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Lecture Summary

e Manifestations of the electron-phonon interaction

Rayleigh-Schrodinger perturbation theory

e The electron-phonon matrix element

e Brillouin-zone integrals and Wannier interpolation
e The electron-phonon coupling constant

e Connection with molecular dynamics simulations
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Where do electron-phonon interactions come from?
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lonic degrees of freedom in the Kohn-Sham equations
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lonic degrees of freedom in the Kohn-Sham equations
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lonic degrees of freedom in the Kohn-Sham equations
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lonic degrees of freedom in the Kohn-Sham equations
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lonic degrees of freedom in the Kohn-Sham equations

The SCF potential depends parametrically on the ionic coordinates
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lonic degrees of freedom in the Kohn-Sham equations

The SCF potential depends parametrically on the ionic coordinates

VSCF<I'§7'177'27"‘)

e Consider only one ion and one Cartesian direction for simplicity

e Displace atoms from equilibrium sites, 7 = 79 + u
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lonic degrees of freedom in the Kohn-Sham equations

The SCF potential depends parametrically on the ionic coordinates

VSCF<I'§7'177'27"‘)

e Consider only one ion and one Cartesian direction for simplicity

e Displace atoms from equilibrium sites, 7 = 79 + u
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lonic degrees of freedom in the Kohn-Sham equations

The SCF potential depends parametrically on the ionic coordinates

VSCF<I'§7'177'27"‘)

e Consider only one ion and one Cartesian direction for simplicity

e Displace atoms from equilibrium sites, 7 = 79 + u
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Perturbation Hamiltonian leading to EPls
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Some manifestations of electron-phonon interactions

e Electron mobility in monolayer and bilayer MoSs
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Some manifestations of electron-phonon interactions

e Phonon-assisted optical absorption in silicon
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Some manifestations of electron-phonon interactions

e High-temperature superconductivity in compressed H3S
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Some manifestations of electron-phonon interactions

e Temperature-dependent photoluminescence in hybrid perovskites

Energy (eV)

0 50 100 150 200 250 300 350
Temperature (K)

Figure from Wright et al, Nat. Commun. 7, 11755 (2016)
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Some manifestations of electron-phonon interactions

e Electron mass enhancement in MgB»
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Rayleigh-Schrodinger perturbation theory
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Rayleigh-Schrodinger perturbation theory

- OVscr 10?Vacr o
AH,, = = e
P or vt 2 oz i
e Energies AE, = (n| Wﬂu |n)

Giustino, Lecture Tue.1 12/31



Rayleigh-Schrodinger perturbation theory
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Rayleigh-Schrodinger perturbation theory

AH,, =

e Energies

e Wavefunctions

e Transition rates
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Thermodynamic averages

What is the atomic displacement u in Aflep?
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Thermodynamic averages

What is the atomic displacement u in Af]ep?
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Thermodynamic averages

What is the atomic displacement u in Af]ep?
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Thermodynamic averages

What is the atomic displacement u in Af]ep?

C = Mw?
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Thermodynamic averages

(AE,)r —————— Temperature-dependent band structures

(«+- Aty (r) - - <) — Phonon-assisted optical absorption

(I'y—ym)7 ———— Phonon-limited carrier mobilities
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Temperature-dependent band structures
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Temperature-dependent band structures
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Temperature-dependent band structures

2

ol

AFE Vzl/nujtz E _E. u?

m#n

Giustino, Lecture Tue.1 15/31



Temperature-dependent band structures
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Temperature-dependent band structures
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Temperature-dependent band structures
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Temperature-dependent band structures

(Lecture Thu.2)
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Temperature-dependent band structures
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Temperature-dependent band structures
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Figure from Zacharias et al, Phys. Rev. B 94, 075125 (2016)
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Phonon-assisted optical absorption
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Phonon-assisted optical absorption
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Phonon-assisted optical absorption
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Phonon-assisted optical absorption
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Phonon-assisted optical absorption
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Phonon-assisted optical absorption
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Figure from Zacharias et al, Phys. Rev. Lett. 115, 177401 (2015)

Giustino, Lecture Tue.1 19/31



Phonon-assisted optical absorption
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Phonon-assisted optical absorption
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Phonon-limited carrier mobilities

Carrier relaxation time
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Phonon-limited carrier mobilities
Carrier relaxation time
L
Electron mobility from Boltzmann equation (Lecture Wed.2)
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Phonon-limited carrier mobilities
Carrier relaxation time
L
Electron mobility from Boltzmann equation (Lecture Wed.2)
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The electron-phonon matrix element

Matrix element Zero-point displacement
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The electron-phonon matrix element

Matrix element Zero-point displacement
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The electron-phonon matrix element

gmnu(k7 q) = <Umk+q|AquvscF|Unk>uc
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The electron-phonon matrix element

gmnu(k7 q) = <Umk+q|AquvscF|Unk>uc
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Lattice-periodic part of wavefunction
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The electron-phonon matrix element

Variation of the Kohn-Sham potential

I

gmnu(k7 q) = <Umk+q|AquvscF|Unk>uc
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Lattice-periodic part of wavefunction
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The electron-phonon matrix element

Variation of the Kohn-Sham potential

I
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The electron-phonon matrix element

Variation of the Kohn-Sham potential

I

gmm/(k7 q) = <umk+q|Aquvch |unk>uc

>~

Lattice-periodic part of wavefunction

o h O Vyp(r)
_ E iq-(r—Rp) S Z SsCrA)
AqVUSCF o nozpe ! ’ 2Mwqu 6,{a,y(q) 87‘,:;1,

I

% Atom in the unit cell Zero-point amplitude

« Cartesian direction
p Unit cell in the equivalent supercell

Giustino, Lecture Tue.1 22/31



The electron-phonon matrix element

Variation of the Kohn-Sham potential

I
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The electron-phonon matrix element

Variation of the Kohn-Sham potential

I
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The electron-phonon matrix element

Variation of the Kohn-Sham potential

I
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Brillouin-zone integrals

Example: electron lifetimes in metals, adiabatic approximation

1 dq |gnm1/ k q)|
= 2k T — / 0(epk — €
p— B E T (Enk — Emk+q)
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Brillouin-zone integrals

Example: electron lifetimes in metals, adiabatic approximation

1 dq |gnmu (k, q)|?
= 2k T — / 0(Enk — Emk
— B E [ I (€nk — Emk+q)

e The integral over the Brillouin zone can require up to 100K qg-vectors
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Brillouin-zone integrals

Example: electron lifetimes in metals, adiabatic approximation

1 dq |gnmu (k,q)?
= 2k T — E / 0(Enk — Emk
Tk b BzSBz  Twqw (& mkta)

e The integral over the Brillouin zone can require up to 100K qg-vectors

e Each g-vector requires a separate DFPT calculation
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Brillouin-zone integrals

Example: electron lifetimes in metals, adiabatic approximation

1 dq |gnmu(k q)|?
= 2kpgT — 0(epk — €
Tnk b Z/BZ Iz qu ( nk mk+q)

e The integral over the Brillouin zone can require up to 100K qg-vectors
e Each g-vector requires a separate DFPT calculation

e A new integral must be evaluated for every k-vector
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Wannier interpolation of electron-phonon matrix elements

Wannier functions (Lecture Tue.?2)
1

me(r) = ﬁ Z eiik.Rp Unmk wnk(r)v
Pk
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Wannier interpolation of electron-phonon matrix elements

Wannier functions (Lecture Tue.?2)
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Wannier interpolation of electron-phonon matrix elements

Wannier functions (Lecture Tue.?2)

1 77: .
me(r) = ﬁ Z € k-Rp Unmk wnk(r)v
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Winp(T)
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Wannier interpolation of electron-phonon matrix elements
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Wannier interpolation of electron-phonon matrix elements

| Pac

i

N

i) V f| et
BV ey

h i(kRy+qR.,
S T s

gmnu(ka q) =

mn

(Lecture Wed.3)

Giustino, Lecture Tue.1 25/31



The electron-phonon coupling constant
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The electron-phonon coupling constant

A= Np <<Z !gmgu()locl,Vq)|2 >> #
v FS

e Defined for metals
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The electron-phonon coupling constant

A= Ng <<Z lgmngii;q)IQ >> ¢
v FS

e Defined for metals

r

e ((---)rg is the average over all possible combinations with €,
and €,,k1+q on the Fermi surface
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The electron-phonon coupling constant

A= Nr <<Z lgmngii;q)IQ >> {
v FS

e Defined for metals

”~

e ((---)rg is the average over all possible combinations with €,
and €,,k1+q on the Fermi surface

e Dimensionless, typically ranges between 0 and 2
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The electron-phonon coupling constant

A= Np <<Z lgmhyu()l:l;cl)|2 >> [
v FS

Defined for metals

»

(- - -)rs is the average over all possible combinations with &,
and €,,k1+q on the Fermi surface

Dimensionless, typically ranges between 0 and 2

In BCS theory the critical temperature is oc exp(—1/))
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The electron-phonon coupling constant

A= Np <<Z lgmngii;q)IQ >> [
v FS

Defined for metals

'

(- - -)rs is the average over all possible combinations with &,
and €,,k1+q on the Fermi surface

Dimensionless, typically ranges between 0 and 2

In BCS theory the critical temperature is oc exp(—1/))

In metals the electron mass enhancement is 1 + A\
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The electron-phonon coupling constant

A= Np <<Z lgmngii;q)IQ >> [
v FS

e Defined for metals

-

e ((---)rg is the average over all possible combinations with €,
and €,,k+q on the Fermi surface

e Dimensionless, typically ranges between 0 and 2

e In BCS theory the critical temperature is o< exp(—1/)\)

e In metals the electron mass enhancement is 1 + A

e Not meaningful for intrinsic semiconductors and insulators
(Lecture Wed.1)
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Molecular Dynamics vs. Rayleigh-Schrodinger

e Time-evolution of DFT band gap of CH3NH3Pbls
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Right figure from Quarti et al, Phys. Chem. Chem. Phys. 17, 9394 (2015)
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Molecular Dynamics vs. Rayleigh-Schrodinger

We have seen that DFT eigenvalues

depend parametrically on the ionic displacements

E,(u) = B,(0) + Cru+ Cou? + - -
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Molecular Dynamics vs. Rayleigh-Schrodinger

We have seen that DFT eigenvalues

depend parametrically on the ionic displacements

E,(u) = B,(0) + Cru+ Cou? + - -

e In RS perturbation theory we determine Co perturbatively,
and we take the (classical or quantum) thermal averages of the
displacements, (u?)7
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Molecular Dynamics vs. Rayleigh-Schrodinger

We have seen that DFT eigenvalues

depend parametrically on the ionic displacements

E,(u) = B,(0) + Cru+ Cou? + - -

e In RS perturbation theory we determine Co perturbatively,
and we take the (classical or quantum) thermal averages of the
displacements, (u?)7

e In MD simulations (classical or Path Integral) we evaluate
explicitly E,(u) and we average over MD snapshots, (E,(u))r
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Molecular Dynamics vs. Rayleigh-Schrodinger

We have seen that DFT eigenvalues

depend parametrically on the ionic displacements

E,(u) = B,(0) + Cru+ Cou? + - -

e In RS perturbation theory we determine Co perturbatively,
and we take the (classical or quantum) thermal averages of the
displacements, (u?)7

e In MD simulations (classical or Path Integral) we evaluate
explicitly E,(u) and we average over MD snapshots, (E,(u))r

e These two approaches are equivalent for harmonic systems
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Molecular Dynamics vs. Rayleigh-Schrodinger

Probability distribution of ionic displacements (harmonic system)

energy
=<
(V]

displacement u
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Molecular Dynamics vs. Rayleigh-Schrodinger

Probability distribution of ionic displacements (harmonic system)
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Molecular Dynamics vs. Rayleigh-Schrodinger

Probability distribution of ionic displacements (harmonic system)
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Molecular Dynamics vs. Rayleigh-Schrodinger
Probability distribution of ionic displacements (harmonic system)
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Molecular Dynamics vs. Rayleigh-Schrodinger

Probability distribution of ionic displacements (harmonic system)

I
Prob (u) = - Ze (n1/2Dh/kaT |y ()2 =

n=0
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Take-home messages

e We can understand the basics of electron-phonon physics
using elementary perturbation theory

e The calculations almost invariably require a fine sampling
of the matrix elements across the Brillouin zone

e The electron-phonon coupling constant A\ was introduced
to study metals and superconductors

e Rayleigh-Schrodinger perturbation theory and MD
simulations describe the same physics
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