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						Plan of the talk	



§  The	study	of	how	a	QFT	responds	to	the	presence	of	defects	has	
recently	received	a	lot	of	attention.	

§  Defects	are	disturbances	supported	on	sub-manifolds	of	the	
space-time	that	can	be	used	to	probe	the	theory	in	the	bulk:	

1.  Local	operators	(d=0),	e.g.	chiral	correlators	

	

	
		

Defects	

⌦
Tr�n1(x1) · · ·Tr�nk(xk)
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§  There	are	different	ways	of	describing	defects	in	a	4d	QFT:	

1.  Modifying	the	QFT	path-integral	by	imposing	a	singular	
behavior	of	the	fields	on	the	defect.	

2.  Coupling	the	QFT	to	additional	degrees	of	freedom	localized	
on	the	defect.	

3.  Using	a	String	Theory	realization	of	the	QFT	and	introducing	
extra	D-branes	or	M-branes	to	represent	the	defect.	

4.  …	
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§  Surface	operators	in	a	4d	theory	are	operators	supported	on	
a	2d	submanifold:	

•  They	are	particular	examples	of	non-local	operators	that	play	the	
role	of	“thermometers”	for	the	QFT:		when	introduced	in	the	path-	
integral,	they	provide	us	with	valuable	information	(phases,	non-
perturbative	features,	...)	on	the	QFT.	

	

	
		

Surface	operators	

D ⇢ R4

R4 ' C2 : (w1, w2)

D ' C : (w1, 0)

w1

w2

D
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§  The	presence	of	the	defect	can	be	encoded	in	a	singular	behavior	

of	the	SU(N)	gauge	field	on	a	loop	around	the	defect:	

	
where	

	
		

Surface	operators	as	monodromy	defects	

A = � diag (�1, · · · , �1, �2, · · · , �2, · · · , �M , · · · , �M ) d✓
| {z }

n1

| {z }
n2

| {z }
nM

(Gukov+Witten	’06,	‘08)	

D
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§  The	presence	of	the	defect	can	be	encoded	in	a	singular	behavior	

of	the	SU(N)	gauge	field	on	a	loop	around	the	defect:	

	
where	

§  This	monodromy,	i.e.	the	vector																																										,	breaks	
the	gauge	symmetry	SU(N)	to	a	(Levi)	subgroup					,	which	
characterizes	the	defect	

	
		

Surface	operators	as	monodromy	defects	

A = � diag (�1, · · · , �1, �2, · · · , �2, · · · , �M , · · · , �M ) d✓
| {z }
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| {z }
n2

| {z }
nM

(Gukov+Witten	’06,	‘08)	

~n = {n1, n2, . . . , nM}
L
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§  In	presence	of	the	defect,	quantized	magnetic	fluxes	are	allowed	

for	each	group													factor:	

	
	

§  So	besides	the	usual	instanton	factor	

						in	the	path-integral	we	can	insert	also	a	new	type	of	factor	

	
	
		

Surface	operators	as	monodromy	defects	
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§  In	presence	of	the	defect,	quantized	magnetic	fluxes	are	allowed	

for	each	group													factor:	

	
	

§  It	can	be	shown	that	this	implies	that		
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<latexit sha1_base64="3kW4hcZXsH4zJbAXvfrCcO6ulXc=">AAACBnicdVC7SkNBFNwb3/EVY2mzGASrsBskj06wsZIIRgNJCHs3J3HJ3ge754rhkt6vsNXKTmz9DQv/xb0xgopONcycw5kzfqyVRcbevNzC4tLyyupafn1jc2u7sFO8tFFiJLRkpCPT9oUFrUJooUIN7diACHwNV/74JPOvbsBYFYUXOImhF4hRqIZKCnRSv1Ac9BXtqpB2A4HXvp+eTfuFEiszxjjnNCO8VmWONBr1Cq9TnlkOJTJHs1947w4imQQQotTC2g5nMfZSYVBJDdN8N7EQCzkWI+g4GooAbC+dZZ/Sg8QKjGgMhipNZyJ830hFYO0k8N1kltD+9jLxL6+T4LDeS1UYJwihzA6h0jA7ZKVRrhSgA2UAUWTJgboSpDACEYyiQkonJq6lvOvj62n6P7mslDkr8/Oj0nF13swq2SP75JBwUiPH5JQ0SYtIckvuyQN59O68J+/Ze/kczXnznV3yA97rB6cRmL0=</latexit><latexit sha1_base64="3kW4hcZXsH4zJbAXvfrCcO6ulXc=">AAACBnicdVC7SkNBFNwb3/EVY2mzGASrsBskj06wsZIIRgNJCHs3J3HJ3ge754rhkt6vsNXKTmz9DQv/xb0xgopONcycw5kzfqyVRcbevNzC4tLyyupafn1jc2u7sFO8tFFiJLRkpCPT9oUFrUJooUIN7diACHwNV/74JPOvbsBYFYUXOImhF4hRqIZKCnRSv1Ac9BXtqpB2A4HXvp+eTfuFEiszxjjnNCO8VmWONBr1Cq9TnlkOJTJHs1947w4imQQQotTC2g5nMfZSYVBJDdN8N7EQCzkWI+g4GooAbC+dZZ/Sg8QKjGgMhipNZyJ830hFYO0k8N1kltD+9jLxL6+T4LDeS1UYJwihzA6h0jA7ZKVRrhSgA2UAUWTJgboSpDACEYyiQkonJq6lvOvj62n6P7mslDkr8/Oj0nF13swq2SP75JBwUiPH5JQ0SYtIckvuyQN59O68J+/Ze/kczXnznV3yA97rB6cRmL0=</latexit><latexit sha1_base64="3kW4hcZXsH4zJbAXvfrCcO6ulXc=">AAACBnicdVC7SkNBFNwb3/EVY2mzGASrsBskj06wsZIIRgNJCHs3J3HJ3ge754rhkt6vsNXKTmz9DQv/xb0xgopONcycw5kzfqyVRcbevNzC4tLyyupafn1jc2u7sFO8tFFiJLRkpCPT9oUFrUJooUIN7diACHwNV/74JPOvbsBYFYUXOImhF4hRqIZKCnRSv1Ac9BXtqpB2A4HXvp+eTfuFEiszxjjnNCO8VmWONBr1Cq9TnlkOJTJHs1947w4imQQQotTC2g5nMfZSYVBJDdN8N7EQCzkWI+g4GooAbC+dZZ/Sg8QKjGgMhipNZyJ830hFYO0k8N1kltD+9jLxL6+T4LDeS1UYJwihzA6h0jA7ZKVRrhSgA2UAUWTJgboSpDACEYyiQkonJq6lvOvj62n6P7mslDkr8/Oj0nF13swq2SP75JBwUiPH5JQ0SYtIckvuyQN59O68J+/Ze/kczXnznV3yA97rB6cRmL0=</latexit><latexit sha1_base64="3kW4hcZXsH4zJbAXvfrCcO6ulXc=">AAACBnicdVC7SkNBFNwb3/EVY2mzGASrsBskj06wsZIIRgNJCHs3J3HJ3ge754rhkt6vsNXKTmz9DQv/xb0xgopONcycw5kzfqyVRcbevNzC4tLyyupafn1jc2u7sFO8tFFiJLRkpCPT9oUFrUJooUIN7diACHwNV/74JPOvbsBYFYUXOImhF4hRqIZKCnRSv1Ac9BXtqpB2A4HXvp+eTfuFEiszxjjnNCO8VmWONBr1Cq9TnlkOJTJHs1947w4imQQQotTC2g5nMfZSYVBJDdN8N7EQCzkWI+g4GooAbC+dZZ/Sg8QKjGgMhipNZyJ830hFYO0k8N1kltD+9jLxL6+T4LDeS1UYJwihzA6h0jA7ZKVRrhSgA2UAUWTJgboSpDACEYyiQkonJq6lvOvj62n6P7mslDkr8/Oj0nF13swq2SP75JBwUiPH5JQ0SYtIckvuyQN59O68J+/Ze/kczXnznV3yA97rB6cRmL0=</latexit>

q1 ⇠ e2⇡i t1 ,

qi ⇠ e2⇡i(ti�ti�1) , i = 2, · · · ,M � 1 ,

qM ⇠ e2⇡i ⌧ e�2⇡i tM�1 .
<latexit sha1_base64="9pitF675WBLrRsdkDpD4hsJ0Yd4="></latexit><latexit sha1_base64="9pitF675WBLrRsdkDpD4hsJ0Yd4="></latexit><latexit sha1_base64="9pitF675WBLrRsdkDpD4hsJ0Yd4="></latexit><latexit sha1_base64="9pitF675WBLrRsdkDpD4hsJ0Yd4="></latexit>

) q ⇠ e2⇡i ⌧ = q1 · · · qM
<latexit sha1_base64="rC7LGw95jfnNU7V+v9FiDm+yzmU="></latexit><latexit sha1_base64="rC7LGw95jfnNU7V+v9FiDm+yzmU="></latexit><latexit sha1_base64="rC7LGw95jfnNU7V+v9FiDm+yzmU="></latexit><latexit sha1_base64="rC7LGw95jfnNU7V+v9FiDm+yzmU="></latexit>



§  Like	the	usual	instanton	partition	function,	also	the	ramified	
instanton	partition	function	can	be	computed	using	localization	

§  The	idea	is	to	consider	the	orbifold	
	
	
	

							in	the	presence	of	an	Omega-background	with	parameters									
						and							to	regulate	the	divergences	and	localize	

§  Introducing	v.e.v’s								for	the	adjoint	scalars	and	going	to	a	
generic	point	in	the	Coulomb	branch,	we	have	

	

Ramified	instanton	partition	function	

(Kanno,	Tachikawa	‘11)	

R4

D
✏1

<latexit sha1_base64="oZum3bV5pYqOApnjrFREAfBjngM=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hRkRk9wCXjxGMA9MQpiddOLg7Owy0yuEEL/Cq568iVf/xYP/4myMoKJ1Kqq66eoKE60cMvYWLCwuLa+s5tby6xubW9uFnd2mi1MroSFjHdt2KBxoZaCBCjW0EwsiCjW0wpuzzG/dgnUqNpc4TqAXiZFRQyUFeumqC4lTOjZ93i8UWYkxxjmnGeHlU+ZJtVo55hXKM8ujSOao9wvv3UEs0wgMSi2c63CWYG8iLCqpYZrvpg4SIW/ECDqeGhGB601miaf0MHUCY5qApUrTmQjfNyYicm4chX4yEnjtfnuZ+JfXSXFY6U2USVIEI7NDqDTMDjlpla8C6EBZQBRZcqDKUCmsQASrqJDSi6nvJu/7+Hqa/k+axyXOSvzipFirzJvJkX1yQI4IJ2VSI+ekThpEEkPuyQN5DO6Cp+A5ePkcXQjmO3vkB4LXD4rElXU=</latexit><latexit sha1_base64="oZum3bV5pYqOApnjrFREAfBjngM=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hRkRk9wCXjxGMA9MQpiddOLg7Owy0yuEEL/Cq568iVf/xYP/4myMoKJ1Kqq66eoKE60cMvYWLCwuLa+s5tby6xubW9uFnd2mi1MroSFjHdt2KBxoZaCBCjW0EwsiCjW0wpuzzG/dgnUqNpc4TqAXiZFRQyUFeumqC4lTOjZ93i8UWYkxxjmnGeHlU+ZJtVo55hXKM8ujSOao9wvv3UEs0wgMSi2c63CWYG8iLCqpYZrvpg4SIW/ECDqeGhGB601miaf0MHUCY5qApUrTmQjfNyYicm4chX4yEnjtfnuZ+JfXSXFY6U2USVIEI7NDqDTMDjlpla8C6EBZQBRZcqDKUCmsQASrqJDSi6nvJu/7+Hqa/k+axyXOSvzipFirzJvJkX1yQI4IJ2VSI+ekThpEEkPuyQN5DO6Cp+A5ePkcXQjmO3vkB4LXD4rElXU=</latexit><latexit sha1_base64="oZum3bV5pYqOApnjrFREAfBjngM=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hRkRk9wCXjxGMA9MQpiddOLg7Owy0yuEEL/Cq568iVf/xYP/4myMoKJ1Kqq66eoKE60cMvYWLCwuLa+s5tby6xubW9uFnd2mi1MroSFjHdt2KBxoZaCBCjW0EwsiCjW0wpuzzG/dgnUqNpc4TqAXiZFRQyUFeumqC4lTOjZ93i8UWYkxxjmnGeHlU+ZJtVo55hXKM8ujSOao9wvv3UEs0wgMSi2c63CWYG8iLCqpYZrvpg4SIW/ECDqeGhGB601miaf0MHUCY5qApUrTmQjfNyYicm4chX4yEnjtfnuZ+JfXSXFY6U2USVIEI7NDqDTMDjlpla8C6EBZQBRZcqDKUCmsQASrqJDSi6nvJu/7+Hqa/k+axyXOSvzipFirzJvJkX1yQI4IJ2VSI+ekThpEEkPuyQN5DO6Cp+A5ePkcXQjmO3vkB4LXD4rElXU=</latexit><latexit sha1_base64="oZum3bV5pYqOApnjrFREAfBjngM=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hRkRk9wCXjxGMA9MQpiddOLg7Owy0yuEEL/Cq568iVf/xYP/4myMoKJ1Kqq66eoKE60cMvYWLCwuLa+s5tby6xubW9uFnd2mi1MroSFjHdt2KBxoZaCBCjW0EwsiCjW0wpuzzG/dgnUqNpc4TqAXiZFRQyUFeumqC4lTOjZ93i8UWYkxxjmnGeHlU+ZJtVo55hXKM8ujSOao9wvv3UEs0wgMSi2c63CWYG8iLCqpYZrvpg4SIW/ECDqeGhGB601miaf0MHUCY5qApUrTmQjfNyYicm4chX4yEnjtfnuZ+JfXSXFY6U2USVIEI7NDqDTMDjlpla8C6EBZQBRZcqDKUCmsQASrqJDSi6nvJu/7+Hqa/k+axyXOSvzipFirzJvJkX1yQI4IJ2VSI+ekThpEEkPuyQN5DO6Cp+A5ePkcXQjmO3vkB4LXD4rElXU=</latexit>

✏2
<latexit sha1_base64="wh1QNfoUqBEv8JOMlUqWglAC3OQ=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hZkgGm8BLx4jmAcmIcxOOnHI7Owy0yuEEL/Cq568iVf/xYP/4myMoKJ1Kqq66eoKE60cMvYWLCwuLa+s5tby6xubW9uFnd2Gi1MroS5jHdtWKBxoZaCOCjW0EgsiCjU0w9F55jdvwToVmyscJ9CNxNCogZICvXTdgcQpHZteuVcoshJjjHNOM8JPT5gnZ2eVMq9QnlkeRTJHrVd47/RjmUZgUGrhXJuzBLsTYVFJDdN8J3WQCDkSQ2h7akQErjuZJZ7Sw9QJjGkClipNZyJ835iIyLlxFPrJSOCN++1l4l9eO8VBpTtRJkkRjMwOodIwO+SkVb4KoH1lAVFkyYEqQ6WwAhGsokJKL6a+m7zv4+tp+j9plEuclfjlcbFamTeTI/vkgBwRTk5JlVyQGqkTSQy5Jw/kMbgLnoLn4OVzdCGY7+yRHwhePwCMU5V2</latexit><latexit sha1_base64="wh1QNfoUqBEv8JOMlUqWglAC3OQ=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hZkgGm8BLx4jmAcmIcxOOnHI7Owy0yuEEL/Cq568iVf/xYP/4myMoKJ1Kqq66eoKE60cMvYWLCwuLa+s5tby6xubW9uFnd2Gi1MroS5jHdtWKBxoZaCOCjW0EgsiCjU0w9F55jdvwToVmyscJ9CNxNCogZICvXTdgcQpHZteuVcoshJjjHNOM8JPT5gnZ2eVMq9QnlkeRTJHrVd47/RjmUZgUGrhXJuzBLsTYVFJDdN8J3WQCDkSQ2h7akQErjuZJZ7Sw9QJjGkClipNZyJ835iIyLlxFPrJSOCN++1l4l9eO8VBpTtRJkkRjMwOodIwO+SkVb4KoH1lAVFkyYEqQ6WwAhGsokJKL6a+m7zv4+tp+j9plEuclfjlcbFamTeTI/vkgBwRTk5JlVyQGqkTSQy5Jw/kMbgLnoLn4OVzdCGY7+yRHwhePwCMU5V2</latexit><latexit sha1_base64="wh1QNfoUqBEv8JOMlUqWglAC3OQ=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hZkgGm8BLx4jmAcmIcxOOnHI7Owy0yuEEL/Cq568iVf/xYP/4myMoKJ1Kqq66eoKE60cMvYWLCwuLa+s5tby6xubW9uFnd2Gi1MroS5jHdtWKBxoZaCOCjW0EgsiCjU0w9F55jdvwToVmyscJ9CNxNCogZICvXTdgcQpHZteuVcoshJjjHNOM8JPT5gnZ2eVMq9QnlkeRTJHrVd47/RjmUZgUGrhXJuzBLsTYVFJDdN8J3WQCDkSQ2h7akQErjuZJZ7Sw9QJjGkClipNZyJ835iIyLlxFPrJSOCN++1l4l9eO8VBpTtRJkkRjMwOodIwO+SkVb4KoH1lAVFkyYEqQ6WwAhGsokJKL6a+m7zv4+tp+j9plEuclfjlcbFamTeTI/vkgBwRTk5JlVyQGqkTSQy5Jw/kMbgLnoLn4OVzdCGY7+yRHwhePwCMU5V2</latexit><latexit sha1_base64="wh1QNfoUqBEv8JOMlUqWglAC3OQ=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBA8hZkgGm8BLx4jmAcmIcxOOnHI7Owy0yuEEL/Cq568iVf/xYP/4myMoKJ1Kqq66eoKE60cMvYWLCwuLa+s5tby6xubW9uFnd2Gi1MroS5jHdtWKBxoZaCOCjW0EgsiCjU0w9F55jdvwToVmyscJ9CNxNCogZICvXTdgcQpHZteuVcoshJjjHNOM8JPT5gnZ2eVMq9QnlkeRTJHrVd47/RjmUZgUGrhXJuzBLsTYVFJDdN8J3WQCDkSQ2h7akQErjuZJZ7Sw9QJjGkClipNZyJ835iIyLlxFPrJSOCN++1l4l9eO8VBpTtRJkkRjMwOodIwO+SkVb4KoH1lAVFkyYEqQ6WwAhGsokJKL6a+m7zv4+tp+j9plEuclfjlcbFamTeTI/vkgBwRTk5JlVyQGqkTSQy5Jw/kMbgLnoLn4OVzdCGY7+yRHwhePwCMU5V2</latexit>

C✏1 ⇥
C✏2 ⇥ C
ZM

⇥ C⇥ C
<latexit sha1_base64="DAEe/gRaFfPFCb2o/W4vkEBj4SQ=">AAACZHicbVFNS8NAEN3Er1q/quJJkMUieCqJCHoUevEiKFgVmxIm61QXN8myOxEk5G8KHrz6Kzy4qVW0dU5v33vDzLxNtJKWguDV82dm5+YXGovNpeWV1bXW+saVzQsjsCdylZubBCwqmWGPJCm80QYhTRReJ4/dWr9+QmNlnl3Ss8ZBCveZHEoB5Ki4paMU6CFJym4VlxFqK5WjwyoimaKNhgZE+a/l4NvyI1blbXw2xU6+41Y76ASj4j8gnARtNq7zuPUW3eWiSDEjocDafhhoGpRgSAqFVTMqLGoQj3CPfQczcOMG5SiZiu8VFijnGg2Xio9I/N1RQmrtc5o4Z72hndRq8j+tX9DweFDKTBeEmagHkVQ4GmSFkS5y5HfSIBHUmyOXGRdggAiN5CCEIwv3B02Xx9T10+DqoBMGnfDisH1yPE6mwbbZLttnITtiJ+yUnbMeE+yFfXhz3rz37i/7m/7Wl9X3xj2b7E/5O5+D770H</latexit><latexit sha1_base64="DAEe/gRaFfPFCb2o/W4vkEBj4SQ=">AAACZHicbVFNS8NAEN3Er1q/quJJkMUieCqJCHoUevEiKFgVmxIm61QXN8myOxEk5G8KHrz6Kzy4qVW0dU5v33vDzLxNtJKWguDV82dm5+YXGovNpeWV1bXW+saVzQsjsCdylZubBCwqmWGPJCm80QYhTRReJ4/dWr9+QmNlnl3Ss8ZBCveZHEoB5Ki4paMU6CFJym4VlxFqK5WjwyoimaKNhgZE+a/l4NvyI1blbXw2xU6+41Y76ASj4j8gnARtNq7zuPUW3eWiSDEjocDafhhoGpRgSAqFVTMqLGoQj3CPfQczcOMG5SiZiu8VFijnGg2Xio9I/N1RQmrtc5o4Z72hndRq8j+tX9DweFDKTBeEmagHkVQ4GmSFkS5y5HfSIBHUmyOXGRdggAiN5CCEIwv3B02Xx9T10+DqoBMGnfDisH1yPE6mwbbZLttnITtiJ+yUnbMeE+yFfXhz3rz37i/7m/7Wl9X3xj2b7E/5O5+D770H</latexit><latexit sha1_base64="DAEe/gRaFfPFCb2o/W4vkEBj4SQ=">AAACZHicbVFNS8NAEN3Er1q/quJJkMUieCqJCHoUevEiKFgVmxIm61QXN8myOxEk5G8KHrz6Kzy4qVW0dU5v33vDzLxNtJKWguDV82dm5+YXGovNpeWV1bXW+saVzQsjsCdylZubBCwqmWGPJCm80QYhTRReJ4/dWr9+QmNlnl3Ss8ZBCveZHEoB5Ki4paMU6CFJym4VlxFqK5WjwyoimaKNhgZE+a/l4NvyI1blbXw2xU6+41Y76ASj4j8gnARtNq7zuPUW3eWiSDEjocDafhhoGpRgSAqFVTMqLGoQj3CPfQczcOMG5SiZiu8VFijnGg2Xio9I/N1RQmrtc5o4Z72hndRq8j+tX9DweFDKTBeEmagHkVQ4GmSFkS5y5HfSIBHUmyOXGRdggAiN5CCEIwv3B02Xx9T10+DqoBMGnfDisH1yPE6mwbbZLttnITtiJ+yUnbMeE+yFfXhz3rz37i/7m/7Wl9X3xj2b7E/5O5+D770H</latexit><latexit sha1_base64="DAEe/gRaFfPFCb2o/W4vkEBj4SQ=">AAACZHicbVFNS8NAEN3Er1q/quJJkMUieCqJCHoUevEiKFgVmxIm61QXN8myOxEk5G8KHrz6Kzy4qVW0dU5v33vDzLxNtJKWguDV82dm5+YXGovNpeWV1bXW+saVzQsjsCdylZubBCwqmWGPJCm80QYhTRReJ4/dWr9+QmNlnl3Ss8ZBCveZHEoB5Ki4paMU6CFJym4VlxFqK5WjwyoimaKNhgZE+a/l4NvyI1blbXw2xU6+41Y76ASj4j8gnARtNq7zuPUW3eWiSDEjocDafhhoGpRgSAqFVTMqLGoQj3CPfQczcOMG5SiZiu8VFijnGg2Xio9I/N1RQmrtc5o4Z72hndRq8j+tX9DweFDKTBeEmagHkVQ4GmSFkS5y5HfSIBHUmyOXGRdggAiN5CCEIwv3B02Xx9T10+DqoBMGnfDisH1yPE6mwbbZLttnITtiJ+yUnbMeE+yFfXhz3rz37i/7m/7Wl9X3xj2b7E/5O5+D770H</latexit>

(Nekrasov	’02,…)	

Zinst =
X

{di}

q di
i Z{di}(a, ✏1, ✏2)

<latexit sha1_base64="IXrNCROJVLFbcCU1hwzwQuqWtuI="></latexit><latexit sha1_base64="IXrNCROJVLFbcCU1hwzwQuqWtuI="></latexit><latexit sha1_base64="IXrNCROJVLFbcCU1hwzwQuqWtuI="></latexit><latexit sha1_base64="IXrNCROJVLFbcCU1hwzwQuqWtuI="></latexit>

explicitly	calculable			

a
<latexit sha1_base64="hjZKPe60aSMmYxxtRPh9iQ6yjSQ=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMA9IltA76cQhsw9meoSw5Au86smbePWDPPgv7q5BNFqnoqqbrq4gUdKQ6747pbX1jc2t8nZlZ3dv/6B6eNQ1sdUCOyJWse4HYFDJCDskSWE/0QhhoLAXzK5zv3eP2sg4uqV5gn4I00hOpADKpDaMqjW37hbg38RbJTW2RGtU/RiOY2FDjEgoMGbguQn5KWiSQuGiMrQGExAzmOIgoxGEaPy0CLrgZ9YAxTxBzaXihYg/N1IIjZmHQTYZAt2ZVS8X//MGliYNP5VRYgkjkR8iqbA4ZISWWQPIx1IjEeTJkcuIC9BAhFpyECITbVZJJevjz/d/Sfei7rl1r31ZazaWzZTZCTtl58xjV6zJbliLdZhgyB7YI3tyrPPsvDivX6MlZ7lzzH7BefsEYSeRYQ==</latexit><latexit sha1_base64="hjZKPe60aSMmYxxtRPh9iQ6yjSQ=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMA9IltA76cQhsw9meoSw5Au86smbePWDPPgv7q5BNFqnoqqbrq4gUdKQ6747pbX1jc2t8nZlZ3dv/6B6eNQ1sdUCOyJWse4HYFDJCDskSWE/0QhhoLAXzK5zv3eP2sg4uqV5gn4I00hOpADKpDaMqjW37hbg38RbJTW2RGtU/RiOY2FDjEgoMGbguQn5KWiSQuGiMrQGExAzmOIgoxGEaPy0CLrgZ9YAxTxBzaXihYg/N1IIjZmHQTYZAt2ZVS8X//MGliYNP5VRYgkjkR8iqbA4ZISWWQPIx1IjEeTJkcuIC9BAhFpyECITbVZJJevjz/d/Sfei7rl1r31ZazaWzZTZCTtl58xjV6zJbliLdZhgyB7YI3tyrPPsvDivX6MlZ7lzzH7BefsEYSeRYQ==</latexit><latexit sha1_base64="hjZKPe60aSMmYxxtRPh9iQ6yjSQ=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMA9IltA76cQhsw9meoSw5Au86smbePWDPPgv7q5BNFqnoqqbrq4gUdKQ6747pbX1jc2t8nZlZ3dv/6B6eNQ1sdUCOyJWse4HYFDJCDskSWE/0QhhoLAXzK5zv3eP2sg4uqV5gn4I00hOpADKpDaMqjW37hbg38RbJTW2RGtU/RiOY2FDjEgoMGbguQn5KWiSQuGiMrQGExAzmOIgoxGEaPy0CLrgZ9YAxTxBzaXihYg/N1IIjZmHQTYZAt2ZVS8X//MGliYNP5VRYgkjkR8iqbA4ZISWWQPIx1IjEeTJkcuIC9BAhFpyECITbVZJJevjz/d/Sfei7rl1r31ZazaWzZTZCTtl58xjV6zJbliLdZhgyB7YI3tyrPPsvDivX6MlZ7lzzH7BefsEYSeRYQ==</latexit><latexit sha1_base64="hjZKPe60aSMmYxxtRPh9iQ6yjSQ=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoPgKeyKYI4BLx4TMA9IltA76cQhsw9meoSw5Au86smbePWDPPgv7q5BNFqnoqqbrq4gUdKQ6747pbX1jc2t8nZlZ3dv/6B6eNQ1sdUCOyJWse4HYFDJCDskSWE/0QhhoLAXzK5zv3eP2sg4uqV5gn4I00hOpADKpDaMqjW37hbg38RbJTW2RGtU/RiOY2FDjEgoMGbguQn5KWiSQuGiMrQGExAzmOIgoxGEaPy0CLrgZ9YAxTxBzaXihYg/N1IIjZmHQTYZAt2ZVS8X//MGliYNP5VRYgkjkR8iqbA4ZISWWQPIx1IjEeTJkcuIC9BAhFpyECITbVZJJevjz/d/Sfei7rl1r31ZazaWzZTZCTtl58xjV6zJbliLdZhgyB7YI3tyrPPsvDivX6MlZ7lzzH7BefsEYSeRYQ==</latexit>
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§  From											we	obtain			

§  The	prepotential	F	describes	the	effective	4d	dynamics	

§  The	(twisted)	superpotential	W	accounts	for	the	effective	
dynamics	on	the	2d	defect	
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(twisted)	superpotential			Zinst
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§  From											we	obtain			

§  The	prepotential	F	describes	the	effective	4d	dynamics	

§  The	(twisted)	superpotential	W	accounts	for	the	effective	
dynamics	on	the	2d	defect	

§  Indeed	

	

Ramified	instanton	partition	function	

(twisted)	superpotential			Zinst
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§  From											we	obtain			

§  The	prepotential	F	describes	the	effective	4d	dynamics	

§  The	(twisted)	superpotential	W	accounts	for	the	effective	
dynamics	on	the	2d	defect	

§  For	example,	in	the	case																																																	,	we	have																																	
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§  From											we	obtain			

§  The	prepotential	F	describes	the	effective	4d	dynamics	

§  The	(twisted)	superpotential	W	accounts	for	the	effective	
dynamics	on	the	2d	defect	
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Can	we	calculate	W	in	a	different	way		
and	obtain	some	physical	intuition	?							



§  One	considers	a	4d	gauge	theory	with	group	G=SU(N)		

§  One	then	couples	it	with	a	(2,2)	2d	GLSM	with	G	as	a	global	
symmetry	

	

§  Simplest	example:	
												
																							CP1	2d	σ –	model	with	SU(2)	flavour	symmetry	

	
	

		
	
	

	

Surface	defect	as	a	coupled	2d/4d	system	

(Gukov+Witten	’06,	…						
	Gadde+Gukov	‘13,		
	Gaiotto+Gukov+Seiberg	‘13,	...)	



§  One	considers	a	4d	gauge	theory	with	group	G=SU(N)		

§  One	then	couples	it	with	a	(2,2)	2d	GLSM	with	G	as	a	global	
symmetry	

	

§  Simplest	example:	
												
																							CP1	2d	σ –	model	with	SU(2)	flavour	symmetry	

	
	

	2d	U(1)	gauge	theory	with	a	chiral	field	in	the	fundamental	of	SU(2)	
	

	
	

Surface	defect	as	a	coupled	2d/4d	system	

(Gukov+Witten	’06,	…						
	Gadde+Gukov	‘13,		
	Gaiotto+Gukov+Seiberg	‘13,	...)	



§  One	considers	a	4d	gauge	theory	with	group	G=SU(N)		

§  One	then	couples	it	with	a	(2,2)	2d	GLSM	with	G	as	a	global	
symmetry	

	

§  Simplest	example:	
												
																							CP1	2d	σ –	model	with	SU(2)	flavour	symmetry	

	
	

	2d	U(1)	gauge	theory	with	a	chiral	field	in	the	fundamental	of	SU(2)	
	

	
	

Surface	defect	as	a	coupled	2d/4d	system	

(Gukov+Witten	’06,	…						
	Gadde+Gukov	‘13,		
	Gaiotto+Gukov+Seiberg	‘13,	...)	

2d	U(1)	gauge	theory	



§  One	considers	a	4d	gauge	theory	with	group	G=SU(N)		

§  One	then	couples	it	with	a	(2,2)	2d	GLSM	with	G	as	a	global	
symmetry	

	

§  Simplest	example:	
												
																							CP1	2d	σ –	model	with	SU(2)	flavour	symmetry	

	
	

	2d	U(1)	gauge	theory	with	a	chiral	field	in	the	fundamental	of	SU(2)	
	

	
	

Surface	defect	as	a	coupled	2d/4d	system	

(Gukov+Witten	’06,	…						
	Gadde+Gukov	‘13,		
	Gaiotto+Gukov+Seiberg	‘13,	...)	

2d	U(1)	gauge	theory	 4d	SU(2)	gauge	theory	



			The	coupled	2d/4d	system	

	

§  Understanding	the	SU(2)	node	just	as	a	flavour	symmetry,	we	can	
write	the	effective	twisted	superpotential	W	for	the	CP1	model	as	
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§  Understanding	the	SU(2)	node	just	as	a	flavour	symmetry,	we	can	
write	the	effective	twisted	superpotential	W	for	the	CP1	model	as	

	
			

	
																														This	is	a	purely	2d	point	of	view	
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			The	coupled	2d/4d	system	

	

§  Understanding	the	SU(2)	node	just	as	a	flavour	symmetry,	we	can	
write	the	effective	twisted	superpotential	W	for	the	CP1	model	as	

§  Understanding	the	SU(2)	node	as	a	4d	theory,	and	giving	a	vev	to	
the	adjoint	scalar	φ,	we	introduce	a	twisted	mass	for	σ		and	W	
becomes	
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§  Understanding	the	SU(2)	node	just	as	a	flavour	symmetry,	we	can	
write	the	effective	twisted	superpotential	W	for	the	CP1	model	as	

§  Understanding	the	SU(2)	node	as	a	4d	theory,	and	giving	a	vev	to	
the	adjoint	scalar	φ,	we	introduce	a	twisted	mass	for	σ		and	W	
becomes	

	
																								The	4d	theory	is	treated	only	classically	
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4d	vev’s	as	twisted	masses	for	σ



			The	coupled	2d/4d	system	

	

§  Understanding	the	SU(2)	node	just	as	a	flavour	symmetry,	we	can	
write	the	effective	twisted	superpotential	W	for	the	CP1	model	as	

§  Understanding	the	SU(2)	node	as	a	4d	theory,	and	giving	a	vev	to	
the	adjoint	scalar	φ,	we	introduce	a	twisted	mass	for	σ		and	W	
becomes	

§  Taking	into	account	the	quantum	fluctuations	of	the	4d	SU(2)	
theory,	we	finally	get		
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			The	coupled	2d/4d	system	

	

§  This	2d/4d	quiver	describes	a	4d	SU(2)	theory	coupled	with	a	2d	
U(1)	theory	inside.	

§  Thus,	it	should	describe	the	defect	corresponding	to		
																																																											
						
						and	to	the	partition																			.			
	
	

Can	we	make	a	quantitative	check	?		
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§  This	2d/4d	quiver	describes	a	4d	SU(2)	theory	coupled	with	a	2d	
U(1)	theory	inside.	

§  Thus,	it	should	describe	the	defect	corresponding	to		
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§  Consider	the	twisted	superpotential	

§  The	2d	vacuum	is	determined	by	
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§  Consider	the	twisted	superpotential	

§  The	2d	vacuum	is	determined	by	

	
	

	

§  This	equation	can	be	solved	using	the	Seiberg-Witten	curve	of	
the	4d	SU(2)	theory		
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§  This	equation	can	be	solved	using	the	Seiberg-Witten	curve	of	
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§  From	the	Seiberg-Witten	relation																																				,	one	gets		

	

§  With	simple	manipulations,	the	vacuum	equation	becomes	

					which	is	solved	by		
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§  Evaluating	W	on	the	vacuum	solution	σ*	,	we	find	

§  Notice	that	

					and	thus	
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§  Evaluating	W	on	the	vacuum	solution	σ*	,	we	find	

§  Notice	that	
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§  Furthermore,	we	see	that		
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§  Evaluating	W	on	the	vacuum	solution	σ*	,	we	find	

§  Notice	that	
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ramified	instanton		
counting	parameters	qi	

Recap	

monodromy	defects	 coupled	2d-4d	systems		
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§  The	quiver	which	describes	the	general	defect	in	the	SU(N)	theory	
is	

§  This	quiver	corresponds	to	the	monodromy	defect	with				
	
	
	
	
	
	

	
	

General	case	
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<latexit sha1_base64="/Wwds9QBuij2HETuDb65isFn7wI=">AAACCHicdVDLSgNBEJyN7/iKj5uXwSB4CjMiGg8BwYtHBaNCEpfZsY2js7PLTK8Ql/yAX+FVT97Eq3/hwX9xNkZQ0ToVVd10dUWpVg4ZewtKI6Nj4xOTU+Xpmdm5+crC4rFLMiuhKROd2NNIONDKQBMVajhNLYg40nASXe8V/skNWKcSc4S9FDqx6Bp1oaRAL4WVZRuqBm27LA7zqwbvnykTXoWVKqsxxjjntCB8e4t5srNT3+B1ygvLo0qGOAgr7+3zRGYxGJRaONfiLMVOLiwqqaFfbmcOUiGvRRdanhoRg+vkg/R9upY5gQlNwVKl6UCE7xu5iJ3rxZGfjAVeut9eIf7ltTK8qHdyZdIMwcjiECoNg0NOWuVrAXquLCCKIjlQZagUViCCVVRI6cXM91T2fXw9Tf8nxxs1zmr8cLO6Wx82M0lWyCpZJ5xsk12yTw5Ik0hyS+7JA3kM7oKn4Dl4+RwtBcOdJfIDwesHNhuZmQ==</latexit><latexit sha1_base64="/Wwds9QBuij2HETuDb65isFn7wI=">AAACCHicdVDLSgNBEJyN7/iKj5uXwSB4CjMiGg8BwYtHBaNCEpfZsY2js7PLTK8Ql/yAX+FVT97Eq3/hwX9xNkZQ0ToVVd10dUWpVg4ZewtKI6Nj4xOTU+Xpmdm5+crC4rFLMiuhKROd2NNIONDKQBMVajhNLYg40nASXe8V/skNWKcSc4S9FDqx6Bp1oaRAL4WVZRuqBm27LA7zqwbvnykTXoWVKqsxxjjntCB8e4t5srNT3+B1ygvLo0qGOAgr7+3zRGYxGJRaONfiLMVOLiwqqaFfbmcOUiGvRRdanhoRg+vkg/R9upY5gQlNwVKl6UCE7xu5iJ3rxZGfjAVeut9eIf7ltTK8qHdyZdIMwcjiECoNg0NOWuVrAXquLCCKIjlQZagUViCCVVRI6cXM91T2fXw9Tf8nxxs1zmr8cLO6Wx82M0lWyCpZJ5xsk12yTw5Ik0hyS+7JA3kM7oKn4Dl4+RwtBcOdJfIDwesHNhuZmQ==</latexit><latexit sha1_base64="/Wwds9QBuij2HETuDb65isFn7wI=">AAACCHicdVDLSgNBEJyN7/iKj5uXwSB4CjMiGg8BwYtHBaNCEpfZsY2js7PLTK8Ql/yAX+FVT97Eq3/hwX9xNkZQ0ToVVd10dUWpVg4ZewtKI6Nj4xOTU+Xpmdm5+crC4rFLMiuhKROd2NNIONDKQBMVajhNLYg40nASXe8V/skNWKcSc4S9FDqx6Bp1oaRAL4WVZRuqBm27LA7zqwbvnykTXoWVKqsxxjjntCB8e4t5srNT3+B1ygvLo0qGOAgr7+3zRGYxGJRaONfiLMVOLiwqqaFfbmcOUiGvRRdanhoRg+vkg/R9upY5gQlNwVKl6UCE7xu5iJ3rxZGfjAVeut9eIf7ltTK8qHdyZdIMwcjiECoNg0NOWuVrAXquLCCKIjlQZagUViCCVVRI6cXM91T2fXw9Tf8nxxs1zmr8cLO6Wx82M0lWyCpZJ5xsk12yTw5Ik0hyS+7JA3kM7oKn4Dl4+RwtBcOdJfIDwesHNhuZmQ==</latexit><latexit sha1_base64="/Wwds9QBuij2HETuDb65isFn7wI=">AAACCHicdVDLSgNBEJyN7/iKj5uXwSB4CjMiGg8BwYtHBaNCEpfZsY2js7PLTK8Ql/yAX+FVT97Eq3/hwX9xNkZQ0ToVVd10dUWpVg4ZewtKI6Nj4xOTU+Xpmdm5+crC4rFLMiuhKROd2NNIONDKQBMVajhNLYg40nASXe8V/skNWKcSc4S9FDqx6Bp1oaRAL4WVZRuqBm27LA7zqwbvnykTXoWVKqsxxjjntCB8e4t5srNT3+B1ygvLo0qGOAgr7+3zRGYxGJRaONfiLMVOLiwqqaFfbmcOUiGvRRdanhoRg+vkg/R9upY5gQlNwVKl6UCE7xu5iJ3rxZGfjAVeut9eIf7ltTK8qHdyZdIMwcjiECoNg0NOWuVrAXquLCCKIjlQZagUViCCVVRI6cXM91T2fXw9Tf8nxxs1zmr8cLO6Wx82M0lWyCpZJ5xsk12yTw5Ik0hyS+7JA3kM7oKn4Dl4+RwtBcOdJfIDwesHNhuZmQ==</latexit>
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§  The	quiver	which	describes	the	general	defect	in	the	SU(N)	theory	
is	

§  Given	the	structure	of	the	quiver,	the	twisted	superpotential	is					
	
	
	
	
	
	

	
	

General	case	

bi-fundamental	2d	chiral	matter	

2d	U(ri)	gauge	theories	 4d	SU(N)	flavor	theory		
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§  The	non-perturbative	contributions	to	W	are	computed	from	the	
vacuum	equations	

					and	exactly	match	those	obtained	from	the	localization	approach!	

	
	
	
	
	
	

	
	

General	case	

exp
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§  The	non-perturbative	contributions	to	W	are	computed	from	the	
vacuum	equations	

					and	exactly	match	those	obtained	from	the	localization	approach!	

Technical	but	important	point	
§  The	ramified	instanton	partition	function	is	given	in	terms	of	an	

multiple	integral;	for	example	at	1-instanton	we	have	

§  Thus	we	have	to	specify	the	contour	of	integration,	or	equivalently	
specify	which	poles	contribute	to	the	integral	

			
	
	
	
	
	
	

	
	

General	case	
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§  The	precise	match	is	obtained	by	giving	a	positive	imaginary	part	
to	the	ε	parameters	and	selecting	the	contribution	from	the	
following	poles:	

	

			
	
	
	
	
	
	

	
	

Integration	contour	
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(Gorsky+LeFloch+...	‘17	
	Ashok+Billo+...	‘17,’	18)	



§  The	precise	match	is	obtained	by	giving	a	positive	imaginary	part	
to	the	ε	parameters	and	selecting	the	contribution	from	the	
following	poles:	

	

			
	
	
	
	
	
	

	
	

Integration	contour	
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<latexit sha1_base64="RyK1HxSfHWbHz8wwSvMKLxV9sHQ=">AAACGHicbVC7SgNREJ2NrxhfUUubi1EQlLCbRkvBxlLBaCAJYfZmopfcfXDvrCBLfsBP8CusBK3sxNbOwn9xN5Ggiac6nDPDzDl+rJVl1/10CjOzc/MLxcXS0vLK6lp5fePSRomRVJeRjkzDR0tahVRnxZoasSEMfE1Xfv8k969uyVgVhRd8F1M7wOtQ9ZREzqROeQc7tf1Wz6BMWxRbpTPR2x/T2iCtDUqdcsWtukOIMfEmSeW40nh6BYCzTvmr1Y1kElDIUqO1Tc+NuZ2iYSU1DUqtxFKMso/X1MxoiAHZdjpMMxC7iUWORExGKC2GIv3eSDGw9i7ws8kA+cZOern4n9dMuHfUTlUYJ0yhzA+x0jQ8ZKVRWU0kusoQM+afk1ChkGiQmYwSKGUmJllveR9T6afJZa3quVXvPCvmAEYowhZswx54cAjHcApnUAcJ9/AIz/DiPDivzpvzPhotOD87m/AHzsc35RSh6Q==</latexit><latexit sha1_base64="h0/4x08agcUFsboT327X7bGH5XA=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBQEJezuRS9CwIvHCMYEkrD0jh0dnH0w0yuEZX/AT/ArPAX05E285uZB8FPcjSJqrFNR1U13lR8raci2X62p6ZnZufnSQnlxaXlltbK2fm6iRAtsikhFuu2DQSVDbJIkhe1YIwS+wpZ/fVz4rRvURkbhGQ1i7AVwGcq+FEC55FW2wXP3un0NIu1ibKTKRWfvm7pZ6mZlr1K1a/YY/Js4f0m1Xm0Ph++jo4ZXeeteRCIJMCShwJiOY8fUS0GTFAqzcjcxGIO4hkvs5DSEAE0vHafJ+E5igCIeo+ZS8bGIPzdSCIwZBH4+GQBdmb9eIf7ndRLqH/ZSGcYJYSiKQyQVjg8ZoWVeE/ILqZEIis+Ry5AL0ECEWnIQIheTvLeij4n0k+TcrTl2zTnNi9lnnyixTbbFdpnDDlidnbAGazLBbtk9e2CP1p31ZD1bL5+jU9bXzgb7BWv0AYKVo84=</latexit><latexit sha1_base64="h0/4x08agcUFsboT327X7bGH5XA=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBQEJezuRS9CwIvHCMYEkrD0jh0dnH0w0yuEZX/AT/ArPAX05E285uZB8FPcjSJqrFNR1U13lR8raci2X62p6ZnZufnSQnlxaXlltbK2fm6iRAtsikhFuu2DQSVDbJIkhe1YIwS+wpZ/fVz4rRvURkbhGQ1i7AVwGcq+FEC55FW2wXP3un0NIu1ibKTKRWfvm7pZ6mZlr1K1a/YY/Js4f0m1Xm0Ph++jo4ZXeeteRCIJMCShwJiOY8fUS0GTFAqzcjcxGIO4hkvs5DSEAE0vHafJ+E5igCIeo+ZS8bGIPzdSCIwZBH4+GQBdmb9eIf7ndRLqH/ZSGcYJYSiKQyQVjg8ZoWVeE/ILqZEIis+Ry5AL0ECEWnIQIheTvLeij4n0k+TcrTl2zTnNi9lnnyixTbbFdpnDDlidnbAGazLBbtk9e2CP1p31ZD1bL5+jU9bXzgb7BWv0AYKVo84=</latexit><latexit sha1_base64="ALmBUxL0NHa6tvajl09qKhogqIc=">AAACGHicbVDLSgNBEJyNrxhfUY9eBqMgRMLuXvQY8OIxgnlAEkLvpBOHzD6Y6RXCkh/wE/wKr3ryJl69efBf3I0haGKdiqpuuqu8SElDtv1p5VZW19Y38puFre2d3b3i/kHDhLEWWBehCnXLA4NKBlgnSQpbkUbwPYVNb3SV+c171EaGwS2NI+z6MAzkQAqgVOoVT6DnljsDDSLpYGSkSkWnPKfuJHEnhV6xZFfsKficOIukxGao9YpfnX4oYh8DEgqMaTt2RN0ENEmhcFLoxAYjECMYYjulAfhousk0zYSfxgYo5BFqLhWfivh7IwHfmLHvpZM+0J1Z9DLxP68d0+Cym8ggigkDkR0iqXB6yAgt05qQ96VGIsg+Ry4DLkADEWrJQYhUjNPesj6W0i+Thltx7IpzY5eq57Nm8uyIHbMz5rALVmXXrMbqTLAH9sSe2Yv1aL1ab9b7z2jOmu0csj+wPr4B2CWfuA==</latexit>
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§  The	precise	match	is	obtained	by	giving	a	positive	imaginary	part	
to	the	ε	parameters	and	selecting	the	contribution	from	the	
following	poles:	

	

			
	
	
	
	
	
	

	
	

Integration	contour	
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<latexit sha1_base64="RyK1HxSfHWbHz8wwSvMKLxV9sHQ=">AAACGHicbVC7SgNREJ2NrxhfUUubi1EQlLCbRkvBxlLBaCAJYfZmopfcfXDvrCBLfsBP8CusBK3sxNbOwn9xN5Ggiac6nDPDzDl+rJVl1/10CjOzc/MLxcXS0vLK6lp5fePSRomRVJeRjkzDR0tahVRnxZoasSEMfE1Xfv8k969uyVgVhRd8F1M7wOtQ9ZREzqROeQc7tf1Wz6BMWxRbpTPR2x/T2iCtDUqdcsWtukOIMfEmSeW40nh6BYCzTvmr1Y1kElDIUqO1Tc+NuZ2iYSU1DUqtxFKMso/X1MxoiAHZdjpMMxC7iUWORExGKC2GIv3eSDGw9i7ws8kA+cZOern4n9dMuHfUTlUYJ0yhzA+x0jQ8ZKVRWU0kusoQM+afk1ChkGiQmYwSKGUmJllveR9T6afJZa3quVXvPCvmAEYowhZswx54cAjHcApnUAcJ9/AIz/DiPDivzpvzPhotOD87m/AHzsc35RSh6Q==</latexit><latexit sha1_base64="h0/4x08agcUFsboT327X7bGH5XA=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBQEJezuRS9CwIvHCMYEkrD0jh0dnH0w0yuEZX/AT/ArPAX05E285uZB8FPcjSJqrFNR1U13lR8raci2X62p6ZnZufnSQnlxaXlltbK2fm6iRAtsikhFuu2DQSVDbJIkhe1YIwS+wpZ/fVz4rRvURkbhGQ1i7AVwGcq+FEC55FW2wXP3un0NIu1ibKTKRWfvm7pZ6mZlr1K1a/YY/Js4f0m1Xm0Ph++jo4ZXeeteRCIJMCShwJiOY8fUS0GTFAqzcjcxGIO4hkvs5DSEAE0vHafJ+E5igCIeo+ZS8bGIPzdSCIwZBH4+GQBdmb9eIf7ndRLqH/ZSGcYJYSiKQyQVjg8ZoWVeE/ILqZEIis+Ry5AL0ECEWnIQIheTvLeij4n0k+TcrTl2zTnNi9lnnyixTbbFdpnDDlidnbAGazLBbtk9e2CP1p31ZD1bL5+jU9bXzgb7BWv0AYKVo84=</latexit><latexit sha1_base64="h0/4x08agcUFsboT327X7bGH5XA=">AAACGHicbVDLSgNBEJz1GeMr6tHLYBQEJezuRS9CwIvHCMYEkrD0jh0dnH0w0yuEZX/AT/ArPAX05E285uZB8FPcjSJqrFNR1U13lR8raci2X62p6ZnZufnSQnlxaXlltbK2fm6iRAtsikhFuu2DQSVDbJIkhe1YIwS+wpZ/fVz4rRvURkbhGQ1i7AVwGcq+FEC55FW2wXP3un0NIu1ibKTKRWfvm7pZ6mZlr1K1a/YY/Js4f0m1Xm0Ph++jo4ZXeeteRCIJMCShwJiOY8fUS0GTFAqzcjcxGIO4hkvs5DSEAE0vHafJ+E5igCIeo+ZS8bGIPzdSCIwZBH4+GQBdmb9eIf7ndRLqH/ZSGcYJYSiKQyQVjg8ZoWVeE/ILqZEIis+Ry5AL0ECEWnIQIheTvLeij4n0k+TcrTl2zTnNi9lnnyixTbbFdpnDDlidnbAGazLBbtk9e2CP1p31ZD1bL5+jU9bXzgb7BWv0AYKVo84=</latexit><latexit sha1_base64="ALmBUxL0NHa6tvajl09qKhogqIc=">AAACGHicbVDLSgNBEJyNrxhfUY9eBqMgRMLuXvQY8OIxgnlAEkLvpBOHzD6Y6RXCkh/wE/wKr3ryJl69efBf3I0haGKdiqpuuqu8SElDtv1p5VZW19Y38puFre2d3b3i/kHDhLEWWBehCnXLA4NKBlgnSQpbkUbwPYVNb3SV+c171EaGwS2NI+z6MAzkQAqgVOoVT6DnljsDDSLpYGSkSkWnPKfuJHEnhV6xZFfsKficOIukxGao9YpfnX4oYh8DEgqMaTt2RN0ENEmhcFLoxAYjECMYYjulAfhousk0zYSfxgYo5BFqLhWfivh7IwHfmLHvpZM+0J1Z9DLxP68d0+Cym8ggigkDkR0iqXB6yAgt05qQ96VGIsg+Ry4DLkADEWrJQYhUjNPesj6W0i+Thltx7IpzY5eq57Nm8uyIHbMz5rALVmXXrMbqTLAH9sSe2Yv1aL1ab9b7z2jOmu0csj+wPr4B2CWfuA==</latexit>

a1 +
✏1 + ✏2

2
<latexit sha1_base64="2HQQ26L64AzteInhGto7mlLFTwg=">AAACGHicbZC7SgNREIZnvcZ4i1raHIyCoITdNFoKNpYRjAaSEGaPEz149sI5s0JY8gI+gk9hJWhlJ7Z2Fr6LZ+MFb1P9fP8MM/OHqVaWff/FGxufmJyaLs2UZ+fmFxYrS8vHNsmMpKZMdGJaIVrSKqYmK9bUSg1hFGo6CS/2C//kkoxVSXzEg5S6EZ7Fqq8kskO9yjr2gq1O36DMO5RapR104FPWh3l9WO5Vqn7NH5X4EsFvUd2rtm4fAKDRq7x2ThOZRRSz1GhtO/BT7uZoWElNw3Ins5SivMAzajsZY0S2m4++GYqNzCInIiUjlBYjSN8ncoysHUSh64yQz+1vr4D/ee2M+7vdXMVpxhTLYhErTaNFVhrlYiJxqgwxY3E5CRULiQaZySiBUjqYudyKPP58/1cc12uBXwsOXTDb8F4lWIU12IQAdmAPDqABTZBwBTdwB/fetffgPXpP761j3sfMCvwo7/kN42Sh6A==</latexit><latexit sha1_base64="sUpXqnc36sdLzK6kQKF0unnCyzE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFqMgKOEujTZCwMZSwZhAEsLcZhIX9z7YnRPCkT/gT/BXWAW0shNbOwvBn+JeoqKJU7087wwz8/qxkoZc982Zmp6ZnZtfWMwtLa+sruXXNy5NlGiBFRGpSNd8MKhkiBWSpLAWa4TAV1j1r08yv3qD2sgovKBejM0AuqHsSAFkUSu/Ay1vv9HRINIGxkYqCy34lqV+WurnWvmCW3SHxX+ENy4K5UJtMPh4PT5r5d8b7UgkAYYkFBhT99yYmilokkJhP9dIDMYgrqGLdStDCNA00+E3fb6bGKCIx6i5VHwI8fdECoExvcC3nQHQlRn3MvifV0+oc9RMZRgnhKHIFpFUOFxkhJY2JuRtqZEIssuRy5AL0ECEWnIQwsLE5pblMfH9pLgsFT236J3bYA7YqBbYFttme8xjh6zMTtkZqzDBbtk9e2CPzp3z5Dw7L6PWKedrZpP9Kef1E4Dlo80=</latexit><latexit sha1_base64="sUpXqnc36sdLzK6kQKF0unnCyzE=">AAACGHicbZA9SwNBEIb3/DZ+RS1tFqMgKOEujTZCwMZSwZhAEsLcZhIX9z7YnRPCkT/gT/BXWAW0shNbOwvBn+JeoqKJU7087wwz8/qxkoZc982Zmp6ZnZtfWMwtLa+sruXXNy5NlGiBFRGpSNd8MKhkiBWSpLAWa4TAV1j1r08yv3qD2sgovKBejM0AuqHsSAFkUSu/Ay1vv9HRINIGxkYqCy34lqV+WurnWvmCW3SHxX+ENy4K5UJtMPh4PT5r5d8b7UgkAYYkFBhT99yYmilokkJhP9dIDMYgrqGLdStDCNA00+E3fb6bGKCIx6i5VHwI8fdECoExvcC3nQHQlRn3MvifV0+oc9RMZRgnhKHIFpFUOFxkhJY2JuRtqZEIssuRy5AL0ECEWnIQwsLE5pblMfH9pLgsFT236J3bYA7YqBbYFttme8xjh6zMTtkZqzDBbtk9e2CPzp3z5Dw7L6PWKedrZpP9Kef1E4Dlo80=</latexit><latexit sha1_base64="icj7u9fbw19d/r2OmbpnNSgOb8o=">AAACGHicbZC7SgNREIbPeo3xFrW0ORgFQQm7abQM2FhGMBdIwjJ7MomHnL1wzqwQln0BH8GnsNXKTmztLHwXd2MUTZzq5/tnmJnfi5Q0ZNvv1sLi0vLKamGtuL6xubVd2tltmjDWAhsiVKFue2BQyQAbJElhO9IIvqew5Y0ucr91i9rIMLimcYQ9H4aBHEgBlCG3dAiuc9IdaBBJFyMjVQYz8C2raVJNi26pbFfsSfEf4cyKMptW3S19dPuhiH0MSCgwpuPYEfUS0CSFwrTYjQ1GIEYwxE4mA/DR9JLJNyk/ig1QyCPUXCo+gfh7IgHfmLHvZZ0+0I2Z9XL4n9eJaXDeS2QQxYSByBeRVDhZZISWWUzI+1IjEeSXI5cBF6CBCLXkIEQG4yy3PI+57+dFs1px7IpzZZdrp9NkCmyfHbBj5rAzVmOXrM4aTLA79sAe2ZN1bz1bL9brV+uCNZ3ZY3/KevsE1nWftw==</latexit>

�i = as +
✏1 + ✏2

2
s = 1 · · · , ni , i = 1, · · · ,M � 1

<latexit sha1_base64="VeXNZnwVdmU5jo3rX96PRioTp2E="></latexit><latexit sha1_base64="i383s0gaJKnFu4opxJ44PejuYtc="></latexit><latexit sha1_base64="i383s0gaJKnFu4opxJ44PejuYtc="></latexit><latexit sha1_base64="f3jw4uXJxQhVXlKxuuqzff8b/q4="></latexit>

�M = at �
✏1 + ✏2

2
t = 1 · · · , n1

<latexit sha1_base64="+YEKtppyJ5eVeXiVUk6kGAFXcmk="></latexit><latexit sha1_base64="8IldkKxvrsDs5E8dtlRQcYpssBQ="></latexit><latexit sha1_base64="8IldkKxvrsDs5E8dtlRQcYpssBQ="></latexit><latexit sha1_base64="elLhYm8j891hKh4mnv20AZmsHek="></latexit>

�M
<latexit sha1_base64="ltCu43xoxGuKoZaKD5xoAzGMrSM="></latexit><latexit sha1_base64="6n9+sfz93VTxD+q/GWaa9ehvvLc="></latexit><latexit sha1_base64="6n9+sfz93VTxD+q/GWaa9ehvvLc="></latexit><latexit sha1_base64="Rz/A/Tgccs2WknzbqXoF2jJ0vS8="></latexit>

(Gorsky+LeFloch+...	‘17	
	Ashok+Billo+...	‘17,’	18)	



	
	
	
	
	
	
	

	
	

�1
<latexit sha1_base64="cALrYkZa9upuI9jmi+zLvVYX8B0="></latexit><latexit sha1_base64="kSdwkv5ovZeZ5wjtpk9lzOQkv2o="></latexit><latexit sha1_base64="kSdwkv5ovZeZ5wjtpk9lzOQkv2o="></latexit><latexit sha1_base64="wFpitWuLPVlpJZo+QUv4WDftRCA="></latexit>

�2
<latexit sha1_base64="hN03Po8IxVprQbXvJrjZgYRgvlo="></latexit><latexit sha1_base64="Wg+q/VIj1eEQq8dQHNJj7sGLp78="></latexit><latexit sha1_base64="Wg+q/VIj1eEQq8dQHNJj7sGLp78="></latexit><latexit sha1_base64="69KcDIAvQE+87d3xyJL3vr++XSc="></latexit>

�M�1
<latexit sha1_base64="T2mXk8fCQkikpHqqyjZ9vrMXBvI="></latexit><latexit sha1_base64="TaN1B95m9JQDRdrAVQSaFgTAuKA="></latexit><latexit sha1_base64="TaN1B95m9JQDRdrAVQSaFgTAuKA="></latexit><latexit sha1_base64="4h2eVbxi3FNAjbwCxRFLAnL/gRE="></latexit>

upper	 upper	 upper	

Integration	contour	

�M
<latexit sha1_base64="y4wlJvwJdG/FD02KAqHPYWcaM7s="></latexit><latexit sha1_base64="TPzAMCxGJIKeSTCK++Bx1luN2gQ="></latexit><latexit sha1_base64="TPzAMCxGJIKeSTCK++Bx1luN2gQ="></latexit><latexit sha1_base64="zIAuvKbNuu9Qi0lqNgJ1UGc/vak="></latexit>

lower	



	
§  This	integration	prescription	can	be	elegantly	specified	with	a	

Jeffrey-Kirwan	vector	η	given	by	

	

			
	
	
	
	
	
	

	
	

�M
<latexit sha1_base64="y4wlJvwJdG/FD02KAqHPYWcaM7s="></latexit><latexit sha1_base64="TPzAMCxGJIKeSTCK++Bx1luN2gQ="></latexit><latexit sha1_base64="TPzAMCxGJIKeSTCK++Bx1luN2gQ="></latexit><latexit sha1_base64="zIAuvKbNuu9Qi0lqNgJ1UGc/vak="></latexit>

�1
<latexit sha1_base64="cALrYkZa9upuI9jmi+zLvVYX8B0="></latexit><latexit sha1_base64="kSdwkv5ovZeZ5wjtpk9lzOQkv2o="></latexit><latexit sha1_base64="kSdwkv5ovZeZ5wjtpk9lzOQkv2o="></latexit><latexit sha1_base64="wFpitWuLPVlpJZo+QUv4WDftRCA="></latexit>

�2
<latexit sha1_base64="hN03Po8IxVprQbXvJrjZgYRgvlo="></latexit><latexit sha1_base64="Wg+q/VIj1eEQq8dQHNJj7sGLp78="></latexit><latexit sha1_base64="Wg+q/VIj1eEQq8dQHNJj7sGLp78="></latexit><latexit sha1_base64="69KcDIAvQE+87d3xyJL3vr++XSc="></latexit>

�M�1
<latexit sha1_base64="T2mXk8fCQkikpHqqyjZ9vrMXBvI="></latexit><latexit sha1_base64="TaN1B95m9JQDRdrAVQSaFgTAuKA="></latexit><latexit sha1_base64="TaN1B95m9JQDRdrAVQSaFgTAuKA="></latexit><latexit sha1_base64="4h2eVbxi3FNAjbwCxRFLAnL/gRE="></latexit>

upper	 upper	 upper	 lower	

Integration	contour	

+ ⇠M �M
<latexit sha1_base64="AMHbNcXbxP6UU8d/5eh1sddantI=">AAACBHicdVA9SwNBEJ3zM8av05Q2iyIISriLIYldwMZGiGBUSELYW8dkce+D3bmgBDvxV9hqZSe2/g8LwZ/iXlRQ0dfM470ZZuYFiZKGPO/FGRufmJyazs3kZ+fmFxbdpeUjE6daYFPEKtYnATeoZIRNkqTwJNHIw0DhcXC+m/nHA9RGxtEhXSbYCXkvkmdScLJS13U321vtC9ndt0X0be26a15xp1YplSvMK3pe1S/5GSlVy9tl5lslw1q9sH79BgCNrvvaPo1FGmJEQnFjWr6XUGfINUmh8CrfTg0mXJzzHrYsjXiIpjMcXX7F1lPDKWYJaiYVG4n4fWLIQ2Muw8B2hpz65reXiX95rZTOap2hjJKUMBLZIpIKR4uM0NJGguxUaiTi2eXIZMQE15wItWRcCCumNqO8zePrafY/OSoVfa/oH9hgavCBHKzAKmyAD1Wowx40oAkCBnALd3Dv3DgPzqPz9NE65nzOFOAHnOd37AWZQA==</latexit><latexit sha1_base64="T7bqCfhv44L+mdAUtQDUhIozlnA="></latexit><latexit sha1_base64="T7bqCfhv44L+mdAUtQDUhIozlnA="></latexit><latexit sha1_base64="2djKpFdseosXcU4in50U38l89ZM=">AAACBHicdVA9SwNBEN2L3/Hr1NJmMQiCcuzFYGIn2NgICsYEkhD2NhNdsvfB7pwYjrT+Clut7MTW/2Hhf3EvRlDR18zjvRlm5gWJkgYZe3MKU9Mzs3PzC8XFpeWVVXdt/dLEqRZQF7GKdTPgBpSMoI4SFTQTDTwMFDSCwXHuN25AGxlHFzhMoBPyq0j2peBopa7r7rb32reye2qLuLa165aYd1g7KFcOKPMYq/plPyflamW/Qn2r5CiRCc667nu7F4s0hAiF4sa0fJZgJ+MapVAwKrZTAwkXA34FLUsjHoLpZOPLR3Q7NRxjmoCmUtGxCN8nMh4aMwwD2xlyvDa/vVz8y2ul2K91MhklKUIk8kUoFYwXGaGljQRoT2pA5PnlQGVEBdccEbSkXAgrpjajos3j62n6P7ksez7z/HNWOqpNkpknm2SL7BCfVMkROSFnpE4EuSH35IE8OnfOk/PsvHy2FpzJzAb5Aef1A1XMl2Q=</latexit>

⌘ = � �1 � �2 · · ·� �M�1
<latexit sha1_base64="DcM0/vhQqbCw2axeu3avVnL6W8k="></latexit><latexit sha1_base64="hC1Ml6lUpkonHrhC1sUEsoQEnJU="></latexit><latexit sha1_base64="hC1Ml6lUpkonHrhC1sUEsoQEnJU="></latexit><latexit sha1_base64="RYI0S6dqyLdgOMpZjcMBRdfjbtY="></latexit>

(⇠M � 1)
<latexit sha1_base64="MS+lkV26Nsh9hQzgDENgJmF9zdk=">AAACAHicdVDLSgNBEOz1GeMrPm5eBkWIl7AbF6M3wYsXIYLRQBLj7NiJQ2YfzPSKIXjxK7zqyZt49U88+C/OJgoqWqeiqpuuriBR0pDrvjlj4xOTU9O5mfzs3PzCYmFp+dTEqRZYE7GKdT3gBpWMsEaSFNYTjTwMFJ4FvYPMP7tGbWQcnVA/wVbIu5HsSMHJSudF1ryR7aNmt8s8ttUubLilvd2dsr/D3JLrVryyl5Fyxd/2mWeVDBv7q53OBQBU24X35mUs0hAjEoob0/DchFoDrkkKhbf5Zmow4aLHu9iwNOIhmtZgmPqWbaaGU8wS1EwqNhTx+8aAh8b0w8BOhpyuzG8vE//yGil1dlsDGSUpYSSyQyQVDg8ZoaWtA9ml1EjEs+TIZMQE15wItWRcCCumtp+87ePrafY/OS2XPLfkHdtifBghB2uwDkXwoAL7cAhVqIEADffwAI/OnfPkPDsvo9Ex53NnBX7Aef0AZ6eXMA==</latexit><latexit sha1_base64="BV4EnqU2YY/AVCcbSMAnxwTZzeM=">AAACAHicdVC7TgJBFJ3FF+ILH53NRGKCDdnFDWBHYmNjgok8EkAyO1xwwuwjM3eNhND4FbZa2Rlb/8TCf3EWNFGjpzo5597cc48XSaHRtt+s1MLi0vJKejWztr6xuZXd3mnoMFYc6jyUoWp5TIMUAdRRoIRWpID5noSmNzpN/OYNKC3C4BLHEXR9NgzEQHCGRrrK086t6J13hkPq0KNeNmcXTiqloluidsG2y07RSUix7B671DFKglx1bzBDrZd97/RDHvsQIJdM67ZjR9idMIWCS5hmOrGGiPERG0Lb0ID5oLuTWeopPYw1w5BGoKiQdCbC940J87Ue+56Z9Ble699eIv7ltWMcVLoTEUQxQsCTQygkzA5proSpA2hfKEBkSXKgIqCcKYYISlDGuRFj00/G9PH1NP2fNIoFxy44F6YYl8yRJvvkgOSJQ8qkSs5IjdQJJ4rckwfyaN1ZT9az9TIfTVmfO7vkB6zXDxYJmGg=</latexit><latexit sha1_base64="BV4EnqU2YY/AVCcbSMAnxwTZzeM=">AAACAHicdVC7TgJBFJ3FF+ILH53NRGKCDdnFDWBHYmNjgok8EkAyO1xwwuwjM3eNhND4FbZa2Rlb/8TCf3EWNFGjpzo5597cc48XSaHRtt+s1MLi0vJKejWztr6xuZXd3mnoMFYc6jyUoWp5TIMUAdRRoIRWpID5noSmNzpN/OYNKC3C4BLHEXR9NgzEQHCGRrrK086t6J13hkPq0KNeNmcXTiqloluidsG2y07RSUix7B671DFKglx1bzBDrZd97/RDHvsQIJdM67ZjR9idMIWCS5hmOrGGiPERG0Lb0ID5oLuTWeopPYw1w5BGoKiQdCbC940J87Ue+56Z9Ble699eIv7ltWMcVLoTEUQxQsCTQygkzA5proSpA2hfKEBkSXKgIqCcKYYISlDGuRFj00/G9PH1NP2fNIoFxy44F6YYl8yRJvvkgOSJQ8qkSs5IjdQJJ4rckwfyaN1ZT9az9TIfTVmfO7vkB6zXDxYJmGg=</latexit><latexit sha1_base64="rDVh0AxKwHpTKqhq8ZbiVRVa13E=">AAACAHicdVC7SgNBFJ2NrxhfUUubwSDEJszGkMQuYGMjRDAPyK5hdnITB2cfzNwVQ0jjV9hqZSe2/omF/+JujKCipzqccy/33ONFShpk7M3KLCwuLa9kV3Nr6xubW/ntnbYJYy2gJUIV6q7HDSgZQAslKuhGGrjvKeh41yep37kBbWQYXOA4Atfno0AOpeCYSJdF6tzK/pkzGlGbHvbzBVY6rlfLlSplJcZqdtlOSblWOapQO1FSFMgczX7+3RmEIvYhQKG4MT2bRehOuEYpFExzTmwg4uKaj6CX0ID7YNzJLPWUHsSGY0gj0FQqOhPh+8aE+8aMfS+Z9Dlemd9eKv7l9WIc1t2JDKIYIRDpIZQKZoeM0DKpA+hAakDkaXKgMqCCa44IWlIuRCLGST+5pI+vp+n/pF0u2axkn7NCozJvJkv2yD4pEpvUSIOckiZpEUE0uScP5NG6s56sZ+vlczRjzXd2yQ9Yrx9Qm5Ww</latexit>



	
§  This	integration	prescription	can	be	elegantly	specified	with	a	

Jeffrey-Kirwan	vector	η	given	by	

	

			
	
	
	
	
	
	

	
	

�M
<latexit sha1_base64="y4wlJvwJdG/FD02KAqHPYWcaM7s="></latexit><latexit sha1_base64="TPzAMCxGJIKeSTCK++Bx1luN2gQ="></latexit><latexit sha1_base64="TPzAMCxGJIKeSTCK++Bx1luN2gQ="></latexit><latexit sha1_base64="zIAuvKbNuu9Qi0lqNgJ1UGc/vak="></latexit>

�1
<latexit sha1_base64="cALrYkZa9upuI9jmi+zLvVYX8B0="></latexit><latexit sha1_base64="kSdwkv5ovZeZ5wjtpk9lzOQkv2o="></latexit><latexit sha1_base64="kSdwkv5ovZeZ5wjtpk9lzOQkv2o="></latexit><latexit sha1_base64="wFpitWuLPVlpJZo+QUv4WDftRCA="></latexit>

�2
<latexit sha1_base64="hN03Po8IxVprQbXvJrjZgYRgvlo="></latexit><latexit sha1_base64="Wg+q/VIj1eEQq8dQHNJj7sGLp78="></latexit><latexit sha1_base64="Wg+q/VIj1eEQq8dQHNJj7sGLp78="></latexit><latexit sha1_base64="69KcDIAvQE+87d3xyJL3vr++XSc="></latexit>

�M�1
<latexit sha1_base64="T2mXk8fCQkikpHqqyjZ9vrMXBvI="></latexit><latexit sha1_base64="TaN1B95m9JQDRdrAVQSaFgTAuKA="></latexit><latexit sha1_base64="TaN1B95m9JQDRdrAVQSaFgTAuKA="></latexit><latexit sha1_base64="4h2eVbxi3FNAjbwCxRFLAnL/gRE="></latexit>

upper	 upper	 upper	 lower	

Integration	contour	

+ ⇠M �M
<latexit sha1_base64="AMHbNcXbxP6UU8d/5eh1sddantI=">AAACBHicdVA9SwNBEJ3zM8av05Q2iyIISriLIYldwMZGiGBUSELYW8dkce+D3bmgBDvxV9hqZSe2/g8LwZ/iXlRQ0dfM470ZZuYFiZKGPO/FGRufmJyazs3kZ+fmFxbdpeUjE6daYFPEKtYnATeoZIRNkqTwJNHIw0DhcXC+m/nHA9RGxtEhXSbYCXkvkmdScLJS13U321vtC9ndt0X0be26a15xp1YplSvMK3pe1S/5GSlVy9tl5lslw1q9sH79BgCNrvvaPo1FGmJEQnFjWr6XUGfINUmh8CrfTg0mXJzzHrYsjXiIpjMcXX7F1lPDKWYJaiYVG4n4fWLIQ2Muw8B2hpz65reXiX95rZTOap2hjJKUMBLZIpIKR4uM0NJGguxUaiTi2eXIZMQE15wItWRcCCumNqO8zePrafY/OSoVfa/oH9hgavCBHKzAKmyAD1Wowx40oAkCBnALd3Dv3DgPzqPz9NE65nzOFOAHnOd37AWZQA==</latexit><latexit sha1_base64="T7bqCfhv44L+mdAUtQDUhIozlnA="></latexit><latexit sha1_base64="T7bqCfhv44L+mdAUtQDUhIozlnA="></latexit><latexit sha1_base64="2djKpFdseosXcU4in50U38l89ZM=">AAACBHicdVA9SwNBEN2L3/Hr1NJmMQiCcuzFYGIn2NgICsYEkhD2NhNdsvfB7pwYjrT+Clut7MTW/2Hhf3EvRlDR18zjvRlm5gWJkgYZe3MKU9Mzs3PzC8XFpeWVVXdt/dLEqRZQF7GKdTPgBpSMoI4SFTQTDTwMFDSCwXHuN25AGxlHFzhMoBPyq0j2peBopa7r7rb32reye2qLuLa165aYd1g7KFcOKPMYq/plPyflamW/Qn2r5CiRCc667nu7F4s0hAiF4sa0fJZgJ+MapVAwKrZTAwkXA34FLUsjHoLpZOPLR3Q7NRxjmoCmUtGxCN8nMh4aMwwD2xlyvDa/vVz8y2ul2K91MhklKUIk8kUoFYwXGaGljQRoT2pA5PnlQGVEBdccEbSkXAgrpjajos3j62n6P7ksez7z/HNWOqpNkpknm2SL7BCfVMkROSFnpE4EuSH35IE8OnfOk/PsvHy2FpzJzAb5Aef1A1XMl2Q=</latexit>

-	sign	of	the	beta-function	for	the	FI	couplings	of	the	U(ri)		

⌘ = � �1 � �2 · · ·� �M�1
<latexit sha1_base64="DcM0/vhQqbCw2axeu3avVnL6W8k="></latexit><latexit sha1_base64="hC1Ml6lUpkonHrhC1sUEsoQEnJU="></latexit><latexit sha1_base64="hC1Ml6lUpkonHrhC1sUEsoQEnJU="></latexit><latexit sha1_base64="RYI0S6dqyLdgOMpZjcMBRdfjbtY="></latexit>

(⇠M � 1)
<latexit sha1_base64="MS+lkV26Nsh9hQzgDENgJmF9zdk=">AAACAHicdVDLSgNBEOz1GeMrPm5eBkWIl7AbF6M3wYsXIYLRQBLj7NiJQ2YfzPSKIXjxK7zqyZt49U88+C/OJgoqWqeiqpuuriBR0pDrvjlj4xOTU9O5mfzs3PzCYmFp+dTEqRZYE7GKdT3gBpWMsEaSFNYTjTwMFJ4FvYPMP7tGbWQcnVA/wVbIu5HsSMHJSudF1ryR7aNmt8s8ttUubLilvd2dsr/D3JLrVryyl5Fyxd/2mWeVDBv7q53OBQBU24X35mUs0hAjEoob0/DchFoDrkkKhbf5Zmow4aLHu9iwNOIhmtZgmPqWbaaGU8wS1EwqNhTx+8aAh8b0w8BOhpyuzG8vE//yGil1dlsDGSUpYSSyQyQVDg8ZoaWtA9ml1EjEs+TIZMQE15wItWRcCCumtp+87ePrafY/OS2XPLfkHdtifBghB2uwDkXwoAL7cAhVqIEADffwAI/OnfPkPDsvo9Ex53NnBX7Aef0AZ6eXMA==</latexit><latexit sha1_base64="BV4EnqU2YY/AVCcbSMAnxwTZzeM=">AAACAHicdVC7TgJBFJ3FF+ILH53NRGKCDdnFDWBHYmNjgok8EkAyO1xwwuwjM3eNhND4FbZa2Rlb/8TCf3EWNFGjpzo5597cc48XSaHRtt+s1MLi0vJKejWztr6xuZXd3mnoMFYc6jyUoWp5TIMUAdRRoIRWpID5noSmNzpN/OYNKC3C4BLHEXR9NgzEQHCGRrrK086t6J13hkPq0KNeNmcXTiqloluidsG2y07RSUix7B671DFKglx1bzBDrZd97/RDHvsQIJdM67ZjR9idMIWCS5hmOrGGiPERG0Lb0ID5oLuTWeopPYw1w5BGoKiQdCbC940J87Ue+56Z9Ble699eIv7ltWMcVLoTEUQxQsCTQygkzA5proSpA2hfKEBkSXKgIqCcKYYISlDGuRFj00/G9PH1NP2fNIoFxy44F6YYl8yRJvvkgOSJQ8qkSs5IjdQJJ4rckwfyaN1ZT9az9TIfTVmfO7vkB6zXDxYJmGg=</latexit><latexit sha1_base64="BV4EnqU2YY/AVCcbSMAnxwTZzeM=">AAACAHicdVC7TgJBFJ3FF+ILH53NRGKCDdnFDWBHYmNjgok8EkAyO1xwwuwjM3eNhND4FbZa2Rlb/8TCf3EWNFGjpzo5597cc48XSaHRtt+s1MLi0vJKejWztr6xuZXd3mnoMFYc6jyUoWp5TIMUAdRRoIRWpID5noSmNzpN/OYNKC3C4BLHEXR9NgzEQHCGRrrK086t6J13hkPq0KNeNmcXTiqloluidsG2y07RSUix7B671DFKglx1bzBDrZd97/RDHvsQIJdM67ZjR9idMIWCS5hmOrGGiPERG0Lb0ID5oLuTWeopPYw1w5BGoKiQdCbC940J87Ue+56Z9Ble699eIv7ltWMcVLoTEUQxQsCTQygkzA5proSpA2hfKEBkSXKgIqCcKYYISlDGuRFj00/G9PH1NP2fNIoFxy44F6YYl8yRJvvkgOSJQ8qkSs5IjdQJJ4rckwfyaN1ZT9az9TIfTVmfO7vkB6zXDxYJmGg=</latexit><latexit sha1_base64="rDVh0AxKwHpTKqhq8ZbiVRVa13E=">AAACAHicdVC7SgNBFJ2NrxhfUUubwSDEJszGkMQuYGMjRDAPyK5hdnITB2cfzNwVQ0jjV9hqZSe2/omF/+JujKCipzqccy/33ONFShpk7M3KLCwuLa9kV3Nr6xubW/ntnbYJYy2gJUIV6q7HDSgZQAslKuhGGrjvKeh41yep37kBbWQYXOA4Atfno0AOpeCYSJdF6tzK/pkzGlGbHvbzBVY6rlfLlSplJcZqdtlOSblWOapQO1FSFMgczX7+3RmEIvYhQKG4MT2bRehOuEYpFExzTmwg4uKaj6CX0ID7YNzJLPWUHsSGY0gj0FQqOhPh+8aE+8aMfS+Z9Dlemd9eKv7l9WIc1t2JDKIYIRDpIZQKZoeM0DKpA+hAakDkaXKgMqCCa44IWlIuRCLGST+5pI+vp+n/pF0u2axkn7NCozJvJkv2yD4pEpvUSIOckiZpEUE0uScP5NG6s56sZ+vlczRjzXd2yQ9Yrx9Qm5Ww</latexit>



	
§  This	integration	prescription	can	be	elegantly	specified	with	a	

Jeffrey-Kirwan	vector	η	given	by	

	

			
	
	
	
	
	
	

	
	

�1
<latexit sha1_base64="cALrYkZa9upuI9jmi+zLvVYX8B0="></latexit><latexit sha1_base64="kSdwkv5ovZeZ5wjtpk9lzOQkv2o="></latexit><latexit sha1_base64="kSdwkv5ovZeZ5wjtpk9lzOQkv2o="></latexit><latexit sha1_base64="wFpitWuLPVlpJZo+QUv4WDftRCA="></latexit>

�2
<latexit sha1_base64="hN03Po8IxVprQbXvJrjZgYRgvlo="></latexit><latexit sha1_base64="Wg+q/VIj1eEQq8dQHNJj7sGLp78="></latexit><latexit sha1_base64="Wg+q/VIj1eEQq8dQHNJj7sGLp78="></latexit><latexit sha1_base64="69KcDIAvQE+87d3xyJL3vr++XSc="></latexit>

�M�1
<latexit sha1_base64="T2mXk8fCQkikpHqqyjZ9vrMXBvI="></latexit><latexit sha1_base64="TaN1B95m9JQDRdrAVQSaFgTAuKA="></latexit><latexit sha1_base64="TaN1B95m9JQDRdrAVQSaFgTAuKA="></latexit><latexit sha1_base64="4h2eVbxi3FNAjbwCxRFLAnL/gRE="></latexit>

upper	 upper	 upper	

Integration	contour	

+ ⇠M �M
<latexit sha1_base64="AMHbNcXbxP6UU8d/5eh1sddantI=">AAACBHicdVA9SwNBEJ3zM8av05Q2iyIISriLIYldwMZGiGBUSELYW8dkce+D3bmgBDvxV9hqZSe2/g8LwZ/iXlRQ0dfM470ZZuYFiZKGPO/FGRufmJyazs3kZ+fmFxbdpeUjE6daYFPEKtYnATeoZIRNkqTwJNHIw0DhcXC+m/nHA9RGxtEhXSbYCXkvkmdScLJS13U321vtC9ndt0X0be26a15xp1YplSvMK3pe1S/5GSlVy9tl5lslw1q9sH79BgCNrvvaPo1FGmJEQnFjWr6XUGfINUmh8CrfTg0mXJzzHrYsjXiIpjMcXX7F1lPDKWYJaiYVG4n4fWLIQ2Muw8B2hpz65reXiX95rZTOap2hjJKUMBLZIpIKR4uM0NJGguxUaiTi2eXIZMQE15wItWRcCCumNqO8zePrafY/OSoVfa/oH9hgavCBHKzAKmyAD1Wowx40oAkCBnALd3Dv3DgPzqPz9NE65nzOFOAHnOd37AWZQA==</latexit><latexit sha1_base64="T7bqCfhv44L+mdAUtQDUhIozlnA="></latexit><latexit sha1_base64="T7bqCfhv44L+mdAUtQDUhIozlnA="></latexit><latexit sha1_base64="2djKpFdseosXcU4in50U38l89ZM=">AAACBHicdVA9SwNBEN2L3/Hr1NJmMQiCcuzFYGIn2NgICsYEkhD2NhNdsvfB7pwYjrT+Clut7MTW/2Hhf3EvRlDR18zjvRlm5gWJkgYZe3MKU9Mzs3PzC8XFpeWVVXdt/dLEqRZQF7GKdTPgBpSMoI4SFTQTDTwMFDSCwXHuN25AGxlHFzhMoBPyq0j2peBopa7r7rb32reye2qLuLa165aYd1g7KFcOKPMYq/plPyflamW/Qn2r5CiRCc667nu7F4s0hAiF4sa0fJZgJ+MapVAwKrZTAwkXA34FLUsjHoLpZOPLR3Q7NRxjmoCmUtGxCN8nMh4aMwwD2xlyvDa/vVz8y2ul2K91MhklKUIk8kUoFYwXGaGljQRoT2pA5PnlQGVEBdccEbSkXAgrpjajos3j62n6P7ksez7z/HNWOqpNkpknm2SL7BCfVMkROSFnpE4EuSH35IE8OnfOk/PsvHy2FpzJzAb5Aef1A1XMl2Q=</latexit>

FI	couplings	of	the	U(ri)	nodes	of	the	quiver		

-	sign	of	the	beta-function	for	the	FI	couplings	of	the	U(ri)		

⌘ = � ⇠1 �1 � ⇠2 �2 · · ·� ⇠M�1 �M�1
<latexit sha1_base64="DE/b2E37v7XUFunAxRBW59gkN2g="></latexit><latexit sha1_base64="3J06nLJvbbcJz/GZv1xiU2qh5dI="></latexit><latexit sha1_base64="3J06nLJvbbcJz/GZv1xiU2qh5dI="></latexit><latexit sha1_base64="bybYQu7/Z5JJ1Lwp5+csHli0yvg="></latexit>

⇠M
<latexit sha1_base64="nSLvDJshFvzm6fqjFemGK5KP9bc=">AAAB93icdVDLSgNBEOz1GeMjUY9eBoPgKezGkMSTAS9ehAgmEZIQZicdHZx9MNMrhpBv8Konb+LVz/HgB/gXziYKKlqnoqqbri4/VtKQ6746c/MLi0vLmZXs6tr6Ri6/udUyUaIFNkWkIn3hc4NKhtgkSQovYo088BW2/evj1G/foDYyCs9pFGMv4JehHErByUrN7q3sn/bzBbd4WKuUyhXmFl236pW8lJSq5YMy86ySolDPvR8xAGj082/dQSSSAEMSihvT8dyYemOuSQqFk2w3MRhzcc0vsWNpyAM0vfE07ITtJYZTxGLUTCo2FfH7xpgHxowC304GnK7Mby8V//I6CQ1rvbEM44QwFOkhkgqnh4zQ0raAbCA1EvE0OTIZMsE1J0ItGRfCiomtJWv7+Hqa/U9apaLnFr0zW0wZZsjADuzCPnhQhTqcQAOaIEDCHdzDgzNyHp0n53k2Oud87mzDDzgvH/LWlOE=</latexit><latexit sha1_base64="CWJQJPuAQXfnoeZBJJEYf9lD6gk=">AAAB93icdVDLSgNBEJz1GeMjUY9eBoOgl7AblySeDIjgRYhgHpCEMDvpxCGzD2Z6xRDyDV715E28evZLPPgB/oWziYKK1qmo6qary4uk0Gjbr9bc/MLi0nJqJb26tr6RyW5u1XUYKw41HspQNT2mQYoAaihQQjNSwHxPQsMbniR+4xqUFmFwiaMIOj4bBKIvOEMj1do3onvezebs/FG5WHCL1M7bdskpOAkplNxDlzpGSZCrZN6PD9Ivp9Vu9q3dC3nsQ4BcMq1bjh1hZ8wUCi5hkm7HGiLGh2wALUMD5oPujKdhJ3Qv1gxDGoGiQtKpCN83xszXeuR7ZtJneKV/e4n4l9eKsV/ujEUQxQgBTw6hkDA9pLkSpgWgPaEAkSXJgYqAcqYYIihBGedGjE0tadPH19P0f1Iv5B0771yYYlwyQ4rskF2yTxxSIhVyRqqkRjgR5JbckXtrZD1Yj9bTbHTO+tzZJj9gPX8Abf6V9A==</latexit><latexit sha1_base64="CWJQJPuAQXfnoeZBJJEYf9lD6gk=">AAAB93icdVDLSgNBEJz1GeMjUY9eBoOgl7AblySeDIjgRYhgHpCEMDvpxCGzD2Z6xRDyDV715E28evZLPPgB/oWziYKK1qmo6qary4uk0Gjbr9bc/MLi0nJqJb26tr6RyW5u1XUYKw41HspQNT2mQYoAaihQQjNSwHxPQsMbniR+4xqUFmFwiaMIOj4bBKIvOEMj1do3onvezebs/FG5WHCL1M7bdskpOAkplNxDlzpGSZCrZN6PD9Ivp9Vu9q3dC3nsQ4BcMq1bjh1hZ8wUCi5hkm7HGiLGh2wALUMD5oPujKdhJ3Qv1gxDGoGiQtKpCN83xszXeuR7ZtJneKV/e4n4l9eKsV/ujEUQxQgBTw6hkDA9pLkSpgWgPaEAkSXJgYqAcqYYIihBGedGjE0tadPH19P0f1Iv5B0771yYYlwyQ4rskF2yTxxSIhVyRqqkRjgR5JbckXtrZD1Yj9bTbHTO+tzZJj9gPX8Abf6V9A==</latexit><latexit sha1_base64="gN/N/ECErdz4aczmnrzxmlkvyoM=">AAAB93icdVA9TwJBFNzzE/ELtbTZSEysyB5eADsSGxsTTDwgAUL2lgdu2Nu77L4zEsJvsNXKztj6cyz8L94hJmp0qsnMe3nzJoiVtMjYm7O0vLK6tp7byG9ube/sFvb2mzZKjABfRCoy7YBbUFKDjxIVtGMDPAwUtILxeea3bsFYGelrnMTQC/lIy6EUHFPJ797J/mW/UGSls1ql7FUoKzFWdctuRspV79SjbqpkKJIFGv3Ce3cQiSQEjUJxazsui7E35QalUDDLdxMLMRdjPoJOSjUPwfam87AzepxYjhGNwVCp6FyE7xtTHlo7CYN0MuR4Y397mfiX10lwWOtNpY4TBC2yQygVzA9ZYWTaAtCBNIDIs+RApaaCG44IRlIuRComaS35tI+vp+n/pFkuuazkXrFi3Vs0kyOH5IicEJdUSZ1ckAbxiSCS3JMH8uhMnCfn2Xn5HF1yFjsH5Aec1w+7FZNK</latexit>

⇠1 ⌧ ⇠2 ⌧ · · · ⌧ ⇠M�1 ⌧
<latexit sha1_base64="xoy7nWuHR4oHvi9f9/34/hx5or0="></latexit><latexit sha1_base64="ZYJ9ENQfOI9HMFU9QFJIeEI3gfU="></latexit><latexit sha1_base64="ZYJ9ENQfOI9HMFU9QFJIeEI3gfU="></latexit><latexit sha1_base64="jfq/Y7qZ7G888hFDoc5Q8lKRtfY="></latexit>

lower	
�M

<latexit sha1_base64="y4wlJvwJdG/FD02KAqHPYWcaM7s="></latexit><latexit sha1_base64="TPzAMCxGJIKeSTCK++Bx1luN2gQ="></latexit><latexit sha1_base64="TPzAMCxGJIKeSTCK++Bx1luN2gQ="></latexit><latexit sha1_base64="zIAuvKbNuu9Qi0lqNgJ1UGc/vak="></latexit>

⇤1 � ⇤2 � · · · � ⇤M�1 �
<latexit sha1_base64="cV0U0t8sHMc4QR8Xu4M71Rgee4w="></latexit><latexit sha1_base64="cV0U0t8sHMc4QR8Xu4M71Rgee4w="></latexit><latexit sha1_base64="cV0U0t8sHMc4QR8Xu4M71Rgee4w="></latexit><latexit sha1_base64="cV0U0t8sHMc4QR8Xu4M71Rgee4w="></latexit>

⇤
<latexit sha1_base64="v2mkDQbemY8ep2XS+9e+AB6XTkU=">AAAB+XicdVA9SwNBEN3z2/gVtbRZDILVcRePRLuAjYWFgjGB5Ahzm1GX7H2wOyfIkR9hq5Wd2PprLPwv7sUIKvqqx3tvmJkXZUoa8rw3Z2Z2bn5hcWm5srK6tr5R3dy6NGmuBbZFqlLdjcCgkgm2SZLCbqYR4khhJxodl37nFrWRaXJBdxmGMVwn8koKICt1+qc2OoRBtea5R4eNetDgnut5Tb/ul6TeDA4C7lulRI1NcTaovveHqchjTEgoMKbnexmFBWiSQuG40s8NZiBGcI09SxOI0YTF5Nwx38sNUMoz1FwqPhHx+0QBsTF3cWSTMdCN+e2V4l9eL6erw7CQSZYTJqJcRFLhZJERWtoekA+lRiIoL0cuEy5AAxFqyUEIK+a2mIrt4+tp/j+5rLu+5/rnQa0VTJtZYjtsl+0znzVZi52wM9Zmgo3YPXtgj07hPDnPzstndMaZzmyzH3BePwAifZQW</latexit><latexit sha1_base64="v2mkDQbemY8ep2XS+9e+AB6XTkU=">AAAB+XicdVA9SwNBEN3z2/gVtbRZDILVcRePRLuAjYWFgjGB5Ahzm1GX7H2wOyfIkR9hq5Wd2PprLPwv7sUIKvqqx3tvmJkXZUoa8rw3Z2Z2bn5hcWm5srK6tr5R3dy6NGmuBbZFqlLdjcCgkgm2SZLCbqYR4khhJxodl37nFrWRaXJBdxmGMVwn8koKICt1+qc2OoRBtea5R4eNetDgnut5Tb/ul6TeDA4C7lulRI1NcTaovveHqchjTEgoMKbnexmFBWiSQuG40s8NZiBGcI09SxOI0YTF5Nwx38sNUMoz1FwqPhHx+0QBsTF3cWSTMdCN+e2V4l9eL6erw7CQSZYTJqJcRFLhZJERWtoekA+lRiIoL0cuEy5AAxFqyUEIK+a2mIrt4+tp/j+5rLu+5/rnQa0VTJtZYjtsl+0znzVZi52wM9Zmgo3YPXtgj07hPDnPzstndMaZzmyzH3BePwAifZQW</latexit><latexit sha1_base64="v2mkDQbemY8ep2XS+9e+AB6XTkU=">AAAB+XicdVA9SwNBEN3z2/gVtbRZDILVcRePRLuAjYWFgjGB5Ahzm1GX7H2wOyfIkR9hq5Wd2PprLPwv7sUIKvqqx3tvmJkXZUoa8rw3Z2Z2bn5hcWm5srK6tr5R3dy6NGmuBbZFqlLdjcCgkgm2SZLCbqYR4khhJxodl37nFrWRaXJBdxmGMVwn8koKICt1+qc2OoRBtea5R4eNetDgnut5Tb/ul6TeDA4C7lulRI1NcTaovveHqchjTEgoMKbnexmFBWiSQuG40s8NZiBGcI09SxOI0YTF5Nwx38sNUMoz1FwqPhHx+0QBsTF3cWSTMdCN+e2V4l9eL6erw7CQSZYTJqJcRFLhZJERWtoekA+lRiIoL0cuEy5AAxFqyUEIK+a2mIrt4+tp/j+5rLu+5/rnQa0VTJtZYjtsl+0znzVZi52wM9Zmgo3YPXtgj07hPDnPzstndMaZzmyzH3BePwAifZQW</latexit><latexit sha1_base64="v2mkDQbemY8ep2XS+9e+AB6XTkU=">AAAB+XicdVA9SwNBEN3z2/gVtbRZDILVcRePRLuAjYWFgjGB5Ahzm1GX7H2wOyfIkR9hq5Wd2PprLPwv7sUIKvqqx3tvmJkXZUoa8rw3Z2Z2bn5hcWm5srK6tr5R3dy6NGmuBbZFqlLdjcCgkgm2SZLCbqYR4khhJxodl37nFrWRaXJBdxmGMVwn8koKICt1+qc2OoRBtea5R4eNetDgnut5Tb/ul6TeDA4C7lulRI1NcTaovveHqchjTEgoMKbnexmFBWiSQuG40s8NZiBGcI09SxOI0YTF5Nwx38sNUMoz1FwqPhHx+0QBsTF3cWSTMdCN+e2V4l9eL6erw7CQSZYTJqJcRFLhZJERWtoekA+lRiIoL0cuEy5AAxFqyUEIK+a2mIrt4+tp/j+5rLu+5/rnQa0VTJtZYjtsl+0znzVZi52wM9Zmgo3YPXtgj07hPDnPzstndMaZzmyzH3BePwAifZQW</latexit>$

<latexit sha1_base64="xOuzJVSovpkacudQPuTvi2QYIp4=">AAACBHicdVA9SwNBEN3zM8avU0ubxSBYhV0Rk3QBG0sFo0ISwtxmkizufbA7Fwkhrb/CVis7sfV/WPhfvIsRVPRVj/dmmDcvSIx2JMSbNze/sLi0XFgprq6tb2z6W9uXLk6twoaKTWyvA3BodIQN0mTwOrEIYWDwKrg5yf2rIVqn4+iCRgm2Q+hHuqcVUCZ1fL9lsEdW9wcE1sa3xY5fEmUhhJSS50RWjkVGarXqoaxymVsZSmyGs47/3urGKg0xImXAuaYUCbXHYEkrg5NiK3WYgLqBPjYzGkGIrj2eJp/w/dQBxTxBy7XhUxG/b4whdG4UBtlkCDRwv71c/MtrptSrtsc6SlLCSOWHSBucHnLK6qwS5F1tkQjy5Mh1xBVYIEKrOSiViWnWUd7H19P8f3J5WJaiLM+PSvWjWTMFtsv22AGTrMLq7JSdsQZTbMju2QN79O68J+/Ze/kcnfNmOzvsB7zXD9L/mFI=</latexit><latexit sha1_base64="xOuzJVSovpkacudQPuTvi2QYIp4=">AAACBHicdVA9SwNBEN3zM8avU0ubxSBYhV0Rk3QBG0sFo0ISwtxmkizufbA7Fwkhrb/CVis7sfV/WPhfvIsRVPRVj/dmmDcvSIx2JMSbNze/sLi0XFgprq6tb2z6W9uXLk6twoaKTWyvA3BodIQN0mTwOrEIYWDwKrg5yf2rIVqn4+iCRgm2Q+hHuqcVUCZ1fL9lsEdW9wcE1sa3xY5fEmUhhJSS50RWjkVGarXqoaxymVsZSmyGs47/3urGKg0xImXAuaYUCbXHYEkrg5NiK3WYgLqBPjYzGkGIrj2eJp/w/dQBxTxBy7XhUxG/b4whdG4UBtlkCDRwv71c/MtrptSrtsc6SlLCSOWHSBucHnLK6qwS5F1tkQjy5Mh1xBVYIEKrOSiViWnWUd7H19P8f3J5WJaiLM+PSvWjWTMFtsv22AGTrMLq7JSdsQZTbMju2QN79O68J+/Ze/kcnfNmOzvsB7zXD9L/mFI=</latexit><latexit sha1_base64="xOuzJVSovpkacudQPuTvi2QYIp4=">AAACBHicdVA9SwNBEN3zM8avU0ubxSBYhV0Rk3QBG0sFo0ISwtxmkizufbA7Fwkhrb/CVis7sfV/WPhfvIsRVPRVj/dmmDcvSIx2JMSbNze/sLi0XFgprq6tb2z6W9uXLk6twoaKTWyvA3BodIQN0mTwOrEIYWDwKrg5yf2rIVqn4+iCRgm2Q+hHuqcVUCZ1fL9lsEdW9wcE1sa3xY5fEmUhhJSS50RWjkVGarXqoaxymVsZSmyGs47/3urGKg0xImXAuaYUCbXHYEkrg5NiK3WYgLqBPjYzGkGIrj2eJp/w/dQBxTxBy7XhUxG/b4whdG4UBtlkCDRwv71c/MtrptSrtsc6SlLCSOWHSBucHnLK6qwS5F1tkQjy5Mh1xBVYIEKrOSiViWnWUd7H19P8f3J5WJaiLM+PSvWjWTMFtsv22AGTrMLq7JSdsQZTbMju2QN79O68J+/Ze/kcnfNmOzvsB7zXD9L/mFI=</latexit><latexit sha1_base64="xOuzJVSovpkacudQPuTvi2QYIp4=">AAACBHicdVA9SwNBEN3zM8avU0ubxSBYhV0Rk3QBG0sFo0ISwtxmkizufbA7Fwkhrb/CVis7sfV/WPhfvIsRVPRVj/dmmDcvSIx2JMSbNze/sLi0XFgprq6tb2z6W9uXLk6twoaKTWyvA3BodIQN0mTwOrEIYWDwKrg5yf2rIVqn4+iCRgm2Q+hHuqcVUCZ1fL9lsEdW9wcE1sa3xY5fEmUhhJSS50RWjkVGarXqoaxymVsZSmyGs47/3urGKg0xImXAuaYUCbXHYEkrg5NiK3WYgLqBPjYzGkGIrj2eJp/w/dQBxTxBy7XhUxG/b4whdG4UBtlkCDRwv71c/MtrptSrtsc6SlLCSOWHSBucHnLK6qwS5F1tkQjy5Mh1xBVYIEKrOSiViWnWUd7H19P8f3J5WJaiLM+PSvWjWTMFtsv22AGTrMLq7JSdsQZTbMju2QN79O68J+/Ze/kcnfNmOzvsB7zXD9L/mFI=</latexit>



Duality	



§  Consider	a	2d	U(r)	theory	with	NF	fundamentals	and	NA	(	<	NF	)		
anti-fundamentals	

	

§  This	theory	is	dual	to	a	2d	U(NF	–	r)	theory	with	the	roles	of	
fundamentals	and	anti-fundamentals	reversed	

			
	
	
	
	
	
	

	
	

Duality	

(Seiberg	‘94)	

+	superpotential	term	

A)	

B)	

WA
class = 2⇡i tTr� ! WB

class = �2⇡i tTr� + 2⇡i t
NFX

f=1

mf

<latexit sha1_base64="vpB57si1FoaKq27XQVDrIfeuGIM="></latexit><latexit sha1_base64="vpB57si1FoaKq27XQVDrIfeuGIM="></latexit><latexit sha1_base64="vpB57si1FoaKq27XQVDrIfeuGIM="></latexit><latexit sha1_base64="vpB57si1FoaKq27XQVDrIfeuGIM="></latexit>



§  We	can	apply	this	duality	rule	to	the	quiver	representing	a	surface	
defect	

	

			
	
	
	
	
	
	

	
	

Duality	

Wclass = · · ·+ 2⇡i
�
t1 Tr�

1 � tTr� + (t2 + t) Tr�2
�
+ · · ·

<latexit sha1_base64="AxdsvYGt5eXt+7UXvs10Gbpl6kM="></latexit><latexit sha1_base64="AxdsvYGt5eXt+7UXvs10Gbpl6kM="></latexit><latexit sha1_base64="AxdsvYGt5eXt+7UXvs10Gbpl6kM="></latexit><latexit sha1_base64="AxdsvYGt5eXt+7UXvs10Gbpl6kM="></latexit>

Wclass = · · ·+ 2⇡i
�
t1 Tr�

1 + tTr� + t2 Tr�
2
�
+ · · ·

<latexit sha1_base64="4i32FslGwuFLk3RFBgBF/oQA4JQ="></latexit><latexit sha1_base64="4i32FslGwuFLk3RFBgBF/oQA4JQ="></latexit><latexit sha1_base64="4i32FslGwuFLk3RFBgBF/oQA4JQ="></latexit><latexit sha1_base64="4i32FslGwuFLk3RFBgBF/oQA4JQ="></latexit>



Wclass = · · ·+ 2⇡i
�
(t1 + t) Tr�1 � tTr� + (t2 + t) Tr�2

�
+ · · ·

<latexit sha1_base64="eEp0FfMFaWctJxfJoZUP1Jya9yI="></latexit><latexit sha1_base64="eEp0FfMFaWctJxfJoZUP1Jya9yI="></latexit><latexit sha1_base64="eEp0FfMFaWctJxfJoZUP1Jya9yI="></latexit><latexit sha1_base64="eEp0FfMFaWctJxfJoZUP1Jya9yI="></latexit>

§  We	can	apply	this	duality	rule	to	the	quiver	representing	a	surface	
defect	

	

			
	
	
	
	
	
	

	
	

Duality	

Wclass = · · ·+ 2⇡i
�
t1 Tr�

1 + tTr� + t2 Tr�
2
�
+ · · ·

<latexit sha1_base64="4i32FslGwuFLk3RFBgBF/oQA4JQ="></latexit><latexit sha1_base64="4i32FslGwuFLk3RFBgBF/oQA4JQ="></latexit><latexit sha1_base64="4i32FslGwuFLk3RFBgBF/oQA4JQ="></latexit><latexit sha1_base64="4i32FslGwuFLk3RFBgBF/oQA4JQ="></latexit>





All	these	different	quiver	
theories	provide	alternative	

descriptions	of	the		
same	surface	operator	

corresponding	to		
	SU(N)

#
S
⇥
U(n1)⇥U(n2)⇥U(n3)⇥U(n4)

⇤
<latexit sha1_base64="+GWrPzBIjrdJ2mlf4Zs9BT6gEjU="></latexit><latexit sha1_base64="+GWrPzBIjrdJ2mlf4Zs9BT6gEjU="></latexit><latexit sha1_base64="+GWrPzBIjrdJ2mlf4Zs9BT6gEjU="></latexit><latexit sha1_base64="+GWrPzBIjrdJ2mlf4Zs9BT6gEjU="></latexit>



Wclass = 2⇡i
�
t1 Tr�

1 + t2 Tr�
2 + t3 Tr�

3
�

<latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit><latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit><latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit><latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit>



Wclass = 2⇡i
�
� t1 Tr�

1 + (t1 + t2) Tr�
2 + t3 Tr�

3
�

<latexit sha1_base64="kG5nO8GHlm4P+1fK93lpneyQV7o="></latexit><latexit sha1_base64="kG5nO8GHlm4P+1fK93lpneyQV7o="></latexit><latexit sha1_base64="kG5nO8GHlm4P+1fK93lpneyQV7o="></latexit><latexit sha1_base64="kG5nO8GHlm4P+1fK93lpneyQV7o="></latexit>

Wclass = 2⇡i
�
t1 Tr�

1 + t2 Tr�
2 + t3 Tr�

3
�

<latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit><latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit><latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit><latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit>



Wclass = 2⇡i
�
� t1 Tr�

1 + (t1 + t2) Tr�
2 + t3 Tr�

3
�

<latexit sha1_base64="kG5nO8GHlm4P+1fK93lpneyQV7o="></latexit><latexit sha1_base64="kG5nO8GHlm4P+1fK93lpneyQV7o="></latexit><latexit sha1_base64="kG5nO8GHlm4P+1fK93lpneyQV7o="></latexit><latexit sha1_base64="kG5nO8GHlm4P+1fK93lpneyQV7o="></latexit>

Wclass = 2⇡i
�
t1 Tr�

1 + t2 Tr�
2 + t3 Tr�

3
�

<latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit><latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit><latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit><latexit sha1_base64="qdAD4Hjhvou+VvjNTYEQ2oFmTjA="></latexit>

Wclass = 2⇡i
�
t3 Tr�

1 � (t2 + t3) Tr�
2 � t1 Tr�

3
�

<latexit sha1_base64="6nI/LlrNTX3Z/2Qpz67eR+3zvO0="></latexit><latexit sha1_base64="6nI/LlrNTX3Z/2Qpz67eR+3zvO0="></latexit><latexit sha1_base64="6nI/LlrNTX3Z/2Qpz67eR+3zvO0="></latexit><latexit sha1_base64="6nI/LlrNTX3Z/2Qpz67eR+3zvO0="></latexit>

Wclass = 2⇡i
�
� t3 Tr�

1 � t2 Tr�
2 � t1 Tr�

3
�

<latexit sha1_base64="Oz0I0auqzh5e4NWRS5oL77BuJAw="></latexit><latexit sha1_base64="Oz0I0auqzh5e4NWRS5oL77BuJAw="></latexit><latexit sha1_base64="Oz0I0auqzh5e4NWRS5oL77BuJAw="></latexit><latexit sha1_base64="Oz0I0auqzh5e4NWRS5oL77BuJAw="></latexit>



§  For	any	of	these	quiver	theories	we	can	work	out	the	q	vs	Λ map	
just	as	we	did	for	the	simplest	quiver	

§  For	example,	after	one	duality	step	we	find	

						Note	that	the	exponents	are	the	(absolute	values	of	the)	beta-functions	for					
							the	FI	couplings	ξi	,	and	2N	is	the	beta-function	of	the	4d	SU(N)	theory.	

	

	

			
	
	
	
	
	
	

	
	

Duality	

q1 ⇠ ⇤n1+n2
1 , q2 ⇠ ⇤n1+2n2+n3

2

⇤n1+n2
1

, q3 ⇠ ⇤n3+n4
3 , q4 ⇠ ⇤2N

q1q2q3
<latexit sha1_base64="6urPIsdiZdf5FVZ/rkYhziMuJWM="></latexit><latexit sha1_base64="6urPIsdiZdf5FVZ/rkYhziMuJWM="></latexit><latexit sha1_base64="6urPIsdiZdf5FVZ/rkYhziMuJWM="></latexit><latexit sha1_base64="6urPIsdiZdf5FVZ/rkYhziMuJWM="></latexit>



§  For	any	of	these	quiver	theories	we	can	work	out	the	q	vs	Λ map	
just	as	we	did	for	the	simplest	quiver	

§  For	example,	after	one	duality	step	we	find	

	

§  Moreover,	the	sign	change	in	the	FI	term	of	the	first	node	

					leads	to	consider	a	new	Jeffrey-Kirwan	vector	
	

	

			
	
	
	
	
	
	

	
	

Duality	

q1 ⇠ ⇤n1+n2
1 , q2 ⇠ ⇤n1+2n2+n3

2

⇤n1+n2
1

, q3 ⇠ ⇤n3+n4
3 , q4 ⇠ ⇤2N

q1q2q3
<latexit sha1_base64="6urPIsdiZdf5FVZ/rkYhziMuJWM="></latexit><latexit sha1_base64="6urPIsdiZdf5FVZ/rkYhziMuJWM="></latexit><latexit sha1_base64="6urPIsdiZdf5FVZ/rkYhziMuJWM="></latexit><latexit sha1_base64="6urPIsdiZdf5FVZ/rkYhziMuJWM="></latexit>

Wclass = 2⇡i
�
� t1 Tr�

1 + (t1 + t2) Tr�
2 + t3 Tr�

3
�

<latexit sha1_base64="zKHRKHyNnVL9e3RIwyy3EgMkstY="></latexit><latexit sha1_base64="zKHRKHyNnVL9e3RIwyy3EgMkstY="></latexit><latexit sha1_base64="zKHRKHyNnVL9e3RIwyy3EgMkstY="></latexit><latexit sha1_base64="bzB0uW1fzy1MgMhO8gWsRy3sg4E=">AAAB5HicbVC7TsNAEFyHVzABQk1zIkKiimwaKJFoKINEHlKwovVlE045n627NVIU5QdoqegQf0XBv2CbFJAw1WhmVzs7caaV4yD49Gpb2zu7e/V9/6DhHx4dNxs9l+ZWUlemOrWDGB1pZajLijUNMkuYxJr68ey29PvPZJ1KzQPPM4oSnBo1URK5kDqjZitoBxXEJglXpAUrjJpfj+NU5gkZlhqdG4ZBxtECLSupaek/5o4ylDOc0rCgBhNy0aKKuRTnuUNORUZWKC0qkX5vLDBxbp7ExWSC/OTWvVL8zxvmPLmOFspkOZOR5SFWmqpDTlpV/E9irCwxY5mchDJCokVmskqglIWYF4X4RR3h+vObpHfZDoN2eB9AHU7hDC4ghCu4gTvoQBckjOEFXj3nvXnvP7XVvFV/J/AH3sc3ljCOsg==</latexit><latexit sha1_base64="djLS6OYn9ce1ZKKfFx2v23E+HK8="></latexit><latexit sha1_base64="1bIAzCVHmwXwEHYWUoJBTI2Ft8w="></latexit><latexit sha1_base64="anLxgQGMXcyyC2CxICm72h/8FIY="></latexit><latexit sha1_base64="zKHRKHyNnVL9e3RIwyy3EgMkstY="></latexit><latexit sha1_base64="zKHRKHyNnVL9e3RIwyy3EgMkstY="></latexit><latexit sha1_base64="zKHRKHyNnVL9e3RIwyy3EgMkstY="></latexit><latexit sha1_base64="zKHRKHyNnVL9e3RIwyy3EgMkstY="></latexit><latexit sha1_base64="zKHRKHyNnVL9e3RIwyy3EgMkstY="></latexit><latexit sha1_base64="zKHRKHyNnVL9e3RIwyy3EgMkstY="></latexit>

⌘ = + ⇠1 �1 � ⇠2 �2 · · ·� ⇠M�1 �M�1
<latexit sha1_base64="atLlyN5WzmCw1LVqIIrt1nbE9IM="></latexit><latexit sha1_base64="4sFxs/Jjn91Ir4AfeYYnNoyvhQg="></latexit><latexit sha1_base64="4sFxs/Jjn91Ir4AfeYYnNoyvhQg="></latexit><latexit sha1_base64="+FQpYLl961hFqbJuHg+gVB4LOCs="></latexit>

+ ⇠M �M
<latexit sha1_base64="AMHbNcXbxP6UU8d/5eh1sddantI=">AAACBHicdVA9SwNBEJ3zM8av05Q2iyIISriLIYldwMZGiGBUSELYW8dkce+D3bmgBDvxV9hqZSe2/g8LwZ/iXlRQ0dfM470ZZuYFiZKGPO/FGRufmJyazs3kZ+fmFxbdpeUjE6daYFPEKtYnATeoZIRNkqTwJNHIw0DhcXC+m/nHA9RGxtEhXSbYCXkvkmdScLJS13U321vtC9ndt0X0be26a15xp1YplSvMK3pe1S/5GSlVy9tl5lslw1q9sH79BgCNrvvaPo1FGmJEQnFjWr6XUGfINUmh8CrfTg0mXJzzHrYsjXiIpjMcXX7F1lPDKWYJaiYVG4n4fWLIQ2Muw8B2hpz65reXiX95rZTOap2hjJKUMBLZIpIKR4uM0NJGguxUaiTi2eXIZMQE15wItWRcCCumNqO8zePrafY/OSoVfa/oH9hgavCBHKzAKmyAD1Wowx40oAkCBnALd3Dv3DgPzqPz9NE65nzOFOAHnOd37AWZQA==</latexit><latexit sha1_base64="T7bqCfhv44L+mdAUtQDUhIozlnA="></latexit><latexit sha1_base64="T7bqCfhv44L+mdAUtQDUhIozlnA="></latexit><latexit sha1_base64="2djKpFdseosXcU4in50U38l89ZM=">AAACBHicdVA9SwNBEN2L3/Hr1NJmMQiCcuzFYGIn2NgICsYEkhD2NhNdsvfB7pwYjrT+Clut7MTW/2Hhf3EvRlDR18zjvRlm5gWJkgYZe3MKU9Mzs3PzC8XFpeWVVXdt/dLEqRZQF7GKdTPgBpSMoI4SFTQTDTwMFDSCwXHuN25AGxlHFzhMoBPyq0j2peBopa7r7rb32reye2qLuLa165aYd1g7KFcOKPMYq/plPyflamW/Qn2r5CiRCc667nu7F4s0hAiF4sa0fJZgJ+MapVAwKrZTAwkXA34FLUsjHoLpZOPLR3Q7NRxjmoCmUtGxCN8nMh4aMwwD2xlyvDa/vVz8y2ul2K91MhklKUIk8kUoFYwXGaGljQRoT2pA5PnlQGVEBdccEbSkXAgrpjajos3j62n6P7ksez7z/HNWOqpNkpknm2SL7BCfVMkROSFnpE4EuSH35IE8OnfOk/PsvHy2FpzJzAb5Aef1A1XMl2Q=</latexit>

χ1 is	now	integrated	in	the	lower	plane	!	



§  Solving	the	vacuum	equations		

					leads	again	to	a	perfect	match	(term	by	term)	with	the		
					superpotential	of	ramified	instantons	with	the	new	JK	parameter!	

§  The	same	is	true	for	any	other	quiver	diagram	of	the	sequence	we	
considered	

	

			
	
	
	
	
	
	

	
	

Duality	

exp
⇣@W
@�

⌘
= 1

<latexit sha1_base64="x0o2war49dvPggUk1Bgr7KDxhQc="></latexit><latexit sha1_base64="2/MBmhyg7CRx+B8jA80jEyoJKno="></latexit><latexit sha1_base64="2/MBmhyg7CRx+B8jA80jEyoJKno="></latexit><latexit sha1_base64="7chCEu+VxfShchhQq6EkUHd/ru4="></latexit>



§  Solving	the	vacuum	equations		

					leads	again	to	a	perfect	match	(term	by	term)	with	the		
					superpotential	of	ramified	instantons	with	the	new	JK	parameter!	

§  The	same	is	true	for	any	other	quiver	diagram	of	the	sequence	we	
considered,	and	also	in	sequences	with	non-linear	quivers	

	

			
	
	
	
	
	
	

	
	

Duality	

exp
⇣@W
@�

⌘
= 1

<latexit sha1_base64="x0o2war49dvPggUk1Bgr7KDxhQc="></latexit><latexit sha1_base64="2/MBmhyg7CRx+B8jA80jEyoJKno="></latexit><latexit sha1_base64="2/MBmhyg7CRx+B8jA80jEyoJKno="></latexit><latexit sha1_base64="7chCEu+VxfShchhQq6EkUHd/ru4="></latexit>



§  Starting	from	the	same	localization	integrand	and	choosing	
different	integration	contours	(or	different	Jeffrey-Kirwan	
vectors)	we	obtain	a	perfect	match	with	different	quiver	theories	
related	to	each	other	by	duality	transformations	

				
	

		
	
	
	
	
	
	

	
	

Duality	

MY

i=1

I
d�i

2⇡i

qdi
i

di!
Zdi(a, ✏1, ✏2)

<latexit sha1_base64="W+RMFkFODhgYzM79RvRprdV+AIw="></latexit><latexit sha1_base64="W+RMFkFODhgYzM79RvRprdV+AIw="></latexit><latexit sha1_base64="W+RMFkFODhgYzM79RvRprdV+AIw="></latexit><latexit sha1_base64="W+RMFkFODhgYzM79RvRprdV+AIw="></latexit>

JK1 

JK2 

JK3 



Conclusions	



			

	
	

§  [n1	,	n2	,	…	,	nM	]	

§  4d	v.e.v’s	of	SU(N)	

§  Ramified	instanton	counting	
parameters	qi	

§  Winst	from	localization	

§  Integration	contour		

	

			
	
	
	
	
	
	

	
	

Summary	of	results	

monodromy	defects	 coupled	2d-4d	systems		
						
	
	

			
	
	
	
	
	
	

	
	

			

	
	

§  Ranks	of	gauge	groups	

§  2d	twisted	masses	

§  Dynamically	generates	
scales	Λi	

§  Winst	from	vacuum	eqs.		

§  Duality	frame	

	

			
	
	
	
	
	
	

	
	



	

§  Similar	analysis	can	be	done	for	other	type	of	theories	

•  N=2*	theories	

•  SQCD’s	(with	matter	in	fundamental	representation)	

•  Chern-Simons	like	theories	in	3d/5d	

•  Theories	with	other	groups	(orthogonal,	symplectic,…)	

§  Explore	the	connection	with	integrable	models	

§  ...	

Conclusions	



Thanks	a	lot	for	your	
attention!	


