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Quantum Communication = A theory of OPEN QUANTUM SYSTEM

propagation of “quantum signals” (information carriers) through an environmental (noisy)
medium (e.g. light pulses in an optical fiber);
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the carrier

FORMALISM /
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p sending quantum info ona QC ..............
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® Example: Bosonic Gaussian channels .............
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QUANTUM CHANNEL = EVOLUTION of a QUANTUM SYSTEM

input state

The most general discrete-time evolution of a
quantum system is described by assigning a
map (channel) @ which connects the input
state p € 6(Hs)of the system to its output output state
counterpart p' € 6(Hs)

Three different but equivalent definitions:

1.Physical, Extrinsic (Stinespring)
2.Intrinsic (Kraus)

3. Axiomatic
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1.Physical, Extrinsic
(Stinespring)

( )

p®[0){0]r U(p(0)(0])U

@ > ®
2. unitary coupling
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l. extend . 3. partial
the space AN Unltar)’ Y trace over
to include . . the space
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®(p) = Tr[U(p ©(0)p(0)U]
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A Quantum Channel must be LINEAR in the larger space of the operator

3.Axiomatic s COMPLETELY POSITIVE, and TRACE-PRESERVING (CPT).

(I) LINEARITY ¢ B(HS) — B(HS) algebra of all linear operators acting on HS
D(a ©1+bO2) =a ®(O1) +b B(O2) V01,0; € B(Hs)

Va,b complex

(i) TRACE PRESERVING

Te[(0)] = Tr[O] VO € B(Hs)
(i) COMPLETE POSITIVITY e
VY psa € B(Hs @ Ha) — |2 ®7](psa) =0
POSITIVITY o
VpeB(Hg) — d(p) >0
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(iii) COMPLETE POSITIVITY

PS A P 1]('sa)

There exist MAPS which are POSITIVE but NOT COMPLETELY POSITIVE (e.g. partial
transpose): they do not represent PHYSICAL TRANSFORMATION of the system.




Q-CHANNELS ARE NON EXPANSIVE

CPT maps tend to decrease the distance between states
(i.e. to increase the fidelity between them). A special

case is that of UNITARY TRANSFORMATION which
preserve the distance among all inputs.




Q-CHANNELS ARE NON EXPANSIVE

CPT maps tend to decrease the distance between states

(i.e. to increase the fidelity between them). A special
case is that of UNITARY TRANSFORMATION which
preserve the distance among all inputs.

hence

-CPT are NOT (physically)
INVERTIBLE....

- CPT always admit at least a fixed point
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EXAMPLES:

(i) Unitary evolution: it is the only (fully)
invertible (noiseless) transformation.
Describes the evolution of closed systems.

Most trivial example is of course the identity
channel | (1) =1.

(ii) Fully depolarizing channel: ALL inputs are
mapped into the totally mixed state.

’m
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®(p) =VpV

(1) = 1/d
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ENTANGLEMENT

BREAKING CHANNELS:
when acting on half of a —)—.—) _ | |
composite system they (! || )(I AB ) — o] | '(A;) | 1 (B')

' AB
always produces |

SEPARABLE outputs. —> »  separable state
(The real enemy of QI).

Theorem (Shor-Ruskai-Horodecki): CPT map is EB iff and only if, there exist a POVM {E;,] =1,2,aazc
and a class of states {!;,] =1,2,aaé such that,

| (I ) — Tr[l MJ ] | J m— Proof: via CJ isomorphism
J POVM measure state preparation
- - ﬂ - } n
“CRYPTO-CLASSICAL” channels - = = = classical info

m— qUantum info




COMPOSITION RULES ~ Given ! 2,1 1 CPT maps on S, one can construct the following

CPT maps
(i)CONVEX SUM P 1+@! p)ot)=p 1(P)+@Q ! p)! oY)
given p! [0, 1
NB: this implies that the set of CPT maps is CONVEX
(i) CONCATENATION IEROEREIEIO)

~— - -

NB: this implies that the CPT maps form a (non Abelian)

SEMIGROUP (the identity map being the identity
element).

(i) TENSOR PRODUCT

given two copies of S, S| and
S2, we can define a tensor
product channel by acting with
the first operation on S| and
with the second on S2. 4)_-_)
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La Palma Tenerife
¢1 e ‘143 km

Quantum channel

\
N
o® - \

BOB

(the receiver)

Schmitt-Manderbach et al.,
A LI C E PRL 98, 010504 (2007)

(the sender)

How reliably CLASSICAL
messages can be transferred on
a quantum channel?
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In classical information theory a (discrete) communication channel is fully specified by
assigning the conditional probabilities that measure the probability, that given a
certain input symbol, the receiver will receive a given output.

p(y|z)
ALICE X BOB
(the sender) l__ 'O _______ NOlSY > (the receiver)
CHANNEL
re A
CLASSICAL CLASSICAL
INFO SOURCE OUTPUT

BAYES’s RULE

p(z,y) = p(y|z)p(z) p(y) = Y plyle)p()

reA
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Example: binary symmetric channel

r,yce A=10,1}

when Alice sends a symbol X Bob
receives Y=X with probability p ,and Y=X
+1 with probability |-p.

How to improve the reliability of the communication?

USE REDUNDANCY
(e.g. repeat the message
sufficiently many time, if
the error probability is
sufficiently small, Bob
could then deduce the
correct message via
majority voting).

INDEPENDENT
CHANNEL USES

\ first carrier

second carrier
- . * - E .
L 3 . .
. third carrier

ALICE

(the sender)

e.g. use 3

independent

channels uses to Memoryless channel: the noise model
encode a single 0 acts the same way on all the elements

of the sequences of inputs
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#DBits log, M
— R p— p—
RATE #channel uses N

The capacity of the channel is the maximum of the ACHIEVABLE rates.

t - - i 10 M 111 B - B - 7_77—'— \
C = max [ = lim lim sup 52 "l Cyp v such that P, (C) <!
achievable 0 prm N |

= = — - === "= e —eee e e e

CHANNEL USES

ALICE BOB

Y

(the sender) . ,O N § .. (the receiver)
.0 V2 ¢ Q.
m! M —p- : | ! . -» m' ! M
. .O ; A8 - = # ééé‘g O— .
o -+ ', O
ENCODING TRANSFERRING DECODING
!N
p(YIX) = p(y1lx1) p(y21x2) aaP(yn [Xn) = p(y: [X1)
1=1
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— I — ——— — =

) 1 M n
ng ||! CM,N

=
| such that

C= max R =Ilimlimsup
| achievable 10 ppp N

Shannon NOISY CHANNEL CODING THEOREM

C =max H(X Y )|
*L p(X)

== e ———

H(X :Y)=H(X)+ H(Y)! H(X,Y ) MUTUAL INFORMATION of X,Y

H(X)="1  p(x)log, p(x)

X
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Problem (i): TRANSFERRING of CLASSICAL INFO on a QUANTUM CHANNEL

CLASSICAL
INFO SOURCE
CLASSICAL
OUTPUT
= === clasdcal info C-Q ENCODING QUANTUM STATE Q-C DECODING
: PROPAGATION (measurement)
m— quantum info

ALICE BOB

(the sender) ¢1 (the receiver)

. &
La Palma Tenerife @

. 143 km./

X
N
¢, N -

Cuantum channel

EPR
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MEMORYLESS CHANNEL MODEL

ALICE - g A BOB
’ (the receiver)

O ————
- N . Y
: 1 (N) > Mm! M
i _ CLASSICAL
~O 45 _ OUTPUT
C-Q ENCODING

(N) = = = = classjcal info
m! 1o

— quantum info

In this case the channel uses are associated with quantum states of the quantum
information carriers (e.g. photons, em. pulses, flying qubits, etc.)

The NOISE MODEL is defined by assigning a CPT map that describes how the B
input density matrices of the carriers evolve during the propagation. We will ¥ A(N) o TR
focus on MEMORYLESS models in which each carrier undergoes to the same |’ o '
noisy evolution

| —

see Caruso et al. RMP 2014 for memory
channels configurations

The ENCODING PROCEDURE now takes the classical messages and maps C-M! S (HI N)
them into the quantum states of the propagating carriers. - .

Similarly the DECODING PROCEDURE consists in a POVM measurement D:S (H I N ) Y
which aims to recover m by detecting the state of the transmitted carriers. ' ]
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As in the classical theory we can define the CAPACITY of the Channels as:

T T e —— —

t " log, M O
| 082 | Cy .y such that P...(C) <!

C= max R =limlimsup "
achievable 0 e N

T — ———— — e ————
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As in the classical theory we can define the CAPACITY of the Channels as:

- — — i e ———————— —

o logy M

C= max R =limlimsu " C

| achievable 10 b N M,N

| . - — ——
SEPARABLE ENCODING ENTANGLED ENCODING
o = 0 ——m—
O | > o| »—mm—
o |l o| =»—1{1 P

10000
Ce(!) C(l)

(Holevo Capacity)

(]000Q + [1111)/ 2



ch
CCC

SEPARABLE ENCODING ENTANGLED ENCODING

o = 1 ©) -

LOCAL o o| ——{>
DETECTION o —{m— >\ o —»—l— >\

O —={ P O ——>—

NON o —>[m— 0 -

LOCAL o = o| -1
DETECTION o —Em— F o| »—m— '\

o —{ pP»— O >

Ceq (= Cy) Cqq (= C)
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A close expression for C is obtained through the HOLEVO BOUND on the ACCESSIBLE INFORMATION of a quantum
source:

A random element is extracted from a statistical ensemble of quantum states:
E! {Iyp(x):a2" A, I'y" S(Hs) and p(x)= probabilities }

we are asked to determine which one is (i.e. to determine the value of the label X) by
performing a generic measurement on the system:

2
)
il

7 "\
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HOLEVO BOUND: an upper bound for the accessible information is
provided by the Holevo Information of the ensemble E , i.e.

__ _

pX)S(" ()

|

Hac(B)! 1(B)= SC(B)!
i

HOLEVO Prob. Inf.Trasnm. 9, 3 (1973)

von Neumann entropy average state of the ensemble

S(1)="! Tr[! log, !] ()= p(x)!s(x)

x! A
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Holevo-Schumacher-Westmoreland (HSWV)

O0O0O0

—>{ P
'\
-
CHANNEL CODING THEOREM (1) ——{ P

if we restrict the ENCODING to only those which produce SEPARABLE (non entangled) CODEWORDS, then

Ci=1~(1)! max ! ( -
Ci=te(t)t max L ()| jpreiy

= — == =

MAXIMIZED OVER ALL HOLEVO |EEE 44, 269 (1998)
POSSIBLE SCHUMACHER and WESTMORELAND|
ENSEMBLES PRA 56,2629 (1998)

E={!;;p :!; ! S(H)} =ensemble of the carrier
| (E) = {! (!j); Pj Z!j | S(H)} = output ensemble associated with E

! (E) = S(" (E)) ! Pi S("j ) = HOLEVO INFO of the ensemble E
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Holevo-Schumacher-Westmoreland (HSWV) _"'-"__
—a—{
—{

(0000

CHANNEL CODING THEOREM (ll)

if we allows for ANY ENCODING including those which produce ENTANGLED CODEWORDS, then

REGULARIZATION
OVER CHANNEL USES

MAXIMIZED OVER ALL
POSSIBLE
N-dim ENSEMBLES

En = {p§N);pj : pgN) S 6(H®N)} = generic ensemble of N carriers

N (Ey) = { (N)(!j(N)); o ! € S(H' M)} = output ensemble associated with & py
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EXAMPLES:

(I) noiseless channel | (1)= [ (1)=1

(1N (B) = max | (Bx) = max S(" (V) = [ oot
maxt (1 (B0 = max | (B) = max SCM) = Nlogd ) Wi

N logd

N !"

(in the absence of shared entanglement,
see below)

(Il) (partially) depolarizing channel | M)=@"!" p!+pTr']I/d P! [0,1  ckiNG ieeE 49,2003

C=Ci=logd! Smin(!) ol (d=2)

06
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REMARKS:

(I) the capacity C and C1i are both FUNCTIONS of the CPT map which
describes the noise.

(Il) the capacity expression for C is no longer a single expression formula (we
have to take the limit over arbitrarily large N).

QUESTION: is it really necessary to take the limit over N to compute C?

?

0% )
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* Quantum capacities ADDITIVITY PROBLEM

SHOR EQUIVALENCE THEOREM: the following properties are either all true or
all false:

(i) additivity of the minimum entropy output of a quantum channel
(i) additivity of the Holevo Capacity of a quantum channel
(iii) additivity of entanglement of formation

(iv) strong super-additivity of the entanglement of formation

Shor, CMP, 246, 453 (2004)
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* Quantum capacities ADDITIVITY PROBLEM

SHOR EQUIVALENCE THEOREM: the following properties are either all true or
all false:

(i) additivity of the r\[‘;gf%um entropy output of a quantum channel
(i) additivity of the Ii@}é?é Capacity of a quantum channel
(iii) additivity of entaegé&ent of formation

(iv) strong super—add{i{t‘;\\(&y of the entanglement of formation

Shor, CMP, 246, 453 (2004)

Hastings 2008 >>> counterexample for the MINIMUM output entropy additivity.

Hastings, Nature Physics 5, 255 (2008)

4

c(): )/cl('




C

CERTIFIED GAP: superadditivity of the HOLEVO INFO

C]_ — ch

%Coe 7

GAP (?): optimality of joint measurements.....

CCC

OPEN PROBLEM:ADDITIVITY OF C

ﬂ C(ta! T2)=C(l 1)+ C(2)
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Quantum channel B B

(the receiver)

\
N

\
EPR

Schmitt-Manderbach et al.,
A LI C E PRL 98, 010504 (2007)

(the sender)

QUANTUM
How reliably €EASSHEAL

messages can be transferred on
a quantum channel?
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a LI C E MEMORYLESS CHANNEL MODEL

(the sender) (the receiver)

LS —

|!!|| HM ' |! />€HM
g QUANTUM
'5 OUTPUT

! !ll ||(N)

The ENCODING PROCEDURE now takes a possibly unknown quantum state I N
and maps them into the quantum states of the propagating carriers (Q-Q C:S (H M ) S (H )
encoding, like in quantum error correction).

The DECODING PROCEDURE consists in another Q-Q procedure which aims D - S (H I N ) | S (H )
to recover the input state possibly with the help of some quantum measurement. - . M

THE GOAL IS TO FIND SUCH PROCEDURES WHICH (in the asymptotic limit
of infinitely many channels uses) allows one to nullify the effect of the channel.

DI1*N1rc" 1 :S(Hu)! S(Hwm)
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a LI C E MEMORYLESS CHANNEL MODEL BO B

(the sender) (the receiver)

LS —

||||| HM ' |! />€HM
g QUANTUM
(N OUTPUT
|! !ll ||(N)
: 11 # # 11
QUANTIFICATION OF THE ERROR: Dg('1,!2)= 1! F(I4,12)= 1! Ty

Kretschmann and Werner NJP (2004)

The averaged TRANSMISSION FIDELITY of the CODE is

|
defined as the arithmetic average over all possible inputs, F | d | F | n nl
of the fidelity between the DECODED and INPUT av (Q) u( ) (l ’ )
STATE,

The QUANTUM capacity of the channel is the maximum of such ACHIEVABLE rates.

E— — - — i — =

0OM %y Q,y  suchthat Fay(Q)> 1" |

i
) _ _ - .

'O= max R=Im limsu
qQ achievable 10 N P N

— - _
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Lloyd-Devetak-Shor (LSD) theorem:

Devetak |IEEE 51,44 (2004)

REGULARIZATION OVER

CHANNEL USES
[ s
maximized
| ) — (| - | ) over all input
JQ( m?x J R states

J(;1)= S (1)) ! Sex(!;!) =COHERENT INFORMATION of the CHANNEL

|

ENTROPY OF 'E
EXCHANGE

L () =Tre[U('! 'g)U ]
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REMARKS:

(1) the capacity Q of a channel can never be larger than the capacity C.
In particular there exist channels for which Q=0 but, C >0 (“classical channels™)

Q(t) !t C(l)

(Il) super-activation of quantum channels. Given two quantum channels which
have null quantum capacity when used independently, it is possible to construct a
non zero quantum capacity channel by using them jointly......(0+0 > 0)

Q1! 12)>Q (M 1)+ Q(t 2)=0

Smith and Yard, Science 321 (2010).



e Quantum Channels

* Classical Theory ENTANGLEMENT AS A RESOURCE FOR COMM

¢ Quantum capacities

SIDE RESOURCES FOR COMMUNICATION

La Palma Tenerife \
N
¢l Quan:m channel .143 km. @ saenism \
BOB
o (the receiver)
ALICE
(the sender) | 1y = |O|A ! |1| BfélllA ! |O| B

PRIOR SHARED ENTANGLEMENT

FEEDBACK CHANNEL

SHARED RANDOMNESS

CLASSICAL SIDE CHANNEL
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) 1aB (John) BELLFEEEPHONE

SHARED ENTANGLEMENT
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) 1aB (John) BELLFEEEPHONE

SHARED ENTANGLEMENT

e
- —— =

“Bennnne- > /~ TELEPORTATION
1 Hy —p |

SHARED ENTANGLEMENT

Bennett et al. PRL 70 (1993)

= = = = classical info

— qUantum info

shared entanglement
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@ ) 1aB @ (John) BELLFEEEPHONE

SHARED ENTANGLEMENT

e ————
e e e =

e

SHARED ENTANGLEMENT

. “Bennnne- > #~ TELEPORTATION
b o el >~ ') €Hm

Bennett et al. PRL 70 (1993)

gy
,‘a-"'/'/ e =

#~ SUPERDENSE CODING,
m --- ! |

SHARED ENTANGLEMENT

Bennett and Wiesner PRL 69 (1992)

= = = = classical info

— qUantum info

shared entanglement



ENTANGLEMENT AS A RESOURCE FOR COMM

ENTANGLEMENT ASSISTED CAPACITIES

SHARED ENTANGLEMENT

ALICE BOB
(the s ; _
e TR

%
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maximized
over all input
states

‘ REGULARIZATION
I <——— OVER CHANNEL USES
| NOT NEEDED!!!

Bennett et al. PRL 83 (2001)

(P ;1)=S(M)+ ST (M) ! Sex(P;1)=S()+ J(' ;')  =QUANTUM MUTUAL
I I I ofth(e)CHANaEL

INPUT OUTPUT ENTROPY OF
ENTROPY ENTROPY EXCHANGE




A case study:

Bosonic Quantum
Channels



ALICE N BOB
N 8
— ) f ) N . — | 5
Pl ~ . aJ : a.k - jk
each INPUT SYSTEM is a collection of (say) /
s independent optical modes

annihilation operator of the j-th mode

D(z)=explaz! zal=exp |, za! z4
displacement (or Weyl) operators
z=(21,2,,448z)" a:[al,...,as]t
i . Symmetrically
! ) | — n Ordered
= K d Z#(Z)D(I Z) ! : (Z) Tr[ D (Z)] Characteristic

Function



I ' Vacuum state, Coherent
A state . is a Gaussian state iff . (Z) is a Gaussian function states, Squeezed states,
Thermal states.

A LCPT map l is a BGC if it sends Gaussian input states . into output Gaussian states l (I )

Holevo,Werner PRA 63, 1997

Attenuation (loss), Amplification, Squeezing, Thermalization processes

ALICE B X

ALICE - ' . BOB

\J

2
ol 19 BOB
ground terminal

Caves, Drummond RMP 994



for phase-covariant
channels (multimode channels)

1 (2) =T "D(2)] !

BOSONIC GAUSSIAN CHANNEL

1@ =Tr[! ("D(@2)]=!'(K 2) exp[" z uz]




Attenuator (or thermal) | '(Z) — | ( TI‘Z) e" (1" ')(N +1/ 2)|Z|2

single mode channel (s=1)

Thermal
reservoir with
mean photon

b number N | (]

Beam Splitter
transformation

ALCE | | a-

——/ | | BOB

E'()=Tre[U(! "g)U ]

E°() =Tr g[U(! ! |

# DU ]

purely lossy channel (minimal noise
attenuator)



| !(z) — | (= rz) o (1" 1)(N +1/ 2)|z|?

Amplifier channel single mode channel (s=1)

Thermal
reservoir with

mean photon
number N | (]

c)

Parametric
Amplifier
ofgain | | 1]

ALICE @ | BOB

AN () =Tre[U(! "g)U ]




how much CLASSICAL information can
we transfer over these channels?

CLASSICAL CAPACITY PROBLEM:

i! Input energy T E maximum mean
g” constraint r a. a! ENS ! energy per

channel use




C(E';E)=g('E+(L! )N)! g((1! !)N)

g(x)=(x+1)log,(x+1)! xlog, x



C(E';E)=g('E+(L! )N)! g((1! !)N)

g(x)=(x+1)log,(x+1)! xlog, x



V. Giovannetti , R. Garcia-Patron , N. J. Cerf, A. S. Holevo
arXiv:1312.6225 [NATURE PHOTONICS]



http://arxiv.org/find/quant-ph/1/au:+Giovannetti_V/0/1/0/all/0/1
http://arxiv.org/find/quant-ph/1/au:+Garcia_Patron_R/0/1/0/all/0/1
http://arxiv.org/find/quant-ph/1/au:+Cerf_N/0/1/0/all/0/1
http://arxiv.org/find/quant-ph/1/au:+Holevo_A/0/1/0/all/0/1
http://arxiv.org/abs/1312.6225
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A case study: ALICE ﬁ | \ BOB

Lossy Bosonic Quantum Channel (the sender) — | O (the receiver)

™ A A - - 2 - - 2 - ™ "
(.1) .5 1.0

Holevo and VG RMP (2012)
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SUMMARY:

presented formal theory of quantum channels
coding theorem for transferring of quantum and classical info
entanglement as a resource

!
!
|
| example: bosonic gaussian channels

OPEN PROBLEMS:

O superactivation (how much can we gain from it)
O error probability thresholds

O correlated noise

O simple decoding schemes \

Thank you:
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azimuth >

elevation /'\ Challenge — Achieve Optimum Coded

[ dmi .
- Efficiency

*Channel/noise-limited capacities
Arbitrary modulations
8
6 Heterodyne
/ Pre-Amplified
4 Homodyne
% 2 == = Dolinar - Quant HD
;— Photon-counted Pulse Position (PSK)
: Photon-Counti
m 0 Modulation can achieve high (Binary Pulse d)"ﬂ
b power efficiency. - = = Dolinar - Quant HD
8. . Holevo predicts should be able to (Binary Pulsed)
0 -3, achieve that with >10x less %u?ntum Coded
S -4 ~ bandwidth. o
it
o)
£
o

0.1 1 10 100
Bandwidth (Channel Usages Per Bit)

MIT Lincoln L aboratory



