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Quantum correlations: Entanglement 
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Entanglement measures : Concurrence 

C(ρXY ) =
�
max

�
0,
��

λ1 −
�

λ2 −
�

λ3 −
�

λ4

���

with λ1, λ2, λ3 and λ4 are the eigenvalues of                     arranged in decreasing order. ρXY ρ̃XY

‘Spin flipped’ density matrix is defined as ρ̃XY = (σy ⊗ σy)ρ
∗
XY (σy ⊗ σy)

Bipartite entanglement in the state  ρXY

Entanglement measures : Entanglement of  formation 

E(ρXY ) = H(x) = −x log x− (1− x) log(1− x)

x =
1

2
(1 +

�
1− C2)
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Quantum correlations: Quantum discord 
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Quantum discord in a bipartite system ρXY

D(X : Y ){�Y
j } = I(X : Y )−max{�Y

j }

�
J(X : Y ){�Y

j }

�

= S(ρY )− S(ρX,Y ) + min{�Y
j }S(ρX|{�Y

j })

I(X : Y ) = S(ρX) + S(ρY )− S(ρX,Y )

Total correlations in a bipartite system ρXY

Quantum correlations in ρXY

J(X : Y ){�Y
j } = S(ρX)− S(ρX|{�Y

j })
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Wigner Function 

W (q, p) =
1

π

� ∞

−∞
dy e2ipy�q − y|ρ|q + y�

Phase space representation of the state ρ: 

� �
W (q, p)dqdp = 1

Properties: 

�A� = Tr [ρA] =

� �
W (q, p)Ã (q, p) dqdp♬- 

♬- 

Ã(q, p) =

� ∞

−∞
dy e2ipy�q − y|A|q + y�with Weyl transform  of operator A. 
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♬- The Wigner function can be negative è A quasiprobability distribution. 

♬-               is real. W (q, p)
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Wigner Function : (Examples) 

♬- Coherent states : 
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|α� = e−
|α|2
2

∞�

n=0

(α)n√
n!

|n�

W (q, p)|α� =
√
π exp

�
−2αᾱ+ 2

√
2�(α) (q − ip) + 2

√
2iαp− p2 − q2

�

�4

�2

0

2
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Wigner Function : (Examples) 

♬- Superposition of Coherent states (cat states) : 
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Wij =
√
π exp

�
− (p2) + (I

√
2p(αj − α∗

i ))− (
1

2
(|αi|2 + |αj |2))− q2 + (

√
2q(αj + α∗

i ))− (α∗
iαj)

�

N±(α) =
1�

2
�
1± e−2|α|2

�

|±α� = N±(α)
�
|α�± |− α�

�

W (q, p) = n π
−3
2

�
Wα α +Wα −α +W−α α +W−α −α

�



Morad El Baz ICTP-Trieste 13 September 2017  

Bipartite coherent states - Werner states 

♬- Superposition of two bipartite coherent states : 
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|α� = e−
|α|2
2

∞�

n=0

(α)n√
n!

|n�

|ψ±�XY = n±

�
|α,β�± |− α,−β�

�

XY

n±(α) =
1�

2
�
1± e−2|α|2e−2|β|2

�

Remember : coherent states              and             are not mutually orthogonal.  |+ α� |− α�
But : cat states           and          are.  |+� |−�

We rewrite                 using                                                         and  |ψ±�XY |±�α = N±(α)
�
|α�± |− α�

�
|±�β = N±(β)

�
|β�± |− β�

�

|ψ+�XY =
n+

2

�
|+α,+β�
Nα

+N
β
+

+
|−α,−β�
Nα

−N
β
−

�

XY

|ψ−�XY =
n−

2
[
|+α,−β�
Nα

+N
β
−

+
|−α,+β�
Nα

−N
β
+

)]XY

We find 
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Bipartite coherent states - Werner states 

♬- Werner superposed coherent states : 
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ρ(ψ±, a) = (1− a)
I

4
+ a

��ψ±� �ψ±��
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Behavior of quantum correlations 

♬- Entanglement (Entanglement of formation): 
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♬- Quantum discord : 
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Behavior of quantum correlations 

β = 0.05 β = 0.5

D
�
ρ
�
ψ+

��
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♬- Quantum discord : 
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Behavior of quantum correlations 

D
�
ρ
�
ψ−��

β = 0.05 β = 0.5
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♬- Quantum discord / Entanglement of formation : 
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Behavior of quantum correlations 
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♬- Wigner function of the bipartite superposed coherent states : 
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Behavior of the Wigner function 

♬- Wigner function of a bipartite state : W (q1, p1, q2, p2) = W (q1, p1) W (q2, p2)

W (q1, p1, q2, p2) = n2(π
−3
2 )2

�
Wα α Wβ β +Wα −α Wβ −β +W−α α W−β β +W−α −α W−β −β

�

♬- Wigner function of the Werner superposed coherent states: 

W2mcs(q1, p1, q2, p2) =
(1− a)

4π2
+ aW (q1, p1, q2, p2)

♬- Negativity of the Wigner function: 

δ =

� �
|(W2mcs(q1, p2))|−W2mcs(q1, p2) dp1 dq2
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Behavior of the Wigner function 

a = 0.4 α = 0.5 β = 0.5 a = 0.5 α = 3.5 β = 2

a = 0.4 α = 3.5 β = 4.5
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Quantum correlations vs Wigner function 
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♬- Plot the quantum discord, entanglement of formation and Wigner function for the state  ρ(ψ+, a)
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Quantum correlations vs Wigner function 
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♬- Plot the quantum discord, entanglement of formation and Wigner function for the state  ρ(ψ+, a)
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The Wigner function is sensitive to entanglement not to quantum discord 



♬- Can the Wigner function provide a measure for Entanglement?  
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Quantum correlations vs Wigner function 
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Wigner function does detect and 
measure quantum correlations! 

But not all quantum correlations!! 

Only Entanglement!!! 

What about multipartite 
correlations? 

Morad El Baz 
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Study the possibility of  using 
Wigner function to detect/
m e a s u r e m u l t i p a r t i t e 
quantum correlations. 

Apply all this in a 
t r u l y c o n t i nu o u s 
variable framework. 

Morad El Baz 

What’s next? 

F. Siyouri, Y. Hassouni & M.E.B. quant. Inf. Proc. 15 (2016) 4237 
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