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limits and possibilities offered by the theory in the 
process of extracting info from Quantum Systems 

- Quantum Communication (this lecture)
- Quantum Metrology



Quantum Communication  =   A theory of OPEN QUANTUM SYSTEM

propagation of “quantum signals” (information carriers) through an environmental (noisy) 
medium (e.g. light pulses in an optical fiber);

�� = �(�)

input state of
the carrier

output state of 
the carrier

��

INPUT/OUPUT 
FORMALISM 

ALICE BOB
(the receiver)(the sender)
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QUANTUM CHANNEL = EVOLUTION of a QUANTUM SYSTEM 

The most general discrete-time evolution of a 
quantum system is described by assigning a 
map (channel)      which connects the input 
state     of the system to its output 
counterpart

�

�� = �(�)

input state

output state

��
�� � S(HS)

� � S(HS)

Three different but equivalent definitions:

1. Physical, Extrinsic (Stinespring) 

2. Intrinsic (Kraus)
3. Axiomatic

• Quantum Channels
• Classical Theory
• Quantum capacities



�

3. partial 
trace over 
the space 
o f t h e 
environm
ent 

I. extend 
the space 
to include 
environe
ment

2. unitary coupling

1. Physical, Extrinsic  
(Stinespring) 

U(� � |0⇤⇥0|E)U†� � |0⇤⇥0|E

�(�) = TrE [U(� � |0⇤E⇥0|)U†]�

environm
ent

E

system

Unitary
dilation
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environm
ent

E
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�

3. partial 
trace over 
the space 
o f t h e 
environm
ent 

I. extend 
the space 
to include 
environe
ment

2. unitary coupling

U(� � |0⇤⇥0|E)U†� � |0⇤⇥0|E

�(�) = TrE [U(� � |0⇤E⇥0|)U†]�

system

Unitary
dilation

�(�) =
�

k

Mk�M†
k

2. Intrinsic (Kraus)

� �

�

k

M†
kMk = I

REPRESENTATIONS

1. Physical, Extrinsic  
(Stinespring) 



3. Axiomatic A Quantum Channel must be LINEAR in the larger space of the operator 
algebra, COMPLETELY POSITIVE, and TRACE-PRESERVING (CPT).

(i) LINEARITY

⇥(a �1 + b �2) = a ⇥(�1) + b ⇥(�2)
�a, b complex

algebra of all  linear operators acting on � : B(HS)� B(HS) HS

⇥�1,�2 � B(HS)

(ii) TRACE PRESERVING

Tr[⇥(�)] = Tr[�] ⇥� � B(HS)

(iii) COMPLETE POSITIVITY

=�

POSITIVITY

=�

generic auxiliary 
system

identity 
map on A

⇤ �SA ⇥ B(HS �HA) [�� I](�SA) � 0

⇥ � � B(HS) �(�) � 0

• Quantum Channels
• Classical Theory
• Quantum capacities REPRESENTATIONS



There exist MAPS which are POSITIVE but NOT COMPLETELY POSITIVE (e.g. partial 
transpose): they do not represent PHYSICAL TRANSFORMATION of the system.

environm
ent

E

system
S

�S

environm
ent

E

system
S

! (�S)

A A

�SA

(iii) COMPLETE POSITIVITY

[! ! I ](! SA )

• Quantum Channels
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• Quantum capacities REPRESENTATIONS



 Q-CHANNELS ARE NON EXPANSIVE

CPT maps tend to decrease the distance between states 
(i.e. to increase the fidelity between them). A special 
case is that of UNITARY TRANSFORMATION which 
preserve the distance among all inputs.

�1

�2

�(�1)
�(�2)



 Q-CHANNELS ARE NON EXPANSIVE

CPT maps tend to decrease the distance between states 
(i.e. to increase the fidelity between them). A special 
case is that of UNITARY TRANSFORMATION which 
preserve the distance among all inputs.

�1

�2

�(�1)
�(�2)hence

- C P T a r e N O T ( p h y s i c a l l y ) 
INVERTIBLE….

- CPT always admit at least a fixed point

x x



EXAMPLES:

�(�) = V�V  
(i) Unitary evolution: it is the only (fully) 
invertible (noiseless) transformation. 
Describes the evolution of closed systems.
Most trivial example is of course the identity 
channel                .

V V  = V   V = I

(ii) Fully depolarizing channel:  ALL inputs are 
mapped into the totally mixed state.

�

I (! ) = !

! (! ) = I/d

• Quantum Channels
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E N T A N G L E M E N T 
BREAKING CHANNELS: 
when acting on half of a 
composite system they 
a l w a y s p r o d u c e s 
SEPARABLE outputs.
(The real enemy of QI).

separable state

!
(! ! I )( ! AB ) =

!

!

p! !
( ! )
A ! ! ( ! )

B

Theorem (Shor-Ruskai-Horodecki): CPT map is EB iff and only if, there exist a POVM     
 and a class of states                          such that,  

! (! ) =
!

j

Tr[ ! M j ] ! j

{ ! j , j = 1 , 2, á á á }
{ Ej , j = 1 , 2, á á á }

Proof: via CJ isomorphism=!

! = QC CQ

“CRYPTO-CLASSICAL” channels

POVM measure state preparation

! AB

classical info
quantum info



COMPOSITION RULES ! 2, ! 1Given              CPT maps on S, one can construct the following 
CPT maps

[p! 1 + (1 ! p)! 2](! ) = p! 1(! ) + (1 ! p)! 2(! )( i )CONVEX SUM  
given 

(ii) CONCATENATION [! 2 ! ! 1](! ) = ! 2(! 1(! ))

=! 2 ! ! 1 ! 2! 1

(iii) TENSOR PRODUCT

! 1! 1

! 2

!
! 2

p ! [0, 1]

NB: this implies that the set of CPT maps is CONVEX

NB: this implies that the CPT maps form a (non Abelian)  
SEMIGROUP (the identity map being the identity 
element).

given two copies of S, S1 and 
S2, we can define a tensor 
product channel by acting with 
the first operation on S1 and 
with the second on S2.



Schmitt-Manderbach et al., 
PRL 98, 010504 (2007) ALICE

(the sender)

BOB
(the receiver)

How re l i ab ly CLASS IC AL 
messages can be transferred on 
a quantum channel?

La Palma Tenerife
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NOISY 
CHANNEL

x � A

p(y|x)
Y

y � A

X

In classical information theory a (discrete) communication channel is fully specified by 
assigning the conditional probabilities that measure the probability, that given a 
certain input symbol, the receiver will receive a  given output.

C L A S S I C A L 
INFO SOURCE

C L A S S I C A L 
OUTPUT 

CONDITIONAL PROBABILITY THAT BOB RECEIVES y WHILST ALICE  IS SENDING x;p(Y = y|X = x) � p(y|x)

ALICE BOB
(the receiver)(the sender)

p(x, y) = p(y|x)p(x) p(y) =
�

x�A
p(y|x)p(x)

BAYES’s RULE

• Quantum Channels
• Classical Theory
• Quantum capacities



when Alice sends a symbol X Bob 
receives Y=X with probability p , and Y=X
+1 with probability 1-p.

Example: binary symmetric channel x, y � A = {0, 1}

0                    0 

1                    1   

p(Y = x|X = x) = p

p(Y = x̄|X = x) = 1� p

1� p

p

p

How to improve the reliability of the communication? 

USE REDUNDANCY 
(e.g. repeat the message 
sufficiently many time, if 
the error probability is 
sufficiently small, Bob 
could then deduce the 
correct message via 
majority voting).

e . g . u s e 3 
i n d e p e n d e n t 
channels uses to 
encode a single 0

0     

0     

0     

ALICE
(the sender)

p(y|x)

p(y|x)

p(y|x)

INDEPENDENT 
CHANNEL USES

Memoryless channel: the noise model 
acts the same way on all  the elements  
of the sequences of inputs

first carrier

second carrier

third carrier

...

• Quantum Channels
• Classical Theory
• Quantum capacities
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R =
#Bits

#channel uses
=

log2 M

N
RATE =



The capacity of the channel is the maximum of the ACHIEVABLE rates.

C = max
achievable

R = lim
! ! 0

lim sup
N !"

!
log2 M

N

"
"
"! CM,N such that Perr(C) < !

#
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R =
#Bits

#channel uses
=

log2 M

N
RATE =

!

"
"
"
"
"
"
"
"
#

x1

x2

á á á

xN

$

%
%
%
%
%
%
%
%
&

! !x !y !

!

"
"
"
"
"
"
"
"
#

y1

y2

á á á

yN

$

%
%
%
%
%
%
%
%
&

p(y|x)

C Dm ! M m! ! M

ENCODING
DECODINGTRANSFERRING

ALICE
(the sender)

BOB
(the receiver)

CHANNEL USES

p(!y|!x) = p(y1|x1) p(y2|x2) á á áp(yN |xN ) =
N!

! =1

p(y! |x! )



C = max
p(x )

H (X : Y )

MUTUAL INFORMATION of X, YH (X : Y ) = H (X ) + H (Y ) ! H (X, Y )

Shannon NOISY CHANNEL CODING THEOREM

H (X ) = !
!

x

p(x) log2 p(x)

• Quantum Channels
• Classical Theory
• Quantum capacities

C = max
achievable

R = lim
! ! 0

lim sup
N !"

!
log2 M

N

"
"
"! CM,N such that Perr(C) < !

#



xj ! ! j

C-Q ENCODING Q-C  DECODING
(measurement)

{ Ek }

QUANTUM STATE
PROPAGATION

C L A S S I C A L 
INFO SOURCE

C L A S S I C A L 
OUTPUT

! j ! ! !
jX Y

!

classical info
quantum info

Problem (i):   TRANSFERRING of CLASSICAL INFO on  a QUANTUM CHANNEL 

TenerifeLa Palma

ALICE BOB
(the receiver)(the sender)

• Quantum Channels
• Classical Theory
• Quantum capacities CLASSICAL INFO on a QUANTUM CHANNEL 



classical info
quantum info

Q-C  DECODING
(POVM measurement)

C-Q ENCODING

!

!

!

!

MEMORYLESS CHANNEL MODEL  

C L A S S I C A L 
OUTPUT

m ! M m! ! M

!
""""""#

""""""$

! (N )
m

m ! ! (N )
m

C D

In this case the channel uses are associated with quantum states of the quantum 
information carriers (e.g. photons, em. pulses, flying qubits, etc.) 
        
The NOISE MODEL is defined by assigning a CPT map that describes how the 
input density matrices of the carriers evolve during the propagation. We will 
focus on MEMORYLESS models in which each carrier undergoes to the same 
noisy evolution

The ENCODING PROCEDURE now takes the classical messages and maps 
them into the quantum states of the propagating carriers. 

Similarly the DECODING PROCEDURE consists in a POVM measurement 
which aims to recover m by detecting the state of the transmitted carriers. 

! (N ) = ! ! ! ! á á á! ! = ! ! N

C : M ! S (H ! N )

D : S (H ! N ) ! M

• Quantum Channels
• Classical Theory
• Quantum capacities CLASSICAL INFO on a QUANTUM CHANNEL 

ALICE BOB
(the receiver)

(the sender)

see Caruso et al. RMP 2014 for memory 
channels configurations



C = max
achievable

R = lim
! ! 0

lim sup
N !"

!
log2 M

N

"
"
"! CM,N such that Perr(C) < !

#

As in the classical theory we can define the CAPACITY of the Channels as:

• Quantum Channels
• Classical Theory
• Quantum capacities CLASSICAL INFO on a QUANTUM CHANNEL 



C = max
achievable

R = lim
! ! 0

lim sup
N !"

!
log2 M

N

"
"
"! CM,N such that Perr(C) < !

#

As in the classical theory we can define the CAPACITY of the Channels as:

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

SEPARABLE ENCODING ENTANGLED ENCODING

C1(! ) C(! )
|0000!

• Quantum Channels
• Classical Theory
• Quantum capacities CLASSICAL INFO on a QUANTUM CHANNEL 

(Holevo Capacity) (|0000! + |1111!)/
"

2



!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

!

SEPARABLE ENCODING

LOCAL 
DETECTION

NON 
LOCAL 

DETECTION

Ccc

Cqc

ENTANGLED ENCODING

Cqq (= C)Ccq (= C1)



A close expression for C is obtained through the HOLEVO BOUND on the ACCESSIBLE INFORMATION of a quantum 
source: 

A random element is extracted from a statistical ensemble of quantum states:

we are asked to determine which one is (i.e. to determine the value of the label x) by 
performing a generic measurement on the system:

E ! { ! x ; p(x) : x " A , ! x " S (H S) and p(x) = probabilities }

! 2

�3

�1

�n

�?

...

• Quantum Channels
• Classical Theory
• Quantum capacities CLASSICAL INFO on a QUANTUM CHANNEL 



{Ey}

Iacc(E) = max
POV M

H(X : Y )

HOLEVO BOUND: an upper bound for the accessible information is 
provided by the Holevo Information of the ensemble    , i.e. E

I acc (E) ! ! (E) = S(" (E)) !
!

x ! A

p(x)S(" (x))

! (E) =
!

x ! A

p(x)! S (x)

average state of the ensemble

S(! ) = ! Tr[ ! log2 ! ]

von Neumann entropy 

HOLEVO Prob. Inf. Trasnm. 9, 3 (1973)

• Quantum Channels
• Classical Theory
• Quantum capacities CLASSICAL INFO on a QUANTUM CHANNEL 



Holevo-Schumacher-Westmoreland (HSW)

CHANNEL CODING THEOREM (I)

= HOLEVO  INFO of the ensemble

= ensemble of the carrier

= output ensemble associated with 

= HOLEVO CAPACITY 
OF THE CHANNEL 

E

C1 = ! C (! ) ! max
E

! (! (E))
!

if we restrict the ENCODING to only those which produce SEPARABLE (non entangled) CODEWORDS, then

E = { ! j ; pj : ! j ! S (H)}

! (E) = { ! (! j ); pj : ! j ! S (H)} E

!

!

!

!

! (E) = S(" (E)) !
!

j

pj S(" j )

MAXIMIZED OVER ALL 
POSSIBLE

ENSEMBLES

HOLEVO IEEE 44, 269 (1998)
SCHUMACHER and WESTMORELAND

PRA 56, 2629 (1998)

• Quantum Channels
• Classical Theory
• Quantum capacities CLASSICAL INFO on a QUANTUM CHANNEL 



MAXIMIZED OVER ALL 
POSSIBLE

 N-dim ENSEMBLES

! ! N (EN ) = { ! (N ) (! (N )
j ); pj : ! j � S(H ! N )}

EN = {�(N)
j ; pj : �(N)

j � S(H�N )} = generic ensemble of N carriers

= output ensemble associated with EN

= HOLEVO CAPACITY OF THE CHANNEL ��N

C = lim
N⇥⇤

�C(��N )
N

if we allows for ANY ENCODING including those which produce ENTANGLED CODEWORDS, then

!

!

!

!

REGULARIZATION 
OVER CHANNEL USES

! C (! ! N ) = max
EN

! (! ! N (EN ))

Holevo-Schumacher-Westmoreland (HSW)

CHANNEL CODING THEOREM (II)

• Quantum Channels
• Classical Theory
• Quantum capacities CLASSICAL INFO on a QUANTUM CHANNEL 



EXAMPLES:

(I) noiseless channel ! (! ) = I (! ) = !

max
EN

! (! ! N (EN )) = max
EN

! (EN ) = max
! ( N )

S(" (N ) ) = N logd

C = lim
N !"

N logd
N

= log d = C1

DIMENSION of the 
Hilbert space of a

CARRIER

e.g  if the carriers are qubits we have C = C1 = log 2 = 1 one qubit carries at most one bit of info!
(in the absence of shared entanglement, 

see below)

(II) (partially) depolarizing channel p ! [0, 1]

C = C1 = log d ! Smin (! )

C. KING  IEEE 49, 2003

p

(d = 2)

! (! ) = (1 ! p)! + p Tr[ ! ] I/d

• Quantum Channels
• Classical Theory
• Quantum capacities CLASSICAL INFO on a QUANTUM CHANNEL 



(II) the capacity expression for C is no longer a single expression formula (we 
have to take the limit over arbitrarily large N).

REMARKS:

(I) the capacity C and C1 are both FUNCTIONS of the CPT map which 
describes the noise.

• Quantum Channels
• Classical Theory
• Quantum capacities CLASSICAL INFO on a QUANTUM CHANNEL 

QUESTION: is it really necessary to take the limit over N to compute C?

C(! ) = C1(! )
?

ADDITIVITY 

pro
b lem of 

Holev
o IN

FO



SHOR EQUIVALENCE THEOREM: the following properties are either all true or 
all false:

(i) additivity of the minimum entropy output of a quantum channel 

(ii) additivity of the Holevo Capacity of a quantum channel 

(iii) additivity of entanglement of formation

(iv) strong super-additivity of the entanglement of formation

Shor, CMP, 246,  453 (2004)
 

• Quantum Channels
• Classical Theory
• Quantum capacities

CLASSICAL INFO on a QUANTUM CHANNEL 
ADDITIVITY PROBLEM



SHOR EQUIVALENCE THEOREM: the following properties are either all true or 
all false:

(i) additivity of the minimum entropy output of a quantum channel 

(ii) additivity of the Holevo Capacity of a quantum channel 

(iii) additivity of entanglement of formation

(iv) strong super-additivity of the entanglement of formation

Shor, CMP, 246,  453 (2004)
 

Hastings 2008  >>>  counterexample for the MINIMUM output entropy additivity.

FALSE

FALSE

FALSE

FALSE

Hastings, Nature Physics 5,  255 (2008)

• Quantum Channels
• Classical Theory
• Quantum capacities

CLASSICAL INFO on a QUANTUM CHANNEL 
ADDITIVITY PROBLEM

C(! ) = C1(! )



C

C1 = Ccq

CERTIFIED GAP: superadditivity of the HOLEVO INFO

GAP (?): optimality of joint measurements.....

Ccc

Cqc

OPEN PROBLEM: ADDITIVITY OF C

C(! 1 ! ! 2) = C(! 1) + C(! 2)
?

?
?



Schmitt-Manderbach et al., 
PRL 98, 010504 (2007) ALICE

(the sender)

BOB
(the receiver)

How re l i ab ly CLASS IC AL 
messages can be transferred on 
a quantum channel?

La Palma Tenerife

QUANTUM

|! !

• Quantum Channels
• Classical Theory
• Quantum capacities THE “OTHER” CAPACITIES



!

!

!

!

MEMORYLESS CHANNEL MODEL  

Q U A N T U M 
OUTPUT

C D

The ENCODING PROCEDURE now takes a possibly unknown quantum state  
and maps them into the quantum states of the propagating carriers (Q-Q 
encoding, like in quantum error correction).

The DECODING PROCEDURE consists in another Q-Q procedure which aims 
to recover the input state possibly with the help of some quantum measurement.

! (N ) = ! ! ! ! á á á! ! = ! ! N|! ! " " (N )

!
""""""#

""""""$

! (N )

D ! ! ! N ! C " I

THE GOAL IS TO FIND SUCH PROCEDURES WHICH (in the asymptotic limit 
of infinitely many channels uses) allows one to nullify the effect of the channel.

|! ! " H M |! �⇤ � H M

C : S (H M ) ! S (H ! N )

D : S (H ! N ) ! S (H M )

: S (H M ) ! S (H M )

ALICE
(the sender) (the receiver)

• Quantum Channels
• Classical Theory
• Quantum capacities QUANTUM INFO on a QUANTUM CHANNEL 



!

!

!

!

MEMORYLESS CHANNEL MODEL  

Q U A N T U M 
OUTPUT

C D

! (N ) = ! ! ! ! á á á! ! = ! ! N|! ! " " (N )

!
""""""#

""""""$

! (N )|! ! " H M |! �⇤ � H M

The averaged TRANSMISSION FIDELITY of the CODE is 
defined as the arithmetic average over all possible inputs, 
of the fidelity between the DECODED and INPUT 
STATE, 

Fav (Q) !
!

dµ(! ) F (|! ", " !)

QUANTIFICATION OF THE ERROR:

The QUANTUM capacity of the channel is the maximum of such ACHIEVABLE rates.

Q = max
achievable

R = lim
! ! 0

lim sup
N !"

!
logM

N

"
"
"! QM,N such that Fav (Q) > 1 " !

#

DB (! 1, ! 2) =
!

1 ! F (! 1, ! 2) =
"

1 ! "
#

! 1
#

! 2" 1

ALICE
(the sender)

BOB
(the receiver)

• Quantum Channels
• Classical Theory
• Quantum capacities QUANTUM INFO on a QUANTUM CHANNEL 

Kretschmann and Werner NJP  (2004)



Lloyd-Devetak-Shor (LSD) theorem:

= COHERENT INFORMATION of the CHANNEL 

JQ (! ) = max
!

J (! ; ! )

Q = lim
N !"

JQ (! # N )
N REGULARIZATION OVER 

CHANNEL USES 

ENTROPY OF 
EXCHANGE

maximized 
over all input 

states

! (! ) = Tr E [U(! ! ! E )U  ]

!

! E

U

Devetak IEEE 51, 44  (2004)
 

J (! ; ! ) = S(! (! )) ! Sex (! ; ! )

• Quantum Channels
• Classical Theory
• Quantum capacities QUANTUM INFO on a QUANTUM CHANNEL 



Q(! ) ! C(! )

(II) super-activation of quantum channels. Given two quantum channels which 
have null quantum capacity when used independently, it is possible to construct a 
non zero quantum capacity channel by using them jointly......(0+0 > 0)

REMARKS:

(I) the capacity Q  of a channel can never be larger than the capacity C.
In particular there exist channels for which Q=0 but, C >0 (“classical channels”)

Smith and Yard, Science 321 (2010).

! 1

! 2

• Quantum Channels
• Classical Theory
• Quantum capacities QUANTUM INFO on a QUANTUM CHANNEL 

Q(! 1 ! ! 2) > Q (! 1) + Q(! 2) = 0



SIDE RESOURCES FOR COMMUNICATION

ALICE
(the sender)

BOB
(the receiver)

La Palma Tenerife

PRIOR SHARED ENTANGLEMENT

FEEDBACK CHANNEL

SHARED RANDOMNESS

CLASSICAL SIDE CHANNEL 

|! ! ! AB =
|0!A " |1!B # |1!A " |0!B$

2

• Quantum Channels
• Classical Theory
• Quantum capacities ENTANGLEMENT AS A RESOURCE FOR COMM



(John) BELL TELEPHONE

SHARED ENTANGLEMENT

C D|! ! !AB

• Quantum Channels
• Classical Theory
• Quantum capacities ENTANGLEMENT AS A RESOURCE FOR COMM



classical info
quantum info
shared entanglement

TELEPORTATION
|! ! " H M |! �⇤ � H M

SHARED ENTANGLEMENT

C D
2BIT + 1EBIT = 1QUBITS

Bennett et al. PRL 70 (1993)

(John) BELL TELEPHONE

SHARED ENTANGLEMENT

C D|! ! !AB

• Quantum Channels
• Classical Theory
• Quantum capacities ENTANGLEMENT AS A RESOURCE FOR COMM



classical info
quantum info
shared entanglement

TELEPORTATION
|! ! " H M |! �⇤ � H M

SHARED ENTANGLEMENT

C D
2BIT + 1EBIT = 1QUBITS

Bennett et al. PRL 70 (1993)

SUPERDENSE CODING

SHARED ENTANGLEMENT

m!m C D
1QUBIT + 1EBIT = 2BITS

Bennett and Wiesner PRL 69 (1992)

(John) BELL TELEPHONE

SHARED ENTANGLEMENT

C D|! ! !AB

• Quantum Channels
• Classical Theory
• Quantum capacities ENTANGLEMENT AS A RESOURCE FOR COMM



!

!

!

!

!
""""""#

""""""$

! (N )C D

ENTANGLEMENT ASSISTED CAPACITIES

ALICE
(the sender)

BOB
(the receiver)

SHARED ENTANGLEMENT

• Quantum Channels
• Classical Theory
• Quantum capacities ENTANGLEMENT AS A RESOURCE FOR COMM



= QUANTUM MUTUAL 
INFORMATION 
of the CHANNEL 

REGULARIZATION 
OVER CHANNEL USES

NOT NEEDED!!!

ENTROPY OF 
EXCHANGE

maximized 
over all input 

states

I (! ; ! ) = S(! ) + S(! (! )) ! Sex (! ; ! ) = S(! ) + J (! ; ! )

OUTPUT 
ENTROPY

INPUT 
ENTROPY

Bennett et al. PRL 83 (2001)

CE = 2QE = sup
!

I (! ; ! )

• Quantum Channels
• Classical Theory
• Quantum capacities ENTANGLEMENT AS A RESOURCE FOR COMM



A case study:    

Bosonic Quantum 
Channels



 Bosonic Gaussian Channels (BGCs) 

a = [ a1, . . . , as]t

each INPUT SYSTEM is a collection of (say) 
s  independent optical modes

displacement (or Weyl) operators

z = ( z1, z2, á á á, zs)t

! (z) = Tr[ " D (z)]
Symmetrically 
Ordered 
Characteristic 
Function

!

annihilation operator of the j-th mode

!
aj , a 

k

"
= ! jk

D (z) = exp[ a  z ! z  a] = exp
! s

j =1

"
zj a 

j ! z!
j aj

#

! =
1
" s

!
d2sz#(z)D(! z)

ALICE BOB



is a Gaussian state iff ! (z) is a Gaussian function!A state 
Vacuum state, Coherent 
states, Squeezed states, 
Thermal states.

is a BGC if it sends Gaussian input states       into output Gaussian states A LCPT map ! ! ! (! )

Attenuation (loss), Amplification, Squeezing, Thermalization processes 

!ALICE BOB

ALICE

BOB

Holevo, Werner PRA 63, 1997

Caves, Drummond RMP 1994

 Bosonic Gaussian Channels (BGCs) 



µ ! ±
1
2

!
I " KK   "

for phase-covariant 
channels (multimode channels)

! (z) = Tr[ " D (z)] !

BOSONIC GAUSSIAN CHANNEL

! ! ! (z) = Tr[ ! (" )D (z)] = ! (K   z) exp[" z  µz]

 Bosonic Gaussian Channels (BGCs) 



a

Attenuator (or thermal) 
single mode channel (s=1) ! ! (z) = ! (

!
" z) e" (1" ! )( N +1 / 2) |z|2

b

Thermal 
reservoir with 
mean photon 

number

EN
! (! ) = Tr E [U(! ! " E )U  ]

E0
! (! ) = Tr E [U(! ! |¯ "#̄ |)U  ]

N=0

purely lossy channel (minimal noise 
attenuator)

! ! [0, 1]

N ! 0

Beam Splitter
transformation

 Bosonic Gaussian Channels (BGCs) 

BOBALICE



a

Amplifier channel single mode channel (s=1)

b
Parametric 
Amplifier 

of gain 

A N
! (! ) = Tr E [U(! ! " E )U  ]

! !(z) = ! (
!

" z) e" ( ! " 1)( N +1 / 2) |z|2

Thermal 
reservoir with 
mean photon 

number N ! 0

! ! 1

 Bosonic Gaussian Channels (BGCs) 

BOBALICE



Input energy 
constraint

C(! ) = lim
m !"

1
m

C! (! # m )

CLASSICAL CAPACITY PROBLEM: how much CLASSICAL information can 
we transfer over these channels?

maximum mean 
energy per 
channel use

 Bosonic Gaussian Channels (BGCs) 

Tr[ a  a! ENS ] ! E



“The Conjectures” 

Optimal Gaussian ensemble Conjecture 

        “The maximization of C can be performed   over 
the set of Gaussian ensembles”

Holevo, Werner PRA 63, 1997

C(EN
! ; E ) = g(! E + (1 ! ! )N ) ! g((1 ! ! )N )

g(x) = ( x + 1) log 2(x + 1) ! x log2 x

Gaussian Additivity Conjecture

        “The output Holevo information is additive (i.e. 
no regularization over is required)”



“The Conjectures” 

Optimal Gaussian ensemble Conjecture 

        “The maximization of C can be performed   over 
the set of Gaussian ensembles”

Holevo, Werner PRA 63, 1997

C(EN
! ; E ) = g(! E + (1 ! ! )N ) ! g((1 ! ! )N )

g(x) = ( x + 1) log 2(x + 1) ! x log2 x

VG et al. PRL 2004

PROVED FOR N=0 
(purely lossy channel)

Gaussian Additivity Conjecture

        “The output Holevo information is additive (i.e. 
no regularization over is required)”

VG, GARCIA PATRON, 
HOLEVO et al. 2013

PROVED FOR ALL GBC

Minimum Output Entropy Conjecture

        “The Von Neumann Entropy at the output of 
the channel is minimized by coherent input states 

(say the vacuum)”

VG et al. PRA 2004
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increasing this way
V. Giovannetti , R. Garcia-Patron , N. J. Cerf , A. S. Holevo
arXiv:1312.6225  [NATURE PHOTONICS]
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!
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Holevo and VG RMP (2012)

A case study:    

Lossy Bosonic Quantum Channel
ALICE

(the sender)

BOB
(the receiver)!

!

• Quantum Channels
• Classical Theory
• Quantum capacities

E!



OPEN PROBLEMS:

   superactivation (how much can we gain from it)

    error probability thresholds

    correlated noise

    simple decoding schemes

SUMMARY:

!  presented formal theory of quantum channels
!  coding theorem for transferring of quantum and classical info
!  entanglement as a resource
!  example: bosonic gaussian channels

Thank you!

• Quantum Channels
• Classical Theory
• Quantum capacities



• Quantum Channels
• Classical Theory
• Quantum capacities ENTANGLEMENT AS A RESOURCE FOR COMM


