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1) Introduction to quantum simulations



What is a quantum simulation?

Definition
Quantum simulation is the intentional reproduction of the quantum aspects of a 

physical or unphysical model onto a typically more controllable quantum system.

Richard Feynman

Let nature calculate for us

Quantum simulation <=> Quantum theatre

<=>

Greek theatre

Mimesis or imitation is always partial, 
this is the origin of creativity in science and arts



Why are quantum simulations relevant? 

a) Because we can discover analogies between unconnected fields, producing a flood of 
knowledge in both directions, e.g. black hole physics and Bose-Einstein condensates. 

b) Because we can study phenomena that are difficult to access or even absent in nature, 
e.g. Dirac equation: Zitterbewegung & Klein Paradox, unphysical operations.

c) Because we can predict novel physics without manipulating the original systems, 
some experiments may reach quantum supremacy: CM, QChem, QFT, ML, AI & AL.

e) Because we are unhappy with reality, we enjoy arts and fiction in all its forms: 
literature, music, theatre, painting, quantum simulations.

d) Because we can contribute to the development of novel quantum technologies 
via scalable quantum simulators and their merge with quantum computing.



Trapped ions

Optical lattices Superconducting circuits

Quantum photonics

Quantum Platforms for Quantum Simulations

… among several others!



2) The Jaynes-Cummings model in circuit QED and trapped ions



We could also see the JC model in circuit QED as a quantum simulation: 
the two-level atom is replaced by a superconducting qubit, called artificial atom.

Quantum simulations are never a plain analogy, cQED has advantages in qubit control 
as in microwave CQED, but also longitudinal and transversal driving as in optical CQED.

 
HJC =

ω0

2
σ z + ω a†a + g σ +a +σ −a†( )

Quantum simulation of the Jaynes-Cummings model in circuit QED



Quantum simulation of the Jaynes-Cummings model in ion traps

The simplest and most fundamental model describing the coupling between 
light and matter is the Jaynes-Cummings (JC) model in cavity QED.

 
Hr = η Ωr σ +aeiφ r +σ −a†e− iφ r( )

Red sideband excitation of the ion = JC interaction

 
Hb = η Ωb σ +a†eiφ b +σ −ae−iφ b( )

Blue sideband excitation of the ion = anti-JC interaction

We could consider the implementation of the JC model in trapped ions 
as (one of) the first nontrivial quantum simulation(s).

 
H0 = ν(a

†a + 1
2
)

The quantized electromagnetic field is replaced by quantized ion motion

 
HJC =

ω0

2
σ z + ω a†a + g σ +a +σ −a†( )



3) Analog quantum simulation of the quantum Rabi model in circuit QED



The quantum Rabi model (QRM) describes the dipolar light-matter coupling. 
The JC model is the QRM after RWA, it is the SC regime of cavity/circuit QED.

 
HRabi =

ω0

2
σ z + ω a†a + g σ + +σ −( ) a + a†( )

The QRM is not used for describing usual experiments because the RWA is valid in 
the microwave and optical regimes in quantum optics, where the JC model is enough.

The quantum Rabi model: USC and DSC regimes



There are interesting and novel physical phenomena in the USC regime of the QRM: 

a) Physics beyond RWA: Bloch-Siegert shifts, entangled ground states, among others.
σ †a +σa† +σ †a† +σa

b.2) New regimes of light-matter coupling: Deep strong coupling (DSC) regime of QRM.

b) Faster and stronger quantum operations 

b.1) Ultrafast quantum gates (CPHASE) that may work at the subnanosecond scale

We have recently seen the advent of the ultrastrong coupling (USC) regime 
of light-matter interactions in cQED, where 0.1< g/w < 1, and RWA is not valid.

- Current experimental efforts reach perturbative and nonperturbative USC regimes where g/w ~ 0.1-1.0 
- 

- The analytical solutions of the QRM were presented: D. Braak, PRL 107, 100401 (2011).

T. Niemczyk et al., Nature Phys. 6, 772 (2010) 

P. Forn-Díaz et al., PRL 105, 237001 (2010)

Ultrastrong coupling regime of the QRM



Deep strong coupling regime of the QRM

The DSC regime of the JC model happens when g/w > 1.0, and we can ask 
whether such a regime could be experimentally reached or ever exist in nature.

chains break into the known Jaynes-Cummings doublets
fjg; na þ 1i; je; naig because we enter into the domain of
applicability of the RWA.

We introduce the parity basis jp; nbi, where bybjnbi ¼
nbjnbi, and b ¼ !xa such that bjp; nbi ¼

ffiffiffiffiffi
nb

p jp; nb # 1i.
Using this basis, the Hamiltonian in Eq. (1) can be
written as

H ¼ @!bybþ @gðbþ byÞ # @!0

2
ð#1Þbyb!: (4)

This Hamiltonian commutes with the parity operator !,
and for each parity chain (p ¼ &1) there is an independent
Hamiltonian describing a perturbed harmonic oscillator.

Note that the term#@!0ð#1Þbyb!=2 behaves as an energy
shift proportional to !0. In the DSC regime, we can get rid
of the term @gðbþ byÞ in Eq. (4) by changing to the basis

Dð#"0Þjp; nbi, with Dð"0Þ ¼ e"0b
y#"'

0b and "0 ¼ g=!.
The eigenenergies and eigenfunctions can be approxi-
mated as a series in !0=!

E"0
p;nb=@(!nb#g2=!#!0

2
pð#1Þnb"nbnb

þ
X

mb!nb

!2
0

4!ðnb#mbÞ
j"nbmb

j2þOð!3
0=!

3Þ: (5)

Alternative approximations can be found in the literature
[21]. To first order we get a displacement in the energy
levels due to the coupling "nbnb ¼ hnbjDð2"0Þjnbi, a

correction which is much smaller than 1, j"nbmb
j )

2#ðnbþmbÞ: Note that this formalism is rigorously valid in
the DSC regime.

We study now the DSC dynamics with the initial state
jc ð0Þi ¼ jþ; 0bi ¼ jg; 0ai, as we activate the interaction
in Eq. (4). We observe that the photon statistics PnbðtÞ will
spread independently along each parity chain, eventually
reaching an energy barrier and bouncing repeatedly.
Remarkably, an intuitive picture can be found, as displayed
in Figs. 1 and 2, that provides physical insight into a
problem that is, in general, analytically intractable. Note
that, in Figs. 1(a) and 1(b), the round trip of the initial
photon number wave packet induces collapse revivals that
are not reminiscent of the SC regime of the JC model [2],
where initial large coherent states are required. In the DSC
limit, with !0 ¼ 0, this intuitive picture can be rigorously
confirmed integrating the evolution

jc ðtÞi¼Dyð"0Þe#ið!byb#g2=!ÞtDð"0Þjþ;0bi¼Uðt;!0¼0Þ
* jc ð0Þi¼eiðg

2=!Þte#iðg=!Þ2 sinð!tÞjþ;"ðtÞi; (6)

where "ðtÞ ¼ "0ðe#i!t # 1Þ is the amplitude of a coherent
state. The revival probability of the initial state reads

Pþ0bðtÞ ¼ jhc ð0Þjc ðtÞij2 ¼ e#j"ðtÞj2 ; (7)

exhibiting periodic collapses and full revivals [28]. When
the initial state is jþ; 2bi ¼ jg; 2ai, as in Fig. 1(c), the DSC

dynamics generates counterpropagating photon number
wave packets in both directions that bounce back and forth
producing interference secondary peaks. Similar intuition
follows when considering initial superposition states, e.g.,
ðjþ; 0biþ jþ; 2biÞ=

ffiffiffi
2

p
, as long as the state components

belong to the same parity chain, otherwise no secondary
peaks appear. When we break the qubit degeneracy,
!0 ! 0, the intuitive picture remains but we lose the
integrability of the problem. Probability still spreads along
each parity chain, as seen in Fig. 2, but now the photon
number wave packet suffers self-interference, it distorts
and its center no longer follows the periodic orbits of
!0 ¼ 0 The result are full collapses and partial revivals

FIG. 1 (color online). (a),(b) Round trip of a photon number
wave packet and collapse revivals due to DSC dynamics with
initial state jþ; 0bi ¼ jg; 0ai. (c) Collapse revivals with second-
ary peaks due to counterpropagating photon number wave pack-
ets starting in initial state jþ; 2bi ¼ jg; 2ai. For all cases,!0 ¼ 0
and g=! ¼ 2.

FIG. 2 (color online). (a) Photon statistics at different times of
the evolution with !0 ¼ 0:5!. (b) Comparison of probability
Pþ;0b ðtÞ calculated for !0 ¼ 0 (solid line) and !0 ¼ 0:5!
(dashed line). In all simulations the initial state is jþ; 0bi and
g=! ¼ 2.

PRL 105, 263603 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

31 DECEMBER 2010

263603-2

Forget about Rabi oscillations or perturbation theory: 
parity chains and photon number wavepackets 

define the physics of the DSC regime.

J. Casanova, G. Romero, et al., PRL 105, 263603 (2010)



We may reach USC/DSC regimes in the lab but be unable to observe predictions, 
mainly due to the difficulty in ultrafast on/off coupling switching.

What can we do then? Here, we propose two options: 

a) We go brute force and try to design ultrafast switching techniques 
that allow us to design a quantum measurement of relevant observables. 

b) We could also reveal these regimes via quantum simulations.

b.1) Recently appeared several experiments realizing the quantum Rabi model 
and light-matter coupling in USC/DSC regimes

Is it possible to cheat technology or nature?

b.2) Is it possible a quantum simulation of the QRM with access to all regimes?



Simulating USC/DSC regimes of the QRM

Two-tone microwave driving

Leads to the effective Hamiltonian: QRM in all regimes

D. Ballester, G. Romero, et al., PRX 2, 021007 (2012)

HJC =
~!q

2
�z + ~!a†a+ ~g(�†a+ �a†)

HD = ~⌦1(e
i!1t� +H.c.) + ~⌦2(e

i!2t� +H.c.)

H = ~(! � !1)a
†a+

~⌦2

2
�
z

+
~g
2
�
x

(a+ a†)

A two-tone driving in cavity QED or circuit QED can turn any JC model 
into a USC or DSC regime of the QRM model.



Quantum simulation of relativistic quantum mechanics

1+1 Dirac equation

� = ⇡/2 Zitterbewegung, via measuring
R. Gerritsma et al., Nature 463, 68 (2010)

!e↵ = ! � !1 = 0 HD =
~⌦2

2
�
z

+
~gp
2
�
x

p

HD = ~
X

j

⌦j(e
i(!jt+�)� +H.c.) hXi(t)

1+1 Dirac particle + Potential 

Add a classical driving to the cavity

He↵ =
~⌦2

2
�z � ~gp

2
�yp̂+ ~

p
2⇠x̂

H = HJC + ~
X

j=1,2

(⌦je
�i(!jt+�j)�† +H.c.) + ~⇠(e�i!1ta† +H.c.)

Klein paradox

    Measuring        to observe these effects

R. Gerritsma et al., PRL 106, 060503 (2011)

Quadrature moments have been measured at ETH and WMI: 

E. Menzel et al., PRL 105, 100401(2010); C. Eichler et al., PRL 106, 220503 (2011)

hXi

i~d 
dt

= (c�
x

p+mc2�
z

) 



Simulation	scheme	

  rotating	frame	with	respect	to	 "↓1 	

  interaction	picture	in	 %↓1 /2 '↓( ,	basis	change	via	Hadamard	
transformation,	constraint:	"↓1 − "↓2 = %↓1  	 	 	

	 									à	effective	Hamiltonian	with	 "↓)** ≡ "↓+ − "↓1 ≈MHz	

	

transversal microwave drives 

Ballester PRX 2 (2012) 

~ MHz ~ MHz 5 MHz 

Experimental AQS of QRM in Karlsruhe group



Quantum	state	collapse	and	revival	

5 MHz 2.5 MHz 

"↓1 =5 µs 
'↓( =13000 

Experimental AQS of QRM in Karlsruhe group



+~ i⌘⌦
2

(a†�+e�i�bt +H.c.)H = ~ i⌘⌦
2

(a�+e�i�rt +H.c.)

H = ~�r � �b
2

a†a� ~�r + �b
4

�z + ~ i⌘⌦
2

(a+ a†)(�+ � ��)

Interaction picture

J. S. Pedernales et al., Sci. Rep. 5, 15472 (2015)

!R
0 = �1

2
(�r + �b), !R =

1

2
(�r � �b), g =

⌘⌦

2

Interaction picture transformation commutes 
with the observables of interest �z, a†a

High tunability

⌫

!0
!r = !0 � ⌫ + �r
!b = !0 + ⌫ + �b

Analog quantum simulation of QRM in trapped ions



Adiabatic generation of 
entangled ground state of QRM

Probability  distribution  of  the 
QRM  ground  state for  g/! = 2



1. JC
g ⌧ |!R|, |!R

0 |
|!R � !R

0 | ⌧ |!R + !R
0 |

|!R � !R
0 | � |!R + !R

0 |

g ⌧ |!R|, |!R
0 |2. AJC

g < |!R|, |!R
0 |, |!R � !R

0 |, |!R + !R
0 |

3. Dispersive regime

4. USC

5. DSC |!R| < g

|!R
0 | ⌧ g ⌧ |!R|

6. Decoupling regime

|!R
0 | ⇠ g ⌧ |!R|

7. Open to study

!R = 0Dirac equation

g < |!R| < 10g

Coupling regimes of the QRM



Cover of the special issue on the quantum Rabi model 
in Journal of Physics A, 2016-17



4) Digital-analog quantum simulation of the quantum Rabi model



Analog or Digital Quantum Simulations?

a) Analog quantum simulators (AQS) map qubits onto qubits, bosonic modes onto bosonic 
modes, involving always-on interactions and accumulating tiny errors that are not easy to correct. 

b) Digital quantum simulators (DQS) discretize the time evolution with single/multiqubit gates. 
They are considered as universal quantum simulators allowing for error correction protocols. 

c) We propose to integrate DQS & AQS into digital-analog quantum simulators (DAQS) 

to develop a modular approach of analog blocks combined with digital techniques.



Digital quantum Rabi and Dicke models 
 Mezzacapo et al., Sci. Rep. 2014

Experiment at TU Delft 
Langford et al., Nat. Comm. 2017

In DAQS, analog blocks are combined sequentially with digital steps. 

Analog blocks are made of collective quantum gates, that is, in-built complex operations. 
Digital steps are local quantum operations that may act also in a global manner. 

Analog blocks provide the complexity of the simulated model, digital steps provide flexibility. 
Similar spirit can be followed by introducing digital-adiabatic quantum computers (DAQC).

Complexity Simulating Complexity

A fist experiment in DAQS for superconducting circuits 
Bilbao theory + Delft experiment



Quantum Rabi model: most fundamental light-matter interaction

Digital Quantum Rabi and Dicke Models in Superconducting Circuits

A. Mezzacapo,1 U. Las Heras,1 J. S. Pedernales,1 L. DiCarlo,2 E. Solano,1, 3 and L. Lamata1

1Department of Physical Chemistry, University of the Basque Country UPV/EHU, Apartado 644, E-48080 Bilbao, Spain
2Kavli Institute of Nanoscience, Delft University of Technology,

P. O. Box 5046, 2600 GA Delft, The Netherlands
3IKERBASQUE, Basque Foundation for Science, Alameda Urquijo 36, 48011 Bilbao, Spain

(Dated: May 23, 2014)

We propose the analog-digital quantum simulation of the quantum Rabi and Dicke models using
circuit quantum electrodynamics (QED). We find that all physical regimes, in particular those which
are impossible to realize in typical cavity QED setups, can be simulated via unitary decomposition
into digital steps. Furthermore, we show the emergence of the Dirac equation dynamics from the
quantum Rabi model when the mode frequency vanishes. Finally, we analyze the feasibility of this
proposal under realistic superconducting circuit scenarios.

PACS numbers: 03.67.Lx, 42.50.Pq, 02.30.Ik

The simplest, most fundamental interaction of quan-
tum light and quantum matter can be described by the
quantum Rabi model, consisting of the dipolar coupling
of a two-level system with a single radiation mode [1].
The Dicke model [2] was later introduced to generalize
this interaction to an ensemble of N two-level systems.
Typically, the coupling strength is small compared to the
transition frequencies of the two-level system and the
radiation mode, leading to effective Jaynes-Cummings
and Tavis-Cummings interactions, respectively, after per-
forming a rotating-wave approximation (RWA). This in-
troduces a U(1) symmetry and integrability to the model
for any N [3, 4]. Recently, analytical solutions for the
generic quantum Rabi and Dicke model for N = 3 were
found [5, 6]. However, the general case for arbitrary N is
still unsolved, while its direct study in a physical system
remains an outstanding challenge.

A variety of quantum platforms, such as cavity QED,
trapped ions, and circuit QED, provides a natural imple-
mentation of the Jaynes-Cummings and Tavis-Cummings
models, due to the weak qubit-mode coupling strength.
When the latter is a fraction or comparable to the mode
frequency, the model is said to be in the ultrastrong
coupling (USC) regime. Experimental evidence of this
regime has been observed in the optical [7] and microwave
domains [8, 9]. Coupling strengths larger than the mode
frequency mark the transition towards the recently in-
troduced deep-strong coupling (DSC) regime [10]. Signa-
tures of the latter may be retrieved effectively in different
quantum systems [11, 12], but an experimental observa-
tion of the full quantum Rabi and Dicke models in all
parameter regimes has not yet been realized. In partic-
ular, the quantum simulation [13] of the Dicke Hamil-
tonian could outperform analytical and numerical meth-
ods, while enabling the simulation of engineered super-
radiant phase transitions [14–16]. Recently, technologi-
cal improvements of controlled quantum platforms have
increased the interest in quantum simulations [17–20].
A digital approach to quantum simulations was put for-

ward in Ref. [21]. In this sense, it has been analyzed how
suitable versions of digital quantum simulators can be
implemented with available quantum platforms [22–25].

In this Letter, we propose the analog-digital quantum
simulation of the quantum Rabi and Dicke models in a
circuit QED setup, provided only with Jaynes-Cummings
and Tavis-Cummings interactions, respectively. We show
how the rotating and counter-rotating contributions to
the corresponding dynamics can be effectively realized
with digital techniques. By interleaved implementation
of rotating and counter-rotating steps, the dynamics of
the quantum Rabi and Dicke models can be simulated for
all parameter regimes with negligible error. Lastly, we
show how a relativistic Dirac dynamics can be retrieved
in the limit where the mode frequency cancels.

We start by considering a generic circuit QED setup
consisting of a charge-like qubit, e.g. a transmon
qubit [26], coupled to a microwave resonator. The setup
is well described by the Hamiltonian (~ = 1) [27]

H = !
r

a†a +
!

q

2
�z + g(a†�� + a�+), (1)

where !
r

and !
q

are the resonator and qubit transition
frequencies, g is the resonator-qubit coupling strength,
a†(a) is the creation(annihilation) operator for the res-
onator mode, and �± raise and lower excitations on the
qubit. The capacitive interaction in Eq. (1) excludes ex-
citations of the higher levels of the qubit device, because
typically the coupling g is much smaller than other transi-
tion frequencies of the system. By trying to design setups
with larger capacitive couplings, pushing them above dis-
persive regimes, one starts to populate the higher levels
of the transmons, producing unwanted leakage. On the
other hand, methods based on orthogonal drivings of the
qubits [28, 29] may increase the resonator population.
Here, we show that the dynamics of the quantum Rabi
Hamiltonian

H
R

= !R

r

a†a +
!R

q

2
�z + gR�x(a† + a) (2)
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Small coupling as compared to mode & qubit frequencies: Jaynes-Cummings model
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of a two-level system with a single radiation mode [1].
The Dicke model [2] was later introduced to generalize
this interaction to an ensemble of N two-level systems.
Typically, the coupling strength is small compared to the
transition frequencies of the two-level system and the
radiation mode, leading to effective Jaynes-Cummings
and Tavis-Cummings interactions, respectively, after per-
forming a rotating-wave approximation (RWA). This in-
troduces a U(1) symmetry and integrability to the model
for any N [3, 4]. Recently, analytical solutions for the
generic quantum Rabi and Dicke model for N = 3 were
found [5, 6]. However, the general case for arbitrary N is
still unsolved, while its direct study in a physical system
remains an outstanding challenge.

A variety of quantum platforms, such as cavity QED,
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mentation of the Jaynes-Cummings and Tavis-Cummings
models, due to the weak qubit-mode coupling strength.
When the latter is a fraction or comparable to the mode
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quantum systems [11, 12], but an experimental observa-
tion of the full quantum Rabi and Dicke models in all
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ular, the quantum simulation [13] of the Dicke Hamil-
tonian could outperform analytical and numerical meth-
ods, while enabling the simulation of engineered super-
radiant phase transitions [14–16]. Recently, technologi-
cal improvements of controlled quantum platforms have
increased the interest in quantum simulations [17–20].
A digital approach to quantum simulations was put for-

ward in Ref. [21]. In this sense, it has been analyzed how
suitable versions of digital quantum simulators can be
implemented with available quantum platforms [22–25].

In this Letter, we propose the analog-digital quantum
simulation of the quantum Rabi and Dicke models in a
circuit QED setup, provided only with Jaynes-Cummings
and Tavis-Cummings interactions, respectively. We show
how the rotating and counter-rotating contributions to
the corresponding dynamics can be effectively realized
with digital techniques. By interleaved implementation
of rotating and counter-rotating steps, the dynamics of
the quantum Rabi and Dicke models can be simulated for
all parameter regimes with negligible error. Lastly, we
show how a relativistic Dirac dynamics can be retrieved
in the limit where the mode frequency cancels.

We start by considering a generic circuit QED setup
consisting of a charge-like qubit, e.g. a transmon
qubit [26], coupled to a microwave resonator. The setup
is well described by the Hamiltonian (~ = 1) [27]

H = !
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a†a +
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where !
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and !
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frequencies, g is the resonator-qubit coupling strength,
a†(a) is the creation(annihilation) operator for the res-
onator mode, and �± raise and lower excitations on the
qubit. The capacitive interaction in Eq. (1) excludes ex-
citations of the higher levels of the qubit device, because
typically the coupling g is much smaller than other transi-
tion frequencies of the system. By trying to design setups
with larger capacitive couplings, pushing them above dis-
persive regimes, one starts to populate the higher levels
of the transmons, producing unwanted leakage. On the
other hand, methods based on orthogonal drivings of the
qubits [28, 29] may increase the resonator population.
Here, we show that the dynamics of the quantum Rabi
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How DAQS works in superconducting circuits?

Digital-analog quantum Rabi and Dicke models 
 Mezzacapo et al., Sci. Rep. 2014



Interaction available in cQED: Jaynes-Cummings model
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The simplest, most fundamental interaction of quan-
tum light and quantum matter can be described by the
quantum Rabi model, consisting of the dipolar coupling
of a two-level system with a single radiation mode [1].
The Dicke model [2] was later introduced to generalize
this interaction to an ensemble of N two-level systems.
Typically, the coupling strength is small compared to the
transition frequencies of the two-level system and the
radiation mode, leading to effective Jaynes-Cummings
and Tavis-Cummings interactions, respectively, after per-
forming a rotating-wave approximation (RWA). This in-
troduces a U(1) symmetry and integrability to the model
for any N [3, 4]. Recently, analytical solutions for the
generic quantum Rabi and Dicke model for N = 3 were
found [5, 6]. However, the general case for arbitrary N is
still unsolved, while its direct study in a physical system
remains an outstanding challenge.

A variety of quantum platforms, such as cavity QED,
trapped ions, and circuit QED, provides a natural imple-
mentation of the Jaynes-Cummings and Tavis-Cummings
models, due to the weak qubit-mode coupling strength.
When the latter is a fraction or comparable to the mode
frequency, the model is said to be in the ultrastrong
coupling (USC) regime. Experimental evidence of this
regime has been observed in the optical [7] and microwave
domains [8, 9]. Coupling strengths larger than the mode
frequency mark the transition towards the recently in-
troduced deep-strong coupling (DSC) regime [10]. Signa-
tures of the latter may be retrieved effectively in different
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tion of the full quantum Rabi and Dicke models in all
parameter regimes has not yet been realized. In partic-
ular, the quantum simulation [13] of the Dicke Hamil-
tonian could outperform analytical and numerical meth-
ods, while enabling the simulation of engineered super-
radiant phase transitions [14–16]. Recently, technologi-
cal improvements of controlled quantum platforms have
increased the interest in quantum simulations [17–20].
A digital approach to quantum simulations was put for-

ward in Ref. [21]. In this sense, it has been analyzed how
suitable versions of digital quantum simulators can be
implemented with available quantum platforms [22–25].

In this Letter, we propose the analog-digital quantum
simulation of the quantum Rabi and Dicke models in a
circuit QED setup, provided only with Jaynes-Cummings
and Tavis-Cummings interactions, respectively. We show
how the rotating and counter-rotating contributions to
the corresponding dynamics can be effectively realized
with digital techniques. By interleaved implementation
of rotating and counter-rotating steps, the dynamics of
the quantum Rabi and Dicke models can be simulated for
all parameter regimes with negligible error. Lastly, we
show how a relativistic Dirac dynamics can be retrieved
in the limit where the mode frequency cancels.

We start by considering a generic circuit QED setup
consisting of a charge-like qubit, e.g. a transmon
qubit [26], coupled to a microwave resonator. The setup
is well described by the Hamiltonian (~ = 1) [27]

H = !
r

a†a +
!

q

2
�z + g(a†�� + a�+), (1)

where !
r

and !
q

are the resonator and qubit transition
frequencies, g is the resonator-qubit coupling strength,
a†(a) is the creation(annihilation) operator for the res-
onator mode, and �± raise and lower excitations on the
qubit. The capacitive interaction in Eq. (1) excludes ex-
citations of the higher levels of the qubit device, because
typically the coupling g is much smaller than other transi-
tion frequencies of the system. By trying to design setups
with larger capacitive couplings, pushing them above dis-
persive regimes, one starts to populate the higher levels
of the transmons, producing unwanted leakage. On the
other hand, methods based on orthogonal drivings of the
qubits [28, 29] may increase the resonator population.
Here, we show that the dynamics of the quantum Rabi
Hamiltonian

H
R

= !R

r

a†a +
!R

q

2
�z + gR�x(a† + a) (2)
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can be encoded in a superconducting setup provided with
a Jaynes-Cummings interaction, as in Eq. (1), using a
digital expansion.

The quantum Rabi Hamiltonian in Eq. (2) can be de-
composed into two parts, H
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= H1 + H2, where
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�z + g(a†�+ + a��), (3)

and we have defined the qubit transition frequency in
the two steps such that !1

q

� !2
q

= !R

q

. These two inter-
actions can be simulated in a typical circuit QED device
with fast control of the qubit transition frequency. Start-
ing from the qubit-resonator Hamiltonian in Eq. (1), one
can define a frame rotating at frequency !̃, in which the
effective interaction Hamiltonian becomes

H̃ = �̃
r

a†a + �̃
q

�z + g(a†�� + a�+), (4)

with �̃
r

= (!
r

� !̃) and �̃
q

= (!
q

� !̃) /2. Therefore,
Eq. (4) is equivalent to H1, following a proper redefinition
of the coefficients. The counter-rotating term H2 can be
simulated by applying a local qubit rotation to H̃ and a
different detuning for the qubit transition frequency,

e�i⇡�

x

/2H̃ei⇡�

x

/2 = �̃
r

a†a��̃
q

�z+g(a†�++a��). (5)

By choosing different qubit-resonator detuning for the
two steps, �̃1

q

for the first one and �̃2
q

for the rotated step,
one is able to simulate the quantum Rabi Hamiltonian,
Eq. (2), via digital decomposition [21], by interleaving
the simulated interactions. The frequency scheme of the
protocol is shown in Fig. 1. Standard resonant Jaynes-
Cummings interaction parts with different qubit transi-
tion frequencies are interrupted by microwave pulses, in
order to perform customary qubit flips [30]. This se-
quence can be repeated according to the digital simu-
lation scheme to obtain a better approximation of the
quantum Rabi dynamics.

The simulated Rabi parameters can be obtained as a
function of the physical parameters of the setup by in-
verting the derivation presented above. In this way, one
has that the simulated bosonic frequency is related to
the resonator detuning !R

r

= 2�̃
r

, the two-level transi-
tion frequency is related to the transmon frequency in
the two steps, !R

q

= �̃1
q

� �̃2
q

, and the coupling to the
resonator remains the same, gR = g. Notice that even
if the simulated two-level frequency !R

q

depends only on
the frequency difference, large detunings �̃1(2)

q

will af-
fect the total fidelity of the simulation. In fact, since
the digital error depends on the magnitude of individual
commutators between the different interaction steps, us-
ing larger detunings linearly increases the latter, which
results in fidelity loss of the simulation. To minimize
this loss, one can choose, for example, the transmon fre-
quency in the second step to be tuned to the rotating

!q
!r

!̃

time

1 12

FIG. 1. (Color online) Frequency scheme of the stepwise im-
plementation for the quantum Rabi Hamiltonian. A trans-
mon qubit of frequency !q is interacting with a microwave
resonator, whose transition frequency is !r. The interac-
tions H1,2 in Eq. (3) are simulated respectively with a Jaynes-
Cummings interaction (step 1), and another one with different
detuning, anticipated and followed by ⇡ pulses (step 2).

TABLE I. Simulated quantum Rabi dynamics parameters ver-
sus frequencies of the system. For all entries in the right col-
umn, the resonator frequency is fixed to !r/2⇡ = 7.5 GHz,
and the coupling gR/2⇡ = 100 MHz. Frequencies are shown
up to a 2⇡ factor.

gR = !R
q /2 = !R

r /2 !̃ = 7.4 GHz, !1
q � !2

q = 200 MHz
gR = !R

q = !R
r !̃ = 7.45 GHz, !1

q � !2
q = 100 MHz

gR = 2!R
q = !R

r !̃ = 7.475 GHz, !1
q � !2

q = 100 MHz

frame, such that �̃2
q

= 0. To estimate the loss of fi-
delity due to the digital approximation of the simulated
dynamics, we consider a protocol performed with typi-
cal transmon qubit parameters [26]. We estimate a res-
onator frequency of !

r

/2⇡ = 7.5 GHz, and a transmon-
resonator coupling of g/2⇡ = 100 MHz. The qubit fre-
quency !

q

and the frequency of the rotating frame !̃ are
varied to reach different parameter regimes. To per-
form the simulation for the quantum Rabi model with
gR/2⇡ = !R

q

/2⇡ = !R

r

/2⇡ = 100 MHz, for example,
one can set !1

q

/2⇡ = 7.55 GHz, !2
q

/2⇡ = 7.45 GHz. In
this way, one can define an interaction picture rotating at
!̃/2⇡ = 7.45 GHz to encode the dynamics of the quantum
Rabi model with minimal fidelity loss. Considering that
single-qubit rotations take approximately ⇠ 10 ns, tens
of Trotter steps could be comfortably performed within
the coherence time. Notice that, in performing the pro-
tocol, one has to avoid populating the third level of the
transmon qubit. Considering transmon anharmonicities
of about ↵ = �0.1, for example, in this case one has third
level transition frequencies of 6.795 GHz and 6.705 GHz.
Therefore, given the large detuning with the resonator,
it will not be populated. Similarly, by choosing different
qubit detunings and rotating frames, one can simulate a
variety of parameter regimes, e.g. see Table I.

In order to capture the physical realization of the sim-
ulation, we plot in Fig. 2 the behavior of the transmon-
resonator system during the simulation protocol. We nu-
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FIG. 1. (Color online) Frequency scheme of the stepwise im-
plementation for the quantum Rabi Hamiltonian. A trans-
mon qubit of frequency !q is interacting with a microwave
resonator, whose transition frequency is !r. The interac-
tions H1,2 in Eq. (3) are simulated respectively with a Jaynes-
Cummings interaction (step 1), and another one with different
detuning, anticipated and followed by ⇡ pulses (step 2).

TABLE I. Simulated quantum Rabi dynamics parameters ver-
sus frequencies of the system. For all entries in the right col-
umn, the resonator frequency is fixed to !r/2⇡ = 7.5 GHz,
and the coupling gR/2⇡ = 100 MHz. Frequencies are shown
up to a 2⇡ factor.
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= 0. To estimate the loss of fi-
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the coherence time. Notice that, in performing the pro-
tocol, one has to avoid populating the third level of the
transmon qubit. Considering transmon anharmonicities
of about ↵ = �0.1, for example, in this case one has third
level transition frequencies of 6.795 GHz and 6.705 GHz.
Therefore, given the large detuning with the resonator,
it will not be populated. Similarly, by choosing different
qubit detunings and rotating frames, one can simulate a
variety of parameter regimes, e.g. see Table I.
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one is able to simulate the quantum Rabi Hamiltonian,
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the simulated interactions. The frequency scheme of the
protocol is shown in Fig. 1. Standard resonant Jaynes-
Cummings interaction parts with different qubit transi-
tion frequencies are interrupted by microwave pulses, in
order to perform customary qubit flips [30]. This se-
quence can be repeated according to the digital simu-
lation scheme to obtain a better approximation of the
quantum Rabi dynamics.

The simulated Rabi parameters can be obtained as a
function of the physical parameters of the setup by in-
verting the derivation presented above. In this way, one
has that the simulated bosonic frequency is related to
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the digital error depends on the magnitude of individual
commutators between the different interaction steps, us-
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this loss, one can choose, for example, the transmon fre-
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plementation for the quantum Rabi Hamiltonian. A trans-
mon qubit of frequency !q is interacting with a microwave
resonator, whose transition frequency is !r. The interac-
tions H1,2 in Eq. (3) are simulated respectively with a Jaynes-
Cummings interaction (step 1), and another one with different
detuning, anticipated and followed by ⇡ pulses (step 2).

TABLE I. Simulated quantum Rabi dynamics parameters ver-
sus frequencies of the system. For all entries in the right col-
umn, the resonator frequency is fixed to !r/2⇡ = 7.5 GHz,
and the coupling gR/2⇡ = 100 MHz. Frequencies are shown
up to a 2⇡ factor.
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frame, such that �̃2
q

= 0. To estimate the loss of fi-
delity due to the digital approximation of the simulated
dynamics, we consider a protocol performed with typi-
cal transmon qubit parameters [26]. We estimate a res-
onator frequency of !

r

/2⇡ = 7.5 GHz, and a transmon-
resonator coupling of g/2⇡ = 100 MHz. The qubit fre-
quency !
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and the frequency of the rotating frame !̃ are
varied to reach different parameter regimes. To per-
form the simulation for the quantum Rabi model with
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/2⇡ = 100 MHz, for example,
one can set !1
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this way, one can define an interaction picture rotating at
!̃/2⇡ = 7.45 GHz to encode the dynamics of the quantum
Rabi model with minimal fidelity loss. Considering that
single-qubit rotations take approximately ⇠ 10 ns, tens
of Trotter steps could be comfortably performed within
the coherence time. Notice that, in performing the pro-
tocol, one has to avoid populating the third level of the
transmon qubit. Considering transmon anharmonicities
of about ↵ = �0.1, for example, in this case one has third
level transition frequencies of 6.795 GHz and 6.705 GHz.
Therefore, given the large detuning with the resonator,
it will not be populated. Similarly, by choosing different
qubit detunings and rotating frames, one can simulate a
variety of parameter regimes, e.g. see Table I.

In order to capture the physical realization of the sim-
ulation, we plot in Fig. 2 the behavior of the transmon-
resonator system during the simulation protocol. We nu-
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for the rotated step,
one is able to simulate the quantum Rabi Hamiltonian,
Eq. (2), via digital decomposition [21], by interleaving
the simulated interactions. The frequency scheme of the
protocol is shown in Fig. 1. Standard resonant Jaynes-
Cummings interaction parts with different qubit transi-
tion frequencies are interrupted by microwave pulses, in
order to perform customary qubit flips [30]. This se-
quence can be repeated according to the digital simu-
lation scheme to obtain a better approximation of the
quantum Rabi dynamics.

The simulated Rabi parameters can be obtained as a
function of the physical parameters of the setup by in-
verting the derivation presented above. In this way, one
has that the simulated bosonic frequency is related to
the resonator detuning !R
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= 2�̃
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, the two-level transi-
tion frequency is related to the transmon frequency in
the two steps, !R
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, and the coupling to the
resonator remains the same, gR = g. Notice that even
if the simulated two-level frequency !R
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depends only on
the frequency difference, large detunings �̃1(2)

q

will af-
fect the total fidelity of the simulation. In fact, since
the digital error depends on the magnitude of individual
commutators between the different interaction steps, us-
ing larger detunings linearly increases the latter, which
results in fidelity loss of the simulation. To minimize
this loss, one can choose, for example, the transmon fre-
quency in the second step to be tuned to the rotating
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FIG. 1. (Color online) Frequency scheme of the stepwise im-
plementation for the quantum Rabi Hamiltonian. A trans-
mon qubit of frequency !q is interacting with a microwave
resonator, whose transition frequency is !r. The interac-
tions H1,2 in Eq. (3) are simulated respectively with a Jaynes-
Cummings interaction (step 1), and another one with different
detuning, anticipated and followed by ⇡ pulses (step 2).

TABLE I. Simulated quantum Rabi dynamics parameters ver-
sus frequencies of the system. For all entries in the right col-
umn, the resonator frequency is fixed to !r/2⇡ = 7.5 GHz,
and the coupling gR/2⇡ = 100 MHz. Frequencies are shown
up to a 2⇡ factor.
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frame, such that �̃2
q

= 0. To estimate the loss of fi-
delity due to the digital approximation of the simulated
dynamics, we consider a protocol performed with typi-
cal transmon qubit parameters [26]. We estimate a res-
onator frequency of !

r

/2⇡ = 7.5 GHz, and a transmon-
resonator coupling of g/2⇡ = 100 MHz. The qubit fre-
quency !

q

and the frequency of the rotating frame !̃ are
varied to reach different parameter regimes. To per-
form the simulation for the quantum Rabi model with
gR/2⇡ = !R

q

/2⇡ = !R

r

/2⇡ = 100 MHz, for example,
one can set !1

q

/2⇡ = 7.55 GHz, !2
q

/2⇡ = 7.45 GHz. In
this way, one can define an interaction picture rotating at
!̃/2⇡ = 7.45 GHz to encode the dynamics of the quantum
Rabi model with minimal fidelity loss. Considering that
single-qubit rotations take approximately ⇠ 10 ns, tens
of Trotter steps could be comfortably performed within
the coherence time. Notice that, in performing the pro-
tocol, one has to avoid populating the third level of the
transmon qubit. Considering transmon anharmonicities
of about ↵ = �0.1, for example, in this case one has third
level transition frequencies of 6.795 GHz and 6.705 GHz.
Therefore, given the large detuning with the resonator,
it will not be populated. Similarly, by choosing different
qubit detunings and rotating frames, one can simulate a
variety of parameter regimes, e.g. see Table I.

In order to capture the physical realization of the sim-
ulation, we plot in Fig. 2 the behavior of the transmon-
resonator system during the simulation protocol. We nu-
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FIG. 2. (Color online) A transmon qubit and microwave
resonator simulating the quantum Rabi Hamiltonian in the
regime gR = !R

r , !R
q = 0. The ideal dynamics, plotted in the

inset, shows collapses and revivals of the photon and qubit
population. The latter are recovered via sequential qubit-
resonator interactions and qubit flips. The photon population
is pumped to the expected value at the time marked by the
arrow. Note that the simulating time t̃ is different from the
simulated time t.

merically integrate a master equation, alternating steps
of Jaynes-Cummings interaction with single-qubit flip
pulses. We consider ⇢̇ = �i[H, ⇢]+L(a)⇢+�
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being the qubit bit-flip time.
The quantum dynamics is affected by Lindblad super-
operators �

�

L(�z)⇢, ��L(��)⇢, and L(a)⇢ modelling
qubit dephasing, qubit relaxation and resonator losses.
We have defined L(A)⇢ = (2A⇢A† � A†A⇢ � ⇢A†A)/2.
We set a resonator-qubit coupling of g/2⇡ = 80 MHz,
and a frame rotating at the qubit frequency, �̃
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/2⇡ = 40 MHz. We consider ��/2⇡ = 30 kHz,
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/2⇡ = 60 kHz, and /2⇡ = 100 kHz. The inset of
Fig. 2 shows collapses and revivals of both the photon
and spin dynamics, which are typical signatures of the
regimes of the quantum Rabi dynamics dominated by
the coupling strength. We consider prototypical DSC
dynamics, with !R
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= 0, and gR = !R

r

. We choose to
set the simulation at the time marked by the black ar-
row, close to the photon population peak in the inset. A
simulation with 15 digital steps is then performed. The
time for a single qubit flip pulse is set to T
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= 10 ns.
Periodic collapses and revivals of the bosonic population
of the quantum Rabi model ha†ai
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are shown as a func-
tion of time, in the inset. The ideal spin and bosonic
populations h�

z

i
R
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, evolving according to the
quantum Rabi Hamiltonian, are shown to be in good
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FIG. 3. (Color online) Time evolution of the fidelity
F = |h S | Ri|2 of state | Si evolving according to the dig-
itized protocol, to the ideal state | Ri evolving according to
the quantum Rabi dynamics, with a) gR = !R

r /2 = !R
q /2,

b) gR = !R
r = !R

q , c) gR = 2!R
r = !R

q , and d) gR = 2!R
r =

1.5!R
q . The simulation is performed for different number n of

Trotter steps. Black curves in the insets show the overlap of
the ideal evolved state with the one at time t = 0, |h R| 0i|2,
initialized with a fully excited qubit and the resonator in the
vacuum state.

agreement with the simulated ones, h�
z

i and ha†ai, at
the final simulated time. In fact, during the Jaynes-
Cummings interaction parts, photons are pumped into
the resonator. Afterwards, before the photon population
starts to decrease due to excitation exchanges with the
transmon qubit, a qubit flip further enhances the photon
production.

The simulation protocol can be performed for every
time of the dynamics, with the number of digital steps
tuned to reach a satisfactory simulation fidelity. We
plot in Fig. 3 the fidelity F = |h 

S

| 
R

i|2 as a func-
tion of time of the simulated wavefunction  

S

, includ-
ing resonator and spin degrees of freedom, versus the
ideal one  

R

, given by Eq. (2). The fidelity is plot-
ted for different parameters and iteration steps. Increas-
ing the number of steps, the fidelity grows as expected
from standard Suzuki-Lie-Trotter expansions [31]. In
principle, the whole protocol can accurately access non-
analytical regimes of these models, including USC and
DSC regimes.

By adding several transmon qubits to the architecture,
the presented method can be extended to simulate the
Dicke Hamiltonian
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USC & DSC regimes are simulated. Move now towards to the Dicke model!
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Expected	dynamics	for	g	=	2	MHz	

qubit	 resonator	

Experimental DQS of the quantum Rabi model: Delft 
N	K	Langford	et	al.,	in	preparaDon	(2016)	



Qubit	 Resonator	Photon	Number	

•  For g ~ 1.95 MHz, g/ω = 1 gives expected qubit revival at 0.51 microseconds 
•  Qubit revivals beyond 0.4 us, photon number oscillations beyond 1.1 us (g/ω > 2) 

N	K	Langford	et	al.,	in	prepara0on	(2016)	
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DQS of the QRM with transmons: Delft 



•  DSC regime leads to “Schroedinger cat”-like entanglement between qubit & resonator 
•  Witnessed by observing negativity in both conditional cavity Wigner functions (state 

conditioned on measuring the qubit in 0 or 1) – smoking gun for deep-strong coupling 

uncondi'oned	 qubit	in	0	 qubit	in	1	

“Schrödinger cats” in DSC regime of QRM: Delft 
N	K	Langford	et	al.,	in	prepara0on	(2016)	



Quantum Field Theory models  
Casanova et al., PRL 2011

3

and in the time- and space-dependent phases that are
associated to energy and momentum conservation.

The bosonic field will, in addition, be written as

A(t, x) = a0e
�i!0teik0x + a†

0e
i!0te�ik0x. (10)

Consequently, the resulting interaction Hamiltonian is

H = g
X
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, k0, t) ✓i†
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a0 + H.c., (11)

where {✓i
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}
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This Hamiltonian contains the self-interacting dynam-
ics given by |f, f̄ , ni $ |f, f̄ , n ± 1i (|f, f̄ , ni denotes
the state with one fermion, one antifermion, and n
bosons), mediated by b†

inbina
k0 , b†

inbina†
k0

, dind†
ina

k0 and

dind†
ina†

k0
. It also includes pair creation and annihilation

processes given by |f, f̄ , ni $ |0, 0, n ± 1i, mediated by
dinbina†

k0
and b†

ind†
ina

k0 in the quasi-resonant case, as well

as dinbina
k0 and b†

ind†
ina†

k0
in the far o↵-resonant case.

The last kind of transitions, as well as self-interactions,
are o↵-resonant and would be neglected in the weak cou-
pling regime, but would be allowed in our formalism for
USC/DSC regimes [18]. In our proposed setup, all per-
turbative series terms are included, as shown in Fig. 1.

For practical purposes, we consider |k0| ⌧ !0, i.e.,
a slow massive boson. We may then approximate
Ff,f (p

f

, p
f

, k0, t) = F f̄ ,f̄ (p
f̄

, p
f̄

, k0, t) = g1 exp(�i!0t),

and Ff,f̄ (p
f

, p
f̄

, k0, t) = g2 exp[�(t� T/2)2/(2�2
t

) + i�t],
where g2/g1 gives the relative strength of the pair cre-
ation with respect to the self-interaction, � = !

f

+!
f̂

�!0

and T is the total time of the process, being �
t

the tem-
poral interval of the interaction region. Thus, the self-
interactions are always on, while the pair creation and
annihilation take place only when the fermion and an-
tifermion wavepackets overlap, as they should. Accord-
ingly, the Hamiltonian we aim to simulate is

H = g1e
�i!0t

⇣
b†
inbina0 + dind†

ina0

⌘
(13)

+ g2e
� (t�T/2)2

2�2
t

h
ei�tb†

ind†
ina0 + e�i(2!0+�)tdinbina0

i
+ H.c.

We propose to implement this Hamiltonian dynamics in
a system of two trapped ions, see Fig. 2a. The bosonic
mode will be encoded in the center-of-mass (COM) vi-
bronic mode of the two-ion system. We envision to

FIG. 2. (a) Setup for the trapped-ion simulation. (b)
|hf, 0, 0| (t)1i|2 as a function of t in units of !0 (red/upper
curves), where | (t)1i is the evolved state from | (0)1i =
|f, 0, 0i, and average number of virtual bosons (blue/lower

curves), ha†
0a0i, for g1 = 0.15!0, 0.1!0, 0.05!0, 0.01!0, g2 = 0.

The largest amplitudes correspond to the largest couplings.
(c) |hf, f̄ , 0| (t)2i|2 as a function of t in units of !0 (red/upper
left curve), where | (t)2i is the evolved state from | (0)2i =
|f, f̄ , 0i, and average number of virtual bosons (blue/lower

left curve), ha†
0a0i, for g1 = 0.01!0, g2 = 0.21!0, �t = 3/!0,

T = 30/!0, � = 0. (d) The same as (c) for g1 = 0.1!0,
g2 = !0, �t = 4/!0, T = 30/!0, � = 0.

map the 4-dimensional Hilbert space associated to the
fermionic/antifermionic operators onto 4 internal levels
of the first ion. For this, we consider a Jordan-Wigner
mapping, b†

in = I ⌦ �+, bin = I ⌦ ��, d†
in = �+ ⌦ �

z

,
din = �� ⌦ �

z

, and encode it in four internal levels of
the first ion, |1i, |2i, |3i, |4i, e.g., b†

in = |4ih3| + |2ih1|,
d†
in = |4ih2| � |3ih1|, the vacuum state is state |1i, and

|fi = |2i, |f̄i = �|3i, |f, f̄i = �|4i. Accordingly, Hamil-
tonian (13) results in

H = �g(t)

✓
|4ih1| a0e

i�t + |1ih4| a†
0e

�i�t

◆

�g(t)

✓
|1ih4| a0e

�i(2!0+�)t + |4ih1| a†
0e

i(2!0+�)t

◆

�g1

✓
|3ih3|� |2ih2|

◆✓
a0e

�i!0t + a†
0e

i!0t

◆

+g1 I

✓
a0e

�i!0t + a†
0e

i!0t

◆
. (14)

Here, the first line corresponds to a detuned red sideband
interaction between |4i and |1i with time-dependent
Rabi frequency g(t) = g2 exp[�(t � T/2)2/2�2

t

]. The
second line is a detuned blue sideband interaction, be-
tween the same levels and with the same Rabi frequency.
The third line can be developed applying detuned red
and blue sideband interactions to |3i and |2i to pro-
duce (|3ih2|� |2ih3|)[a0 exp(�i!0t)+a†

0 exp(i!0t)]/i, and
a rotation of |3i and |2i with a classical field to pro-
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FIG. 2. (color online). Dynamics for the 3 + 1 ions configu-
ration of the NN XX Hamiltonian. Dotted curves stand for
h�i

ziE for the exact dynamics, and solid curves stand for h�i
ziI

for realistic ion interactions (i = 1, 2, 3 for the first, second
and third ion). The parameters are chosen in order to have
maxima in the fidelity F (t) = |h E(t)| I(t)i|2 of ⇠ 0.995 (top
black curve) at time steps of ⇠ 333 ⌫1t. These time steps can
be chosen as Trotter steps.

possibility of obtaining an Ising field in linear chains of
trapped ions has been proposed and realized [32, 36].
However, in implementing NN interactions between more
than two ions, one must be careful in designing an ap-
propriate set of lasers and detunings in order to minimize
the spurious non-nearest-neighbor (NNN) e↵ects. To this
extent, we have realized numerical simulations for a 3+1
ions setup [37], using one set of two pairs of counter-
propagating lasers detuned close to the shifted center of
mass (COM) shifted mode of frequency �1 = ⌫1 � !0/3
to drive the first two ions (detunings ±�1), and another
set of lasers detuned close to a second mode of frequency
�2, that in the case of 3+1 ions can be chosen as the
breathing mode, addressing the second and the third ion
(detunings ±�2). For a generic number of ions, Rabi fre-
quencies ⌦i of the lasers driving the i-th and the i+1-th
ions are chosen to achieve the desired strength in the
Ising coupling, according to [36],

HNN =
N�1X

i=1

⌦2
i

" 
NX

m=1

⌘i,m⌘i+1,m�m

�2
i ��2

m

!

+
⌘i,N+1⌘i+1,N+1⌫N+1

�2
i � ⌫2

N+1

�
�x

i �x
i+1. (7)

In Fig. 2, the first and second ion are driven with two
pairs of counterpropagating lasers with detuning close to
the shifted COM mode (�1 = 1.0187 ⌫1 for !0 = h/4).
The Rabi frequencies are chosen properly in order to
reach a NN interaction of h/2 = 0.001 ⌫1. Lasers driving
the second and the third ions are detuned close to the
shifted breathing mode at ⌫2 = 1.731 ⌫1 [35], with pa-
rameters �2 = 1.71196 ⌫1. Detunings are chosen to have a
dynamics decoupled with respect to the phonons at time

steps ⇠ 333 ⌫t and a negligible NNN interaction [37]. At
these times, the ion spins match the exact value, phonons
are detached from spins and the fidelity oscillation (top
black curve) F (t) = |h E(t)| I(t)i|2 reaches maxima,
with peaks of ⇠ 0.995.

The initial state, as in all our numerical simulations,
except where specified, is chosen to mimic a configura-
tion in which one electron is injected at the center of a
one dimensional lattice provided with Holstein interac-
tions. To this extent, all the spins are initialized in the
opposite Z direction, except the one in site N/2, in case
of even N , or (N + 1)/2 in case of odd N . The spin of
the last ion has to be initialized along the Z direction in
order to be a passive ion with respect to the dynamics,
according to the protocol for the implementation of H3

given below. The vibrational modes are assumed to be
initially cooled down to the ground state with resolved
sideband cooling [33].

Notice that one can always implement a perfect NN
coupling by using more stroboscopic steps. A possibil-
ity is to decompose the global NN into nearest-neighbor
pairwise interactions. Another possibility is to design a
counter, non-nearest-neighbor interaction step between
pairs of non-nearest neighbor ions in order to eliminate
the spurious NNN imperfections. Given that one has an
unwanted hi,j�

i
x�j

x, one can add more Trotter steps to
the protocol of the form �hi,j�

i
x�j

x in order to have an
Hamiltonian free of NNN couplings. The dynamics as-
sociated to the step with H2 is implemented similarly to
the one of H1, with a di↵erent choice of the initial phases
of the lasers, in order to achieve a YY interaction.

The Hamiltonian H3 is realized as a combination of
2N red and blue detuned lasers with appropriate ini-
tial phases in order to recover a coupling of the i-th
ion (i = 1, ...N) with the mi-th normal (shifted) mode
⌘i,mi

⌦i�
i
x(b†mi

+ bmi
). The i-th ion is driven with red

and blue detuned lasers to the mi-th mode, establishing
a one-to-one correspondence between the first N ions and
the first N normal modes. Moreover, the last ion of the
chain is driven by 2N lasers detuned in order to be cou-
pled with the same modes of the ions in the chain. Two
additional rotations of the spins of all ions around the
Y axis are applied before and after coupling the spins to
the phonons. They can be obtained by acting two times
with a global beam upon all the N + 1 ions at the same
time. The Hamiltonian describing this process is,

He�p =
NX

i=1

(⌦i⌘i,mi�
i
z+⌦N+1,i⌘N+1,mi�

N+1
z )(bmi+b†mi

).

(8)
The Rabi frequencies of the lasers must be chosen accord-
ing to ⌦i = g/2⌘i,mi

, ⌦N+1,i = g/2⌘N+1,mi
. If the last

ion is initialized with the spin aligned along the Z axis
and not addressed by spin flip gates during the simula-
tion, the previous described gates result in the e↵ective
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