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Lecture 1

The moduli space of curves

1.1 Introduction

In my lecture today, I will give a very informal description of the moduli space of
curves. More complete notes about moduli spaces can be found in Section 1.7. For further
reading, I recommend [Kol96, Chapter 1], [EH00, Chapter VI], Kleiman’s article on the
Picard Scheme in [FGIT05], and [HM98].

I will also try to motivate why one might be interested in studying globally generated
vector bundles on the moduli space of curves. In particular, I'll define nef divisors and
cones of nef divisors, and the kinds of questions we ask about them. I want to illustrate
how these cones tell us about the moduli space of curves, and in turn how by answering
such questions we can learn about curves too. Moreover, we can see in this context how
these questions for general curves can often be reduced to analogous questions about
rational curves.

In Section 1.7 I have included additional information about topics related to the lec-
ture.

1.2 What is My and why compactify it?

By Mg, I mean the quasiprojective variety whose closed points correspond to isomor-
phism classes of smooth curves of genus g. If C is a smooth curve (a 1-dimensional
scheme over an algebraically closed field k), its genus is

g = dimH%(C, wc) = dimH'(C, 0¢),

where wc is the sheaf of regular 1-forms on C. If k = C, then C is a smooth compact
Riemann surface, and the algebraic definition of genus is the same as the topological.



In fact My is more than just a variety, it is a moduli space. By this I mean that given
any flat family 3 — B of curves of genus g, there is a morphism B — Mg, taking a point
b to the isomorphism class of the fiber.

In fact My is something called a coarse moduli space. Because every curve with auto-
morphisms can be used to construct a nontrivial family whose fibers are all isomorphic,
one can show that My is not a fine moduli space.

Problem Session 1.2.1. In Section 1.7, look up the definitions of coarse and fine moduli space.
Read the example illustrating how Mg is not a fine moduli space.

Intuitively, smooth curves degenerate to singular ones. For example, we can write
down the “general curve of genus 2” using the equation:

Y2 = x4+ asx® + agx* + - + ayx + ag.

A general point (ay,...,as) € A® determines a smooth curve. In other words, there is a
family of curves parametrized by an open subset of A®, that includes the general smooth
curve of genus 2. Certainly you can see that as the coefficients change, the curves will
change, and some choices of coefficients will result in singular curves.

To usefully parametrize families of curves like this one, it really pays to work with
a proper space that parametrizes curves that have singularities. The space we will talk
about today is denoted M, and it parametrizes stable curves of genus g.

Definition 1.2.2. A stable curve C of (arithmetic) genus g is a reduced, connected, one dimen-
sional scheme such that

1. C has only ordinary double points as singularities.

2. C has only a finite number of automorphisms.

Remark 1.2.3. To say that C has only a finite number of automorphisms, comes down to requiring
that if C; is a nonsingular rational component, C; meets the rest of the curve in at least three
points, and if C; is a component of genus one, then it meets the rest of the curve in at least one
point.

Definition 1.2.4. Let M, the moduli space of stable curves of genus g be the variety whose points
are in one-to-one correspondence with isomorphism classes of stable curves of genus g.

That such a variety' M, exists is nontrivial. This was proved by Deligne and Mumford
who constructed Mg using Geometric Invariant Theory [DM69]. There are other choices
of compactifications of Mgy, and some of these compactifications receive birational mor-
phisms from M; other compactifications receive rational maps from M. In Section 1.7.3
I discuss some of these alternative compactifications of Ms.

!In fact, we may regard the moduli space of curves as a variety, or a scheme, or a stack. For today and
this week, we consider it as a variety.
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Figure 1.1: Components of the boundary of M,

1.3 Components of the boundary

The moduli space M, has dimension 3g — 3 and the set of curves with at least k-nodes
has codimension k. So for example:

1. AY(M,) = the set of curves having at least one node. A! has codimension one. This
is the boundary M\ M, and it is a union of irreducible boundary components.

2. A%974(M,) = the set of curves having 3g — 4 nodes. A%9~* is 1-dimensional, com-
posed of a union of curves whose numerical equivalence classes we call F-curves.

Even more specifically, we can describe the co-dimension one boundary of M as a
union of components:
9
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e A is the closure of the locus of curves with a single non-separating node, and

e fori > 0, A; is the closure of the locus of curves with a single separating node whose
normalization consists of a curve of genus i and a curve of genus g — i.

As one can see in the images pictured in Figure 1.1, moduli of pointed curves come
up naturally even if one is only interested in studying M,: Each of these co-dimension
one boundary components is the image of a morphism from moduli of pointed curves:
By normalizing curves representing elements of these components, one can see examples
of pointed curves, and we are led naturally to study moduli of such objects.

Definition 1.3.1. A stable n-pointed curve is a complete connected curve C that has only nodes
as singularities, together with an ordered collection p1, P2, ..., Pn € C of distinct smooth points
of C, such that the (n + 1)-tuple (C;p1, ..., pn) has only a finite number of automorphisms.



Definition 1.3.2. Let M .., the moduli space of stable n-pointed curves of genus g, be the variety
whose points are in one-to-one correspondence with isomorphism classes of stable n-pointed curves

of genus g.

In fact every component of the boundary is the image of a map from a moduli space
of stable n-pointed curves, or a product of them:

Mg,LQ —» Ao, and for1 <i< ng, Mi,l X Mgfi,l —» Ai.

One can represent the F-curves as images of maps from M4 and M ;.

1.4 The cones of nef and pseudo effective divisors

One way to study a projective variety X, like the moduli space of curves, is to regard
it as an object in the category of projective varieties. From this point of view, it is natural
to try to understand not only the objects in the category, but also the morphisms. In other
words, to understand X, we would like to identify all the morphisms from X to other
projective varieties. Such morphisms give rise to nef divisors on X.

Nef divisors and the nef cone

Given a projective variety Y, and a morphism f : X — Y < PN, then for any ample
divisor A = O(1)|y on Y, one has the pullback divisor D = f*A on X is base point free. In
fact, this divisor D is not only base point free, it has the much weaker property that it is
nef. For if C is a curve on our projective variety X, then by the projection formula

D-C=f.(D-C)=A-f.C,
which is zero if the map f contracts C, and otherwise, as A is ample, it is positive.
Definition 1.4.1. A divisor D on X is nef if D nonnegatively intersects all curves C on X.

Definition 1.4.2. The Nef cone Nef(X) is the set of all nef divisors on X.

The nef cone lives in a finite dimensional vector space called the Néron Severi space,
which I briefly take a moment to describe. Let X be a projective, not necessarily smooth
variety defined over an algebraically closed field. Good references for the concepts below
are [Laz04a],[Laz04b].

Definition 1.4.3. A variety X is called Q-factorial if every Weil divisor on X is Q-Cartier. We
assume today that X is a Q-factorial normal, projective variety over the complex numbers. The
moduli spaces My, have these properties.



Remark 1.4.4. It is not true that every nef divisor on an arbitrary proper variety X has an associ-
ated morphism; To have such a property would be very special (a dream situation). But as we saw
above, the divisors that give rise to maps do live in the nef cone, and for that reason the nef cone
can be used a tool to understand the birational geometry of the space.

Sufficiently high and divisible multiples of any effective divisor D on X will define a
rational map (although not necessarily a morphism) from X to a projective variety Y. The
stable base locus of D is the locus where the associated rational map will not be defined.

Definition 1.4.5. For a Q-Cartier divisor D on a proper variety X, we define the stable base locus
of D to be the union (with reduced structure) of all points in X which are in the base locus of the
linear series |nmD)|, for all n, where m is the smallest integer > 1 such that mD is Cartier.

The pseudo-effective cone may be divided into chambers having to do with the stable
base loci [ELMta™09], [ELMta*06], [ELMta™05].

Digression: using the effective cone to illustrate that by studying M, one can learn
about curves

We started our discussion today by considering a family of curves parametrized by an
open subset of A° that included the general smooth curve of genus 2.

Generally speaking, if there is a family of curves parametrized by an open subset of
ANT! that includes the general curve of genus g, then one would have a dominant rational
map from PN to our compactification My. In other words, M, would be unirational.
This would imply that there are no pluricanonical forms on M. Said otherwise still, the
canonical divisor of My would not be effective.

On the other hand, one of the most important results about the moduli space of curves,
proved almost 40 years ago, is that for g >> 0 the canonical divisor of M, lives in the
interior of the cone of effective divisors (for g = 22 and g > 24, by EH, HM, and for by
g = 23 [Far00]). Once the hard work was done to write down the classes of the canonical
divisor, and an effective divisor called the Brill-Noether locus, to prove this famous result,
a very easy combinatorial argument can be made to show that the canonical divisor is
equal to an effective linear combination of the Brill-Noether and boundary divisors when
the genus is large enough.

The upshot is that by shifting focus to the geometry of the moduli space of curves, we
learn something basic and valuable about the existence of equations of smooth general
curves. Moreover, for these values of g for which M is known to be of general type, one
can consider the canonical ring

R. = P MMy, mKy,),

m=0

10



Figure 1.2: Nef'(M;) < Eff (M;)
with generators A, 12A — §,, and
10N — &g — 26;.

which is now known to be finitely generated by the celebrated work of [BCHM10]. In
particular, the canonical model Proj(R.,), is birational to M.

It is still an open problem to construct this model, and efforts to achieve this goal
have both furthered our understanding of the birational geometry of the moduli space of
curves, as well as giving a highly nontrivial example where this developing theory can
be experimented with and better understood.

Morphisms from M,

A simple example illustrates how even very crude information about the location of
the cone of nef divisors with respect to the effective cone tells us valuable information
about the geometry of the variety X, as we see for M.

Theorem 1.4.6. Every nef divisor on My is big. In particular, there are no morphisms, with
connected fibers from M to any lower dimensional projective varieties other than a point.

Theorem 1.4.6 says that the nef cone of My sits properly inside of the cone of effective

divisors— and their extremal faces only touch at the origin of the Nerén Severi space.

Morphisms from M, ,

The question of what morphisms are admitted by My ,, is still open! We can say some-
thing fairly simple in case g > 0:

11



Theorem 1.4.7. For g > 2, any nef divisor is either big, or is numerically equivalent to the
pullback of a big divisor by composition of projection morphisms. In particular, for g > 2, the
only morphisms with connected fibers from Mg, to lower dimensional projective varieties are
compositions of projections given by dropping points, followed by birational maps.

In all known examples for n = 0, the nef and effective cones are polyhedral, and the
extremal rays are generated by semi-ample divisors. It turns out that in case g = 0, and
g = 1 the effective cones for M, ,, are not polyhedral for n large enough. In particular,
there is less hope than one might like for some kind of description of all the maps (maps
with base loci), say given by combinations of extremal rays of the pseudo-effective cone.

One can still hope that the nef cone is tractable, and ask:

Question 1.4.8. 1. Is Nef(Mg ) polyhedral?

2. Is every nef divisor on M ,, semi-ample?

1.5 Reduction of a problem forg >0tog =0
As was mentioned earlier in the lecture, on Mg,n, the locus
A*(Myn) = {(C,P) e My : C hasatleast k nodes }

has codimension k. For each k, the locus A*(M, ,,) decomposes into irreducible compo-
nents indexed by dual graphs I' with k edges. Moreover, the closure of the component
corresponding to I' contains components consisting of curves whose corresponding dual
graph I'" contracts to I'. This gives rise to a stratification of the space which is both rem-
iniscent and analogous to the combinatorial structure determined by the torus invariant
loci of a toric variety.

On a complete toric variety, every effective cycle of dimension k can be expressed as a
linear combination of torus invariant cycles of dimension k. Fulton compared the action
of the symmetric group S,, on My,, with the action of an algebraic torus a toric variety.
Following this analogy, he asked whether a variety of dimension k could be expressed
as an effective combination of boundary cycles of that dimension. As My, is rational,
of dimension n — 3, this is true for points and cycles of codimension n — 3. For the
statement to be true for divisors, it would say that every effective divisor would be in the
cone spanned by the boundary divisors. This was proved false by Keel [GKMO02, page
4] and Vermeire, who found effective divisors not in the convex hull of the boundary
divisors. For the statement to be true for curves, it would say that the Mori cone of curves
is spanned by irreducible components of 5™ ~#(My ,,): whose dual graph is distinctive: the
only vertex that isn’t trivalent has valency four. In particular this says a divisor is nef

12



if and only if it nonnegatively intersects those curves that can be described as images of
attaching or clutching maps from M.

This question could be asked for higher genus, and Faber did this independently (as
an intermezzo in his thesis), proving the statement for M; and M.

In honor of Faber and Fulton, the numerical equivalence classes of the irreducible
components of 597+ ™ (M, ,,) are called F-Curves. One can ask the following question:

Question 1.5.1. (The F-Conjecture [GKMO02]) Is every effective curve numerically equivalent
to an effective combination of F-Curves? Otherwise said, is a divisor is nef, if and only if it
nonnegatively intersects all the F-Curves?

In [GKMO2], using the flag map (see Definition 1.5) we showed that in fact a positive
solution to this question for S,-invariant nef divisors on My 4, would give a positive
answer for divisors on M. In particular, there is the potential that the cone of nef
divisors on My 4 can tell us about the cone of nef divisors on M, ,. We know now that
the answer to this question is true on MO,n for n < 7 KeelMcKernan, and on Mg forg <24
[Gib09].

The flag map

The flag map is defined as follows. Fix a point (E, q) € M;; and define the morphism
f: Mygin —> Mgn, which takes a stable g + n-pointed rational curve (C;{q1,...,q4} U
{p1,-..,pn}) to a stable n-pointed curve of genus g by attaching g copies of (E,p) to C
by gluing C and E by identifying q and q; for 1 < i < g. In [GKM02], we showed that
an F-divisor D on Mg,n is nef if and only if f*D is nef. An F-divisor is, by definition,
any divisor that nonnegatively intersects all the F-curves. Moreover, by [GKMO02], every
S,-symmetric nef divisors on My 4, is equal to the pullback of a nef divisor on M ,.

1.6 Why globally generated vector bundles?

Vector bundles of covacua for affine Lie algebras give rise to elements of the cone of
nef divisors: each bundle on My, is globally generated, and so has base point free first
Chern class (ie. is of the form f*A for some morphism f : M,, — Y where Y is a projective
variety, and A is an ample line bundle on it). There are a lot of these bundles: They
generate a full dimensional sub-cone of the nef cone.

The F-Conjecture, if true, would give a positive answer to Question 1.4.8 Part (1).
Therefore, Question 1.4.8 and the F-Conjecture motivates our interest in vector bundles
of conformal blocks. If every nef divisor on Mo,n is a conformal blocks divisor, then the
answer to Question 1.4.8 Part (2) will hold for g = 0. If this is true and the cone generated
by conformal blocks is polyhedral, then the answer to Question 1.4.8 Part (2) is true and

13



we have more evidence for the F-Conjecture. If If this is true and the cone generated by
conformal blocks is not polyhedral, then both the answer posed by Question 1.4.8 Part (2)
and the F-Conjecture are false.

Of course it may be that the nef cone is not generated by these bundles, and there is
something more to the story.

There are a lot of questions, and in trying to answer just a few, we’ve learned new
things about vector spaces of conformal blocks and the moduli space of curves, some of
which I hope to share this week.

1.7 Appendices to Lecture One

1.7.1 What is a moduli space, technically speaking?
The functor of points

Definition 1.7.1. Let X be a scheme over a field k. The functor of points of a scheme X is the
contravariant functor
hx : (8chy) — (Sets),

from the category (Schy) of schemes over k to the category (Sets) of sets which takes a scheme
Y € Ob(8chy) to the set hx(Y) = Morsch, (Y, X), and takes maps of schemes f : Y — Z, to maps
of sets:

hx(f) : hx(Z) - hx(Y), [g:Z —> X] — [gof:Y — X].

Definition 1.7.2. We say that a contravariant functor
F: (8chy) — (Sets),

is representable if it is of the form hy for some scheme X. By Yoneda’s Lemma (below), if X exists,
then it is unique, and we say that X represents the functor F.

For a proof of Yoneda’s Lemma, which we next state, see for example [EHO00, pages
252-253]

Lemma 1.7.3 (Yoneda). Let C be a category and X, and let X' € Obj(C).

1. If Fis any contravariant functor from C to the category of sets, the natural transformations
from Mor(, X) to F are in natural correspondence with the elements of F(X);

2. If functors Mor( ,X) and Mor( ,X") are isomorphic, then X =~ X'

14



Fine moduli spaces

See also [Kol96, Chapter 1], [EH00, Chapter VI, page ], Kleiman'’s article on the Picard
Scheme in [FGIT05], and [HM98].

Definition 1.7.4. Given a reasonable® collection of objects 8, we define a (contravariant) moduli
functor from the category (Schy) of schemes over k to the category (Sets) of sets

\r)tg . (SChk> — (Sets), T— ?S(T),
where Fs(T) is equal to the set of flat families of objects in 8 parametrized by T up to isomorphism
over T.

The question one then asks is whether there is a scheme which we can call Mods, or
better said, a flat morphism of schemes:

u: uS - MOdg,

which is a fine moduli space for the moduli functor. This means that for every object
T € Obj(8chy), pulling back, gives an equivalence of sets:

9:3 (T) = MOTSCh(T, MOds).

For example, taking T = Mods, we obtain the universal family u : Us — Mods which
corresponds to the identity element id € Mors.n(Mods, Mods). And taking T = Spec(k),
we see that the set of k-points of Modg corresponds to the fibers of the family u : Us —
MOdg.

Another more formal way to say this is the following.

Definition 1.7.5. The functor Fs from Definition 1.7.4 is represented by the scheme Mods if
there is a natural isomorphism between JFg and the functor of points Mors.n( ,Mods). In this
case we say Modsg is a fine moduli space for the functor Fs.

Example: The Grassmannian

Let S be a scheme of finite type over a field k, and let (Schs) denote the category
of schemes of finite type over S. Fix two integers 0 < d < r. We will consider the
contravariant functor from (Schg) to the category (Sets) of sets:

ged : (Schs) — (Sets), T~ g&(T),

2As part of being a reasonable collection of objects, we require that § is closed under base extension. So
for example, if objects X in § are defined over Spec(k), where k is a field, and if k — k is a field extension,
then Xy = X Xgpec(k) Spec(k) is also in 8.

15



such that
g (T) = {q:0} - F: T acoherent locally free Or -module of rank d }/ ~,

where two quotients q; : OF — J; and qy : OF — F, in gi'*(T) are equivalent if there is an
isomorphism f : 3 — J,, making the diagram

F—=F

BN

or

commute. Grothendieck proved that there is a projective scheme Gy’ of finite type over
S (ie an object in (Schg)) that represents the functor gg’d.

One can generalize the Grassmannian, forming Hilbert schemes, and Quot schemes
for example.

Example: Hilbert schemes

If X is a projective scheme of finite type over S, we can consider the contravariant
functor
hx/s : (8chs) — (8ets), T — hy;s(T),

and for Xy = X xg T, one has hyxs(T) = {q: Ox, - F: F satisfying (1) and (2)}/ ~.
1. is a coherent sheaf of Or-modules; and
2. is flat and with compact support with respect to the projection p, : X xgT — T.

Notice here that r = 1, and as Oy, is the ring of regular functions for X1 = X xg T, by
taking kernels of the maps q : Ox, — J, we get that the set hyxs(T) is in bijection with
the set of closed subschemes of X parametrized by T. Grothendieck showed this functor
is representable by the Hilbert scheme Hilby s, which while not of finite type over S, is
a union of schemes of finite type, parametrized by Hilbert polynomials, each of which
represents a moduli functor. We'll speak more about these.

Example: Quot schemes

A common generalization of the previous two examples are the following two con-
travariant functors.

QO{(/X/S : (Schs) — (Sets), T— QO;/X/S(T);

16



such that, for Xy = X xg T, the set Qo /x,s(T) is equal to
{q: 0y, — JF: Fcoherent Ox,-module, flat with compact support over T}/ ~ .
More generally, if € is a locally free sheaf on X, we define a contravariant functor
Qe/x/s 1 (8chg) — (Sets), T — Qg x/s(T),
where for p; : X7 = X xg T — X the projection onto the first factor, the set Q¢ /x/5(T) is
{q:pi€ — F: Fcoherent Ox,-module, flat with compact support over T}/ ~ .

Grothendieck proved that Q¢ x /s is represented by the so-called Quot-scheme Quoty x /s,
which while not finite type over S, again is a union of schemes of finite type over S,
parametrized by Hilbert polynomials.

Not an example: the moduli space of smooth curves
Consider, for g = dimH'(C,0) > 2:
Mg : (8chy) — (Sets), T — My(T),

where My (T) is the set of proper flat maps 7 : I — T such that every fiber J; is a smooth
projective curve of genus g modulo isomorphism over T. This functor is not represented
by a fine moduli space: every curve with nontrivial automorphisms creates issues.

Example 1.7.6. We will consider a nontrivial family of hyperelliptic curves parametrized by
Gm = AN{0}. To describe this family, let X = Z(y? — f(x)) be any smooth hyperelliptic curve of
genus g with Aut(X) = C, =< t >. The cyclic group C, acts on X and on Gy, :

CxX-=X, (t,(x,y)) — (x,—y), and CyxGy — Gy, (T,2) —» —2z
and we can form the contracted product
F=Gm x, X = (G x X)/ ~, where (t-a,p)~ (&, T-P).

We'll set
m:F — G [(o,p)] = oF,

which is well defined since by this prescription (T- o, p) = (—o, p) — o, and (,T-p) — &
To see that fibers of T are isomorphic to X, notice that one can view the set of points lying over
o? € Gy, as all points lying on two copies of X that are identified by the equivalence relation ~. In

17



particular if the functor My were represented by a fine moduli space My with a universal family
u: Uy — My, then there would be a constant map

Hr: Gy _’Mg/ & = [X]'

and so F would be equal to the constant family, giving a commutative diagram

F—LG,, xX

S

Gm.

But the map F : F — G, x X could simply not be well defined, for all points [(«, p)] € F, and so
this is impossible.

However, there is a scheme M with the following properties:

1. for an algebraically closed field k, the k-points of M, are in one to one correspon-

dence with the set of isomorphism classes of smooth curves of genus g defined over
k;

2. if m: J — Tis a flat family of curves of genus g, then there is a map u, : T — M
such that if t € T is a geometric point, then () is the point [F;] in M4 correspond-
ing to the isomorphism class of the fiber F; = ' (t).

Coarse moduli spaces

Definition 1.7.7. We say that a scheme Modsg is a coarse moduli space for the functor Fg (from
Definition 1.7.4), if

1. there is a natural transformation of functors Fs — Mors.n( ,Mods);
2. the scheme Modsg is universal for (1);

3. for any algebraically closed field extension k — K,
Fs(K) = Morscn(Spec(K), Mods) = Mods (K),

is an isomorphism of sets.

In particular, the scheme My is a coarse moduli space for the functor M described in
Section 1.7.1.
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Definition 1.7.8. For g = dimH'(C, Oc¢) > 2, consider the contravariant functor:
M, : (Schy) — (Sets), T — My(T),

where Mgy (T) is the set of flat proper morphisms 7 : § — T such that every fiber Fy is a stable
curve of genus g modulo isomorphism over T.

Theorem 1.7.9. [DM69] There exists a coarse moduli space My for the moduli functor M;
Moreover, My is a projective variety that contains My as a dense open subset.

Remark 1.7.10. Let T be any smooth curve and p € T a (geometric) point on T. Suppose there is
a regular map
W T = T\{p} — M.

By definition of coarse moduli space, this map corresponds to a family 7 : X — T of stable curves
of genus g, parametrized by T*. Now by Theorem 1.7.9, the moduli space My is proper, and so by
the valuative criterion for properness, there is an extension of * giving a morphism p: T — M.
But by Theorem 1.7.9, Mg is also separated, and one can use this to show this extension W is
unique. So this says that there is a unique extension to a family 7 : X — T parametrized by T.
This is the content of the stable reduction theorem.

1.7.2 Tautological maps

We have, and will often continue to refer this week to the following tautological maps
1. projection maps:
TG ! Mg,n - Mg,n—lr

given by dropping the i-th marked point (and stabilizing, if necessary).

2. attaching maps:

Mgl,n1+1 X Mgz,n2+1 > Mgl+gz,n1+n2/

given by glueing pointed curves together;

3. clutching maps:

c: Mgfk,nJer - Mg,n/
given by attaching marked points in pairs.

and combinations of these. It can be beneficial to think of the moduli spaces as a uni-
fied system, and ultimately many questions even about Mg, and structures like vector
bundles on Mg ,,, can be reduced to analogous questions on Mg n, for suitable N.

Underpinning the well-definedness of the projection maps is the Nodal Reduction
Theorem:
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Figure 1.3: A partial chamber de-
composition of

Nef!(M;) « Mov(M;) © Eff (M3)

seen in a cross section.

Theorem 1.7.11. (Nodal Reduction) Let T be a smooth curve, p a point of T and T* = T\{p}.
Let X — T* be a flat family of nodal curves of genus g, \p : X — Z any morphism to a projective
scheme Z, and D < X any divisor finite over T*. Then there exists a branched cover T' — T
and a family X' — T’ of nodal curves, extending the fiber product X x 1+ T" with the following
properties:

1. The total space X' is smooth;
2. The morphism 1tx o P : X x+ T' — Z extends to a regular morphism on all of X';
3. The closure of ' (D) in X' is a disjoint union of sections of X' — T’

Any two such extensions are dominated by a third and so have special fibers whose stable models
are isomorphic.

1.7.3 Chambers of the pseudo-effective cone of M;

The first work done to understand the nef and effective cones for the moduli space
of curves was done by Mumford in [Mum83], where everything was worked out for M,,
and where it was checked that the intersection theory could be done on M, in general.

By [Fab90], we know that NE' (M) is spanned by the classes 6y = [Ag], 81 = [A1] and the
class h of the hyperelliptic locus 3. The hyperelliptic locus H4 on M, is isomorphic to
Mp24+2 under the map

h: M0,29+2 - ng - Mg,
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given by taking a double cover branched at the marked points. For g = 2, the map is
an isomorphism, for g = 3 the image has codimension one, and for g > 4 the image has
higher codimension and isn’t a divisor.

There is a partial chamber decomposition of Nef(M;) = Mov(M;) < NE' (M3). Two
chambers have to do with different compactifications of the moduli space A4 of princi-
pally polarized abelian varieties: The classical Torelli map

t
My — Ag,

which takes a smooth curve X of genus g to its Jacobian, doesn’t extend to a morphism
on M. But there are extensions to various compactifications of A.

The Satake Chamber

Let 7{3 “* be the Satake compactification of the moduli space Ag4. The classical Torelli

map extends to a regular map
—Sat

My — A,
This morphism is given by the divisor A. In other words, A = (t5¢%)*(A), where A is an
ample divisor ﬁzat.

The 2nd Voronoi Chamber

We let A" : be the toroidal compactification of A, for the 2nd Voronoi fan. The
Torelli map is known to extend to the regular map

J— tSat

tg: Mg —— AYOT?).
This morphism is given by a divisor which lies on the (interior of the) face of the nef cone

spanned by A and 12A — 9.

The Shepherd-Barron Unknown (SBU) Chamber

There is a morphism
f: Mg — X,

given by the base point free extremal nef divisor 12A — §;. As far as I know, there isn’t a
modular interpretation for X.
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The Pseudo-Stable Chamber

Let Mgs be the moduli stack of pseudo stable curves. Replacing elliptic tails with cusps
gives the divisorial contraction
— —ps
T:Mg — M, .
T is given by a divisor that lies on the face of the nef cone spanned by 12A — §, and
10N — 89 — 284.

The C-Stable Chamber

Let M;S be the moduli space of c-stable curves. Contracting elliptic bridges to tacnodes
defines the small modification  : Mgs — MZS, and composing with T defines a regular
map

M, M M

given by the extremal divisor 10A — &y — 25;.

The First Flip: H-Semistable Curves in the Moving Cone

We can also see the first flip: Let M;S be the moduli space of h-semistable curves.
There is a morphism ) : M:S — M;s which is a flip of 1:

hs

Vi M) =M

We can see the chamber of the effective cone of M; corresponding to Mgs. It doesn’t

touch the Nef cone of M; because there isn’t a morphism from M; to Mgs. Instead, there
is a rational map, which for g = 3 is given by the moving divisors pictured.

There is another chamber of the moving cone, as we can see in the picture. This corre-
sponds to the pullback of the nef cone of the second flip.
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Lecture 2

Conformal blocks, Co-invariants,
Factorization, and Propagation of Vacua

2.1 Introduction

Today I will describe fibers of the Verlinde bundles, and their duals, the vector spaces
of conformal blocks. First, I will state a theorem, which describes conformal blocks in
terms of Bung (C). We will return to this later in the week. Second, I will give a construc-
tion of vector spaces of coinvariants using the action of certain Lie algebra attached to the
pointed curve. I will also briefly describe two other important theorems: Factorization
and Propagation of Vacua, used in extending the definition of the fibers of the bundles
at smooth pointed curves, to fibers at stable curves with no marked points and to curves
with singularities. These are fundamental, and play a role in many results obtained about
the bundles.

The description I give can be modified to work in families, and used to define sheaves
of coinvariants and conformal blocks. Fibers can be shown to be finite dimensional, and
the sheaves of coinvariants coherent. These properties were originally proved in [TUY89].

In case it's new, you may want to read the background sections I've prepared with
definitions from representation theory or consult the references given there. There are
many references on the topics I'll cover in tomorrow’s lecture. I particularly like [Bea96],
[BKO1, Chapter 7], [Fak12], and the original, [TUY89].

Each of the descriptions given today has its own advantages. For instance, the second
allows one to prove the bundles are globally generated in case g = 0, as well as to give
Beauville’s Quotient Construction, which gives a simple proof of Propagation of Vacua,
and the finiteness results necessary for the proofs that the sheaves produced are vector
bundles. The first approach, gives contact with more geometric descriptions, as we’ll see
later in the fourth Lecture.
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If there is time, I'd like to say something about computing the ranks of these bundles.

2.2 Conformal blocks and Bung

The fibers of the vector bundles we study are determined by (n + 1)-tuples consisting
of a simple Lie algebra g, and for every marked point, a g-module. We begin with the case
of no marked points, and no g-modules.

Statement with no marked points

For G be a simple, simply connected, complex linear algebraic group, C a stable curve
of arithmetic genus g > 2, let Bung(C) be the smooth algebraic stack whose fiber over
a scheme T is the groupoid of principal G-bundles on C x T (Def 2.5.2). Principal G-
Bundles are defined in Section 2.5.2. To any representation G — GL(V), there corresponds
a distinguished line bundle on Bung(C), the determinant of cohomology line bundle D =
D(V), described below in Def 2.2.2.

Theorem 2.2.1. For G = SL(r) and p : G — Gl(V) the standard representation of G,

V(g, O)lfc) = H°(Bung(C), D)

History

Theorem 5.3.1 goes back to the 90’s for smooth curves, and first evidence of it appeared
in the work of Aaron Bertram.

In [Ber93], Bertram considered the moduli space M(X, D, {) of semistable parabolic
bundles of rank 2 with trivial determinant on pairs (X, D) where X is a smooth curve,
D = ', dipi, and d; is the multiplicity of the divisor D at the point p; on X. Here
{ > max d;, and one can define a notion of stability associated to the weights <t at each
point p;. The moduli space has a determinant line bundle A, and Bertram proved that
h'(M(X, D, ?), A) is given by the Verlinde formula in case the degree of A is even. In the
proof he uses a geometric interpretation of the sections of the moduli spaces in terms of
classical projective geometry of curves. Later, in [Tha94], Michael Thaddeus gave a very
different proof of Bertram’s result.

Bertram’s initial result for SL,-bundles on a smooth curve C, ultimately indicated
the very general relationship in Theorem 5.3.1between H°(Bung(C), D®') and conformal
blocks, which was subsequently proved for smooth curves by the following authors:

e n =0, and G = SL, Beauville-Laszlo [BL.94];

e n = (, arbitrary G Faltings [Fal94], and Kumar-Narasimhan-Ramanathan [KNR94];
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e arbitrary n and G = SL, Pauly [Pau96]; and
o full generality by Laszlo and Sorger in [LS97].

The analogous result that holds for curves with marked points replaces Bung(C) by
Parbung (C) and the determinant of cohomology by a different line bundle.

Only recently, in [BF15], Belkale and Fakhruddin proved that the result holds for stable
curves with singularities. The proof of Belkale and Fakhruddin holds in families and can
be used to define the sheaves of conformal blocks.

The determinant of cohomology line bundle

Following [Fal93], we describe the determinant of cohomology of a vector bundle on
a curve.

Definition 2.2.2. For any vector bundle € on a curve C, the determinant of cohomology of € on
C is the one dimensional vector space given by

@.1) D(C,€) = (A H (C,8)) @ (A=H! (C,e)).

Bung(C) is the smooth algebraic stack whose fiber over a scheme T is the groupoid of
principal G-bundles on C x T. Following [LS97], we define the determinant of cohomology
line bundle on Bung(C) for G = SL(r).

Definition 2.2.3. Let G = SL(r), and p : G — GIL(V) be a representation of G. If E is a family
of G-bundles on C parameterized by a scheme T, then given a point t € T, one has that E is a
G-bundle on C, and one can form a vector bundle E(V) on C by taking the contracted product
E+(V) = E¢ xg V. The determinant of cohomology line bundle D¢ (V) is the line bundle on T
whose fiber over a point t € T is the line D(C, E(V)), described in Def 2.2.2.

Lemma 2.2.4. Let G be any semisimple group. Given a principal G-bundle &, and any represen-
tation p : G — GL(V), by the contracted product € = € x g V, has trivial determinant.

Proof. To see that det(E) is trivial, we note that since G is semisimple, [G, G| = G, and
so the image p(G) is contained in the kernel of the determinant map which is SL(V). In
particular, E has transition functions given by matrices with trivial determinant. These are
the transition functions of the line bundle det(E), and so det(E) is necessarily trivial. [

25



2.3 Coinvariants and affine Lie algebras

To begin, we describe a fiber of V(g, A, {) on M, , at a point (C,P) € Mg, such that
U = C\{p1,...,pn} is affine. This is the case for instance, if C is a smooth curve of genus
g with at least one marked point, but can also be true more generally (for instance if there
is at least one marked point on each component of a stable curve C with singularities).

Remark 2.3.1. The Propagation of Vacua theorem will enable one to show that the bundles are
defined on M. The Factorization Theorem allows for the extension of this definition to curves
with singularities.

Since we have marked points to work with, we also have g-modules. As will be evi-
dent when we see the formulas for Chern classes in the fourth Lecture, the combinatorial
data of dominant integral weights provides a convenient language to index these mod-
ules, and reflects many of their properties. We therefore find it convenient to say that
vector bundles of coinvariants V(g, X,ﬁ) on Mg,n are determined by collections of data
including:

e asimple Lie algebra g;
e a positive integer {; and
e an n-tuple A= (A1, ..., An) of dominant integral weights for g at level ¢;

For the bundles to have nontrivial rank, the triples should satisfy a compatibility criterion,
which will be described.

Problem Session 2.3.2. In case you aren’t familiar with the language from representation theory,
I have included basic definitions here in Section 2.5.4, and you can reference the terms I refer to
there. Many other better references can be found (for instance [FHI1]). In the problem session
today you can ask questions about this material.

As we shall see in the third Lecture, in case g = 0, the bundles V(g, A, () are quotients
of a constant bundle A(g,X). Fibers of A(g, ), the vector spaces of coinvariants [Vx]y are
easy to describe, and involve many of the same elements as fibers of V(g, A, 0).

Warmup: Fibers of the constant bundle A(g, A)

Finite dimensional g-modules correspond to weights A;, and we write V), for such
g-modules. Set Vi = V), ® - - - ® V;,,, and consider the diagonal action of g on Vi

gx V= Vi (gVi® vn) = Y vi® Vi1 ®(g-vi) ®Viy1 ® - vn.
i=1
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We write [Vx], for the space of coinvariants of Vx: The largest quotient of V5 on
which g acts trivially. That is, the quotient of V5 by the subspace spanned by the vectors
X-vwhere X € gand v € V.

The fibers V(g, A, )| (c 5 are also vector spaces of coinvariants, analogous to [V, only
they have something to do with the point (C, ) € M, as we next explain.

Affine Lie Algebras §; and their modules

Problem Session 2.3.3. A Lie algebra is a vector space with a bracket. For example, C((&;)), the
field of Laurant power series over C in the variable &;, and O ¢ (U) the ring of reqular functions of C
on U can be considered Lie algebras. In Section 2.5.4, definitions and examples of Lie algebras are
given, including the Lie algebras commonly used in the constructions here, including Lie algebras
given by taking central extensions. Consult Section 2.5.4 or the references there for further details.

Foreachie {1,...,n}, let & be a local parameter of p; on C. A local parameter on C
at p; is a holomorphic function with a simple pole at p;. Consider the affine Lie algebra

§i=9®C((&))® C-c,

be the one-dimensional central extension of the Lie algebra g ® C((&:)), where C((&,)) is
the field of Laurent series, and c is in the center of §;. To define the bracket, we note that
elements in §; are tuples (ai, xc), with a; = >; Xij ®fyj, with fi; € C((&:)). We define the
bracket on simple tensors:

[(X&f, ac), (Y® g, Be)] = [X, Y] ®Fg, ¢(X, Y) - Resg,—o(g(&:)df(&:))-
Problem Session 2.3.4. Check that §; is a Lie algebra (this is done in Section 2.5.4)

The affine Lie algebra g; has a triangular decomposition

A~

Ji = (Gi)<0 @ g ® Cc @ (Gi)>0,

where
(Gi)<0 = 9QEICIET], (Gi)0 = g ® &C[[E]],
and we write

(91)20 = 9@ Cc ® g ® & C[[&1]]-
To every g-module V,,, one can form the Verma module, a g;-module
V. = W((Gi)<0) ®c Vi, = W(G1) ®u((g)=0) Vau

where to do this, we extend the action of g on Vj, to an action of (gi)s0 = g ® Cc ® (gi)=0
on V), by declaring that (gi)-o act by zero, and the central element c by ¢ - idv, . One has
simple gi-modules H,, = V),/Z,,, where Z,, < V,, is the unique maximal submodule.
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In fact, the Lie algebra
B = (Do®C((E) ®Ce
i=1

acts diagonally on the tensor product Hy; = ®* ;H,,.
ForU = C\{py,...,ps},and g(U) = g®O¢(U), one can show there is a homomorphism
of Lie algebras:

(2.2) g(U) — @[n]/ (X®f) — (X®fp1(‘il)r--'1X®fpn(‘(~n>r0)-

This is important, so that one can restrict the action of g, on H; to the image g(U) under
this map
g(U) x 3z — I3,

(2.3) (X®f), vi®- - Qvy)) — Zvl ® Vi1 ® (X®fp,) Vi ® - @ V.
i=1

Definition 2.3.5. The fibers of the bundles of covacua are the vector spaces of coinvariants:

Vg, N0l cm = [Hilaw = Hy/a(W)Hy.

Problem Session 2.3.6. Check that Eq (2.2) is actually a homomorphism of Lie algebras, and
that Eq (2.3) is an action (See Claim 2.5.33).

2.4 Propagation of Vacua and Factorization

Notice in the construction above, we assumed that U = C\{py,...,pn} is affine. In
particular, we assumed that n > 1. To remove this condition, a theorem is required. In
the third Lecture we will rearrange the coinvariants so that the following result can be
easily proved:

Theorem 2.4.1. Let q € C\p. Then V(g, X,€)|(C,ﬁ) = V(g, AU {0}, 0)|(c501qp)-

The Factorization Theorem, originally proved by Tsuyshiya, Ueno and Yamada [TUY89,
Prop 2.2.6], explains how a vector bundle of conformal blocks at a point on the moduli
space where the underlying curve has a node, factors into sums and products of bundles
on the normalization of the curve where the sum is taken over all possible weights at
points over which the normalization is “glued” to make the original curve. Applications
of Factorization include inductive formulas for the rank and Chern classes of the bundle.
In fact, Beauville, in [Bea96] gives an elementary proof of Factorization using this quotient
construction.
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Definition 2.4.2. Given a weight € Py(g), let u* € P(g) be the element with the property that
—u* is the lowest weight of the weight space V..

Theorem 2.4.3 (Factorization). Let (Co; p1, ..., pn) be a stable n-pointed curve of genus g where
Cy has a node x,.

1. If x, is a non-separating node, v : C — Cy the normalization of Cy at xo, and v='(xg) =
{x1,%2}, then
V(g A Dlcomy = @D V(g Au o'} Ocsomah:
ueP(g)
2. If xq is a separating node, v : C; U Co — Cy the normalization of Cqy at xo and v~ (xg) =
{Xl, Xz}, with Xi € Ci, then

24) V(g X 0lcop

@ V g, Cl U {H} €>| (CiApieCiiu{x1}) ®V(g,7\(C2) Y {PL*}/ €)|(Cz;{PiECz}U{Xz})’
HGTZ( )

where A(Cy) = {Aj|p; € Ci}.
Example 2.4.4. If p e Py(sly), then p* = p.

Example 2.4.5. For g = sl, 1 we express a weight A; as a sum A\; = Z;:l cjwj, and Ay has a
corresponding Young diagram that fits into an (v + 1) x { sized grid, where since A; is normalized,
the last row is empty. In terms of Young diagrams, the level is the number of “filled in” boxes across
the top, and |A;| means the total number of boxes “filled in” altogether. To find the Young diagram
corresponding to N* we fill in the boxes in the diagram directly below the boxes corresponding to A,
and then rotate by 180 degrees to get the Young diagram associated to the weight A*. For example,
ifr+1=4,and { > 5 for the weight A pictured in white on the left below, then the dual weight
A* is pictured in green on the right.

Example 2.4.6. [BGM15a] We will factorize the bundle V (sl 1, {w1, wi, ({—1)wi+w,, w, }, )
on Moy at the two types of points (C;py, ..., Ps), where the curve C has one node: the first type
X1 = (C11 v Ci2;p1,-..,ps) where Cyy is labeled by py and p, and Ciy by p; and pa; and the
second type of curve X, = (Cy1 U Coo;P1, - .., pa) where Cyy is labeled by py and p3 and Cyy by pa
and py.

1. Ifr+ 1 =2 thisis V(slp, {w1, wq, Lwq, lwi}, (), and we obtain:

V(ﬁ[z, {w1, w1, Lwy, Ewr}‘r 6) |X1

= P V(sh, {w, w1, mwi}, 0)|(crpprpaxy) @ V(sk, {Lwr, Lwy, mwi}, €)](cippspaxa)-

m=0
even
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Figure 2.1

A=3wi + Wy + ws

for sly,
and level ¢(A) = 5.

A= w1 + wy + 3ws.

As we’ll see later, the only term in the sum above that gives bundles of nonzero rank occurs
when m = 0, and that both bundles have rank one.

V(E[z, {wl, w1, Lwy, EWr}/ e) |X2

>~ @ V(E[g, {(U1,€(U1,mw1}, e)’(C21,p1,p3,X1)®V(5[2, {(.Ul, €w1, mwl}, ﬂ)l(czz,pZ,m,XZ).
m+€zn11>(g1od2)
Aguain, we’ll see that the only term above that gives two bundles of nonzero rank occurs

when m = (£ — 1), and has rank one in this case.
2. Ifr+1 =3 thisis V(sl3, {wy, wi, (£ — 1)wy + wy, lw1}, (), and we obtain, for

V(E[g,, {wl, w1, (E — 1)(1)1 + Wy, Ewl}, £)|X1
= @ V(5[3/ {wlr w1, PL}/ e) ’(Cu,pl,pz,xl)®v(5[3/ {()«wl/ ewrr PL*}/ e) ‘ (C12,P3,P1,%2)"

H=Ccqwq+copwy
c1+2c;=1(mod 3)
We'll later see that the only summand on the right hand side with nonzero rank is the one

withw = wq (socy =1,and ¢, = 0).
(25) V(5[3, {(1)1, w1, (E — 1)(1)1 + oy, €w1}, €)|X2
= @ V(sls, {w1, tawr, 1}, 0|y prpsx) @V (8l {wi, Lwa, '}, 6] (o pa i)
Chcr 1 2enm (mod 3
We’ll later see that the only summand on the right hand side with nonzero rank is the one
withp= (L —1)wy (socy =0,and c; = (£ —1)).
3. In general:

V(sli1, {w1, wy, (£ — 1wy + wy, L, }, 0)|x,
= ) V(sl i1, {wr, w1, 1}, Ol (cpprpax) @V (541, {(E=1) w1 +wr, Ly, 15, £).

n=XI_;ciw;

i ici4+2=0(mod(r+1))

30



Moreover, one can show that the only summand on the right hand side with nonzero rank is
the one with u = w,_.

V(sl i1, {w, wi, (€ = Dwy + wy, Lw,}, )]x,

= C_D V<5[T+1I {wll (e_l)wl"i‘wr/ !“L}l €) ‘ (Cz],p1,p3,X1)®V<5[T‘+ll {wll ewT’ FL*/ e) ’(sz,pz,jﬁu,){z)l
I

where we sum over the set

[={u= Z ciwyi € Py(sliyq) : Zi ci+l+r=0mod(r+1))}.
i=1 i=1
We will eventually show that the only summand on the right hand side with nonzero rank
is the one with w = (£ — 1)w, and w* = (£ — 1)wq. We'll see that:

rkV(sl 11, {wy, ({ — 1Dw; + wy, (£ — 1w, }, ) =rkV(slq, {wq, lw,, (€ —1)wq,€) =1.

Remark 2.4.7. This example exhibits the potential for the use of factorization to compute ranks,
which is the idea behind the proof of the Verlinde formula. The comments made also indicate
that there is a lot of vanishing happening — which is a foreshadowing of one of the open problems
in the subject: that is to determine given g and { necessary and sufficient conditions which will
guarantee that the first Chern class of the bundle V(g, X, {) is not zero. One indication is that it’s
rank is nonzero, which is actually enough for sl,, but this is not in general. For example, while the
rank of V(sly, {w1, 2w1 + w3, 2w; + w3, 2w + ws}, 3) is one, the first Chern class of this bundle
is zero [BGM16]. We'll discuss this problem.

2.5 Appendix

2.5.1 Witten’s Dictionary

To compute the ranks in Example 2.4.6 one can use the Verlinde formula, or one may
use the following cohomological form of Witten’s Dictionary, which expresses ranks of
the bundles as the intersection numbers of particular classes (depending on the bundle)
in the small quantum cohomology ring of certain Grassmannian varieties.

Theorem 2.5.1. Let V = V(sl,;1,A, () be a vector bundle on Mg, such that 37 |Ai| = (v +
1)(€ + s) for some integer s.

1. If s > 0, then let A\ = {w;. The rank of V is the coefficient of q*0q,,, in the quantum
product
* Op, * oo % Op, * 0% € QHY(Gr(r + 1,7+ 1+ 0)).

O\,
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2. If s <0, then the rank of V is the multiplicity of the class of a point oy, ., in the product
Ox - On, - oo - O, € H(Gr(r+ 1,7+ 1+k)),

where k = 0 + s.

The relation to quantum cohomology follows from [Wit95] and the twisting procedure
of [Bel08a], see Eq (3.10) from [BelO8a]. Examples of such rank computations were done
using Witten’s Dictionary in [BGM15b], [BGM16], and [Kaz16].

2.5.2 Background reading: Principal G-bundles

Definition 2.5.2. Let G be an algebraic group, X a variety, and T a Grothendieck topology. A
principal G-bundle on X with respect to T, is a morphism 7 : P — X together with an action
P x G -5 P such that the following properties hold:

1. The diagrams

PxG*—=P and PxGxGXepxg
lﬂl LT[ laxid ja
P—H>X PXG—>~a P,

commute, where w: G x G — G denotes the multiplication operation on G.

2. There exists a covering {UjeyU; — X} of X in the T topology, for which for each j € | there
are G-space isomorphisms \; : Ply; S U; x G, meaning that the following two diagrams

Plu, —>U; x G and Plu, x G —4—=P|y,
Ln/ lexid jlpj
U]- UjXGXGiWU]‘XG
commauite.

Remark 2.5.3. If X is defined over a field of char 0, then the fppf and etale topologies are the same.
If G is simply connected and X is a curve, as in our situation, then this is the same as working

with the Zariski topology.
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2.5.3 Background reading: The universal enveloping algebra

From any associative algebra A one can build a Lie algebra £(A) by taking the Lie
bracket to be the commutator. Given a Lie algebra, we can also construct an associative
algebra called the universal enveloping algebra — it has many of the features of the Lie
algebra we start with but is in some sense easier to work with.

Definition 2.5.4. For any (possibly infinite dimensional) Lie algebra g, the universal enveloping
algebra of g is defined to be any pair (U, 1) where U is an associative algebra with unity and i :
g — L(U) is a homomorphism of Lie algebras with the property that, if A is any other associative
algebra with unity and if & : g — L(A) is any Lie algebra homomorphism, then there is a unique
homomorphism of unital algebras \p : U — A, so that the following diagram

g—>L(U)
) lw*
L(A).

commutes. In the diagram, the map . is equal to \p, considered as a homomorphism of Lie
algebras.

The universal enveloping algebra (U(g), 1) is constructed from the tensor algebra T(g).

Definition 2.5.5. Given a vector space V over a field k, the tensor algebra T (V) is defined to be
the direct sum

T(V) =P TV), where T*(V) =V =VRV® -V,
k=0

with multiplication determined by the canonical isomorphism
TEV)QT™(V) = T™(V),
given by the tensor product and extended linearly to all of T(V).

Definition 2.5.6. Let g be a Lie algebra. Then set U(g) equal to the quotient of T(g) by the ideal
generated by all elements of the form

forall X and Y € g, and define
i:rg—U(g), X—X.

Check that the relations defining U(g) ensure that i : g — U(g) is a morphism of Lie
algebras, and that (U(g),1) is a universal enveloping algebra. Show that the universal
enveloping algebra (U, i) of g is unique up to isomorphism.
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2.5.4 Background reading: Just enough representation theory

Simple Lie algebras

Throughout, we fix a field k, which will be useful to assume later is algebraically
closed, and of characteristic 0.

Definition 2.5.7. A Lie algebra is a k-vector space g together with an binary operation called
the Lie bracket
gxg—g (AB)—[AB]

which satisfies the following three conditions

1. bilinearity: [A +B,C] =[A,C]+[B,C] and [A,B+ C]=[A,B]+[AC];

2. anti-symmetry: [A,A] = 0; or equivalently if char(k) # 2, [A,B] = —[B, A]; and

3. the Jacobi identity: [A,[B,C]] —[[A, B],C] = [B,[A, C]].
Example 2.5.8. Let V be a k-vector space of dimension n. We let gl(V) be the general linear
Lie algebra, consisting of the set of linear transformations V' — V, and Lie bracket given by the
commutator [$,0] = $o 0 — 0o .

In particular, as is conventional, we denote gl(k™) by gl,, taking elements to be n x 1 matrices
over k, and the Lie bracket to be the commutator:

[A,B] = AB — BA.

Clearly this is bilinear and anti-symmetric. One may also verify that the Jacobi identity:

(2.6) [A,[B,C]]-[[A,B],C]
= (A(BC — CB) — (BC — CB)A) — ((AB — BA)C — C(AB — BA))
= ABC — ACB — BCA + CBA + ABC + BAC + CAB — CBA
= BAC + CAB — ACB — BCA = [B, [A, C]].

Definition 2.5.9. A Lie algebra g is Abelian if [A, B] = 0 for every A, B € g.

Definition 2.5.10. A Lie algebra is simple if it is not Abelian, and has no nonzero proper ideals.
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Dominant integral weights for g

To define dominant integral weights for g we start with representations of g.

Definition 2.5.11. A homomorphism of Lie algebras is a linear map of vector spaces f : g —
g2 preserving the bracket:

f([A/ Blg,) = [f(A), f(B)lg,, VA, B € gu.

Definition 2.5.12. Let V be a vector space, and g a Lie algebra. A representation of g on V
is a Lie algebra homomorphism g — glL(V). Equivalently, a representation of g on V is a rule
gxV —V,say (A,v) — A-vsuch that

[A,B] - v=A-(B-v)—B-(A-v).

Remark 2.5.13. If g — gl(V) is a representation of g on V, we often abuse language and simply
refer to V itself as a representation (omitting the homomorphism from the notation).

Definition 2.5.14. If g is a Lie algebra, then it acts on itself via
gxg—g, (A B —A -B=][AB]
This gives the homomorphism of Lie algebras
adg: g —gl(g), A — ady(A),
where ady(A) is the linear transformation on defined by
adg(A)(B) = [A,B].
This very important representation is referred to as the adjoint representation.

Definition 2.5.15. We say that a representation of g on V is irreducible if it has no nontrivial
proper sub-representations. That is, if there is no non-trivial and proper vector subspace W < V
and representation g — gl(W), making the natural induced diagram:

g — gy(W) < gl(v),
commute.

Definition 2.5.16. A linear subspace g1 < g, is a Lie subalgebra if g, is closed under the Lie
bracket of g,:
[A, B]gz € g1, W A,B € g1.-
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If g — gl(W) is a sub-representation of V, then gl(W) < gl(V) is a Lie subalgebra.

Example 2.5.17. Let sl(V) (resp. sl,,) denote the Lie subalgebra of gL(V) (resp. gl.,) called the
special linear Lie algebra consisting of those operators on V of trace O (ie. those matrices whose
trace is 0).

Definition 2.5.18. A Cartan subalgebra of a Lie algebra g is an Abelian Lie subalgebra ) — g
which is maximal with respect to the property of being Abelian.

Exercise 2.5.19. Let b < sl,, be the diagonal matricies. Show Y is a Cartan subalgebra.

Definition 2.5.20. Let g be a Lie algebra and V be a representation for g. Suppose that h < gisa
Cartan subalgebra. We describe the weights and roots for g — gl(V) as follows:

1. By an eigenvalue for the action of by, we will mean an element « € b* such that H(v) =
a(H) - v, for some nonzerov € V, and all H € h. An eigenvalue « € b* of the action of
on the representation V of g is called a weight of the representation. The weights « € h*
that occur in the adjoint representation are called roots. The convention is that 0 € h* is
not considered a root.

2. By the eigenspace V associated to the eigenvalue « we mean the subspace of all vectors
v € Vsuch that H(v) = «(H) - v. The corresponding eigenvectors in V4 are called weight
vectors and V is called the weight space. The eigenspaces g, corresponding to the roots
are called root spaces.

Definition 2.5.21. We define the weights and roots for g as follows.
1. The weights for g are the weights for all representations g — gl(V).
2. We denote the set of all roots by R < h*.

Definition 2.5.22. One can define a highest weight as follows:

o We choose a direction in h* which means defining a linear functional f : h* — C. This gives
a decomposition of the set
R = Rt U R™, where

R* = {oce R: f(a) > 0}, called the positive roots, and
R™ = {a e R: f() < 0}, called the negative roots.

o We say that a positive (resp., negative) root o« € R is primitive or simple if it cannot be
expressed as a sum of two positive (resp. negative) roots.
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e A nonzero vector v € V which is both an eigenvector for the action of b and in the kernel of
g for all o« € R* is called a highest weight vector.

Remark 2.5.23. In Definition 2.5.30 we will describe the Killing form. After that we will be able
to define a semisimple Lie algebra over a field of characteristic zero as one whose Killing form is
nondegenerate. The following can be shown to be equivalent for a finite-dimensional Lie algebra g
over a field of characteristic O:

1. g is semisimple;
2. gis a finite direct product of simple Lie algebras.

In particular, if g is a finite dimensional simple Lie algebra defined over a field of characteristic
0, then g is semisimple. While not necessary for our application, the next statement holds for the
broader context of semisimple Lie algebras.

Proposition 2.5.24. [FHI91, 14.13] For any semisimple complex Lie algebra g,
1. every finite dimensional representation V of g has a highest weight vector;
2. an irreducible representation has a unique highest weight vector up to scalars.

Definition 2.5.25. A dominant integral weight is an element « € b* such that H(v) = o(H)-v,
forall H € b, where v € V is the highest weight vector of an irreducible representation V of b.

Definition 2.5.26. [FH91, Section 14.2] R generates a lattice Agr < bh*, the root lattice, of rank
equal to dim(b). The free generators for the lattice are fundamental dominant weights.

Remark 2.5.27. Depending on the author, weights are sometimes called integral weights; domi-
nant integral weights are sometimes referred to as dominant weights.

Definition 2.5.28. A character of a Lie algebra g is a linear map g — K. That is, since k = gly, a
character of a Lie algebra g is a 1-dimensional representation of g.

Example 2.5.29. Let g = sl,. We first set A = < ¢
c —a

b
> € g. Then

ady(A):sl, —> sl, B> AB — BA,

so that in particular
ad,(A) Xy _ bz —yc 2(ay — bx) '
z —x 2(cx —az) —(bz—yc)
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The Cartan subalgebra Y is the set of diagonal matrices in g = sl,. Consider

so that

0
adg(A) @ sly — sly, (X y>|—>2a< y).
z —X -z 0

We shall see that ad4(A) is a direct sum of three characters of b*. Namely, one can decompose sl,
as a direct sum of three one-dimensional vector spaces sl, = Vi @ V, @ V3, where

Vlz{(g _2>:xek}; V, = (8 1é):yek};
V; = (O 0>:zek}.
z 0

The sub-vector spaces Vi < sl, are sub-representations of the adjoint representation of b on sl,

and

defined by
a 0 x 0 00
Vi — Vy, , — ;
hx Vi 1(<0—a> (O—x>) <0 0)
a O 0y 0 vy
Vo = Vs, p — 2 ;
hx V2 2(<O—a) (o o>) a(o 0)
a 0 00 00
Vi — Vs, , — —2 .
hx Vs 3((O—a) <z 0>) a(z O)
The second and third characters oy = 2a and «, = —2a, which are the nonzero representations,

are the two roots on sl,. The root o is a simple root. In general, one has r simple roots of sl, 1.

Dominant integral weights for g at level {

In order to define the level of a weight, we next define the Killing form ( | ), and the
normalized Killing form (, ), which both come from an inner product < | > on g.

Definition 2.5.30. Let g be a Lie algebra and by a Cartan subalgebra. Recall that for A € g, one
has the adjoint representation

adg(A):g =9, C—ady(A)(C) = [A,C].
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In particular, a choice of basis for g gives a representation of this linear transformation ad4(A) by
a square matrix of dim(g). We define an inner product < | > on g by setting, for A and B € g,

< A | B >= trace(ady(A) - ady(B)).
One can then define a natural morphism from b to b* by setting
P:h—bh*=Hom(h k), A—{B—-<A|B>}
One can check that this is an isomorphism and that this induces an inner product on h*:
(Flg) =< b~ () [ (g) = trace(adg (b (f)) - adg(b(g)).
This natural inner product ( | ) is referred to as the Killing form.

Remark 2.5.31. One can prove that there is a unique positive root © € R with the property
that (0]0) > («|x) for any other root o« € R™. This root theta is called the longest root. It is
conventional to normalize the Killing form, writing (, ), so that (6,0) = 2.

Definition 2.5.32. The level of any weight o is equal to the value (x,0), where O is the longest
root, and (, ) is the normalized Killing form. The level is an integer.

Action Claim

Claim 2.5.33. Equation 2.3 defines an action of g(U)ou: on Hx.

Proof. Given X®f,and Y® g e g(U),andv =v; ® - - - ® v, € Hs, we want to check that
X@f,Y®gl v=Xef) (Y®g) V) - (Y®g) (X&) V).

The right hand side simplifies as follows:

27) X@f) (Y®g) v) - (Y®g) (X®f) V)

= (X®f)- (ZV1®"'®V1—1®(Y®9pi) ’Vi®vi+1®"'®vn)
im1

- (Y®g)- (ZV1®"‘®Vi—1®<X®fpi) 'V1®V1’.+1®“'®Vn)

i=1
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— (X @@ @B (X)) (YO gp) V) @Vt @ @vn)

- < Z VIQ Vi1 ® @it @ (Y® gp,) - (X®Fp,) i) ®vm®---®vn>

I<isn

=< Z Vl@"'vj—1®"'®vi—1®([X/Y]+(fg)pi)'Vi®vi+l®"'®vn>

I<isn

The left hand side simplifies as follows:

(2.9)

Z VIQ:- - ®via® <[X' Y] ®fp.gp, + (X, Y) Resg, o gpidfpic> Vi®Vi1 Q- QVvn

I<isn

= Z V1®"'®Vi_1®([X,Y]@fpigpi>-vi®vi+1®...®vn

I<ism

+ Z VIQ: - ®Vi1® ((X, Y) Resg,—o gpidfpic> Vi®Vip1 Q- QVn.

1<ign

Now, ¢ - v; = £ -v; for all 1, and so we can rewrite the second summand as follows

(2.10) Z VI®: - ®Vii1 @ ((X,Y)Resg,—g gp, dfp,C) - Vi®Vit1 ® - QVn

1<ign
= Z (X,Y)Resg,—o gp,dfyp, (V1 ® - OVil1®C-Vi®Viz1 ®- - ®Vn)
I<isn
= Z (X, Y)Resg,—o gp, dfp, <V1 R QVie1 @ Vi®Vi 1 ®: - ®Vn>
1<ig<n

— (E Z (X,Y)Res¢, o gpidfpi) (V1®"'®Vn>-

I<isn

Since D ;. (X, Y)Resg,— gp, df,, = 0, this contribution is zero. Therefore the left and

right hand sides of the expressions are the same, and we have checked that g(U) acts on
H; as claimed. O
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Lecture 3

Beauville’s quotient construction and
global generation in case g = 0

3.1 Introduction

Vector bundles of covacua are defined on M ,, for all g and all n. As we will see today,
they are globally generated in case the genus is zero.

Globally generated vector bundles are useful as they give rise to Chern classes with
valuable positivity properties. For instance, the Hodge bundle, defined on My is a glob-
ally generated vector bundle and its Chern classes, called the A; classes, first studied by
Mumford, are tautological and fundamental to any description of the Chow and Tauto-
logical rings of the moduli spaces M ..

Global generation of vector bundles of conformal blocks defined at smooth curves of
genus zero can be seen using what is called Beauville’s quotient construction. Beauville’s
Quotient construction is an incredibly useful alternative way to define fibers of vector
bundles of covacua, and it holds in all genera. Before stating the result, and sketching the
proof, I'll explain how one can use it to prove Propagation of Vacua. I'll also describe how
Beauville uses it to see that when restricted to M ,,, the bundles V(g, X, {) are quotients of
the constant bundle A(g, ), introduced in Lecture 2.5 4.

We will prove global generation of the bundles on M ,, following Ueno’s original ap-
proach, which while stated for fibers at smooth curves, as was pointed out by Fakhruddin,
holds for any pointed curve with simple poles.
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3.2 Beauville’s Quotient Construction

Notation

We recall the definition of the fibers of vector bundles of covacua, described in Lec-
ture 2.5.4, and also define evaluation modules, which will be referred to in Beauville’s
Quotient Construction stated in Theorem 3.2.1.

Let C be a possibly nodal curve, p1, p2, ..., pn € C smooth points of C, and let &; be a
local parameter of C at the points p;. Recall that the affine Lie algebras g; have triangular
decompositions

gi =9®C((&)) D Cc = (i) <0 D g ® Cc @ (gi)>0-

To every g-module V,,, one can form the Verma module, a g;-module

Va, = U((Gi)<0) ®c Va, = U(Gi) ®u((31)20) Vau

where we extend the action of g on V), to an action of (gi)>o = g ® Cc @ (gi)~o on Vi, by
declaring that (gi)~o act by zero, and the central element c by ¢ - idy, . One has simple
gi-modules H,, = V,,/Z,,, where Z,, < V,, is the unique maximal submodule, and
the Lie algebra gy = (DL, 9 ® C((&1))) @ Cc acts diagonally on the tensor product
iHX = ®{L=1g{7\i'

For U = C\{py,...,ps}, and g(U) = g ® O¢c(U), recall that one can show there is an
embedding of Lie algebras:

g(U) - ﬁ[n]/ <X®f) — (X®fp1<£l)/- . -/X®fpn(£n)/ 0)/

so that one can restrict the action of g, on 35 to g(U):

g(U) x Hz — Hz, (Xf), wi® - ®@wn)) — Zm@- c Wi @ (X®Fp,) Wi ® -+ - @Wn.

i=1

The fibers of the bundles of covacua are the vector spaces of coinvariants:
V(g A Oles) = [Hxlaw) = Hx/a(L)H;.

Given m other points qj, ..., qm € U, and g-modules V,,,, V,,, ..., V.., one can define
an action of g(U) on the V,; by evaluation:

g(U) x Vi, = Vi, (x@f,v) = f(q;) x - v.
Theorem 3.2.1. [Bea96, Prop 2.3]The inclusions V,,, — H,,, induce an isomorphism
(95 ® Valaew) = [Hz ® Halawa) = V(g A 0 F Dl poa-
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3.2.1 Application One: Propagation of Vacua
Corollary 3.2.2. Let q € C\p. Then V(g, X,f)\(clﬁ) = V(g, Au {0}, 0)|(c501qp)-

Proof. By Theorem 3.2.1, and the definition of vector spaces of covacua:

V(g, AU {0}, Olcpotan = [Hx ®c Holge\potay) = [Hx ®c Volgcr)-
Now since V =~ C, one has
[Hx ®c Volgevp) = [Hz ®c Clgep) = [Hxlaerp) = V(g A Olic.p)-
0

We briefly outline the proof of Theorem 3.2.1 in three steps. The full proof is given in
[Bea9%6, pages 7-8].

3.2.2 Application Two: generic global generation for g = 0
Corollary 3.2.3. For (C,P) € My, one has a surjection
A(g, Nlc = VoA Olep.
To prove this, in [Bea96, Proposition 4.1], Beauville shows that there are surjections
Alg, Nlcp = Vi/aVz = V(g X Dlcp = Vi/(aVx + Im T,

where

T:Vzs — V3, V1®"‘®VnHZ&i\’l@"'@Vi—l@Xe'V1®Vi+1®”'®vn.

i=1
Problem Session 3.2.4. In the problem session, go through the details of the proof for sl,.

We will, in Section 3.3, prove Corollary 3.2.3 with another approach due to Ueno.

We next briefly sketch the proof of Theorem 3.2.1.

Sketch of the proof of Theorem 3.2.1

Proof. (of Theorem 3.2.1) Following the proof in [Bea96], we work by induction: Put q =
qm, b = pm, U = C\P,and H = H; ® V,,, - - - ® V., ,. It will be enough to show that the

inclusion V|, < H, induces an isomorphism
[H® Vi) = [H O Hygug)-
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Step One.

Show that the inclusion of V,, — X, is equivariant with respect to the action of g(U)
so that it induces a linear map

[H @ Vidguy = [H @ HJgua)-

Step Two.

We prove the result when we replace H,, by the Verma module V,;:

Claim 3.2.5.
[g'(@Vu]g(U [fH@V ] (U\q)-

Proof. (Outline) Choose a local coordinate z at q so that z7! € O¢(U\q), and write

g(U\q) = g®0c(U\q) = g® (), Cz ™) =g®@0c(W) @ (), 9z ™) = g(U) @G,

n=>1 n>1

where we identify the Lie algebra };, ., gz ™ with its image g, in g. We will see
[H@Videw) = [H®ViJowes--

We first prove that
[HO®Vili, = H® V5.

After doing so, taking coinvariants by the action of g will give the result.
By definition, [H ® V,,]5_, is isomorphic to the tensor product H ®u_,) V.- Now by
definition of V,,,

H®u(goy) Vi = H®u(s) WE<) ®c Vi = H ®c Vx.

Step Three.

For Z, such that 3, = V,,/Z,,, one has the exact sequence:
H®Z, — [HO®Vu]gug) = [HOHulgug) — 0.

Claim 3.2.6. The image of H ® Z, in [H ® V. ]g(u\q) IS zero.
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Proof. (Outline) Using that by definition, [ ® V, ]4u\q) is the same as H ®@ugu\q)) Vv
and that as a U(§)-module, Z,, is generated by the element

(XG ® Z—l)ﬂ—(@,u)-ﬁ-l ®vw

where v, is the highest weight vector associated to pn and this vector is annihilated by §-,
It is enough to show that h ® ((Xo ® z71)¢=O+1 .y ) = 0 for all h € H. This is done in
[Bea96].

[l

Problem Session 3.2.7. Go through the details of the last step for sl in the problem session
(tomorrow).

3.3 Ueno’s Quotient Theorem
Theorem 3.3.1. [Uen08, Proposition 6.1] and [Fak12] For (C,P) € Mo, the map
Alg, X)iem = Vz/aVz — V(e A Olcr)

is surjective. In particular, V(g, A, £) is the quotient of the constant bundle A(g, N).

Approach to the proof
To show the map is surjective, we argue that the dual map
, . f f
J: V(@ X Ol = (F/aW3t) — (Vx/avz)
is injective.
We will use a filtration Fy () of 3, to show that given ¢ € V(g, X,E)lzclﬁ) such that
j($) =0, then ¢|r, (5¢,) = 0 for all k. We show this by induction on k.

Two descriptions of the filtration

There are a couple of equivalent ways to describe the filtration. First, for

O = (9 ®c (‘TLB(C((E'i») @ Cc,

i=1

let
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Fi(G0) = (0@ @i, ClETET) @ Ce ifk =0
o 8 ®c B, ClE & k <0.

Then H, has a natural filtration induced from that on ﬁ[n]. Namely:

Fi 3 = FU(g<o) Vi,

where
Fel(@<o) = ), Fiy(@<0) ® i, (G0)-

K+t kn<k
We can alternatively describe this in terms of a filtration given by the Casimir operator on
V). For each g-module V), there is an operator

LO : V)\ — V)\, V= Lo(\)) = A)\V.

To get elements of 3, we will multiply elements of v with elements of the form x(—d) =
x® &4, withx e g.

Now L, satisfies a Liebnitz rule: Namely, if one takes x(—d) = x ® £~ € g(U), and
v € V,, then

Lo(x(—d) -v) = Lo(x(—d)) - v+ x(—d)Lo(v) = dx(—d) - v + x(—d)Ar(v) = (d + Ay)x(—d) - v.
So it makes sense to define, for eachie {1,...,n},
Fn, (d) = {w € Hn, : Lo(w) = (d + Ay, )w)
Then
Fr(Hs) = {w1 ® - @ wn € Hx : wyi € Hy, (ki), Zki < k}.
3.3.1 Proof

We know the base case holds:

Glryae; = dlv, =0,

by assumption. We assume for induction that ¢|[r, 3¢, = 0.
We can express any element in Fy1 35 as a sum of elements of the form

W=w® - QWj_1X(—MD; ® - @ W,
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with
W=w® QW1 QW Qwn € FIy,

where here we write
x(—m) = x1(—1mu), Wy =x(—M2) - xi(—Mu)Vvj € Fim (H5) = Fig—1(Hz),

and k; = deg(w;) = ¥, m;.
We consider in particular, the element f = ﬁ, and write

B D p(x@Hw =Y 0@ @wi1®(X®F) Wi Wi ®:  ®wy e g(U) - Hy.
i=1

i=1

Note that p;(x ® f)w = @, and because f is holomorphic at z;, for 1 # j, we have
(3.2) Pi(x ® f)w € Fy(Hx).

Since ;
¢ e V(g,XOllcp = (Hx/a(WH)

and since ¢ will be zero when evaluated on any element of g(U)JH5, we have that
¢ pj(x @ f)w) = 0. We therefore have that

D = d(p;(x @ Fw) = —Zd)(pi(X@f)w) —0,

by Eq 3.2.
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Lecture 4

Chern classes: vanishing, identities and
open questions

4.1 Introduction
For g = 0, the vector bundle V(g, X, €) is a quotient of the constant bundle:
A(g,X) = [Vxlg x Mon — V(g A, 0).
So for every point (C, ) € My »,, there is a surjective map of vector spaces
[Vila = V(g A 0lcp)-

In other words, for a = rk(A(g,A)), and v = rk(V(g, A, £)), there is a composition of mor-
phisms

Mon 2> Gri®([Vi g, 7) P25 P L(C,B) > [AY[ Vil = AT(V(g, X, )l c.:)]-

The first Chern class of V(g,A, (), a globally generated divisor class, is the pullback
of Op(1), an effective divisor from the projective space P in which the Grassmannian is
embedded. The analogous notion in higher Chern classes, is not to take the determinant,
but to pull back effective cycle classes from the Grassmann variety instead.

Lehmann and Fulger in defined the pliant cone PL*(X) to be the closure of the cone
generated by products Chern classes of globally generated vector bundles (maybe for
different bundles) with total codimension k. We’d like to say as much as we can about
these classes. In tomorrow’s lecture, I'll try to say a little bit about what we know, and to
give some open problems.
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4.2 Three Families of first Chern classes

Example 4.2.1. In [Fak12], Fakhruddin proved that the set of nonzero level one sl, bundles
B1 = {c1(V(sly, A, 1)) : 1k V(slp, A, 1) > 0},

gives a basis for Pic(My,). In particular, the cone spanned by the elements in B, forms a full
dimensional subcone of Nef(My,,,. Swinarski proved in [Swi] that the elements of B do not cover
the nef cone, at least for n > 6. There are 3190 extremal extremal rays of Nef(My), which Faber
first showed can be classified into 28 orbits, using the symmetric group Se (these are listed in a
table in [Swi]). On his list, Swinarski finds conformal block descriptions, mainly in terms of sl,
for 11 of these orbits. We have found further descriptions of these, listed in Section 4.7.4. While 3
doesn’t fill up the nef cone, it is worth noting that Fakhruddin did remark that the sls divisors at
level one seem to form a larger subcone than the s\, at level one (see [Fak12]).

One can also get full dimensional subcones of nef cones of higher codimension using 31: By
[Kee92], one has that AY(My ) generates A¥ (Mg, ) for all k, and so products of the classes de-
termine full dimensional subcones of Nef*(My,,,) for all k. Moreover, as the bundles are globally
generated, their products are elements of the Pliant cone. A good reference for positivity in higher
codimension is [FL17]. Given a variety X, the Pliant cone P1™(X) < Nef™(X), is the closure of
the cone generated by monomials in Schur classes of globally generated vector bundles on X. So
in fact products of elements in 3, generate full dimensional subcones of the Pliant cone P1*(My,,)
for all k.

Example 4.2.2. The set of S,,-invariant, and level one, classes in

B2 = {c1(V(shy, W, 1) [2 < i < |2},

form a basis for Pic(MO,n), where I\N/IO,n = Myn/Sn. Hence B, generates a full dimensional
subcone of Nef(My,,). These divisors also span extremal rays in Nef(Mo ).

By [Gial3, GG12a] images of maps for bundles of type A at level one parametrize configura-
tions of points lying on Veronese curves. The images are constructed using GIT.

Example 4.2.3. Let n = 2(g + 1). The higher level classes
Bs = {e1(V(shy, wi, 1)) [1 < < gl},

which are also S,, invariant, form a basis for Pic(My, ), and the associated divisors are interesting.
For instance For { = 1, the divisor defines a morphism from to the Satake compactification of the
moduli space of abelian varieties of dimension g [AGS14, Theorem 7.2], and in general, images
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can be identified with GIT quotients parametrizing “generalized Veronese quotients” studied in
[G]MS13]. These are moduli spaces parametrizing weighted configurations of points and Veronese
curves where the points lie on the Veronese curuves.

4.3 Vanishing as the level grows

Conformal blocks divisors are quite often extremal in the nef cone, and the number of curves
they contract increases as the level increases with respect to the pair (g, A).

4.3.1 The critical level

Definition 4.3.1. Suppose v + 1 divides Y., |Ai|, and let cl(s[rH,X) = -1+ Z‘T}Jl}‘ d, be the

critical level for the pair (sl 1, ) If € = cl(sl,41, ) and N € Pe(slyyq)™, then V(s[rﬂ,?\ 0) is
called a critical level bundle, and ¢ (V (sl 11, A, 0)) = D(sl,4q, A, 0) is called a critical level divisor.

Vanishing and identities

Note that if € = cl(sl, 41, A), then v = cl(slei1, A7), where AT = (A],...,A}). Here AT is the
weight associated to the transpose of the Young diagram associated to the weight A;. In particular,
Ai| = |AT], and so

DNl =+ +1) = (C+1)(r ZP‘T
i=1
In particular, critical level bundles come in pairs, and as we shall prove:

Theorem 4.3.2. [BGM15b] If € = cl(sl; 41, X), then
1. ¢ (V(s[rﬂ,f\,ﬁ +¢)) =0, forc>=1;and
2. Cq (V(E[r_,_l, X, €>> = Cl(V(ﬁ[g_H, XT, T))
After giving an example and some applications, we will prove part (1) of Theorem 4.3.2.

Example 4.3.3. The bundle V(sl.q1, wT, {) is at the critical level for n = (v + 1) +1). In
[BGM15b] we showed that the first Chern classes are all nonzero, and by Theorem 4.3.2, for
n=r+1)+1),

c1(V(sly1, wih, £) = c1(V(slgrr, wi, 1)); and

c1(V(sls1, wi, €+ ¢)) = c1(V(slepr, wi, 7+ ¢)) =0 forallc > 1

More examples are in Section 4.7.2.
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Applications

The main applications of vanishing above the critical level are extremality tests, which can be
used to check that Chern classes of arbitrary codimension lie on various extremal faces of nef or
Pliant cones (see [BGM16], [GM82]). Once we know how to check which F-Curves get contracted,
one can for instance, give criteria for showing that maps given by certain conformal blocks divisors
factor through contraction maps to Hassett spaces [BGM16].

Extremality test

Proposition 4.3.4. Let Ae Py (sly41)™, and suppose that N1, N,, N3, Ny is a partition of [n] =
{1,...,m} into nonempty subsets ordered so A(N1) = 35cn, [Aj], then A(N1) < -+ < A(Ny).
I.ijE{l,2,3} 7\(N]) < T + e, then

C1 (V(5[r+1/7_(/€>> : FNl,Nz,N3,N4 =0,
and in particular, c1(V (sl 1, A, £)) is extremal in the nef cone.
Proof. The intersection cq(V(sl;41, X, €)) - Fny NoNs N, takes place in the boundary divisor
ANy ONONs = Mo Ny oNaoNs +1 X Mo Ny 41,

and in particular, in Mg jn,on,0Ng|+1- We can use factorization to examine the first Chern

class of the bundle V at points (C, P) € An,un,un,, N, We have V| (¢ 5) is isomorphic to

P V(slr1, A(N1 U Nz UN3) U, ) e sy onponsoqn @ Vs, AN O 1", 0))| e sinuoq)-
u

We compute the critical level of V(sl,;1,A(N1 U Ny U N3) U w, £), which is

ZjEN]UN2UN3 |A)‘ + |u‘

(4:1) C1(5[r+1, }\(Nl U N2 U N3> U LL) =-1+

T+1
1 1 1
<_1+ﬂ<_1+w:_1+w:g.
T+1 T+1 T+1

In particular, V(sl 11, A(N; U Ny U N3) U, £) is above the critical level, and so it has trivial
first Chern class. H

Sketch of proof of vanishing above the critical level

To prove Part (1) of Theorem 4.3.2, we use the cohomological version of Witten’s Dictionary,
which follows from [Wit95] and the twisting procedure of [BelO8b], see Eq (3.10) from [BelO8b].
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Theorem 4.3.5. Let V = V(sl, .1, A, {) such that 37, [A\i| = (v + 1)(£ + s) for some integer s.
1. Fors > 0, let A = {wy. Then Rank(V) is the coefficient of q° 0, ., in the quantum product

Or * O, * - % Oy * 05 € QHY(Gr(r+ 1,1+ 1+0)).

2. Fors <0, then Rank(V) is the multiplicity of the class of a point oy, ., in the product
Ox - On, - oo - O, € H(Gr(r+ 1,7+ 1+k)),
where k = { + s.

Examples of rank computations using Theorem 4.3.5 can be found in [BGM15b, BGM16,
Kaz16, Hob15] and [BGK16].

Proof. Write T = cl(sl, 1, 7\) + 1. We'll consider the following two cases:
1. Ae Pi(sli11)™ so that V(sl, 1, A, {) makes sense, and there is a surjective map

A(s[r+], X) - V(ﬁ[r+1, X, E).

2. A ¢ Py(slo)™

In case A € Py(sl,41)™, we know that by Beauville’s quotient construction, as the level
grows, the rank decreases:

rk(V(sly1, A, D)) < rk(V(sliq, A, £) < rk(A(sl4q, X))
So it is enough to show in this case that
rk(V(sloi1, M, 0)) = rk(A(sl4q, X))
In the second case, we’ll argue that rk(A(sl,,1,A)) = 0. Both follow from the Cohomolog-

ical form of Witten’s Dictionary, Theorem 4.3.5.

In the first case, since > i, [Ai| = (v + 1)(¥), we have that s = 0 in Theorem 4.3.5, and
s0 rk(V(sly41, A, 1)) = rk(A(sly41,N)), as claimed.

In the second case, we know that |A;| < ¢r for all i but that |A;| > @r for some i. This
means in particular that 7\&1) > { for some i. We may relable so that k = 7\9) > Al
Since >\, [Ai| < (r+ 1)k, we write D1, [Ai| = (r+ 1)(k — p), for some p > 0. Setting
Wi = Hp = - = HUp = Wry1 = Wy, by Propagation of Vacua:

V(slry1, AU i, 0) = V(sliq, X/Q)/

and since > ;i [Ai + 27 [wi| = (r+ 1)(k —p) + (r + 1)p = (v + 1)k, we can compute the
rank by computing the intersection

Op *ox Oy, x 0%, €Gr(r+ 1,7+ 1+k).

By a calculation, this is zero. O
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4.3.2 The theta level

The theta level (Def 4.3.6), comes from the interpretation of a vector space of conformal blocks
as an explicit quotient [Bea96, Proposition 4.1], and holds in all types.

- -

Definition 4.3.6. [BGM15b] Given a pair (g, A), one refers to (g, A) = —1+ 3 311 (A, 0) € 37Z
as the theta level of the pair (g, N).

Remark 4.3.7. As in Lecture 2.5.4, 0 is the highest root, and ( , ) is the normalized Killing form.

Vanishing above the theta level

Proposition 4.3.8. [BGM15b] Suppose that { > 6(g, ), then c1(V(g, A, £)) = 0.

Proposition 4.3.9. [BGM15b] Let Ae P, (g)™, and suppose that N1, Ny, N3, Ny is a partition-
partion of [n] = {1,...,m} into four nonempty subsets ordered so that if A(Ni) = >N, [N,
then A(N1) < -+ < AM(Na). If DJsc 103 AN;) < €+ 1, then

Cl(V(g/ X/ E)) ) FNllNz,Ns =0,

and in particular, c1(V(g, A, L)) is extremal in the nef cone.

The proof of Proposition 4.3.9 is analogous to that of Proposition 4.3.4, using the stronger
version of Proposition 3.2.1, which holds in g = 0 [Bea96, Proposition 4.1].

Remark 4.3.10. It looks by comparing the criteria in Proposition 4.3.9 and Proposition 4.3.4 that
the ©-level is stronger than the critical level, but there are plenty of examples of divisors that have
lower CL than ©-level and are only known to be zero because of the theorem on CL vanishing. See
the examples in Section 4.7.2 for instance. These propositions are simply not sharp.

4.4 The problem of nonvanishing

Explicit formulas for Chern classes in all genera are known [Fak12, MOP15, MOP*17]. In
case g = 0, the global generation of the bundles gives non-negativity of the classes, in the sense
that they will nonnegatively intersect effective cycles of complementary codimension'. As we’ve
seen, the classes tend to contract more cycles as the level or the rank of the underlying bundle
grows, and they vanish if the level or the rank is high enough.

Interestingly, there are many cases in which the level and rank are low, but the cycles vanish
anyway. Here is one:

!Incidentally, such classes are spanned by boundary cycles
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Example 4.4.1. The bundle V (sly, {w, + w3, wy, w1 + 2wy, 2w; + w3}, 3) is at the critical level,
and it is below the theta level (which is 3.5). The rank of V(sly, {w1, (2w; + w3)3}, 3) is one, while
the dimension of the vector space of coinvariants A(sly, {w1, 2w, + w3)}) is 2. A calculation
shows that D(sly, {w1, 2w + w3)3},3) = 0.

It seems natural to want to know exactly when explicitly given, nonnegative classes are nonzero,
and we asked the following in [BGM16]

Question 4.4.2. [BGM16] What are necessary and sufficient conditions for a triple (g, X, €) that
guarantee that ¢1(V(g, X, ()) is nonzero?

We also were able to answer this question for sl, divisors:

Theorem 4.4.3. [BGM16] c(V(sly, A, £)) # 0 as long as
1 <0< CL(sly, A) = 0L(sky, A), and rk(V(sk,A,0)) > 0.

The result as stated in Theorem 4.4.3 does not hold in general, as we saw for the sly-divisor in
Example 4.4.1, and as can be seen in many examples®. Recall that cl(sl,, X) = 0(slp, X)for sly. In
[BGM16], we proved a similar nonvanishing result holds for ¢,(V(g, A, €)) in case CL(g, A, £) =
OL(g, A, £). One approach, to understand divisors like that given in Example 4.4.1 is to decompose
the vector bundle into simpler ones, whose vanishing may be understood more readily.

4.5 Additive identities dependent on ranks
Lwill explain the following criteria, given in [BGM16] for decomposing a divisor as an effective
sum of simpler divisors.
Proposition 4.5.1. Let [i € Py(g)™, and V € P (g)™ be two n-tuples of dominant weights such
that tkV(g, i, €) =1, and rkV(g, i + V,L + m) = rk V(g, vV, m) = b. Then
a(Vigg+v,8+m)) =0-c1(V(g, i, 0) + c1(V(g, v, m)).

Remark 4.5.2. We also have another type of identity in type A, where we decompose the Lie alge-
bra and the weights. This gives a non-vanishing result in case the critical and theta levels coincide,
such as the s\, result mentioned earlier. To prove the second identity one uses an interpretation of
conformal blocks in terms of generalized theta functions.

Below I give some of the applications of Proposition 4.5.1.

2Fakhruddin showed us a whole list of examples, including the one given in Example 4.4.1.
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Explanation of vanishing

Taking the bundle from Example 4.4.1, we note it can be decomposed into as in Proposition
4.5.1, and we may write

(4.2) c1(V(sly, {w1, 2w + w3, 2w + w3, 2w1 + w3}, 3))
= c1(V(sly, {wq,..., w1}, 1)) + c1(V(sly, {0, w1 + w3, wq + w3, wy + ws},2)).

Both of the divisors on the right hand side turn out to be trivial: the first since it is above the
critical level, and the second, because it is pulled back from My 3.

Using Proposition 4.5.1 in conjunction with the quantum generalization of a conjecture of
Fulton in invariant theory [Bel07] and [BK16, Remark 8.5], we show in Corollary 4.6.2 that if
rk(V(sl,1, NA,N{) = 1, then

c1(V(slq, NA,NE)) = N - ¢q(V(slyyq, A, 0), YN eN.

As an application of this, one can identify images of the maps dp for D = D(sl, 4, LA, L) =
ED(sl11, A, 1), as the generalized Veronese quotients of [Gial3, GJM13].

Proposition 4.5.1 can be used to show that a divisor is nontrivial, by writing it as an effective
sum of simpler divisors, and then showing one of the summands is nontrivial. One may also
solve questions of mysterious vanishing, seeing for example a divisor as a sum of divisors whose
vanishing can be explained by other means.

4.6 Identities, applications and generalizations

Fulton conjectured that if tk(A(sl,1,A)) = 1 then rk(A(sl, 1, NA)) = 1 ¥ N € Z.. This
was proved by Knutson, Tao and Woodward [KTWO04].

For V = V(sly1, A 0), set V[n] = V(sl,q, NX,NQ),

where NA = (NA1,...,NA,), sothatif Ay = Z cjwj, then we set NA; = Z Nc;w;.
j j
The quantum generalization of Fulton’s conjecture [Bel07, BK16] is the following:

Theorem 4.6.1. Suppose rk(V) = 1, then rk(V[n]) = 1 for all positive integers N.
Using Theorem 4.6.1 and Proposition 4.5.1, by induction we obtain:
Corollary 4.6.2. If rk(V) = 1, then c1(V[n]) = N ¢1(V), V N € Z.,.
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Corollary 4.6.2 appears in case v = 1 and A = (w1,...,wq) in [G]MS13, Proposition 5.2],
and an analogous result for g = 50,11 appears in the work of Mukhopadhyay. As will be clear
later when we talk about projective rank scaling, and more generally & invariant zero rank scaling,
we will refer to this as horizontal projective rank zero scaling.

There is another similar result, which says, that for Vi) = V(slnei1y, AN, 0), such that AN =
(AN, -, (An)N), where for Ay = 35 cjw;, we set (Ai)n = 255 CjWN;j:

Proposition 4.6.3. If rk(V) = 1, then ¢1(Vny) = N ¢1(V), VN € Z,.

We call Proposition 4.6.3 vertical projective rank zero scaling. A proof of Proposition
4.6.3 can be found in https://arxiv.org/pdf/1605.06184v1.pdf.

Finite generation of cones

In ([Kaz16], Theorem 1.1) this result was used to prove that any S, -invariant divisor for sl,,
on My, coming from a bundle of rank one was in fact a sum of level one divisors in type A. In
particular, the cone generated by infinitely many such divisors is finitely generated.

In Quantum Kostka and the rank one problem for sly,,, http://arxiv.org/abs/
1508.06952, Hobson considers a family of all rank one bundles for sl,, and for a large class
of bundles for slyy,. She described an infinite generating set of this cone explicitly, and using
these results, also described a subcone of CBy(n, sl ) generated by an infinite number of rank
one bundles with so-called rectangular weights. She then used the additive identities to decompose
these generators into sums of first Chern classes of bundles of level one. It follows from work of
[GG12a] showing the cone generated by level one bundles is finitely generated, that her cone is
polyhedral.

In Conformal blocks in type C at level one, https://arxiv.org/pdf/1605.
06184v1.pdf, Hobson used an identity between first Chern classes of bundles In type A at
level € and for sp,, at level 1 together with additive identities to show finite generation of the cone
spanned by such conformal blocks divisors in type C.

Projective rank scaling

We'll see in Lecture 5 a generalization of the rank one horizontal scaling identity to what we
call projective rank scaling (which as we shall see, generalizes further to what we call A-invariant
zero rank scaling).

Definition 4.6.4. We say that V has

e horizontal projective rank d scaling if rank(V[m]) = (*™); and

m
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d+m).

e vertical projective rank d scaling if rank (Vi) = (47

Remark 4.6.5. Note that rank one bundles have both horizontal and vertical projective rank 0

scaling.

It turns out that if V has horizontal projective rank d scaling, and if V has other good geometric
properties that hold for bundles of rank one, then

d+m

ex(VIm) = (5 )i

Note that if you specialize to the case d = 0, this is the statement of Corollary 4.6.2.

Problem Session 4.6.6. There should be a vertical analogue to this (see Section 4.7.3).

4.7 Second problem session

4.7.1 Background Reading: Chow rings using Chern classes

Definition 4.7.1. Let Ay (X) be the group of algebraic cycles of dimension k on X.
In his book on Intersection theory, Fulton defines a Chern class as a linear operator:

Definition 4.7.2. Let X be a proper variety, and € a vector bundle on X. The r-th Chern class of
& is a linear operator
cr(€) : Ax(X) = A+ (X).

Definition 4.7.3. Two cycles Z, and Z, on X are numerically equivalent if for every weight k
monomial p in Chern classes of vector bundles, one has

deg(P - Z;) = deg(P - Z,).

This defines a pairing between weight k-Chern classes and cycles of dimension k.
Definition 4.7.4. Ny (X)z = Ax(X)/ numerical equivalence .

Definition 4.7.5. The finitely generated Abelian group Ny (X)z is a lattice in the vector space
Ni(X) = Ni(X)z ®R.

Definition 4.7.6. The pseudo effective cone Eff, (X) = Ny (X) is defined to be the closure of the
cone generated by cycles with nonnegative coefficients.

The cone Effy(X) is full dimensional, spanning the vector space Ny.(X). It is pointed (contain-
ing no lines), closed, and convex.
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Definition 4.7.7. Its dual of the vector space Ny (X) is:
N*(X) = {R polynomials in weight k-Chern classes }/ =,

where equivalence = is given by intersection with cycles.
Definition 4.7.8. The Nef Cone Nef*(X) < N*(X) is the cone dual to Effy(X).
As the dual of Effy(X), the nef cone has all of the nice properties that Eff, (X) does.

Example 4.7.9. By the definition given above, N*(X) = { first Chern classes }/ =, where = is
defined by intersection with 1-cycles. This is the same as what you are used to seeing because if €
is any vector bundle, then c1(€) = c1(det(€)), and det(€) is a line bundle.

The cones Eff, (X), and E_ffk(X) are full dimensional, spanning the vector spaces Ny (X), and
N*(X). They are pointed (containing no lines), closed, and convex. Cones of positive cycles are
combinatorial devices that encode geometric data about proper varieties. Such cones of divisors and
curves are the customary, time-honored, long established, and even familiar tools of the minimal
model program. As we’re starting to learn, their higher codimension analogues can behave very
differently. For instance, one has that for any proper variety X, cone of nef divisors Nef' (X) is
contained in the pseudo-effective Eff (X). But, as was proved in DELV, if E is an elliptic curve
with complex multiplication, then E_ffk(ET) < Nef*(E") for 1 < k < r — 1. In [Ott], an example
was given of a variety X of lines on a very general cubic fourfold where E_ffz(X) < N_efZ(X). Nef
cycles of higher codimension fail to satisfy other nice properties of nef divisors: For instance, the
product of two nef cycles is not necessarily nef.

To more accurately capture the properties of cycles of higher codimension, Fulger and Lehmann
have introduced three sub-cones: the Pliant cone, the base-point free cone, and the universally
pseud-oeffective cone. A lot of work, and many open problems are emerging [FL17], [CC14],
[Ott], [CC15], [LO16], [CLO16].

4.7.2 Exercises and Problems

4.7.3 Boundary Divisor Calculation Exercises

One of the open problems about the bundles of coinvariants is to give necessary and sufficient
conditions that their Chern classes are nontrivial. On My, first Chern classes of the vector
bundles of covacua are nef divisors: They nonnegatively intersect all curves. The problems I have
chosen below are aimed at helping students to get used to working with divisor classes on My,
with the ultimate goal of identifying nontrivial nef divisors there.
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ForS < {1,...,m}, set 8ys = ds. Using facts from the lectures, and that for
dsndr#J «—= ScT,TcS,TnS=g,orTuS={1,...,n},

try the following exercises:

1. Since Pic(P!) = Z, one has that on My 4, all boundary divisor classes are equivalent. So in
particular,
6ij = 6ik = 6ig, fOT {'L,J,k,e} = {1,2,3,4}

Show using the point dropping maps that for n = 4, on My,

Z diju1 = 2 dikul = Z dieu1, for any four indices {i,j,k, €} < {1,...,n}.

Ic{ijke}e I={ijke}e I={ijke}e
2. Consider the curve/divisor
D1 = 012 + 813 + d123 = d12 + O13 + 845,

on Mos. Find which the four boundary curves/divisors that it intersects in degree zero, and
the remaining 6 that it positively intersects. Assuming this divisor is base-point free, can
you make guesses about what the image of the map that it gives?

3. Fix three distinct indices {1,j,k} < {1,...,n}, and consider the divisor
Di= ). S
Te{ijk}e
on My .. What boundary curves does D; contract?

4. Assuming that there is a basis for Pic(Mys) given by the classes {D; : 1 < i < 5}, so that one
can write D = Y, ;5 biDy, use the 10 boundary curves to come up with inequalities that
must be satisfied by the coefficients b in order for D to nonnegatively intersect all effective
curves (ie. to be nef). What further assumption(s) would guarantee that D is nontrivial?

5. More generally, assuming that there is a basis for Pic(My,,,) given by the classes {D; : 1 <
i < n}, together with boundary divisors {8y : 3 < |J| < |5}, use the boundary curves to
come up with necessary combinatorial conditions for D to be nontrivial and nef. Can you
identify any sufficient conditions?

CB Divisor Exercises

1. Check that the bundle V = V(sl3, w8, 1) on M0,6 is at the critical level and so by Theorem
4.3.2, we have
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(@) 1V (sl3, ws, 1) = ¢1V(sly, w8, 2); and
(b) c1V(sly, w$,1+¢c) =1 V(sl, w$,2+¢) =0
forall c > 1.

Check that the critical and theta levels for these sl, bundles are equal. What is the theta level
for the bundle V?. In this case, which is stronger CL-vanishing or 6-level vanishing?

2. Check that the bundle V = V(sl3, {21+ W, Wy, 2w1, 2wy, 3w, }, 5) on My s is at the critical
level and so by Theorem 4.3.2, we have

(ll) Cl(V) = C1(V(5[6, {(,Ul + ws, 2(1)1, w»y, 2(1)2, 2(1)3}, 2)), and
(b)

(43) forallc= 1: C1V(5[3, {2(.1)1 + Wy, Wy, 2(,01,2(1)2, 3(1)2},5 + C)

= C1V(5[6, {w1 + W3, 2w, Wi, 2W»,, 2(1)3},2 + C) =0

In this case, for the sl3 bundle V, what is the theta level? Which is stronger in this case:
0-level vanishing or CL vanishing?

3. One can check that all the divisors in the table of extremal rays for Nef(Myg) below have
at least one representative that is either at the critical level, or one below the critical level.
Thinking back on the lecture, how does it make sense from the point of view of Beauville’s
quotient theorem to expect to see such divisors on this list?

4. In case g = sl,41 you can solve to show CL(s[TH,X) + CL(s[TH,X*) = 26L(5[r+1,X),
and then show that ©-level vanishing follows from CL-vanishing. Note in particular that if
A= 7\1, then the critical and theta levels agree.

Problems

Problem 4.7.10. Products of elements of 3, and (35 give elements of PI*(Mo) for all k, but don’t
necessarily generate full dimensional subcones of P1*(Mgn) since A'(Mor) does not generate
A¥(Mon). Can you find full dimensional subcones of P1*(Mg)?

Problem 4.7.11. Are the first Chern classes of bundles of level 2 and rank 2 indecomposable?
This question comes from looking at the table of extremal rays of the nef cone for Myg in
[Swi] (see also Section 4.7.4). The most interesting of those examples in the table that are known
to be spanned by conformal blocks divisors seems to be the 18th ray Rig which is spanned by a
level 2 rank 2 bundle with projective scaling (it has the largest equivalence class, and the smallest
symmetry group in the list). The threshold v +1 = 8, { = 2 seems to be where Swinarski’s M2
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program takes an unreasonable amount of time to finish, and so he may have missed other examples
of rays spanned by conformal blocks divisors.

Problem 4.7.12. (Vertical Stretching) IfV = V(sl,, A, ) is a vector bundle of rank R, we say that
V(sl,, A, £) has vertical projective rank scaling if

m+R—-1
rk (Vi) = ( R_1 )

for all positive integers m.
Can you find conditions P for which if V. = V(sl,, A, ) is a vector bundle of rank R with
vertical projective rank scaling and satisfies property P, then there is a weight decomposition

A=@+9, with €=10,+1{,,
such that tk(V(slem, fBmy, €0)) = 1, and tk(V(slm, Vimg, &) = tk(Vimg) = (MR,

If this is true, then using [BGM16, Proposition 19] one can prove the following identity.
Proposition 4.7.13. Suppose that V. = V(sl., A, €) is a vector bundle of rank R with vertical

projective rank scaling down and satisfies property P. Then

(m +; - 1) e1(V) = &1(Vim)-

Proof. We prove the identity by induction on the level { with base case { = 1. This identity
was proved for level one bundles in [GG12b]. Now let V = V(sl,, X, ¢) be a bundle of rank
R with projective rank scaling down such that £ > 1 and suppose the result holds for all
bundles of k < {, and rank R with projective rank scaling down. By Problem 4.7.12, there
is a weight decomposition

A={+79, with £=1¢, +¢,,
such that rk(V(slym, fmy, 4u)) = 1, and rk(V(slm, Vim), &) = tk(Vig) = (m;ffl). So by
the inductive hypothese, we have that
(4.4)
(m +R-1

R > c1V(sl, v, {y) = c1V(slm, Vim), {v), and meV(sly, [, £,) = c1V(slem, fim), du)-
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By [BGM16, Proposition 19]

m+R—-1 .
(4.5) C1(V[m]) = ( R_1 > C1V( [rm, Hm ]/EH) +c1V(s[m,v[m],£v)

R—1 R—1
(m;_ : > m e V(sly, i €,) + (m+R > e V(sly, v, £)

R—-1
— (m +R ) (R.cN(s[T, i, 0,) —|—C1V(5[T,\7,£V)>.

where the last line follows from the identity

(™ +R—-1\ (Mt R—-1
R-1 ) R '
Finally, applying [BGM16, Proposition 19] again, which says in this case that:

R-1 R—-1 -
o (") (Reeve ) +evian, ) = (8T avien 1,

we obtain the assertion. O

Problems 4.7.14. 1. Is there a general principal underlying these families that form basis for
Pic (and hence collections of generators of full dimensional subcones of the nef cone)?

2. Are there geometric interpretations of the full dimensional subcones of the nef cone?

Problem 4.7.15. From patterns found in the tables in Section 4.7.4, one might be able to prove
the following divisors span extremal rays of the Sy -invariant nef cone, and perhaps there is some
underlying patterns you can see that will produce more.

1. Forn =2g+ 1:

(@) {D(slm, {w?9,0},1) : m > 1}, D(sky, {w3® ", w?},2),
{D(sl2g-1)m, {w%mwlm} D:{ijt ={gg-1},m=>1},
{D(slom, {w3wie "}, 1) :m = 1},

(b) D(sly, {w3%,0},g — 1), D(sly, {w??, Wy}, g), {D(slgm, {W29,0},1) : m > 1},
(D (sl 2g 1m {025, 04, 1) i m > 1, {Dlslgm, (w2 ,0},1):m > 1}

(c) {{D(slym, {wl, },D):ie{n—j},m=1}:je{2,...,n—2}
(@) {D(slpg 1ym, {0, w;}, 1) : {i,j} = {g— 1,9}, m > 1},
(e) D(sh, {w3™},2g — 1),
2. n=2g+1),
(@) {D(shm;1; w29 :m =1},
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(b) D(sly;2; w29V, rank 29

(c) D(sh; g —1; i),

(d) {D(sky; g; w3, {D(sl(g+1)m; 1; WAy m > 1)

(€) {D(slem; L; w2y :m > 1},

(N {D(slgsnm Lwys ) :m > 1},

(g) {D(slym; Lwl ):ie{jn—j}, m=1}:je{2,...,n—2}
(h) D(sly; g + 1; wi¥Hw{ot)y,

(i) D(sl;2g + 1; w§(9+”),

m
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4.7.4 Tables of extremal rays

Extremal rays of Nef(M;) spanned by CB divisors

Ray V(sli41, A, £) constraint
R1 VZm = V(E[Qm, {(U?n},l) mz=>1
R, Vim = V(E[g,m, {(,U?n},l) m>=1

r>1 4(r=1)
R, Vi = V(sl i, {w?, w?~+1—i}/2) i< rTH 5(r=>2)
R, V(s i1, {w?, wi, wyi1-1, w3}, 2) 1<i< (Tzl)

=3
R3 V(E[TJrl/ {(,Ui), ewl/ Wy_2, ewr}/ €) ¢ >1

=2
R3 V(E[T+1I {(«U%, (E - 1)('Ull Wy, Wr_3, Ew‘r‘}l e) 4 = 2

r=2
Rs Vi = V(sl,q, {w‘z’, w3+1_i},1) i< TTH
R¢ V7' =V(sliq, {{wy, mwy, Lw,, mw,,0,0},¢) r>1

R, V(sliq, {w], w? 1, 1) r>2
Ry V(sly1, {3, (€ —2)w; + wy, Lw,, 0}, 0) (>3
R V(slry1, {w?3, wy, 2wy, 3w, }, 3) r>=2
Ryo V(slii1, {w?, wi, wrp1-i, w2}, 1) 1<i< “;1)

_ p=2q+1
MRy, Vom = V(slym, {w, w2, wp_om}, 1) m>=1
r=2

Rz V(sliq, {w?, (€ — 1wy, Lwy, bw, 1, W}, L) =2
Ryg V(sli1, {w?, wy, 2w,, w?},2) r=2

r=214+j+1

Ri2 V(shi1, {w, Witjir, Wroi, Wi, i}, 1) izj=1
R18 V(5[T+1/ {(,U%, w%l Zwr—ll sz}l 2) T= 2




Data on extremal rays in S,, invariant case

n=6 g=2 meZx
2,1 | D(slgm; 1; b)), D(slhm; 1; w8,)
1,3 | {D(slgm; L; w8, ) :i€{2,4}}, {D(slam; 1, ws,) :ie {1,2}}
D(sly; 2; w$), D(s; 5; ws).

n=7 g=3 meZx
1,1 | {D(slym; L; w7,) s i€ {3,4}}
1,3 | {D(slym; 1; w?) : 1€ {2,5}}, D(sk; 5 w))

n=8 g=3 meZxy

324 | D(slgm; 1, wl) = {D(shy; 1; w?) : i€ {1,3}}, D(sly; 1; wh)

2,6,5 | D(sl;2; wh), rank 29

1,36 | {D(sls; 1; w?) : 1€ {2,6}}, {D(sly; 1; w}) : i € {1,3}}, D(sly; 3; w?), D(sl; 7; w$)

6,11,8 | {D(slgm; L, wl ) :i€ {3,5}}

n=9 g=4 meZy
3,34 | {D(slom; 1; w?, ) :1€{4,5}, m=>1}
1,3,6 | {D(sloy; L i) :1€{2,7}, m = 1}, D(slhm; 7; w3,,.), D(slam; 2; w?)
1,32 | {D(sloy; L w? ) :i€{3,6}, m =1} = {D(slym; ;i ):ie{1,2}, m>1}
1,12 | ???

n=10 g=4 meZx
4,3,6,4 D(shom; 1; wid ) = D(slm; 1; wl?)
1,3,3,4 D(sly; 2; wi0), rank 29
2,6,12,11 | D(sly; 3; wi®), rank 34 = 2 - 17
1,3,6,10 | {D(shp; 1; wl%) :1€{2,8}} = {D(sl5; 1; wl®) :ie {1,4}}, D(slhm; 4; wld),
D(slm; 7; wl, )}
2,6,6,5 {D(shom; L, wl ) 1€ {3,7}}
2,3,3,5 {D(sho; 1; wi%) i€ {4,6}} = {D(sl5;1; wi0) : i€ {2,3}}
4,6,6,7 2?7?
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n=11 g=5 meZx

2,2,3,3 {D(shiim; Lwll ):ie {56}, m=>1}

1,3,6,10 {(D(shim; L wll ) :1e{2,9}}

9,12,14,15 | V(1/9,11)

3,9,13,10 | {D(shim; L; wll ) i€ {3,8}}

6,13,11,15 | {D(sh1m; L; wil ) i€ {4,7}}

im
6,8,11,10
3,9,8,10
1,1,2,2
1,3,6,5
4,7,9,15
n=12 g=5 meZx
54,8,6,9 D(shom; 1; wiz) = D(slm; 1; w!2)
4,12,13,18,16 | D(sly;2; wi?), rank 29
2,6,12,2019 | D(sh;4; w?),
1,3,6,10,15 {D(sly; 1; wi?) :ie {2,10}}{D(sls; 1; wi?) : 1 € {1,5}}, D(sk; 5 wi?)
20,27,32,35,36 | D(sk;9; w!w:) or V(1/10,12)
3,9,7,8,12 {D(shy 1 wi?) :ie {4,8}}, {D(sl; 1; wl?) : i€ {2,4}}
20,27,32,46,36 | {D(shom; L, w2) s i {5,7}}
8,13,15,25,21
6,7,14,16,13
2,6,12,9,8 {D(shom; 1, wi2 ) : 1€ {3,9}}, {D(slym; 1, wi2 ) : 1€ {1,3}}

im
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Lecture 5

Geometric interpretations

5.1 Introduction

Today I will start by discussing two related questions, quite historical, about moduli spaces. In
the last part of the lecture, I'll tie them to geometric interpretations of conformal blocks.

5.2 Two related problems about moduli spaces

Setup for Problem 1

Informally speaking, there is a family
ug(T, d) — Mg, UC(T, d) — C,

whose fiber' over a smooth curve C is Uc(r, d), the moduli space of semi-stable vector bundles on
C of rank r and degree d. A vector bundle & of rank v on C has degree d if A"& has numerical
degree d.

Question 5.2.1. Does this extend to a family over My?

Work on Problem 1, forr — 1:

Many people? have worked on this problem:
o Igusa [Iqu56],

'We really should restrict to automorphism free curves to describe this family
2The list below is not complete.
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e D’Souza, in his PhD Thesis [D’S79], considered a projective flat family X of irreducible and
reduced curves parametrized by S = Spec(A), for A a Noetherian, Henselian local ring with
separably closed residue field. He showed that the Picard scheme P = Pic®(X/S) is quasi-
projective, parametrizing families of invertible sheaves of degree zero on the fibers of X over S.
He constructed a projective scheme over S containing P as an open set and which parametrizes
families of torsion-free rank one sheaves of degree zero on the fibers of X over S. He shows if
geometric fibers of X over S have at worst nodes or ordinary cusps as singularities, then the
geometric fibers of this compactification are reduced, irreducible, and equi-dimensional. Hence
the family is flat over S if S is reduced. Later work of Altman and Kleiman shows that in case
singularities of the fibers of X over S are worse, these properties may fail to hold. His work
uses GIT after Seshadri.

e In [0S79], Oda and Seshadri construct compactifications of the generalized Jacobian variety
for connected (but possibly reducible) nodal curves, using GIT to give a number of different
compactifications of the union of finitely many copies of the generalized Jacobian variety of
a connected reduced but possibly reducible curve X over an algebraically closed field with at
worst nodes as singularities. In particular, they show the compactified Picard scheme fails to
be unique over families of curves with reducible fibers.

e M.-N. Ishida in [Ish78] generalizes the work of [OS79] to families.

o Altman and Kleiman in [AKS80], and [AK79] generalized methods of Chow, Matsusaka and
Grothendieck to construct the compactification of the Picard scheme of a family of higher-
dimensional reduced irreducible varieties.

e Caporaso in [Cap93] considers for the universal Picard variety P4 4 over Mg, the set of
smooth, automorphism free curves, whose fibre over a point C can be identified with the Pi-
card variety of line bundles of degree d on C. She constructs a projective variety Py 4 and a
surjective morphism ¢ : Pq g —> My, such that d)*l(Mg) = Pgq,g. She studies many aspects
of the construction including showing:

— For any stable curve C, there is a bound w(C), depending only on the dual graph of C, so
that ~1(C), a connected scheme has at most w(C) irreducible components.

— If C has no automorphisms then ¢ (C) is reduced, and its smooth locus is the disjoint
union of a finite number of copies of the generalized Jacobian of the curve C.

Her construction was proposed by Gieseker and Morrison [GM84] for general v (she follows
their approach for r = 1).
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Work on Problem 1, forr > 1:

o Seshadri, in [Ses82], defined Uc (e, ), for C a reduced curve by using torsion free sheaves of
uniform rank plus a semi-stability condition, depending on a parametrization of the curve.

e In [Pan96], Pandharipande generalizes this and forms a family Ugy(e, ) — M.
— Like Caporaso, Pandharipande uses Gieseker’s construction of My as a GIT quotient;
— He shows fibers are irreducible for v > 1, normal for v = 1, and

— He shows his family is isomorphic to Caporaso’s® for v = 1.

Simpson’s Approach

In [Sim94b] and [Sim94a], Simpson generalized all of the work above. He introduced a notion
of stability for pure dimensional coherent sheaves on any projective variety.

Definition 5.2.2. The support of a sheaf E on a Noetherian scheme X is the closed set
Supp(E) = {x € X: Ex # 0}.

Definition 5.2.3. The dimension of a sheaf E is the dimension of the support of E and is denoted
dim(E).

Definition 5.2.4. A coherent sheaf E is pure of dimension d if dim(F) = d for all non-trivial
coherent subsheaves F of E.

Definition 5.2.5. A coherent sheaf E on an integral scheme X is torsion free if for each x € X, and
s € Oxx\{0}, multiplication by s is an injective homomorphism E, — E.

Remark 5.2.6. Pure dimensional coherent sheaves on a curve are torsion free sheaves. So the
pureness property is a generalization of the torsion freeness property.

Simpson shows how to form a projective variety (using GIT) which is a moduli space of semi-
stable torsion free sheaves on X. To embed the set of sheaves in a projective space (to form the
GIT quotient), he uses that every torsion free sheaf on a projective variety can be expressed as a
quotient (described below), and then uses Grothendieck’s embedding to map the set he considers
into a Grassmannian of quotients.

3 Abramovich considers the more general family proposed by Gieseker and Morrison, and proves that it
is not the same as Pandharipande’s for larger r.
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The second Problem

We consider the family
SU(r) — Mg, SUc(r) — C,
whose fibers SUc (1) are moduli spaces of semistable vector bundles on C with trivializable deter-

minant.

Definition 5.2.7. A vector bundle & on C of rank r has trivializable determinant if ATE = Oc.
So det(&) is linearly equivalent to zero.

Remark 5.2.8. Linear equivalence implies numerical equivalence, this family SU(r) is a sublocus
of Ug(r,0).

One can ask the question:

Problem 5.2.9. Is there an extension of SU(t) — Mg over My?

Work on Problem 2

e Nagaraj and Seshadri gave a conjectural description of the closure of a 1-parameter family in
this locus in Pandharipande’s solution;

e Sun proved Nagaraj and Seshadri’s Conjecture, finding that the central fiber over a such a
1-parameter family would sometimes be reducible and not normal.

e There is a new solution [BG16], stated below in Theorem 5.2.10.

Theorem 5.2.10. [BG16] There is a flat family p : X(r) — Mg, with X(r) relatively projective
over My, such that

1. Xc(r) is integral, normal, and irreducible, for [C] € M; and
2. Xc(r) = SUc(r), for [C] € M.

This family is constructed by setting

X(r) = Proj( @ V(sl,, 0)*),

2€Z>0

where V (sl,, {)* is the sheaf of conformal blocks on M. It is a sheaf of Owm,-algebras, and as taking
fibers commutes with taking Proj:

Xe(r) = Proj( @ V(st,, O)[2).

€€Z>0

To take Proj, this ring should be finitely generated.
Finite generation is next described.
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5.3 The section ring of the determinant bundle

Let G be a simple, simply connected, complex linear algebraic group, C a stable curve of arith-
metic genus g = 2, and Bung(C) the smooth algebraic stack whose fiber over a scheme T is the
groupoid of principal G-bundles on C x T (Def 2.5.2). Recall that the Determinant of Cohomology
line bundle was defined in Section 2.2.2 for G = SL(r). The following result, was proved in case
of smooth curves in [BL94], and [Fal94], and for stable curves with singularities in [BG16].

Theorem 5.3.1. For G = SL(r), and the standard representation SL(r) — GL(V),

AS = P H(Bung ((C), D(V)®)

EGZZO

is finitely generated.

To make the connection between Theorem 5.3.1 and conformal blocks, we recall the following
results, mentioned in Lecture 2:

Theorem 5.3.2. D V(sly, tm)[fc.5) = D ez, H(Bunsy ) (C), DXM).

mEZ>0

The following generalization holds for pointed curves:
Theorem 5.3.3. V(g, X,@)]z‘c;ﬁ) ~ HO(Parbung(C, ), £L5(C, 7, ).

The moduli stack Parbung(C, p) maps to Bung(C) and the line bundle L5(C, P, X) on
Parbung(C, p) is constructed from D(V) on Bung(C). Theorem 5.3.3 was proved for smooth
curves by Laszlo and Sorger [LS97]. The result holds for families of stable curves by [BF15].

5.4 Geometric interpretations at smooth curves

If C is smooth, even more is true: stated in the case we are using now:

Theorem 5.4.1. For G = SL(r), and SL(r) — Gl(V),the standard representation,

@ H°(Bung(C), D(V)®™) = P HOUX,A®™),
TTLEZ}O meZzO
where (X, A) = (Mc(r), 0) is the projective polarized pair:
e X = Mc(r) is the moduli space parametrizing semi-stable vector bundles on C
of rank r with trivializable determinant; and

e A=0={EeMc(r)| ERL hasanonzero section},
for £ a fixed line bundle on C of rank g — 1.
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Putting Theorems 5.3.1, 5.3.2, and 5.4.1 together, we say that for a point [C] € Mgy, corre-
sponding to a smooth curve C, there is a projective polarized pair (Mc (1), 0) such that

P Vish, tm)ig= @ H'Mc(r),0™),

TTLEZ>0 meZ;o

and so
Proj( @ V(sl,, tm)|ic)) = Mc(r).

m€Z>0

In other words, there are geometric interpretations for conformal blocks at smooth curves.
The same is true for conformal blocks at smooth pointed curves.

Example 5.4.2. For [C| € My, one has, that
V(sl, 1)[& = HO(Buns 2)(C), D(V)) = H°(Mc(2),0) = H°(P?,0(1)),

where the third isomorphism was proved in a 1960’s Annals paper by Narasimhan and Ramanan.
More generally, we write

@ V(sh, m)|e = P H(P?,0(m)),

and
Proj(EP V(sh, m)|&) = P°.

What can we say at stable curves of genus 2 with nodes?

5.5 Interpretations at stable curves with singularities

We consider whether such geometric interpretations for V(g, A, {) exist at points (C;P) e
M, ., where C has singularities. We state this problem in the simplest case:

Question 5.5.1. Given a point [C] € My, corresponding to a curve C with singularities, is there
is a projective polarized pair (X, A) such that
P Vish, tm)fic = @ HXAS™),
mEZBQ TTLEZ)O

and so
Proj( @ V(sly, tm)|i¢) = X?

m€Z>g
We showed in [BGK16] that for this question, and the analogous more general question for
conformal blocks on pointed curves, while sometimes yes, the answer is no, not necessarily! Or
said more correctly, one has to move to a weighted projective space.
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5.5.1 How things can change for singular curves

Example 5.5.2. [BGK16] Let C be a stable curve of genus 2 with a separating node. There is no
projective polarized pair (X, A) such that

@ Vish, m)[ic; = @ H(X,A™).

meZ meZ

To show this we prove that if V. = V(sly, 1) has geometric interpretations at such a curve C,
then
m+3

5.1) 1 (Vs m)) — ( , ) e1(V(sa, 1))

which one can show fails by intersecting with F-curves. There are two types of F-curves on M,.
The first is the image of a clutching map from My, for which points are identified in pairs. The
second is the image of a map from My ; given by attaching a point (E,p) € My 1, gluing the curoves
at the marked points. One obtains a contradiction when we intersect with either type of F-curve,
even just at m = 2.

Example 5.5.3. [BGK16] For (C,P) € My, for n = 2k > 0, such that C has a single separating
node, then here is no polarized pair (X, A) such that

P V(sh, wl, m)[fe; = @ HI(X,A™).
meZ mezZ
So that V(sly, wl, 1) does not have geometric interpretations at such points (C,P) € My n.
We do know that sometimes there are geometric interpretations.
Example 5.5.4. By Theorem 5.5.5, the bundle V (sly, 1) has geometric interpretations at a point
[C] € M, with only nonseparating nodes, even though it does not have if C has a separating node,

while V(sly, 2) has geometric interpretations at all points [C] € Mp.

Here are two types of results that generalize this example:
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5.5.2 Positive results
Positive results for positive genus and sl

Theorem 5.5.5. [BG16]Given [C] € Mg, and a positive integer T, there exists a positive integer
¢, and a projective polarized pair (X¢(r,£), Lc(r,X)), such that
(5.2) P V(sl, mOfic; = @ H(Xc(r, ), Lc(r, ™).

meZ;o m€Z>0

We can be more precise about { in some cases:

1. For general v if C has only nonseparating nodes, { > 1;
2. Forr = 2, U divisible by 2;

3. For general v, and C with separating nodes, we know such an { exists.

To prove Theorem 5.5.5
We use Theorems 5.3.1, and 5.3.2, together with the stratification of Mg to prove that

Ac= @D V(sl, tm),
meZso
is finitely generated.

The sheaves of conformal blocks V (s, {m)* are locally free of finite rank. This sum forms the
so-called algebra of conformal blocks, mentioned in Falting’s work, and studied by Chris Manon
mainly for SL(2) and SL(3). In these cases, Manon shows the algebra is finitely generated. Manon
also takes Proj(A.) in more general circumstances, without knowing or checking finite generation.

For A, to be finitely generated, it means that the algebra is generated over Ao = Oy by finitely
many elements {fq, }1-,, with fq, € Aq, = V(sl,, di)*.

Ford =TI, di, we let 8¢ = P, S, where 8., = Aam, be the d-th Veronese subring of A..
Then 8, is generated in degree 1 over 8, and

X := Proj(A.) = Proj(8.) - M,

is a flat family.
Moreover, by definition, for k >> 0,

V(sl, kd)* = 8x — p.Ox(k),
are isomorphisms. Since taking fibers commutes with taking Proj,

p ([C]) = Xc = Proj(P V(sl,, tm)|&) = Proj(A"),
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where A1 = AC.

By definition of pushforward,
Siler = V(s kd)lfc = (plxc)s(Ox(kd)|xe) = H (X, O (kd)).

In other words, for { = kd, and k >> 0, there is a projective polarized pair (X ¢, Ox.(£)) such
that V(sl,, 0)[f; = H(Xc, Ox (1)), and

@D Vish, tm)iqg= P H'(Xc, Ox.(tm)).

meZso MEZx
So V(sl,, {) has geometric interpretations at C if { = kd, and k >> 0.

Remark 5.5.6. The flat family X := Proj(A.) = Proj(8.) %> M, is one way to complete the
family X° > M, whose fibers over points [C] are the moduli spaces Mc (v) described earlier.
There are other ways to complete this family and this problem is an old one with an interesting

history.

Positive result for bundles of rank one

Theorem 5.5.7. [BGK16] Geometric interpretations hold at all points if V (s, X, £) has rank one.

More general results hold for bundles with restriction behavior that is similar to that for rank
one bundles. We avoid stating these results here because they are involved.

While I don’t know of any vector bundle of conformal blocks of rank one on Mg, for positive
genus g, every bundle on Mo of the form V (sl,, A, 1) has rank one, and by Theorem 5.5.7, all
such bundles have geometric interpretations at all points of My .

Example 5.5.8. For contrast with Example 5.5.3, V(sl, w3*, 1) has rank one on Mmk, and by
Theorem 5.5.7, geometric interpretations at all points of My, whereas by [BGK16] the same
bundle on My will not have geometric interpretations at a point (C,P) if C has a separating
node.

5.6 Appendix for Lecture five

5.6.1 Idea of proof of Theorem 5.3.1

The proof of Theorem 5.3.1 can be outlined in four steps:
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1. Define projective polarized pairs (X(d), £(9)), where X(Q) is a compactification of a moduli
space of d-semistable vector bundles of rank r on C with trivializable determinant. The com-
pactification is obtained as a GIT quotient of torsion free sheaves. The semi-stability condition
is new; a generalization based on Seshadri and Simpson.

2. Show there are injections H*(X(@), £(G)) — H°(Bungi(+)(C), D(V)™) giving rise to a map

meZ

F: @ H'(X(a@), £(G)) — P H(Buns((C),D(V)™).
(@9)

3. Using conformal blocks, show that F is surjective. For this we use Theorem 5.3.3 and Fac-
torization. This involves a technical arqument showing that certain sections extend across
poles.

4. Show that the part of left hand side necessary for the surjection of F is finitely generated. This
is achieved by noticing that the varieties X(Q) which are involved are all Geometric Invariant
Theory (GIT) quotients of the same (master) space, and so one can use a variation of GIT
argument to get the claim.

5.6.2 A-invariant zero

In [BGK16] we prove the following:
Theorem 5.6.1. There are points (C, ) € Mg and vector bundles of conformal blocks V (g, A0
on Mg for which there is no projective polarized pair for which

(5.3) B Vig,mXml)|ics = P H(X,A™)

meZzo meZ

holds.

To prove Theorem 5.6.1, we give obstructions to geometric interpretations for those bundles
where geometric interpretations at smooth curves are known to be varieties of minimal degree.
Given a projective polarized pair (X, A), there is a quantity called the A-invariant or A-genus,
which is defined to be
A(X,A) = dim(X) + A9mX) _KO(X, A).

Fujita (1990, Chapter 1 [Fuj90]) proved that A(X, A) = 0, and if A(X, A) = 0, the section ring of
A, @ ez, H'(X, A®™) is generated by its global sections HO(X, A), and so A is very ample.
In this case, when A is very ample, it gives an embedding of X into projective space

X = Proj(B,) =P", B.= P Sym™(H(X,A)).

meZxo
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The image of X is a non-degenerate variety of degree
AdmX — 1 4 codim(X).

A non-degenerate variety X — PN is of minimal degree if deg(X) = 1 + codim(X).

So if (X, A) is a projective polarized pair with A(X,A) = 0, then the image of the variety X
embedded by A is a variety of minimal degree.

Varieties of minimal degree are classified. For instance (X,A) =~ (P4,0(1)) if and only if
Ad=1.

What is crucial to our line of reasoning is that the A-invariant is upper semi-continuous: If
V is a vector bundle of conformal blocks on M ., that has geometric interpretation at some point
(C,P) € Mg such that the corresponding projective polarized pair has A-invariant zero, then
if it has geometric interpretations at any other points, those corresponding pairs will also have
A-invariant zero.

We use this to prove the following result (paraphrased):

Theorem 5.6.2. Suppose that V(g, mA, m) has A-invariant zero rank scaling, and geometric
interpretations exist for V at all points, then for all m, c,(V(g, mA, m)) can be expressed in
terms of c1(V (g, kA, kb)), for k < m.

There is an explicit statement for Theorem 5.6.2, which is rather long and technical. In Example
5.6.3, Theorem 5.6.2 is stated for the stronger case of projective rank scaling, where there is an if
and only if result.

Example 5.6.3. Rank(V(g, mA, m0)) = (™19, and geometric interpretations exist for V(g, A, 0)

at all points (C, ) € Mg, iff c1(V(g, m\, mb)) = (%) e1V(g, A, 0). In particular, if d = 0, so

that the rank is one, we know by [GG12b] for sl and £ = 1, and by [BGK16] for the general case,
c1V(g, mA, me) = mc,V(g, X,ﬂ).

Therefore for rank one bundles, geometric interpretations exist at all points.
We can outline the proof of Theorem 5.6.2 in two steps:

1. Suppose that for every point x € Mgy, there is a projective polarized pair (Xx, Ay) of A-
invariant zero so that there is a canonical embedding as described above. One can then take
the canonical resolution of the ideal sheaf Jx  for Xy.

2. By “glueing” the resolutions, we show there is an exact sequence

0 - Wp®Sym™ P (V) - .. > WRSym™ (V) - Sym™(V) — V(g, mA, ml)* — 0,
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(5.4)

where the W; are vector bundles on M ..

78



Bibliography

[AGS14]

[AK79]

[AKS80]

[BCHM10]

[Bea96]

[Bel07]

[Bel08a]

[Bel08b]

[Ber93]

[BF15]

Valery Alexeev, Angela Gibney, and David Swinarski. Higher-level sl, conformal
blocks divisors on My .. Proc. Edinb. Math. Soc. (2), 57(1):7-30, 2014. 4.2.3

Allen B. Altman and Steven L. Kleiman. Compactifying the Picard scheme. II.
Amer. J. Math., 101(1):10-41, 1979. 5.2

Allen B. Altman and Steven L. Kleiman. Compactifying the Picard scheme. Adv.
in Math., 35(1):50-112, 1980. 5.2

Caucher Birkar, Paolo Cascini, Christopher D. Hacon, and James McKernan. Ex-
istence of minimal models for varieties of log general type. J. Amer. Math. Soc.,
23(2):405-468, 2010. 1.4

Arnaud Beauville. Conformal blocks, fusion rules and the Verlinde formula. In
Proceedings of the Hirzebruch 65 Conference on Algebraic Geometry (Ramat
Gan, 1993), volume 9 of Israel Math. Conf. Proc., pages 75-96. Bar-llan Univ.,
Ramat Gan, 1996. 2.1,2.4,3.2.1,3.2.1,3.2.2,3.2.2,3.2.2,4.3.2, 4.3.2

Prakash Belkale. Geometric proof of a conjecture of Fulton. Adv. Math., 216(1):346—
357,2007. 4.5, 4.6

Prakash Belkale. Quantum generalization of the Horn conjecture. ]J. Amer. Math.
Soc., 21(2):365—408, 2008. 2.5.1

Prakash Belkale. Quantum generalization of the Horn conjecture. J. Amer. Math.
Soc., 21(2):365—408, 2008. 4.3.1

Aaron Bertram. Generalized SU(2) theta functions. Invent. Math., 113(2):351-
372,1993. 2.2

Prakash Belkale and Najmuddin Fakhruddin. Triviality properties of principal bun-
dles on singular curves. 2015. http://arxiv.org/abs/1509.06425. 2.2, 5.3

79



[BG16]

[BGK16]

[BGM15a]

[BGM15b]

[BGM16]

[BKO1]

[BK16]

[BL94]

[Cap93]

[CC14]

[CC15]

[CLO16]

[DM69]

Prakash Belkale and Angela Gibney. Geometric interpretations and finite generation
for the algebra of conformal blocks. 2016. Transactions, To Appear. 5.2, 5.2.10, 5.3,
5.5.5

Prakash Belkale, Angela Gibney, and Anna Kazanova. Scaling of conformal blocks
and generalized theta functions over My ,. Math. Z., 284(3-4):961-987, 2016.
4.3.1,5.5,5.5.2,5.5.3,5.5.7,5.5.8,5.6.2,5.6.3

Prakash Belkale, Angela Gibney, and Swarnava Mukhopadhyay. Vanishing and
identities of conformal blocks divisors. Algebr. Geom., 2(1):62-90, 2015. 2.4.6

Prakash Belkale, Angela Gibney, and Swarnava Mukhopadhyay. Vanishing and
identities of conformal blocks divisors. Algebr. Geom., 2(1):62-90, 2015. 2.5.1,
4.3.2,4.3.3,4.3.1,4.3.6,4.3.8, 4.3.9

P. Belkale, A. Gibney, and S. Mukhopadhyay. Nonvanishing of conformal blocks
divisors on Mo,n. Transform. Groups, 21(2):329-353, 2016. 2.4.7, 2.5.1, 4.3.1,
431,44,44.2,44.3,44,4.5,4.7.3,4.7.3,4.7.3

Bojko Bakalov and Alexander Kirillov, Jr. Lectures on tensor categories and
modular functors, volume 21 of University Lecture Series. American Mathe-
matical Society, Providence, RI, 2001. 2.1

Prakash Belkale and Shrawan Kumar. The multiplicative eigenvalue problem and
deformed quantum cohomology. Adv. Math., 288:1309-1359, 2016. 4.5, 4.6

Arnaud Beauville and Yves Laszlo. Conformal blocks and generalized theta func-
tions. Comm. Math. Phys., 164(2):385—419, 1994. 2.2, 5.3

Lucia Caporaso. On a compactification of the universal Picard variety over
the moduli space of stable curves. ProQuest LLC, Ann Arbor, MI, 1993. Thesis
(Ph.D.)-Harvard University. 5.2

Dawei Chen and Izzet Coskun. Extremal effective divisors on My ,,. Math. Ann.,
359(3-4):891-908, 2014. 4.7.1

Dawei Chen and Izzet Coskun. Extremal higher codimension cycles on moduli
spaces of curves. Proc. Lond. Math. Soc. (3), 111(1):181-204, 2015. 4.7.1

Izzet Coskun, John Lesieutre, and John Christian Ottem. Effective cones of cycles
on blowups of projective space. Algebra Number Theory, 10(9):1983-2014, 2016.
4.7.1

P. Deligne and D. Mumford. The irreducibility of the space of curves of given genus.
Inst. Hautes Etudes Sci. Publ. Math., (36):75-109, 1969. 1.2, 1.7.9

80



[D’S79]

[EHO00]

[ELMta™*05]

[ELMta*06]

[ELMta*09]

[Fab90]

[Fak12]

[Fal93]

[Fal94]

[Far00]

[FGIT05]

[FHI1]

[FL17]

Cyril D’Souza. Compactification of generalised Jacobians. Proc. Indian Acad. Sci.
Sect. A Math. Sci., 88(5):419-457,1979. 5.2

David Eisenbud and Joe Harris. The geometry of schemes, volume 197 of Grad-
uate Texts in Mathematics. Springer-Verlag, New York, 2000. 1.1,1.7.1,1.7.1

L. Ein, R. Lazarsfeld, M. Musta td, M. Nakamaye, and M. Popa. Asymptotic in-
variants of line bundles. Pure Appl. Math. Q., 1(2, Special Issue: In memory of
Armand Borel. Part 1):379—403, 2005. 1.4

Lawrence Ein, Robert Lazarsfeld, Mircea Musta,tid, Michael Nakamaye, and Mi-
hnea Popa. Asymptotic invariants of base loci. Ann. Inst. Fourier (Grenoble),
56(6):1701-1734, 2006. 1.4

Lawrence Ein, Robert Lazarsfeld, Mircea Musta,tid, Michael Nakamaye, and Mihnea
Popa. Restricted volumes and base loci of linear series. Amer. J. Math., 131(3):607—
651, 2009. 1.4

Carel Faber. Chow rings of moduli spaces of curves. I. The Chow ring of M. Ann.
of Math. (2), 132(2):331-419, 1990. 1.7.3

Najmuddin Fakhruddin. Chern classes of conformal blocks. In Compact moduli
spaces and vector bundles, volume 564 of Contemp. Math., pages 145-176.
Amer. Math. Soc., Providence, RI, 2012. 2.1,3.3.1,4.2.1, 4.4

Gerd Faltings. Stable G-bundles and projective connections. ]. Algebraic Geom.,
2(3):507-568, 1993. 2.2

Gerd Faltings. A proof for the Verlinde formula. ]J. Algebraic Geom., 3(2):347-
374,1994. 2.2, 5.3

Gavril Farkas. The geometry of the moduli space of curves of genus 23. Math. Ann.,
318(1):43-65, 2000. 1.4

Barbara Fantechi, Lothar Gottsche, Luc Illusie, Steven L. Kleiman, Nitin Nitsure,
and Angelo Vistoli. Fundamental algebraic geometry, volume 123 of Mathe-
matical Surveys and Monographs. American Mathematical Society, Providence,
RI, 2005. Grothendieck’s FGA explained. 1.1,1.7.1

William Fulton and Joe Harris. Representation theory, volume 129 of Graduate
Texts in Mathematics. Springer-Verlag, New York, 1991. A first course, Readings
in Mathematics. 2.3.2,2.5.24,2.5.26

Mihai Fulger and Brian Lehmann. Positive cones of dual cycle classes. Algebr.
Geom., 4(1):1-28,2017. 4.2.1,4.7.1

81



[Fuj90]

[GG12a]

[GG12b]

[Gial3]

[Gib09]

[GIM13]

[GIMS13]

[GKMO02]

[GM82]

[GM84]

[HMI8]

[Hob15]

[1gu56]

[Ish78]

Takao Fujita. Classification theories of polarized varieties, volume 155 of Lon-
don Mathematical Society Lecture Note Series. Cambridge University Press,
Cambridge, 1990. 5.6.2

Noah Giansiracusa and Angela Gibney. The cone of type A, level 1, conformal blocks
divisors. Adv. Math., 231(2):798-814, 2012. 4.2.1, 4.6

Noah Giansiracusa and Angela Gibney. The cone of type A, level 1, conformal blocks
divisors. Adv. Math., 231(2):798-814, 2012. 4.7.3, 5.6.3

Noah Giansiracusa. Conformal blocks and rational normal curves. J. Algebraic
Geom., 22(4):773-793, 2013. 4.2.1, 4.5

Angela Gibney. Numerical criteria for divisors on M to be ample. Compos. Math.,
145(5):1227-1248, 2009. 1.5

Noah Giansiracusa, David Jensen, and Han-Bom Moon. GIT compactifications of
Mo and flips. Adv. Math., 248:242-278, 2013. 4.5

Angela Gibney, David Jensen, Han-Bom Moon, and David Swinarski. Veronese
quotient models of My, and conformal blocks. Michigan Math. J., 62(4):721-751,
2013. 4.2.3, 4.6

Angela Gibney, Sean Keel, and Ian Morrison. Towards the ample cone of Mg . ].
Amer. Math. Soc., 15(2):273-294, 2002. 1.5,1.5.1,1.5,1.5

I. M. Gelfand and R. D. MacPherson. Geometry in Grassmannians and a general-
ization of the dilogarithm. Adv. in Math., 44(3):279-312, 1982. 4.3.1

David Gieseker and Ian Morrison. Hilbert stability of rank-two bundles on curves.
J. Differential Geom., 19(1):1-29, 1984. 5.2

Joe Harris and Ian Morrison. Moduli of curves, volume 187 of Graduate Texts
in Mathematics. Springer-Verlag, New York, 1998. 1.1,1.7.1

Natalie Hobson. Quantum kostka and the rank one problem for sl,.
arXiv:1508.06952 [math.AG], pages 1-19, 2015. 4.3.1

Jun-ichi Igusa. Fibre systems of Jacobian varieties. Amer. J. Math., 78:171-199,
1956. 5.2

Masa-Nori Ishida. Compactifications of a family of generalized Jacobian varieties. In
Proceedings of the International Symposium on Algebraic Geometry (Kyoto
Univ., Kyoto, 1977), pages 503-524. Kinokuniya Book Store, Tokyo, 1978. 5.2

82



[Kaz16]

[Kee92]

[KNR94]

[Kol96]

[KTW04]

[Laz04a]

[Laz04b]

[LO16]

[LS97]

[MOP15]

Anna Kazanova. On Sy -invariant conformal blocks vector bundles of rank one on
Mo,n. Manuscripta Math., 149(1-2):107-115, 2016. 2.5.1, 4.3.1, 4.6

Sean Keel. Intersection theory of moduli space of stable n-pointed curves of genus
zero. Trans. Amer. Math. Soc., 330(2):545-574,1992. 4.2.1

Shrawan Kumar, M. S. Narasimhan, and A. Ramanathan. Infinite Grassmannians
and moduli spaces of G-bundles. Math. Ann., 300(1):41-75, 1994. 2.2

Jianos Kolldr. Rational curves on algebraic varieties, volume 32 of Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Sur-
veys in Mathematics [Results in Mathematics and Related Areas. 3rd Series.
A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 1996.
1.1,1.7.1

Allen Knutson, Terence Tno, and Christopher Woodward. A positive proof of the
Littlewood-Richardson rule using the octahedron recurrence. Electron. J. Combin.,
11(1):Research Paper 61, 18, 2004. 4.6

Robert Lazarsfeld. Positivity in algebraic geometry. I, volume 48 of Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Sur-
veys in Mathematics [Results in Mathematics and Related Areas. 3rd Series.
A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2004.
Classical setting: line bundles and linear series. 1.4

Robert Lazarsfeld. Positivity in algebraic geometry. II, volume 49 of Ergebnisse
der Mathematik und ihrer Grenzgebiete. 3. Folge. A Series of Modern Sur-
veys in Mathematics [Results in Mathematics and Related Areas. 3rd Series.
A Series of Modern Surveys in Mathematics]. Springer-Verlag, Berlin, 2004.
Positivity for vector bundles, and multiplier ideals. 1.4

John Lesieutre and John Christian Ottem. Curves disjoint from a nef divisor. Michi-
gan Math. J., 65(2):321-332, 2016. 4.7.1

Yves Laszlo and Christoph Sorger. The line bundles on the moduli of parabolic G-
bundles over curves and their sections. Ann. Sci. Ecole Norm. Sup. (4), 30(4):499—
525,1997. 2.2,2.2,5.3

Alina Marian, Dragos Oprea, and Rahul Pandharipande. The first Chern class of
the Verlinde bundles. In String-Math 2012, volume 90 of Proc. Sympos. Pure
Math., pages 87-111. Amer. Math. Soc., Providence, RI, 2015. 4.4

83



[MOP*17]

[Mum83]

[0S79]

[Ott]
[Pan96]

[Pau96]

[Ses82]

[Sim94a]

[Sim94b]

[Swi]

[Tha94]

[TUYS89]

[Uen08]

Alina Marian, Dragos Oprea, Rahul Pandharipande, Aaron Pixton, and Dimitri
Zvonkine. The Chern character of the Verlinde bundle over My .. J. Reine Angew.
Math., 732:147-163, 2017. 4.4

David Mumford. Towards an enumerative geometry of the moduli space of curves.
In Arithmetic and geometry, Vol. II, volume 36 of Progr. Math., pages 271-328.
Birkhiuser Boston, Boston, MA, 1983. 1.7.3

Tadao Oda and C. S. Seshadri. Compactifications of the generalized Jacobian variety.
Trans. Amer. Math. Soc., 253:1-90, 1979. 5.2

John Ottem. Nef cycles on some hyperkihler fourfolds. arXiv:1505.01477. 4.7.1

Rahul Pandharipande. A compactification over M4 of the universal moduli space of
slope-semistable vector bundles. J. Amer. Math. Soc., 9(2):425—471, 1996. 5.2

Christian Pauly. Espaces de modules de fibrés paraboliques et blocs conformes. Duke
Math. J., 84(1):217-235, 1996. 2.2

C. S. Seshadri. Fibrés vectoriels sur les courbes algébriques, volume 96 of
Astérisque. Société Mathématique de France, Paris, 1982. Notes written by .-
M. Drezet from a course at the Ecole Normale Supérieure, June 1980. 5.2

Carlos T. Simpson. Moduli of representations of the fundamental group of a smooth
projective variety. I. Inst. Hautes Etudes Sci. Publ. Math., (79):47-129, 1994. 5.2

Carlos T. Simpson. Moduli of representations of the fundamental group of a smooth
projective variety. II. Inst. Hautes Etudes Sci. Publ. Math., (80):5-79 (1995),
1994. 5.2

David Swinarski. sl2 conformal block divisors and the nef cone of Mo,,. 4.2.1,
4.7.11

Michael Thaddeus. Stable pairs, linear systems and the Verlinde formula. Invent.
Math., 117(2):317-353, 1994. 2.2

Akihiro Tsuchiya, Kenji Ueno, and Yasuhiko Yamada. Conformal field theory on
universal family of stable curves with gauge symmetries. In Integrable systems in
quantum field theory and statistical mechanics, volume 19 of Adv. Stud. Pure
Math., pages 459-566. Academic Press, Boston, MA, 1989. 2.1, 2.4

Kenji Ueno. Conformal field theory with gauge symmetry, volume 24 of Fields
Institute Monographs. American Mathematical Society, Providence, RI; Fields
Institute for Research in Mathematical Sciences, Toronto, ON, 2008. 3.3.1

84



[Wit95] Edward Witten. The Verlinde algebra and the cohomology of the Grassmannian. In
Geometry, topology, & physics, Conf. Proc. Lecture Notes Geom. Topology, 1V,
pages 357—422. Int. Press, Cambridge, MA, 1995. 2.5.1,4.3.1

85



Index

Q-factorial variety, 9
w*, 29

Mg, 17

M,, 19

A sheaf is pure of dimension d, 69

a torsion free sheaf, 69

A vector bundle & on C of rank v has trivializ-
able determinant, 70

Abelian Lie algebra, 34

adjoint representation, 35

Cartan subalgebra, 36

Chamber decomposition of Eff (M), 20
character, 37

Chern class, 57

Chow group, 57

coarse moduli space, 18

critical level, 50

critical level bundle, 50

critical level divisor, 50

dimension of a sheaf, 69
dominant integral weight, 37

fine moduli space, 15
functor of points, 14
fundamental weights, 37

general linear Lie algebra, 34
Grassmannian, 15

highest weight, 36
highest weight vector, 37
Hilbert scheme, 16
hyperelliptic curves, 17

irreducible representation, 35
Jacobi identity, 34
Killing form, 39

level, 39

Lie algebra, 34

Lie bracket, 34

Lie subalgebra, 35

local parameter on a curve at a point, 27

map of Lie algebras, 35
moduli space of stable curves of genus g, 7
moduli space of stable n-pointed curves of genus

g9

nef divisor, 9
nodal reduction, 20
numerical equivalence of cycles, 57

principal G-bundle, 32
Quot scheme, 16

representability of a functor, 14
representation, 35
root lattice, 37

86



root spaces, 36
roots, 36

simple Lie algebra, 34
simple root, 36

special linear Lie algebra, 36
stable curve, 7

stable n-pointed curve, 8
stable reduction theorem, 19
support of a sheaf, 69

theta level, 53
universal enveloping algebra, 33

weight, 36

weight spaces, 36

weight vectors, 36

weights and roots for g, 36

weights and roots of a representation, 36

Yoneda’s Lemma, 14

87



	The moduli space of curves
	Introduction
	What is Mg and why compactify it?
	Components of the boundary
	The cones of nef and pseudo effective divisors
	Reduction of a problem for g>0 to g=0
	Why globally generated vector bundles?
	Appendices to Lecture One
	What is a moduli space, technically speaking?
	Tautological maps
	Chambers of the pseudo-effective cone of M3


	Conformal blocks, Co-invariants, Factorization, and Propagation of Vacua
	Introduction
	Conformal blocks and BunG
	Coinvariants and affine Lie algebras
	Propagation of Vacua and Factorization
	Appendix
	Witten's Dictionary
	Background reading: Principal G-bundles
	Background reading: The universal enveloping algebra
	Background reading: Just enough representation theory


	Beauville's quotient construction and global generation in case g=0
	Introduction
	Beauville's Quotient Construction
	Application One: Propagation of Vacua
	Application Two: generic global generation for g=0

	Ueno's Quotient Theorem
	Proof


	Chern classes: vanishing, identities and open questions
	Introduction
	Three Families of first Chern classes
	Vanishing as the level grows
	The critical level
	The theta level

	The problem of nonvanishing
	Additive identities dependent on ranks
	Identities, applications and generalizations
	Second problem session
	Background Reading: Chow rings using Chern classes
	Exercises and Problems
	Boundary Divisor Calculation Exercises
	Tables of extremal rays


	Geometric interpretations
	Introduction
	Two related problems about moduli spaces
	The section ring of the determinant bundle
	Geometric interpretations at smooth curves
	Interpretations at stable curves with singularities
	How things can change for singular curves
	Positive results

	Appendix for Lecture five
	Idea of proof of Theorem 5.3.1
	-invariant zero



