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Long time behavior

After discussing the existence for short time of the curvature flow, our aim is
then to analyse the global (in time) behavior of the evolving networks, in
particular the formation of “singularities”.

The previous results provide a smooth flow of regular networks (satisfying the
compatibility conditions of every order) in a maximal time interval [0,T ). We
will discuss later on the case T = +∞, now we assume that T is finite and
investigate what is happening to the moving network as t → T .

Theorem

If T < +∞ is the maximal time interval of smooth existence of the curvature
flow of a network St , then at least one of the following holds:

1. the length of at least one curve of St goes to zero when t → T ,

2. the curvature is not bounded as t → T .



Carlo Mantegazza ICTP Trieste – 2018 Motion by curvature of networks in the plane

Long time behavior

After discussing the existence for short time of the curvature flow, our aim is
then to analyse the global (in time) behavior of the evolving networks, in
particular the formation of “singularities”.

The previous results provide a smooth flow of regular networks (satisfying the
compatibility conditions of every order) in a maximal time interval [0,T ). We
will discuss later on the case T = +∞, now we assume that T is finite and
investigate what is happening to the moving network as t → T .

Theorem

If T < +∞ is the maximal time interval of smooth existence of the curvature
flow of a network St , then at least one of the following holds:

1. the length of at least one curve of St goes to zero when t → T ,

2. the curvature is not bounded as t → T .



Carlo Mantegazza ICTP Trieste – 2018 Motion by curvature of networks in the plane

Long time behavior

After discussing the existence for short time of the curvature flow, our aim is
then to analyse the global (in time) behavior of the evolving networks, in
particular the formation of “singularities”.

The previous results provide a smooth flow of regular networks (satisfying the
compatibility conditions of every order) in a maximal time interval [0,T ). We
will discuss later on the case T = +∞, now we assume that T is finite and
investigate what is happening to the moving network as t → T .

Theorem

If T < +∞ is the maximal time interval of smooth existence of the curvature
flow of a network St , then at least one of the following holds:

1. the length of at least one curve of St goes to zero when t → T ,

2. the curvature is not bounded as t → T .



Carlo Mantegazza ICTP Trieste – 2018 Motion by curvature of networks in the plane

Gagliardo–Nirenberg estimates

Theorem (Niremberg, ”On elliptic partial...”, Ann. SNS 13, 1959
Section 3, pp. 257–263)

Let γ be a C∞, regular curve in R2 with finite length L. If u is a C∞ function
defined on γ and m ≥ 1, p ∈ [2,+∞], we have the estimates

‖∂n
s u‖Lp ≤ Cn,m,p‖∂m

s u‖σL2‖u‖1−σ
L2 +

Bn,m,p

Lmσ ‖u‖L2

for every n ∈ {0, . . . ,m − 1} where

σ =
n + 1/2− 1/p

m

and the constants Cn,m,p and Bn,m,p are independent of γ.
In particular, if p = +∞,

‖∂n
s u‖L∞ ≤ Cn,m‖∂m

s u‖σL2‖u‖1−σ
L2 +

Bn,m

Lmσ ‖u‖L2 with σ =
n + 1/2

m
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Evolution of a triod

Theorem
If none of the lengths of the three curves of an evolving triod goes to zero, the
flow is smooth for all times and the triod converges (asymptotically) to the
Steiner configuration connecting the three endpoints.
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⌦
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Mantengo la stessa notazione del vostro lavoro, quindi D = ⌦ \ ⌃ e D0 = ⌦ \ ⌃0. I fogli a
sinistra sono i (D, j), il taglio tratteggiato é ⌃, i fogli a destra sono i (D0, j0). Disegno del minimo:
le zone in cui la funzione vale 1 sono colorate in grigio e dove vale 0 sono bianche.
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If all the angles of the triangle with
vertices the three end–points on the
boundary are less than 120 degrees
and the initial triod is contained in the
triangle, then the triod converges in in-
finite time to the Steiner configuration
connecting the three points.

P3

P1

P2

Ω Ω

P3

P1

P2

t → T

If the fixed end–points on the
boundary form a triangle with
an angle of more than 120 de-
grees, then the length of a
curve goes to zero in finite
time.
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Evolution of a spoon

Theorem
The maximal time of existence of a smooth evolution of a spoon is finite and
one of the following situations occurs:

1. the closed loop shrinks to a point in a finite time and the maximum of the
curvature goes to +∞, as t → T ;

2. the “open” curve vanishes and there is a 2–point formation on the
boundary of the domain of evolution, but the curvature remains bounded.
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St ST
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Evolution of a “theta” (double cell)

Theorem
The maximal time of existence of a smooth evolution of a “theta” is finite and
one of the following situations occurs:

1. the length of a curve that connects the two 3–points goes to zero as
t → T and the curvature remains bounded;

2. the length of the curves composing one of the loops go to zero as t → T
and the maximum of the curvature goes to +∞.
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γ3

O1
O1 = O2

γ1
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t → T

St ST
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γ1
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O1 O1 = O2
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St ST

In any case the network cannot completely vanish shrinking to a point as
t → T (not easy to show).
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Long time behavior

We have seen examples in which the length of at least a curve goes to zero
and examples in which at the same time the length of a curve goes to zero
and the curvature of the network is unbounded.

But NO examples in which the lengths of all the curves of the network remain
uniformly bounded away from zero during the evolution and the curvature is
unbounded, as t → T .

Conjecture
If no length of the curves of the network goes to zero as t → T , then T is not
a singular time (maximal time of smooth existence).
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We are actually able to show the following:

Theorem
If no length goes to zero and the ”Multiplicity–One Conjecture” below is valid,
then the curvature is bounded. Hence, T is not a singular time and the flow is
smooth.

“Multiplicity–One Conjecture” (M1)
Every possible limit of rescaled networks of the flow is a network with
multiplicity one.

To show this theorem and in general to understand the nature of the
singularities of the flow, we will employ a blow–up technique where the
validity of such conjecture will play a key role.

———————– ◦ ◦ ◦ ———————–
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