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The thresholding scheme

Merriman & Bence & Osher '92:
Computational scheme for flow by mean curvature (MCF)

Here just time discretization; time-step size h; x € {0,1}
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Easy to implement

—1 convolution o — 1 thresholding e 1
Xn > ’u,n . — Gh*xn Ay Xn.— I(unzﬁ)

n—1

X u'’ {u” = j} X

Low complexity: Fast Fourier Transform for convolution



Convergence in the two-phase case
Xn_]_ COI’]V/\O/\l_l)JtiOFI y" = Gh " Xn_]_ thresﬂglding Xn — I(un Z %)

T hresholding satisfies comparison principle:
Xn—l < Xn—l — " < G == " < ¥

Evans '93: Barles & Georgelin '95 /750
convergence to MCF '
in sense of viscosity solution



Straightforward extension to multi-phase version

N phases, eg x = {xi}i=1,.. n With ©1 x; =1

PN AL ,ult = G x; 1”“>X , X3 :—I(u”>u"‘v’])

Application to grain growth:
eg Elsey & Esedoglu & Smereka '11

Long-time existence of multi-phase MCF:
Kim & Tonegawa via Brakke's notion of MCF '15



Lemma 1 (de Giorgi, Ambrosio & Gigli & Savaré '04). Let (X,d)

be a compact metric space, E a continuous function on it, x € X.

i) “Variational interpolation”. For ¢ > 0 let w(t) be a minimizer of
E(u) + 57d?(u, x),

which exists by continuity and compactness. Then

E(u(t)) + 2d?(u(t), x) + [§ 552d%(u(s), x)ds < E(x).

i) “Metric slope”. For u € X define

OB (w) 1= M SUD, 4 1) 10 s+ € [0, o0].

Then
0E|(u(t)) < 1d(u(t), x).

Usage: Two interpolations for minimizing movements scheme
x(nh+t) =x" fort € [0,h) where X minimizes E(u)+5d?(u, x"1).
w((n — 1)h+t) minimizes E(u) 4+ %d?(u,x"~1) fort € [0, h).

_|_
B+ + [ BB + BB () 2ds < BO(D).



2
Thresholding: x" = I(Gp *x x™~ LIS 2) Gp(z) = |Z‘ ).

Varmy P

Lemma 2 (Esedoglu & O. '15). x™ minimizes
Ep(u) + zpdg (u, X" 1)
among all v € X := {u: [0,1)? — [0, 1] measurable} , where
Ep(u) = ﬁ{(l — u)Gy, * u, 1
2 N — 1 o )y = 1 a2
dh(u,u).—\/ﬁf(u u )Gy x (u—u') \/Ef(G%*(u u'))“.
Furthermore, (X,d;) is a compact metric space

Proposition 1 (Alberti & Bellettini '98). E; IN'-converges to

__ ) coJIVx| forxe{0,1} .
EO(X) T { +OO e|Se }7 CO T

SR

under the underlying notion of convergence u” in L1([0,1)%).



Lemma 3. For any x € {0,1}

) En(x) < Eo(x),
i) Enop(x) < Ep(x) for all N € N (Esedoglu&O. '15),

i) JIVGhL x| S En(x).

Lemma 4. For any u,u € [0, 1]
i) f|Gh>l<u—u| < 2\/_Eh(u)
i) J(u—u')? < 5omdf (u,v) + 2VA(Ep(u) + By (u)),

/ 2 /
i) (Eh(u) E;(u )) < — \/_dh(u u'),
in particular, Ej is Lipschitz wrt d,.

Lemma 5. Let x© be st Eg(x?) < co. Let (x™),en be a solution
of the thresholding scheme with initial data XO and time step size
h. Consider the piecewise constant interpolation

(@) = x"  fort e [nh,(n+ 1)h).
Then, as h | 0, x" is compact in L} ([0,00) x [0,1)%).



Theorem 3 (Laux & O. '16). Let x° with Eg(x°) < co be given.
Let Xh denote the piecewise constant interpolation of the solution
(X")nen Of the thresholding scheme with time step size h > 0 and
initial data x°. Suppose that for a subsequence h | O and some x
we have for any T < oo

X" = xin LY([0,7] x [0, 1)), [§ E,(X™) = J§ Eo(x).
Then there exists a mean-curvature H & L2(|Vx|dt), ie
J(V-&€—v-Dév—¢-vH)|Vx| =0
for all £ € C°°([0, 1)4)% and ae in time,
and we have 2V = H in the sense of Brakke's inequality
T
[Avx@I+3 [ [(CH2+ V¢ viD)|Vxl < [¢9x0
for all nonegative ¢ € C*°([0,1)%) and ae T.



Lemma 6. For any nonnegative ¢ € C>°([0, 1)%) we have de Giorgi's
minimizing movements structure

X" minimizes  Ep(u,x" 1) + 2-d2(u,x" 1) among allu € X,

where

o (') = o [ (G x (u = )2,

By (u,x) 7= 5 [ €1 = )G+ u-(u = 0)[C Gl (L = 20
+(u —x)[¢, G%*]G% * (u —x).

Furthermore, (X,dj) is a compact metric space provided ¢ > O.



nh
BN+ [ HOEGMPH0Ew(0) Pdt < B ).

Eh(x”,x}”':_l)
+ /(n_m%mEh(-,xn—1>|2<xn> + 310E, (- X" 2 (@ (1)) dt
< B xmh).
Eh(xh(ig), XM(T))
+ /O SIOELC, X () POM(t+h)) + 510E, (- X" ()2 (ah(t))dt

+ [ (BUOA AR, W) — By G (1), X (t+R))) dt < By (x0,x0).

/<|VX(T)| —I—%/OT/CHQ‘Vx\dt—I—%/OT/VC.yH|Vx|dt < /<|VX0|.



|8E(u)| = |im Supvid(u,v)io (E(UC?(—ui()U))-k

%|8E(u)|2 > 1im SuDv:d(u,v)LO{(E(u) N E(v))'l‘ - %dz(u’ v)}

First variation §E(u, &) of a function E in a configuration u € X in
direction of a vector field £ € C°°([0,1)H)%: §E(u,§) := o B (us)
where Jsus + & - Vus = 0 with U|s=0 = U.

ds|s—

LIOELC, )P (u) > SUPg¢ {5Eh(-,x)(u,£) — \/E/C(G% * (€ - V)U)Q}

Lemma 7 (Localization and first variation commute).
For any u,x € X and & € C*(]0, 1)d)d

18E5,(x) (u, &) — 01, (u, CE)| S ha LX)

W IS controlled by standard a priori estimate



Lemma 8. For any u,x € X

(B, x) — By, w)) + 3642¢, 30 (w, VO
2
NIE ha ) h%@’” + h2(E,(u) + B, (x))3.

Euler-Lagrange equation for un-localized minimizing movements
interpretation of thresholding: For any & € C°°([0, 1)4)4

5= d2 (XD (X™, €) = —0 1, (X", €).

Lemma 9 (a la Luckhaus-Modica, Reshetniak).
For any {u"},0 C X and x € {0, 1} with
Ll
u =, Ep(ul) = Eo(x)
we have for all ¢ € C*°([0,1)%), ¢ € C>°([0, 1))
By (ul, uh) = 2= [ (1 = uM)Gpxul — co [ (IVX,

SEL(ul, &) = dFEo(x, &) = co [(V - € —v - DEV)| V.



Recall %|8Eh(-,x)|2(u) > SUpPg {5Eh(-,x)(u,§) — \/E/C(G% * (€ - V)u)z}

Lemma 10 (Limit in infinitesimal metric / metric tensor).
For any {u"},0 C X and x € {0, 1} with

Ll
u 5 x,  Ep(uh) — Eo(x)

we have for all ¢ € C°°([0,1)%), ¢ e C°([0, 1)%)d
VR [¢(Gy (& VIuM)? = co [ <6 1)2 V]



