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An	enduring	legacy	of	laAce	model	research…	
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Wavefunc)on	(ground	state)	approaches	to	laAce	models:	

•  Long	history:	 	 	 	Gutzwiller,	RVB,	…	
	
•  More	recently: 	 		
-  Tensor	Networks: 	MPS,	PEPS	 		

	 	(White,	Cirac,	Verstrate,	Corboz,...)	

	
-  Wfn-QMC: 	 	 	VMC,	AFQMC,	GFMC 		

	 	(Sorella,	Becca,	Zhang...)	
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Exponen2al	2me	

Exponen2al	memory	
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Choose	subset?	

Linear	problem	

Zero	correla*on	in	
thermodynamic	
limit	



ψ = Cq1q2q3...qm q1q2q3...qm
q1q2q3...qm

∑

Projector	QMC	

Various	flavors		
	(Choice	of	projector,	Hilbert	space):		
	AFQMC,	GFMC,	FCIQMC,	DMC,…	

•  Stochas*cally	apply	projector	
•  Discre*ze	and	sample	from	amplitudes	

Sign	problem	



ψ = Cq1q2q3...qm q1q2q3...qm
q1q2q3...qm

∑

Varia2onal	QMC	

ψ = f (q1q2q3…qm;X) q1q2q3...qm
q1q2q3...qm

∑

•  Choose	an	explicit	non-linear	parameteriza*on		
•  Op*mize	parameters	via	Metropolis	sampling	

? •  How	to	choose	parameteriza*on?	
•  How	to	op*mize	variables	with	MC?	
•  How	to	reduce	parameter	space?	



Correlator	Product	States	/	Entangled	PlaqueVe	States	

= Cq1q2q3 q1q2q3
q1q2q3

∑

ψ = Cq1q2q3Cq2q3q4Cq3q4q5… q1q2q3...qm
q1q2q3...qm

∑ ×φHF /DFT

Delocalized	(KE)	
physics	

Local	(correlated)	
entanglement	

•  Linear	parameters	with	system	size	
•  Exponen*al	growth	of	parameters	with	correlator	size	



Non-linear	projector	Monte	Carlo	
Overlapping	5-site	correlators	x	Slater	determinant	for	98-site,	2D	Hubbard	(U=8t)	

Schwarz,	Alavi,	Booth,	Phys.	Rev.	Le5.	(2017)	



Similar	problems	found	in	op*miza*on	of	non-linear	neural	networks…	

•  Chebyshev	expansion	of	op*mal	projec*on	operator	



Non-linear	projector	Monte	Carlo	
Overlapping	5-site	correlators	x	Slater	determinant	for	98-site,	2D	Hubbard	(U=8t)	

Schwarz,	Alavi,	Booth,	Phys.	Rev.	Le5.	(2017)	



Non-linear	projector	Monte	Carlo	
Overlapping	5-site	correlators	x	Slater	determinant	for	98-site,	2D	Hubbard	(U=8t)	

Million+	
parameter	VMC…	



4	x	4	Graphene	sheet	
Local	p-space	Gaussian	func2ons	from	VASP	

Low-energy	correlated	spin-fluctua*ons	

Non-linear	projector	Monte	Carlo	



? •  How	to	choose	parameteriza*on?	
•  How	to	op*mize	variables	with	MC?	
•  How	to	reduce	parameter	space?	

‘Parameter-space’	 ‘Data-space’	

Modern	fi`ng	of	Poten*al	Energy	Surfaces	

Sta)s)cal	inference	
(Gaussian	Process	Regression)	

Aldo	Glielmo	



‘Parameter-space’	 ‘Data-space’	

f(plaquece	parameters)	 f(distance	from	data	points)	

•  Explicit	parameters	 •  Implicit	parameters		
	(never	referenced	directly)	

•  Itera*ve	Non-linear	fi`ng	 •  Analy*c	op*mal	fi`ng	without	
	expanding	in	variables	

•  No	restric*on	in	number		
	of	parameters	

•  Op*mize	datapoints	

•  Restricted	to	‘small’	numbers		
	of	parameters	

•  Op*mize	parameters	



‘Parameter-space’	 ‘Data-space’	

“Distance”	to		
data	points	

Weight	of	
data	points	

•  Independent	of	number	of	underlying	parameters	
•  Linear	with	number	of	“data”	configura*ons	



Data:	
Subset	of	configura*ons	and	their	amplitudes	

	e.g.	All	configura*ons	on	‘small’	system,	then	infer		 	
	 									amplitudes	on	‘large’	system	

Distance	“Covariance	
Kernel”:	

Quan*fy	‘similarity’	(covariance)	between	two	configura*ons:		
	How	likely	is	it	that	their	amplitudes	are	similar?	



K1: 	How	many	unoccupied	(Holons),	up,	down,	Doubly-occupied	(Doublons)?	

Many-body	e
xpansion	



K1: 	How	many	unoccupied	(Holons),	up,	down,	Doubly-occupied	(Doublons)?	

Many-body	e
xpansion	

Does	not	need	to	refer	to	the	same	sized	system	



K1: 	How	many	unoccupied	(Holons),	up,	down,	Doubly-occupied	(Doublons)?	

Many-body	e
xpansion	

K2: 	Start	to	build	in	(local)	an*-ferromagne*c	correla*on,	Holon-Doublon	binding	

16-dimensional	‘feature’	space	



K1: 	How	many	unoccupied	(Holons),	up,	down,	Doubly-occupied	(Doublons)?	

Many-body	e
xpansion	

K2: 	Start	to	build	in	(local)	an*-ferromagne*c	correla*on,	Holon-Doublon	binding	

K3: 	3-site	descriptors	



Gutzwiller	Projec2on:	

=	1.0	

=	1.0	

=	1.0	

=	0.0	



Extrapola*on	errors:	Can	we	reproduce	10-site	wave	func2on	from	6-site	data?	

U=8t	

All	6-site	fluctua*ons	with	all	symmetries	conserved	



1D	Hubbard	Model,	U=8t	

400	linear	coefficients	from	6-site	model	
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1D	Hubbard	Model,	U=8t	

400	linear	coefficients	from	6-site	model	

Varia2onal,	
Size-extensive,	
NtM4	cost,	
97%	correla2on	in	TDL	



1D	Hubbard	Model,	U=2t	

400	linear	coefficients	from	6-site	model	



1D	Hubbard	Model,	U=2t	

400	linear	coefficients	from	6-site	model	

Varia2onal,	
Size-extensive,	
NtM4	cost,	
95%	correla2on	in	TDL	



How	to	we	avoid	construc*ng	these	vectors…?	



k	=	0	k	=	1	k	=	2	

L2	cost	to	evaluate	contribu*on	to	kernel	func*on	between	any	two	
configura2ons,	for	any	plaqueVe	topology,	independent	of	size	

How	to	we	avoid	construc*ng	these	vectors…?	



k	=	2	k	=	3	

How	to	we	avoid	construc*ng	these	vectors…?	

L2	cost	to	evaluate	contribu*on	to	kernel	func*on	between	any	two	
configura2ons,	for	any	plaqueVe	topology,	independent	of	size	



k	=	2	k	=	3	

•  L3	cost	to	evaluate	all	possible	plaqueces	of	all	topology	to	quan*fy	
configura*onal	similarity	(kd)	

•  Exponen2ally	large	‘feature’	space	of	implicit	plaquece	parameters	
•  Exact	results	with	exact	data	
•  Beware	of	overfi;ng…	(Hyperparameters	avoid	this)	

How	to	we	avoid	construc*ng	these	vectors…?	



U=8t	

Exact	results	for	data	with	complete	plaquece	space	





99%	correla*on	energy	in		

96-99%	correla*on	in	
TDL	with	data-driven,	

zero	parameter	
wavefunc*on	



Op*mize	parameters	 Op*mize	Data	



Conclusions	
•  Accelerated	Gradient	Descent	technique	for	
combining	projector	and	varia*onal	QMC	

	

•  Data-driven	wavefunc2ons	as	an	intriguing	new	
approach	to	formula*ons	of	la`ce	models	
–  Early	development,	but	clear	extension	to	2D	systems	



Thanks	

Non-linear	stochas2c	op2miza2ons:	 		
	LaureVa	Schwarz	

	
Gaussian	Process	Wavefunc2ons:	 	 		

	Aldo	Glielmo,	Sandro	de	Vita,	Gabor	Csanyi	

PhD	and	Postdo
c	posi)ons	

available	in	the
	group!	


