
Cosmological 
Structure Formation

Spatial statistics



STATISTICS OF RANDOM 
FIELDS

• Section 3.2-3.4 (p.32-38) in PT review 
(Bernardeau et al. 2002)

• Section 2.1 in Halo Model review (Cooray-
Sheth 2002)

But first … some background



Continuous probability distributions
• P(<x) = ∫xdx p(x) 
• mth moment:  <xm> = ∫dx p(x) xm

• Fourier transform:  F(t) = ∫dx p(x) exp(-itx)
– sometimes called Characteristic function
– dmF/dtm ~  im <xm>, so F(t) is equivalent to 

knowledge of all moments

• If x>0, Laplace transform more useful:
• L(t) = ∫dx p(x) exp(-tx)



Distribution of sum of n 
independent random variates 

• p2(s) = ∫dx p(x) ∫dy p(y)  δD(x+y = s)
= ∫dx p(x) p(s-x)

• F2(t) = ∫ds exp(-its) ∫dx p(x) p(s-x)
= ∫ds ∫dx p(x) exp(-itx) p(s-x) exp[-it(s-x)]
= F1(t) F1(t)

• Fn(t) = [F1(t)]n

= Convolve PDFs = Multiply CFs



Fourier transform exp(ikx) useful

• Convolutions become products
– Smoothing on scale R:  δR(x) → δ(k) eik∙x W(kR) 

• Each derivative brings down a power of ik
– Can transform differential equations into algebraic 

equations

• Integral brings 1/ik
– divergence at k=0 ~ constant of integration



Quantify clustering by number of pairs compared to 
random (unclustered) distribution, triples compared to 
triangles (of same shape) in unclustered distribution, etc.



2pt spatial statistics
• dP = <n1> dV1 <n2 > dV2 [1 + ξ(r1 ,r2)] 

= <n>2 dV1 dV2 [1 + ξ(r1 – r2)] homogeneity
= <n>2 dV1 dV2 [1 + ξ(|r1 – r2|)] isotropy

Define: δ(r) = [n(r) – <n>]/<n>
Then: ξ(r) = < δ(x) δ(x + r) >      ξ is the correlation function
Estimator:   <(D1-R1)/R1 (D2-R2)/R2> ~ (DD-2DR+RR)/RR

And FT is: < δ(k1) δ(k2) > = (2π)3 δD(k1+k2) P(|k1|)
P(k) is the power spectrum

translational invariance     isotropy



Number of data pairs with separation r
Number of random pairs with separation r = 1 + ξ(r)DD(r)

RR(r)



Power-law:  ξ(r) = (r0/r)γ 

slope γ = -1.8



Zehavi et al. 2010 (SDSS)
blue red



Galaxy 
clustering 

depends on 
galaxy type: 
luminosity, 
color, etc.

(Final lectures use 
Halo Model to 
describe this.)

Zehavi et al. 2005
SDSS



2pt spatial statistics
• dP = <n1> dV1 <n2 > dV2 [1 + ξ(r1 ,r2)] 

= <n>2 dV1 dV2 [1 + ξ(r1 – r2)] homogeneity
= <n>2 dV1 dV2 [1 + ξ(|r1 – r2|)] isotropy

Define: δ(r) = [n(r) – <n>]/<n>
Then: ξ(r) = < δ(x) δ(x + r) >      ξ is the correlation function
Estimator:   1 + ξ(r) = data-pairs/random-pairs = DD(r)/RR(r)

= ∑I,j
Ndata 1 (if rij = r)/ ∑I,j

Nrandom 1 (if rij = r in same volume)
or <(D1-R1)/R1 (D2-R2)/R2> ~ (DD-2DR+RR)/RR

And FT is: < δ(k1) δ(k2) > = (2π)3 δD(k1+k2) P(|k1|)
P(k) is the power spectrum



(Better) Estimator

ξ(r) = < δ(x) δ(x + r) >

Since δ(r) = [n(r) – <n>]/<n>
estimate using   
ξ= <(D1-R1)/R1 (D2-R2)/R2> 

~ (DD-2DR+RR)/RR
for pairs separated by r



P(k) and ξ(r) are FT pairs





Variance  of δR (δ smoothed 
on R) depends on R:

σ2(R) = ∫dk/k ∆(k) W2(kR) 



Correlations in smoothed field

∆(k) = k3P(k)/2π2

∆R1R2(k) = ∆(k) W(kR1) W(kR2)

ξR1R2(r) = ∫dk/k ∆R1R2(k) j0(kr)

Variance  of δR (δ smoothed on R):
σ2(R) = ∫dk/k ∆(k) W2(kR) 



E.g. Power-law P(k)
• ξ(r) = ∫dk/k [k3 Akn/2π2] j0(kr)  ∝ r-3-n if n>-3
• σ2(R) = (A/2π2) ∫dk/k kn+3 exp(-k2R2)

= (A/2π2) Γ[(n+3)/2]/2 R-3-n

• ξR(r) = (A/2π2) ∫dk k2+n exp(-k2R2) j0(kr)
= (A/2π2) (π/2r) erf(r/2R)    if n=-2
→ ξ0(r)                           when r ›› R 

(smoothing irrelevant on large scales? BAO …)



Gaussian PDF

• p(x) = exp[-(x-µ)2/2σ2]/σ√2π
• F(t) = exp(itµ) exp(- t2 σ2)
• Fn(t) = exp(it nµ) exp(- t2 nσ2)
• Distribution of sum of n Gaussians is Gaussian 

with mean nµ and variance nσ2

• In general, PDFs are not ‘scale invariant’



Gaussian field
• p(x) = exp(- xT C-1 x/2)/ (2π)n/2 √Det[C]

where x = (x1, … xn)   with   x1 = x(r1) - <x(r1)>
and    Cij = <xi xj>

• HW:  Show that Fourier Transform/CF is 
F(t) = <exp(it.x)> = ʃdx p(x) exp(it.x) = exp(imTt - tTCt/2)

where m = (<x(r1)>, … , <x(rn)>)

• For Gaussian field C may be much simpler (e.g. 
approximately band diagonal) than C-1. 



Gaussian Random Fields
Rayleigh (2d Gaussian) amplitude + uniform random phase



In a GRF,    
k-modes 
are 
indepen-
dent 





Gaussian field (contd.)
• Let δ(k) be multivariate Gaussian with zero-mean and 

diagonal covariance     Pij = <δ(ki) δ(kj)>.
• Let δ(x) = Σ δ(k) exp(ik.x) = Fij δ(xj) 
• Since δ(x) is sum of (zero-mean) Gaussians for each x, it 

is itself a Gaussian number.  So joint distribution of all 
δ(x) is multivariate Gaussian.

• HW1:  Show that distribution of δ(x) is multivariate 
Gaussian with zero mean and covariance ξ = FT P F.  In 
general, ξ will not be diagonal:  



Structure formation for P(k) ∝ kn



GRFs are special.  In general there’s 
(much) more to it than 2pt statistics

Both distributions have ~ same Pk



Full N-body        Scrambled phases

Both distributions have same P(k)
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