mag-
netism and strong spin orbit coupling (Lee, 2009; Sato
and Fujimoto, 2009; Sau, et al., 2010). In Section Vb we
will discuss the prospect for creating Majorana fermion
states at interfaces between topological insulators and
ordinary superconductors (Fu and Kane, 2008).

Figure from: Hasan et al., Rev. Mod. Phys. 82, 3045 (2010). 



Su-Schrieffer-Heeger Model
Probably the simplest model with nontrivial topology 

Su, Schrieffer, & Heeger, PRL. 42, 1698 (1979), 
ibid, PRB 22, 2099 (1980). 

Originally proposed as a 
model for polyacetylene 

Bi-partite chain: 
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Figure 4.1: Schematic illustration of the Su-Schrie↵er-Heeger (SSH) model. (a) Most naively, the
SSH model is just a one-dimensional chain with alternating hoppings, which I denote
here by t1 and t2. (b) Now I grouped adjacent sites into unit cells, which I circle
around. The left site within a unit cell belongs to A sublattice, while the right site
belongs to B sublattice. I wrote sites belonging to A sublattice with empty circles,
and those belonging to B sublattice with filled circles. (c) Here, I have an edge at the
left end of the chain.

where N is the number of unit cells in the system. Then
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Now, the Hamiltonian is diagonal in k, in a sense that if we define
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the Hamiltonian is
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Following what we have learned in the classification of topological phases, let’s figure out the
symmetry class of the SSH model. The momentum-space Hamiltonian is

Hk = (t1 + t2 cos k)�
x

+ (t2 sin k)�
y

. (4.22)

We have all the symmetries here, which are

T = K, P = �
z

K, C = �
z

, (4.23)

and T 2 = P2 = +1. This means that we are in class BDI, and we can have topological phases
characterized by an integer Z topological invariant in one dimension. Before looking at the topology,
let’s look at the energy spectrum.

33

Systems with the chiral symmetry have a nice property that, when the system possesses
a chiral symmetry, the energy spectrum is symmetric around the origin. This can be
proved in the following way. Let’s say that the Hamiltonian H has an eigenvector | i with an
eigenvalue E. Namely

H| i = E| i. (4.15)

Then, the state C| i has the energy �E because

HC| i = �CH| i = �EC| i. (4.16)

Therefore, the spectrum is symmetric around 0. This means that for any energy E 6= 0, there is a
state with energy �E which is obtained by applying the chiral symmetry operation to the original
state. In the case of a bipartite lattice, for a state with the energy E 6= 0, one obtains a state with
the energy �E by flipping the sign of the wavefunction only on one sublattice. Now, the zero energy
E = 0 is special because E = �E = 0. In this case of zero energy, we do not know only from the
chiral symmetry argument if there are two (or more) states at zero energy or not. In fact, suppose
that there is a zero energy state which has nonzero wavefunction only on A sublattice. The chiral
symmetry operation will not change the state, and thus | i = C| i, and the chiral symmetry will
not give us any new state. We will shortly see that it is exactly this kind of zero energy state which
is localized on one sublattice that is topologically protected. In fact, from the chiral symmetry you
can see that if the wavefunction is nonzero only on one sublattice, the energy of that state should
be zero. The most important example of a one dimensional model with a chiral symmetry is the
Su-Schrie↵er-Heeger model, which I explain in detail in the following.

4.4 Su-Schrie↵er-Heeger model

Su-Schrie↵er-Heeger (SSH) model is a model originally proposed to understand the physics of
electrons on polyacetylene 4. It is a one-dimensional tight-binding model with two alternating
values of hoppings. The one-dimensional chain is schematically drawn in Fig. 4.1(a). Taking two
sites per unit cell, the system is translationally invariant. Let’s call the hopping within a unit cell
as t1 and the hopping between di↵erent cells as t2. (I assume that t1 and t2 are both real, but this
assumption is not really essential.) Within a unit cell, I say that the site in the left belongs to A
sublattice, where the site in the right belongs to B sublattice. Such situation is schematically drawn
in Fig. 4.1(b). Since the whole system is divided into two sublattices (A and B), and hopping only
connects di↵erent sublattices, the system is bipartite, and thus possesses the chiral symmetry.

The Hamiltonian can be written in the following way

H =
X

x

⇣
t1b

†
x

a
x

+ t2a
†
x+1bx

+ h.c.
⌘

. (4.17)

Let’s first obtain the bulk spectrum of this model. We introduce Fourier transformed variables:

a
x

=
1p
N

Z 2⇡

0
dkeikxa

k

, b
x

=
1p
N

Z 2⇡

0
dkeikxb

k

, (4.18)

4W. P. Su, J. R. Schrie↵er, and A. J. Heeger, Phys. Rev. Lett. 42, 1698 (1979).
W. P. Su, J. R. Schrie↵er, and A. J. Heeger, Phys. Rev. B 22, 2099 (1980).

32

2-site unit cell 

In order to obtain the spectrum , we just need to diagonalize H
k

. Diagonalizing H
k

, one obtains
that, for a given k, the bulk energy is

E(k) = ±
���t1 + t2e

ik

��� = ±
p

(t1 + t2 cos k)2 + (t2 sin k)2. (4.24)

In Fig. 4.2, I plot the spectrum for three di↵erent values of t1 and t2. In particular, it is important
to note that the system has two bands, and there is a nonzero bandgap unless |t1| = |t2|.
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Figure 4.2: Bulk dispersions of the SSH model for three di↵erent values of t1/t2. The vertical
axis is scaled in untis of t2 assuming t2 > 0.

So far so good. Now, I calculate the energy spectrum of the system when there is an edge,
as schematically illustrated in Fig. 4.1(c). Since there is an edge, the momentum k is not a
good quantum number, so I just diagonalize the system numerically and plot what happens. In
Fig. 4.3(a), I plot the numerically obtained spectrum as a function of t1/t2. What I did was to
terminate the both (left and right) ends of the SSH chain, taking 100 unit cells (200 lattice sites).
The big bands of states on top and bottom are the essentially the bulk bands. The interesting
feature is that when t1 < t2, there are additional states at E = 0. These states are doubly
degenerate.
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Figure 4.3: (a) The spectrum of the SSH model in the presence of edges, as a function of t1/t2.
The vertical axis is scaled in untis of t2 assuming t2 > 0. I calculated the spectra
using a chain with 200 sites (100 unit cells), where the left end terminates with a site
which belongs to A sublattice, and the right end terminates with a site which belongs
to B sublattice. (b,c) The wavefunctions of the two zero energy states for t1/t2 = 0.5,
calculated for 30 unit cells (60 sites).

I plot the wavefunction of these states at zero energy for t1/t2 = 0.5 in Fig. 4.3(b,c). There
are two states at zero energy, and one is localized at the left edge [Fig. 4.3(b)] and the other is
localized at the right edge [Fig. 4.3(c)]. These states are thus the zero-energy edge states. We want
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Figure 4.1: Schematic illustration of the Su-Schrie↵er-Heeger (SSH) model. (a) Most naively, the
SSH model is just a one-dimensional chain with alternating hoppings, which I denote
here by t1 and t2. (b) Now I grouped adjacent sites into unit cells, which I circle
around. The left site within a unit cell belongs to A sublattice, while the right site
belongs to B sublattice. I wrote sites belonging to A sublattice with empty circles,
and those belonging to B sublattice with filled circles. (c) Here, I have an edge at the
left end of the chain.

where N is the number of unit cells in the system. Then
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Z 2⇡
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. (4.19)

Now, the Hamiltonian is diagonal in k, in a sense that if we define

H
k

⌘
✓

0 t1 + t2e
�ik

t1 + t2e
ik 0

◆
, (4.20)

the Hamiltonian is

Ĥ =
Z 2⇡

0
dk

⇣
a†

k

b†
k

⌘
H

k

✓
a

k

b
k

◆
. (4.21)

Following what we have learned in the classification of topological phases, let’s figure out the
symmetry class of the SSH model. The momentum-space Hamiltonian is

Hk = (t1 + t2 cos k)�
x

+ (t2 sin k)�
y

. (4.22)

We have all the symmetries here, which are

T = K, P = �
z

K, C = �
z

, (4.23)

and T 2 = P2 = +1. This means that we are in class BDI, and we can have topological phases
characterized by an integer Z topological invariant in one dimension. Before looking at the topology,
let’s look at the energy spectrum.
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Figure 4.1: Schematic illustration of the Su-Schrie↵er-Heeger (SSH) model. (a) Most naively, the
SSH model is just a one-dimensional chain with alternating hoppings, which I denote
here by t1 and t2. (b) Now I grouped adjacent sites into unit cells, which I circle
around. The left site within a unit cell belongs to A sublattice, while the right site
belongs to B sublattice. I wrote sites belonging to A sublattice with empty circles,
and those belonging to B sublattice with filled circles. (c) Here, I have an edge at the
left end of the chain.
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Now, the Hamiltonian is diagonal in k, in a sense that if we define
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Following what we have learned in the classification of topological phases, let’s figure out the
symmetry class of the SSH model. The momentum-space Hamiltonian is

Hk = (t1 + t2 cos k)�
x

+ (t2 sin k)�
y

. (4.22)

We have all the symmetries here, which are

T = K, P = �
z

K, C = �
z

, (4.23)

and T 2 = P2 = +1. This means that we are in class BDI, and we can have topological phases
characterized by an integer Z topological invariant in one dimension. Before looking at the topology,
let’s look at the energy spectrum.
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Figures courtesy of T. Ozawa
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present, however, then Kramers theorem requires they be
twofold degenerate at the T invariant momenta k

x

= 0
and k

x

= ⇡/a (which is the same as �⇡/a). Away from
these special points, labeled �

a,b

in Fig. 3, a spin orbit
interaction will split the degeneracy. There are two ways
the states at k

x

= 0 and k
x

= ⇡/a can connect. In Fig
3(a) they connect pairwise. In this case the edge states
can be eliminated by pushing all of the bound states out
of the gap. Between k

x

= 0 and k
x

= ⇡/a, the bands
intersect E

F

an even number of times. In contrast, in
Fig. 3b the edge states cannot be eliminated. The bands
intersect E

F

an odd number of times.
Which of these alternatives occurs depends on the

topological class of the bulk band structure. Since each
band intersecting E

F

at k
x

has a Kramers partner at
�k

x

, the bulk-boundary correspondence relates the num-
ber N

K

of Kramers pairs of edge modes intersecting E
F

to the change in the Z2 invariants across the interface,

N
K

= �⌫ mod 2. (9)

We conclude that a 2D topological insulator has topo-
logically protected edge states. These form a unique 1D
conductor, whose properties will be discussed in section
III. The above considerations can be generalized to 3D
topological insulators, discussed in section IV, which have
protected surface states.

There are several mathematical formulations of the
Z2 invariant ⌫ (Kane and Mele, 2005b; Fu and Kane,
2006, 2007; Fukui and Hatsugai, 2007; Moore and Ba-
lents, 2007; Fukui, Fujiwara and Hatsugai, 2008; Qi,
Hughes and Zhang, 2008; Roy, 2009a; Wang, Qi and
Zhang, 2010). One approach (Fu and Kane, 2006) is
to define a unitary matrix w

mn

(k) = hu
m

(k)|⇥|u
n

(�k)i
built from the occupied Bloch functions |u

m

(k)i. Since
⇥ is anti unitary and ⇥2 = �1, wT (k) = �w(�k).
There are four special points ⇤

a

in the bulk 2D Bril-
louin zone where k and �k coincide, so w(⇤

a

) is anti-
symmetric. The determinant of an antisymmetric ma-
trix is the square of its pfa�an, which allows us to
define �

a

= Pf[w(⇤
a

)]/
p

Det[w(⇤
a

)] = ±1. Provided
|u

m

(k)i is chosen continuously throughout the Brillouin
zone (which is always possible), the branch of the square
root can be specified globally, and the Z2 invariant is

(�1)⌫ =
4Y

a=1

�
a

. (10)

This formulation can be generalized to 3D topological
insulators, and involves the 8 special points in the 3D
Brillouin zone.

The calculation of ⌫ is simpler if the crystal has extra
symmetry. For instance, if the 2D system conserves the
perpendicular spin S

z

, then the up and down spins have
independent Chern integers n", n#. T symmetry requires
n" + n# = 0, but the di↵erence n

�

= (n" � n#)/2 defines
a quantized spin Hall conductivity (Sheng, et al., 2006).
The Z2 invariant is then simply

⌫ = n
�

mod 2. (11)

While n", n# lose their meaning when S
z

non conserving
terms (which are inevitably present) are added, ⌫ retains
its identity.

If the crystal has inversion symmetry there is another
shortcut to computing ⌫ (Fu and Kane, 2007). At the
special points ⇤

a

the Bloch states u
m

(⇤
a

) are also par-
ity eigenstates with eigenvalue ⇠

m

(⇤
a

) = ±1. The Z2

invariant then simply follows from (10) with

�
a

=
Y

m

⇠
m

(⇤
a

), (12)

where the product is over the Kramers pairs of occupied
bands. This has proven useful for identifying topologi-
cal insulators from band structure calculations (Fu and
Kane, 2007; Teo, Fu and Kane, 2008; Guo and Franz,
2009; Zhang, H., et al., 2009; Pesin and Balents, 2010).

D. Topological superconductor, Majorana fermions

Considerations of topological band theory can also be
used to topologically classify superconductors. This is a
subject that has seen fascinating recent theoretical devel-
opments (Roy, 2008; Schnyder, et al., 2008; Kitaev, 2009;
Qi, et al., 2009). We will give an introduction that fo-
cuses on the simplest model superconductors. The more
general case will be briefly touched on at the end. This
section will provide the conceptual basis for topological
superconductors and explain the emergence of Majorana
fermions in superconducting systems. It will also provide
background for section V.B, where we discuss Majorana
states in superconductor-topological insulator structures
along with possible applications to topological quantum
computing. Readers who wish to skip the discussion of
superconductivity can proceed directly to section III.

1. Bogoliubov de Gennes theory

In the BCS mean field theory of a superconductor the
Hamiltonian for a system of spinless electrons may be
written in the form (De Gennes, 1966),

H � µN =
1

2

X

k

�
c†k c�k

�H
BdG

(k)

✓
ck
c†�k

◆
(13)

where c†k is an electron creation operator and H
BdG

is a
2 ⇥ 2 block matrix, which in Nambu’s notation may be
written in terms of Pauli matrices ~⌧ as

H
BdG

(k) = (H0(k)� µ)⌧
z

+�1(k)⌧x +�2(k)⌧y. (14)

HereH0(k) is the Bloch Hamiltonian in the absence of su-
perconductivity and � = �1+i�2 is the BCS mean field
pairing potential, which for spinless particles must have
odd parity, �(�k) = ��(k). For a uniform system the
excitation spectrum of a superconductor is given by the
eigenvalues of H

BdG

, which exhibit a superconducting

HBdG =

✓
H0(k)� µ �(k)
�(k)⇤ �H0(k) + µ

◆

mean-field pairing 
potential 

excitation spectrum has a 
superconducting energy gap

Particle-hole (PH) symmetry:
P = �

x

K

P2 = 1

where

PHBdG(k)P�1 = �HBdG(�k)

every eigenstate at energy E has a partner at energy -E

particle-hole redundancy:

+E
�E

i.e. creating a quasiparticle 
in state +E  

has the same effect as 
removing one from state −E

�†
E = ��E
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energy gap. More generally, for spatially dependent H0

and � the Schrödinger equation associated with H
BdG

is
known as the Bogoliubov de Gennes (BdG) equation.

Since (13) has both c and c† on both sides there is
an inherent redundancy built into the BdG Hamiltonian.
For� = 0, H

BdG

includes two copies ofH0 with opposite
sign. More generally, H

BdG

has an intrinsic particle-hole
symmetry expressed by

⌅H
BdG

(k)⌅�1 = �H
BdG

(�k), (15)

where the particle-hole operator, ⌅ = ⌧
x

K, satisfies
⌅2 = +1. (15) follows from H0(�k) = H0(k)⇤ and
the odd parity of the real �(k). It follows that ev-
ery eigenstate of H

BdG

with energy E has a partner at
�E. These two states are redundant because the Bogoli-
ubov quasiparticle operators associated with them satisfy
�†
E

= ��E

. Thus, creating a quasiparticle in state E has
the same e↵ect as removing one from state �E.

The particle-hole symmetry constraint (15) has a sim-
ilar structure to the time reversal constraint in (8), so
it is natural to consider the classes of BdG Hamiltonians
that can be continuously deformed into one another with-
out closing the energy gap. In the simplest case, spinless
fermions, the classification can be shown to be Z2 in one
dimension and Z in two dimensions. As in section II.C,
this can be most easily understood by appealing to the
bulk-boundary correspondence.

2. Majorana fermion boundary states

At the end of a 1D superconductor (Kitaev, 2000) there
may or may not be discrete states within the energy gap
that are bound to the end (Fig. 4(a-c)). If they are
present, then every state at +E has a partner at �E.
Such finite energy pairs are not topologically protected
because they can simply be pushed out of the energy
gap. However, a single unpaired bound state at E = 0 is
protected because it can’t move away from E = 0. The
presence or absence of such a zero mode is determined by
the Z2 topological class of the bulk 1D superconductor.

The Bogoliubov quasiparticle states associated with
the zero modes are fascinating objects (Kitaev, 2000;
Read and Green, 2000; Ivanov, 2001; Stern, von Op-
pen and Mariani, 2004; Nayak, et al., 2008). Due to
the particle-hole redundancy the quasiparticle operators
satisfy �0 = �†

0. Thus, a quasiparticle is its own antipar-
ticle – the defining feature of a Majorana fermion. A
Majorana fermion is essentially half of an ordinary Dirac
fermion. Due to the particle-hole redundancy, a single
fermionic state is associated with each pair of ±E energy
levels. The presence or absence of a fermion in this state
defines a two level system with energy splitting E. Majo-
rana zero modes must always come in pairs (for instance,
a 1D superconductor has two ends), and a well separated
pair defines a degenerate two level system, whose quan-
tum state is stored nonlocally. This has profound im-
plications, which we will return to in section V.B, when

k
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0

Φ
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FIG. 4 Boundary states for a topological superconductor (T-
SC). (a) shows a 1D superconductor with bound states at
its ends. (b,c) show the end state spectrum for an ordinary
1D superconductor (b) and a 1D topological superconductor
(c). (d) shows a topological 2D superconductor with a chiral
Majorana edge mode (e). A vortex with flux � = h/2e is
associated with a zero mode (c).

we discuss the proposal by Kitaev (2003) to use these
properties for quantum information processing.
In two dimensions the integer classification, Z, gives

the number of chiral Majorana edge modes (Fig. 4(d,e)),
which resemble chiral modes in the quantum Hall e↵ect,
but for the particle-hole redundancy. A spinless super-
conductor with p

x

+ ip
y

symmetry is the simplest model
2D topological superconductor. Such superconductors
will also exhibit Majorana bound states at the core of
vortices (Caroli, de Gennes and Matricon, 1964; Volovik,
1999; Read and Green, 2000). This may be understood
simply by considering the vortex to be a hole in the su-
perconductor circled by an edge mode (Fig. 4(d)). When
the flux in the hole is h/2e the edge modes are quantized
such that one state is exactly at E = 0.
Majorana fermions have been studied in particle

physics for decades, but have not been definitively ob-
served (Majorana, 1937; Wilczek, 2009). A neutrino
might be a Majorana fermion. E↵orts to observe cer-
tain lepton number violating neutrinoless double � de-
cay processes may resolve that issue (Avignone, Elliott
and Engel, 2008). In condensed matter physics, Ma-
jorana fermions can arise due to a paired condensate
that allows a pair of fermionic quasiparticles to “disap-
pear” into the condensate. They have been predicted
in a number of physical systems related to the spinless
p
x

+ ip
y

superconductor, including the Moore-Read state
of the ⌫ = 5/2 quantum Hall e↵ect (Moore and Read,
1991; Greiter, Wen and Wilczek, 1992; Read and Green,
2000), Sr2RuO4 (Das Sarma, Nayak and Tewari, 2006),
cold fermionic atoms near a Feshbach resonance (Gurarie,
Radzihovsky and Andreev, 2005; Tewari, et al., 2007)
and 2D structures that combine superconductivity, mag-
netism and strong spin orbit coupling (Lee, 2009; Sato
and Fujimoto, 2009; Sau, et al., 2010). In Section Vb we
will discuss the prospect for creating Majorana fermion
states at interfaces between topological insulators and
ordinary superconductors (Fu and Kane, 2008).
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associated with a zero mode (c).

we discuss the proposal by Kitaev (2003) to use these
properties for quantum information processing.
In two dimensions the integer classification, Z, gives

the number of chiral Majorana edge modes (Fig. 4(d,e)),
which resemble chiral modes in the quantum Hall e↵ect,
but for the particle-hole redundancy. A spinless super-
conductor with p

x

+ ip
y

symmetry is the simplest model
2D topological superconductor. Such superconductors
will also exhibit Majorana bound states at the core of
vortices (Caroli, de Gennes and Matricon, 1964; Volovik,
1999; Read and Green, 2000). This may be understood
simply by considering the vortex to be a hole in the su-
perconductor circled by an edge mode (Fig. 4(d)). When
the flux in the hole is h/2e the edge modes are quantized
such that one state is exactly at E = 0.
Majorana fermions have been studied in particle

physics for decades, but have not been definitively ob-
served (Majorana, 1937; Wilczek, 2009). A neutrino
might be a Majorana fermion. E↵orts to observe cer-
tain lepton number violating neutrinoless double � de-
cay processes may resolve that issue (Avignone, Elliott
and Engel, 2008). In condensed matter physics, Ma-
jorana fermions can arise due to a paired condensate
that allows a pair of fermionic quasiparticles to “disap-
pear” into the condensate. They have been predicted
in a number of physical systems related to the spinless
p
x

+ ip
y

superconductor, including the Moore-Read state
of the ⌫ = 5/2 quantum Hall e↵ect (Moore and Read,
1991; Greiter, Wen and Wilczek, 1992; Read and Green,
2000), Sr2RuO4 (Das Sarma, Nayak and Tewari, 2006),
cold fermionic atoms near a Feshbach resonance (Gurarie,
Radzihovsky and Andreev, 2005; Tewari, et al., 2007)
and 2D structures that combine superconductivity, mag-
netism and strong spin orbit coupling (Lee, 2009; Sato
and Fujimoto, 2009; Sau, et al., 2010). In Section Vb we
will discuss the prospect for creating Majorana fermion
states at interfaces between topological insulators and
ordinary superconductors (Fu and Kane, 2008).
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energy gap. More generally, for spatially dependent H0

and � the Schrödinger equation associated with H
BdG

is
known as the Bogoliubov de Gennes (BdG) equation.

Since (13) has both c and c† on both sides there is
an inherent redundancy built into the BdG Hamiltonian.
For� = 0, H

BdG

includes two copies ofH0 with opposite
sign. More generally, H

BdG

has an intrinsic particle-hole
symmetry expressed by

⌅H
BdG

(k)⌅�1 = �H
BdG

(�k), (15)

where the particle-hole operator, ⌅ = ⌧
x

K, satisfies
⌅2 = +1. (15) follows from H0(�k) = H0(k)⇤ and
the odd parity of the real �(k). It follows that ev-
ery eigenstate of H

BdG

with energy E has a partner at
�E. These two states are redundant because the Bogoli-
ubov quasiparticle operators associated with them satisfy
�†
E

= ��E

. Thus, creating a quasiparticle in state E has
the same e↵ect as removing one from state �E.

The particle-hole symmetry constraint (15) has a sim-
ilar structure to the time reversal constraint in (8), so
it is natural to consider the classes of BdG Hamiltonians
that can be continuously deformed into one another with-
out closing the energy gap. In the simplest case, spinless
fermions, the classification can be shown to be Z2 in one
dimension and Z in two dimensions. As in section II.C,
this can be most easily understood by appealing to the
bulk-boundary correspondence.

2. Majorana fermion boundary states

At the end of a 1D superconductor (Kitaev, 2000) there
may or may not be discrete states within the energy gap
that are bound to the end (Fig. 4(a-c)). If they are
present, then every state at +E has a partner at �E.
Such finite energy pairs are not topologically protected
because they can simply be pushed out of the energy
gap. However, a single unpaired bound state at E = 0 is
protected because it can’t move away from E = 0. The
presence or absence of such a zero mode is determined by
the Z2 topological class of the bulk 1D superconductor.

The Bogoliubov quasiparticle states associated with
the zero modes are fascinating objects (Kitaev, 2000;
Read and Green, 2000; Ivanov, 2001; Stern, von Op-
pen and Mariani, 2004; Nayak, et al., 2008). Due to
the particle-hole redundancy the quasiparticle operators
satisfy �0 = �†

0. Thus, a quasiparticle is its own antipar-
ticle – the defining feature of a Majorana fermion. A
Majorana fermion is essentially half of an ordinary Dirac
fermion. Due to the particle-hole redundancy, a single
fermionic state is associated with each pair of ±E energy
levels. The presence or absence of a fermion in this state
defines a two level system with energy splitting E. Majo-
rana zero modes must always come in pairs (for instance,
a 1D superconductor has two ends), and a well separated
pair defines a degenerate two level system, whose quan-
tum state is stored nonlocally. This has profound im-
plications, which we will return to in section V.B, when
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FIG. 4 Boundary states for a topological superconductor (T-
SC). (a) shows a 1D superconductor with bound states at
its ends. (b,c) show the end state spectrum for an ordinary
1D superconductor (b) and a 1D topological superconductor
(c). (d) shows a topological 2D superconductor with a chiral
Majorana edge mode (e). A vortex with flux � = h/2e is
associated with a zero mode (c).

we discuss the proposal by Kitaev (2003) to use these
properties for quantum information processing.
In two dimensions the integer classification, Z, gives

the number of chiral Majorana edge modes (Fig. 4(d,e)),
which resemble chiral modes in the quantum Hall e↵ect,
but for the particle-hole redundancy. A spinless super-
conductor with p

x

+ ip
y

symmetry is the simplest model
2D topological superconductor. Such superconductors
will also exhibit Majorana bound states at the core of
vortices (Caroli, de Gennes and Matricon, 1964; Volovik,
1999; Read and Green, 2000). This may be understood
simply by considering the vortex to be a hole in the su-
perconductor circled by an edge mode (Fig. 4(d)). When
the flux in the hole is h/2e the edge modes are quantized
such that one state is exactly at E = 0.
Majorana fermions have been studied in particle

physics for decades, but have not been definitively ob-
served (Majorana, 1937; Wilczek, 2009). A neutrino
might be a Majorana fermion. E↵orts to observe cer-
tain lepton number violating neutrinoless double � de-
cay processes may resolve that issue (Avignone, Elliott
and Engel, 2008). In condensed matter physics, Ma-
jorana fermions can arise due to a paired condensate
that allows a pair of fermionic quasiparticles to “disap-
pear” into the condensate. They have been predicted
in a number of physical systems related to the spinless
p
x

+ ip
y

superconductor, including the Moore-Read state
of the ⌫ = 5/2 quantum Hall e↵ect (Moore and Read,
1991; Greiter, Wen and Wilczek, 1992; Read and Green,
2000), Sr2RuO4 (Das Sarma, Nayak and Tewari, 2006),
cold fermionic atoms near a Feshbach resonance (Gurarie,
Radzihovsky and Andreev, 2005; Tewari, et al., 2007)
and 2D structures that combine superconductivity, mag-
netism and strong spin orbit coupling (Lee, 2009; Sato
and Fujimoto, 2009; Sau, et al., 2010). In Section Vb we
will discuss the prospect for creating Majorana fermion
states at interfaces between topological insulators and
ordinary superconductors (Fu and Kane, 2008).
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Figure 1: Spectrum of the 1D Kitaev chain for the chain of length 100 and
� = t. I plot the diagonal components of E in (10) as a function of µ/t.

by the state with �
j

|GSi = 0 for any j. Now, if E
j

= 0 for some j, let’s say
j = 0, creating a particle by �†

0 does not change the energy, so �†
0|GSi is also a

ground state, and thus the ground state is doubly degenerate. This is exactly
what happens in the topologically nontrivial case as we see below.

Before discussing the topology, let’s calculate the energy spectrum for our
Hamiltonian (3). I numerically diagonalized the chain with 100 sites and ob-
tained E for various values of µ/t, which is plotted in Fig. 1. At �2  µ/t  2,
we see a line of states at zero energy. These zero energy states are doubly degen-
erate. In Fig. 2, I plot the wavefunction of one of the zero energy eigenstates in

the form
✓

u
v

◆
. We can see that u and v are concentrated around the both edges

of the chain. The other eigenstate has the form
✓

v⇤

u⇤

◆
. Since this state has zero

energy, from the argument given above, the ground state is doubly degenerate.
Now, we want to see how this zero energy state is related to the topology.

Fourier transforming the creation and annihilation operators as

c
j

⌘ 1p
N

X

k

c
k

eikj , (14)

where N is the number of lattice sites, we obtain

Ĥ =
1
2

X

k

�
c†
k

c�k

� ✓
�2t cos k � µ i� sin k
�i�⇤ sin k 2t cos k + µ

◆ ✓
c
k

c†�k

◆
. (15)

So, the momentum-space Hamiltonian is

H
k

=
✓
�2t cos k � µ i� sin k
�i�⇤ sin k 2t cos k + µ

◆
. (16)

4

spinless p-wave 
superconductor on a chain 
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2. Majorana fermions in p-wave superconductors

We start our discussion by introducing a simple Hamiltonian, describing a spinless p-

wave superconductor, which has eigenstates which are spatially isolated MFs. It is most

intuitive to start from a 1D tight-binding chain with p-wave superconducting pairing,
as first introduced by Kitaev [42], described by the Hamiltonian

Hchain = −µ
N
∑

i=1

ni −
N−1
∑

i=1

(

tc†ici+1 +∆cici+1 + h.c.
)

, (1)

where h.c. means hermitian conjugate, µ is the chemical potential, ci is the electron

annihilation operator for site i, and ni = c†ici is the associated number operator. The

superconducting gap, ∆, and hopping, t, are assumed to be the same for all sites. We
can then choose the superconducting phase φ to be zero, such that ∆ = |∆|. Note that
time-reversal symmetry is broken in Eq. (1) since we only consider one value for the spin

projection, i.e., effectively spinless electrons (we suppress the spin label). Furthermore,

the superconducting pairing is non-standard since it couples electrons with the same spin

(in contrast to standard s-wave pairing, which only couples electrons with opposite spin

projection). Note also that electrons on neighboring sites are paired: The sites cannot
be doubly occupied by the spinless electrons because of the Pauli exclusion principle.

We now want to rewrite Eq. (1) in terms of Majorana operators (we will see shortly

why this is useful). It was mentioned above that MFs are basically obtained by splitting

a fermion into its real and imaginary parts. Therefore we write

ci =
1

2
(γi,1 + iγi,2) , (2)

c†i =
1

2
(γi,1 − iγi,2) , (3)

where γi,j are Majorana operators living on site i. That they are indeed Majorana

operators is seen by inverting Eqs. (2)–(3), giving

γi,1 = c†i + ci, (4)

γi,2 = i
(

c†i − ci
)

, (5)

which are clearly hermitian and therefore Majorana operators. Figure 1 shows a sketch

of Kitaev’s chain and the upper panel indicates how the fermion operators on each site
are split into Majorana operators.

The Majorana physics is most easily understood when µ = 0, t = ∆, in which case

inserting Eqs. (2)–(3) into the Hamiltonian (1) results in

Hchain = −it
N−1
∑

i=1

γi,2γi+1,1. (6)

In fact, Eq. (6) is nothing but an alternative way of writing the diagonalized

Hamiltonian. To see this we go back to a fermionic representation by noting that,

analogous to Eqs. (2)–(3), where a fermion on site i was split into two Majorana

operators living on site i, we can construct new fermion operators, c̃i, by combining

Spectrum for N=100 and � = t

Topological Trivial 
5

Figure 1. Sketch of Kitaev’s 1D p-wave superconducting tight binding chain. Upper
panel: The fermion operators on each site i of the chain can be split into two Majorana
operators, γi,1 and γi,2. Lower panel: In the limit µ = 0, t = ∆, the Hamiltian
is diagonal in fermion operators which are obtained by combing instead Majorana
operators on neighboring sites, γi+1,1 and γi,2. This leaves two unpaired Majorana
operators, γ1,2 and γN,1, which can be combined to form one zero energy, highly non-
local fermion operator, c̃M .

Majorana operators on neighboring sites

c̃i = (γi+1,1 + iγi,2)/2. (7)

This pairing is demonstrated in the lower panel of Fig. 1. In terms of these new fermions
we find −iγi,2γi+1,1 = 2c̃†i c̃i = 2ñi and therefore

Hchain = 2t
N−1
∑

i=1

c̃†i c̃i. (8)

Thus, c̃i are the annihilation operators corresponding to the eigenstates and the energy

cost of creating a c̃i fermion is 2t. The Majorana operators are merely a formal way

of writing the Hamiltonian and the physical excitations are fermionic states at finite
energy, obtained by a superposition of nearest neighbor MFs.

So far there appears to be nothing special about the diagonal Hamiltonian in

Eqs. (6) and (8). However, the Majorana operators γN,2 and γ1,1, which are localized

at the two ends of the wire, are completely missing from Eq. (6)! These two Majorana

operators can equivalently be described by a single fermionic state with operator

c̃M = (γN,2 + iγ1,1)/2. (9)

This is a highly non-local state since γN,2 and γ1,1 are localized on opposite ends of

the chain. Furthermore, since this fermion operator is absent from the Hamiltonian,

occupying the corresponding state requires zero energy. Thus, in contrast to

”normal” superconductors, where the ground state is non-degenerate and consists
of a superposition of even-particle-number states (condensate of Cooper pairs), the

Hamiltonian (1) allows for an odd number of quasiparticles at zero energy cost. The

ground state is therefore two-fold degenerate, corresponding to having in total an even

or odd number of electrons in the superconductor. This even or oddness, also called

4
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which are clearly hermitian and therefore Majorana operators. Figure 1 shows a sketch
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are split into Majorana operators.
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inserting Eqs. (2)–(3) into the Hamiltonian (1) results in
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operators living on site i, we can construct new fermion operators, c̃i, by combining
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annihilation operator for site i, and ni = c†ici is the associated number operator. The
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Figure 1. Sketch of Kitaev’s 1D p-wave superconducting tight binding chain. Upper
panel: The fermion operators on each site i of the chain can be split into two Majorana
operators, γi,1 and γi,2. Lower panel: In the limit µ = 0, t = ∆, the Hamiltian
is diagonal in fermion operators which are obtained by combing instead Majorana
operators on neighboring sites, γi+1,1 and γi,2. This leaves two unpaired Majorana
operators, γ1,2 and γN,1, which can be combined to form one zero energy, highly non-
local fermion operator, c̃M .
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c̃i = (γi+1,1 + iγi,2)/2. (7)

This pairing is demonstrated in the lower panel of Fig. 1. In terms of these new fermions
we find −iγi,2γi+1,1 = 2c̃†i c̃i = 2ñi and therefore

Hchain = 2t
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∑
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c̃†i c̃i. (8)

Thus, c̃i are the annihilation operators corresponding to the eigenstates and the energy

cost of creating a c̃i fermion is 2t. The Majorana operators are merely a formal way

of writing the Hamiltonian and the physical excitations are fermionic states at finite
energy, obtained by a superposition of nearest neighbor MFs.

So far there appears to be nothing special about the diagonal Hamiltonian in

Eqs. (6) and (8). However, the Majorana operators γN,2 and γ1,1, which are localized

at the two ends of the wire, are completely missing from Eq. (6)! These two Majorana

operators can equivalently be described by a single fermionic state with operator

c̃M = (γN,2 + iγ1,1)/2. (9)

This is a highly non-local state since γN,2 and γ1,1 are localized on opposite ends of

the chain. Furthermore, since this fermion operator is absent from the Hamiltonian,

occupying the corresponding state requires zero energy. Thus, in contrast to

”normal” superconductors, where the ground state is non-degenerate and consists
of a superposition of even-particle-number states (condensate of Cooper pairs), the

Hamiltonian (1) allows for an odd number of quasiparticles at zero energy cost. The

ground state is therefore two-fold degenerate, corresponding to having in total an even

or odd number of electrons in the superconductor. This even or oddness, also called
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∑
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(
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, (1)

where h.c. means hermitian conjugate, µ is the chemical potential, ci is the electron

annihilation operator for site i, and ni = c†ici is the associated number operator. The

superconducting gap, ∆, and hopping, t, are assumed to be the same for all sites. We
can then choose the superconducting phase φ to be zero, such that ∆ = |∆|. Note that
time-reversal symmetry is broken in Eq. (1) since we only consider one value for the spin

projection, i.e., effectively spinless electrons (we suppress the spin label). Furthermore,

the superconducting pairing is non-standard since it couples electrons with the same spin

(in contrast to standard s-wave pairing, which only couples electrons with opposite spin

projection). Note also that electrons on neighboring sites are paired: The sites cannot
be doubly occupied by the spinless electrons because of the Pauli exclusion principle.

We now want to rewrite Eq. (1) in terms of Majorana operators (we will see shortly

why this is useful). It was mentioned above that MFs are basically obtained by splitting

a fermion into its real and imaginary parts. Therefore we write

ci =
1

2
(γi,1 + iγi,2) , (2)

c†i =
1

2
(γi,1 − iγi,2) , (3)

where γi,j are Majorana operators living on site i. That they are indeed Majorana

operators is seen by inverting Eqs. (2)–(3), giving

γi,1 = c†i + ci, (4)

γi,2 = i
(

c†i − ci
)

, (5)

which are clearly hermitian and therefore Majorana operators. Figure 1 shows a sketch

of Kitaev’s chain and the upper panel indicates how the fermion operators on each site
are split into Majorana operators.

The Majorana physics is most easily understood when µ = 0, t = ∆, in which case

inserting Eqs. (2)–(3) into the Hamiltonian (1) results in

Hchain = −it
N−1
∑

i=1

γi,2γi+1,1. (6)

In fact, Eq. (6) is nothing but an alternative way of writing the diagonalized

Hamiltonian. To see this we go back to a fermionic representation by noting that,

analogous to Eqs. (2)–(3), where a fermion on site i was split into two Majorana

operators living on site i, we can construct new fermion operators, c̃i, by combining

The end Majorana fermions define a degenerate 2-state system: a qubit! 
An electron in this qubit will be in a non-local superposition of the two edge modes.   

Figure courtesy of T. Ozawa

Review: Leijnse et al., Semicond. Sci. Technol. 27, 124003 (2012)

 A. Y. Kitaev. Physics-Uspekhi, 44:131, 2001.
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energy gap. More generally, for spatially dependent H0

and � the Schrödinger equation associated with H
BdG

is
known as the Bogoliubov de Gennes (BdG) equation.

Since (13) has both c and c† on both sides there is
an inherent redundancy built into the BdG Hamiltonian.
For� = 0, H

BdG

includes two copies ofH0 with opposite
sign. More generally, H

BdG

has an intrinsic particle-hole
symmetry expressed by

⌅H
BdG

(k)⌅�1 = �H
BdG

(�k), (15)

where the particle-hole operator, ⌅ = ⌧
x

K, satisfies
⌅2 = +1. (15) follows from H0(�k) = H0(k)⇤ and
the odd parity of the real �(k). It follows that ev-
ery eigenstate of H

BdG

with energy E has a partner at
�E. These two states are redundant because the Bogoli-
ubov quasiparticle operators associated with them satisfy
�†
E

= ��E

. Thus, creating a quasiparticle in state E has
the same e↵ect as removing one from state �E.

The particle-hole symmetry constraint (15) has a sim-
ilar structure to the time reversal constraint in (8), so
it is natural to consider the classes of BdG Hamiltonians
that can be continuously deformed into one another with-
out closing the energy gap. In the simplest case, spinless
fermions, the classification can be shown to be Z2 in one
dimension and Z in two dimensions. As in section II.C,
this can be most easily understood by appealing to the
bulk-boundary correspondence.

2. Majorana fermion boundary states

At the end of a 1D superconductor (Kitaev, 2000) there
may or may not be discrete states within the energy gap
that are bound to the end (Fig. 4(a-c)). If they are
present, then every state at +E has a partner at �E.
Such finite energy pairs are not topologically protected
because they can simply be pushed out of the energy
gap. However, a single unpaired bound state at E = 0 is
protected because it can’t move away from E = 0. The
presence or absence of such a zero mode is determined by
the Z2 topological class of the bulk 1D superconductor.

The Bogoliubov quasiparticle states associated with
the zero modes are fascinating objects (Kitaev, 2000;
Read and Green, 2000; Ivanov, 2001; Stern, von Op-
pen and Mariani, 2004; Nayak, et al., 2008). Due to
the particle-hole redundancy the quasiparticle operators
satisfy �0 = �†

0. Thus, a quasiparticle is its own antipar-
ticle – the defining feature of a Majorana fermion. A
Majorana fermion is essentially half of an ordinary Dirac
fermion. Due to the particle-hole redundancy, a single
fermionic state is associated with each pair of ±E energy
levels. The presence or absence of a fermion in this state
defines a two level system with energy splitting E. Majo-
rana zero modes must always come in pairs (for instance,
a 1D superconductor has two ends), and a well separated
pair defines a degenerate two level system, whose quan-
tum state is stored nonlocally. This has profound im-
plications, which we will return to in section V.B, when

k
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0

Φ
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FIG. 4 Boundary states for a topological superconductor (T-
SC). (a) shows a 1D superconductor with bound states at
its ends. (b,c) show the end state spectrum for an ordinary
1D superconductor (b) and a 1D topological superconductor
(c). (d) shows a topological 2D superconductor with a chiral
Majorana edge mode (e). A vortex with flux � = h/2e is
associated with a zero mode (c).

we discuss the proposal by Kitaev (2003) to use these
properties for quantum information processing.
In two dimensions the integer classification, Z, gives

the number of chiral Majorana edge modes (Fig. 4(d,e)),
which resemble chiral modes in the quantum Hall e↵ect,
but for the particle-hole redundancy. A spinless super-
conductor with p

x

+ ip
y

symmetry is the simplest model
2D topological superconductor. Such superconductors
will also exhibit Majorana bound states at the core of
vortices (Caroli, de Gennes and Matricon, 1964; Volovik,
1999; Read and Green, 2000). This may be understood
simply by considering the vortex to be a hole in the su-
perconductor circled by an edge mode (Fig. 4(d)). When
the flux in the hole is h/2e the edge modes are quantized
such that one state is exactly at E = 0.
Majorana fermions have been studied in particle

physics for decades, but have not been definitively ob-
served (Majorana, 1937; Wilczek, 2009). A neutrino
might be a Majorana fermion. E↵orts to observe cer-
tain lepton number violating neutrinoless double � de-
cay processes may resolve that issue (Avignone, Elliott
and Engel, 2008). In condensed matter physics, Ma-
jorana fermions can arise due to a paired condensate
that allows a pair of fermionic quasiparticles to “disap-
pear” into the condensate. They have been predicted
in a number of physical systems related to the spinless
p
x

+ ip
y

superconductor, including the Moore-Read state
of the ⌫ = 5/2 quantum Hall e↵ect (Moore and Read,
1991; Greiter, Wen and Wilczek, 1992; Read and Green,
2000), Sr2RuO4 (Das Sarma, Nayak and Tewari, 2006),
cold fermionic atoms near a Feshbach resonance (Gurarie,
Radzihovsky and Andreev, 2005; Tewari, et al., 2007)
and 2D structures that combine superconductivity, mag-
netism and strong spin orbit coupling (Lee, 2009; Sato
and Fujimoto, 2009; Sau, et al., 2010). In Section Vb we
will discuss the prospect for creating Majorana fermion
states at interfaces between topological insulators and
ordinary superconductors (Fu and Kane, 2008).
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energy gap. More generally, for spatially dependent H0

and � the Schrödinger equation associated with H
BdG

is
known as the Bogoliubov de Gennes (BdG) equation.

Since (13) has both c and c† on both sides there is
an inherent redundancy built into the BdG Hamiltonian.
For� = 0, H

BdG

includes two copies ofH0 with opposite
sign. More generally, H

BdG

has an intrinsic particle-hole
symmetry expressed by

⌅H
BdG

(k)⌅�1 = �H
BdG

(�k), (15)

where the particle-hole operator, ⌅ = ⌧
x

K, satisfies
⌅2 = +1. (15) follows from H0(�k) = H0(k)⇤ and
the odd parity of the real �(k). It follows that ev-
ery eigenstate of H

BdG

with energy E has a partner at
�E. These two states are redundant because the Bogoli-
ubov quasiparticle operators associated with them satisfy
�†
E

= ��E

. Thus, creating a quasiparticle in state E has
the same e↵ect as removing one from state �E.

The particle-hole symmetry constraint (15) has a sim-
ilar structure to the time reversal constraint in (8), so
it is natural to consider the classes of BdG Hamiltonians
that can be continuously deformed into one another with-
out closing the energy gap. In the simplest case, spinless
fermions, the classification can be shown to be Z2 in one
dimension and Z in two dimensions. As in section II.C,
this can be most easily understood by appealing to the
bulk-boundary correspondence.

2. Majorana fermion boundary states

At the end of a 1D superconductor (Kitaev, 2000) there
may or may not be discrete states within the energy gap
that are bound to the end (Fig. 4(a-c)). If they are
present, then every state at +E has a partner at �E.
Such finite energy pairs are not topologically protected
because they can simply be pushed out of the energy
gap. However, a single unpaired bound state at E = 0 is
protected because it can’t move away from E = 0. The
presence or absence of such a zero mode is determined by
the Z2 topological class of the bulk 1D superconductor.

The Bogoliubov quasiparticle states associated with
the zero modes are fascinating objects (Kitaev, 2000;
Read and Green, 2000; Ivanov, 2001; Stern, von Op-
pen and Mariani, 2004; Nayak, et al., 2008). Due to
the particle-hole redundancy the quasiparticle operators
satisfy �0 = �†

0. Thus, a quasiparticle is its own antipar-
ticle – the defining feature of a Majorana fermion. A
Majorana fermion is essentially half of an ordinary Dirac
fermion. Due to the particle-hole redundancy, a single
fermionic state is associated with each pair of ±E energy
levels. The presence or absence of a fermion in this state
defines a two level system with energy splitting E. Majo-
rana zero modes must always come in pairs (for instance,
a 1D superconductor has two ends), and a well separated
pair defines a degenerate two level system, whose quan-
tum state is stored nonlocally. This has profound im-
plications, which we will return to in section V.B, when

k

0 0
0

∆

−∆

∆

−∆

0

Φ

(a)

(b) (c)

(d)

(e)

1D  T - SC 2D T - SC

ΓE

Γ−E = ΓE
† 

Γ0 = Γ 0
† 

Γ
−E=Γ E

† 
ΓE

FIG. 4 Boundary states for a topological superconductor (T-
SC). (a) shows a 1D superconductor with bound states at
its ends. (b,c) show the end state spectrum for an ordinary
1D superconductor (b) and a 1D topological superconductor
(c). (d) shows a topological 2D superconductor with a chiral
Majorana edge mode (e). A vortex with flux � = h/2e is
associated with a zero mode (c).

we discuss the proposal by Kitaev (2003) to use these
properties for quantum information processing.
In two dimensions the integer classification, Z, gives

the number of chiral Majorana edge modes (Fig. 4(d,e)),
which resemble chiral modes in the quantum Hall e↵ect,
but for the particle-hole redundancy. A spinless super-
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symmetry is the simplest model
2D topological superconductor. Such superconductors
will also exhibit Majorana bound states at the core of
vortices (Caroli, de Gennes and Matricon, 1964; Volovik,
1999; Read and Green, 2000). This may be understood
simply by considering the vortex to be a hole in the su-
perconductor circled by an edge mode (Fig. 4(d)). When
the flux in the hole is h/2e the edge modes are quantized
such that one state is exactly at E = 0.
Majorana fermions have been studied in particle

physics for decades, but have not been definitively ob-
served (Majorana, 1937; Wilczek, 2009). A neutrino
might be a Majorana fermion. E↵orts to observe cer-
tain lepton number violating neutrinoless double � de-
cay processes may resolve that issue (Avignone, Elliott
and Engel, 2008). In condensed matter physics, Ma-
jorana fermions can arise due to a paired condensate
that allows a pair of fermionic quasiparticles to “disap-
pear” into the condensate. They have been predicted
in a number of physical systems related to the spinless
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superconductor, including the Moore-Read state
of the ⌫ = 5/2 quantum Hall e↵ect (Moore and Read,
1991; Greiter, Wen and Wilczek, 1992; Read and Green,
2000), Sr2RuO4 (Das Sarma, Nayak and Tewari, 2006),
cold fermionic atoms near a Feshbach resonance (Gurarie,
Radzihovsky and Andreev, 2005; Tewari, et al., 2007)
and 2D structures that combine superconductivity, mag-
netism and strong spin orbit coupling (Lee, 2009; Sato
and Fujimoto, 2009; Sau, et al., 2010). In Section Vb we
will discuss the prospect for creating Majorana fermion
states at interfaces between topological insulators and
ordinary superconductors (Fu and Kane, 2008).

[Reminiscent of Chern number and QH chiral edge states in Class A] 

⌫2D SC 2 Z gives no/ chiral Majorana edge modes 

Simple model: spinless superconductor with                  pairing  p
x

+ ip
y

Vortices in a topological superconductor can host  
bound Majorana zero-modes 

What happens in a 2D topological superconductor?

Figure from: Hasan et al., Rev. Mod. Phys. 82, 3045 (2010). 



• Quasiparticles in some fractional quantum Hall states? 

• Unconventional superconductors, e.g. Sr2RuO4? 

• Proximity effect devices (superconductors coupled to TIs, semiconductors or magnetic atoms…)

Hunting for Majorana Fermions
Majorana fermions are not so easy to realise experimentally:

2

I. INTRODUCTION

The search for topological phases of matter has generated significant interest in physics, chemistry and material science [1–4].
The discovery of phases of matter supporting non-Abelian excitations is of fundamental importance for all of science and has
profound technological applications for quantum information processing. It has been predicted that the topological approach
to quantum computing may overcome the largest barrier to building scalable quantum computing - decoherence - by exploiting
topologically nontrivial quantum states of matter, which, by their nature, limit errors [5, 6]. Certain types of topological materials
are predicted to host exotic excitations known as non-Abelian anyons [7, 8]. Exchanging the position of such non-Abelian anyons
is a non-commutative operation which does not depend on the way and the details of its execution. Thus, such an operation is
topologically protected and may be used to implement quantum gates. The simplest type of non-Abelian anyons may appear in
certain exotic superconductors [8–10] - topological superconductors hosting Majorana zero modes (MZMs) localized at defects
and boundaries. A number of platforms for realizing MZMs in the laboratory were recently put forward [11–18]. Most of them
propose to engineer an appropriate model Hamiltonian at the interface of a conventional superconductor and some other materials
such as topological insulators [19–22], semiconductors with strong spin-orbit coupling [23–29] and magnetic atom chains [30–
45]. Among the most promising ones are the proximitized nanowire proposals [25, 26]. There is mounting experimental evidence
for the presence of MZMs in proximitized nanowires [46–55].

A paradigmatic model for a one-dimensional (1D) topological superconductor involves spinless fermions that hop along the
chain and experience proximity-induced p-wave pairing [10]. Such a system supports localized MZMs at the opposite ends of
a wire. These modes are described by the self-conjugate operators which obey canonical Majorana fermion anticommutation
relations [6]. Thus, a single MZM cannot accommodate a conventional (Dirac) fermion. At least two MZMs are needed
to form a fermionic state with well-defined occupation number. An interesting scenario appears when the system supports
a single MZM per nanowire end, in which case there is a non-local fermionic mode extending over distances much larger
than the superconducting coherence length. This non-local entanglement in a gapped system is the hallmark of topological
superconductors, and represents an instance of electron fractionalization [10]. Note that the above argument relies on having
an odd number of MZMs per end since even number of Majorana fermions can pair up and form a conventional Dirac fermion
locally. In the latter case, the fermionic mode generically resides at a finite energy and, as a result, there is no non-local
entanglement in the ground-state. Thus, there is a profound difference between conventional gapped superconductors, which
have a unique ground state with even fermion parity, and topological superconductors, which instead have a highly degenerate
ground state due to the presence of many MZMs [8, 10].

FIG. 1. a) Energy spectrum as a function of the momentum along the nanowire k. Spin-orbit coupling shifts the parabolas describing electron
spectrum sideways by k

so

and introduces new energy scale E

so

. Zeeman coupling V

Z

due to applied external magnetic field perpendicular to
the direction of the spin-orbit coupling opens a gap at k=0 [25, 26]. Arrows indicate approximate spin orientation for different momenta. b)
Topological quantum phase diagram. By changing chemical potential µ in the nanowire or Zeeman splitting V

Z

one can drive the system into
a topological phase. Here �0 is the induced pairing potential in the wire.

Spinless p-wave superconductivity is a key element for realizing separated MZMs. However, electrons in conventional ma-
terials have spin 1

2

, thus the notion of a spinless superconductor does not seem immediately relevant to real physical systems.
An elegant way to overcome this difficulty is to use spin-orbit materials, where spin and orbital degrees of freedom are corre-
lated. Indeed, spinless superconductivity can effectively emerge in a semiconductor nanowire with strong spin-orbit interaction
proximity-coupled to a conventional (s-wave) superconductor [25, 26]. The corresponding energy spectrum for the nanowire

spin-orbit coupled nanowire with proximity induced s-wave pairing spin-orbit coupling can 
provide a route to 

“spinless” 
superconductivity

16

superconductor (Eq. (10)) to also host MFs (we focus here on the simplest case of a 1D

nanowire, but the case of a 2D quantum well is rather similar). The precise meaning of

”close enough” is here that the two Hamiltonians can be continuously transformed into

each other, without ever closing the gap. In this case Eq. (37) and Eq. (10) describe

topologically equivalent systems. Since the presence of spatially separated MFs is a

topological property of the system [15], they should then appear also as solutions to
Eq. (37).

A 1D semiconducting wire with strong spin-orbit coupling has been put forward as

an experimentally attractive setting in which to induce topological superconductivity.

We follow here closely the proposals originally put forward in Refs. [23, 24]. The

experimental geometry is sketched in Fig. 4. The nanowire is proximity-coupled to

Figure 4. Sketch of setup for engineering topological superconductivity in a 1D
nanowire. The nanowire (e.g., InAs or InSb) with strong spin-orbit coupling is
proximity coupled to a bulk s-wave superconductor (e.g., Nb or Al). A set of gate
electrodes are used to control the chemical potential inside the wire and bring it into
the topological regime. MFs then form at the ends of the wire. The weight of the
Majorana wavefunction decays exponentially inside the wire, indicated here in black
(this is just an approximate form, the real wavefunction depends on the details and
often exhibit oscillations).

a s-wave superconductor and exposed to an external magnetic field (not shown). The
chemical potential of the wire is controlled by a set of gate electrodes. The wire is

assumed to be long enough that we can ignore size quantization along the wire direction

and thin enough that the 1D subbands are well separated on the relevant energy scales.

For simplicity, we also assume that the chemical potential can be tuned to a regime

where only a single 1D subband is occupied (MFs can also be found in multi-channel

wires [60, 61, 59] provided that the channel number is odd and the effective width of
the wire is smaller than the superconducting coherence length). The Hamiltonian is a

special case of Eq. (34)

H0(x) =
k2
x

2m
− µ+ α̃kxσy +

1

2
B̃σz , (51)

Mounting experimental evidence, see recent review : Lutchyn et al., arXiv:1707.0489

Review: Leijnse et 
al., Semicond. Sci. 
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And now…

Can we realise these topological phases in ultracold atoms and photonics?  
Lecture 3 & 4 


