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Most Matter is Turbulent Plasma
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Outline of Talks (Hatch + Citrin)

Lecture 1 Intro to Fusion and Gyrokinetics

Lecture 2 Intro to Plasma Turbulence and How to Model It
Lecture 3 High Confinement Fusion Regimes

Lecture 4 + 5: Experimental observations of turbulence,
nature of turbulent transport, saturation mechanisms,
validation (comparison of simulations and experiment),
overview of instabilities, reduced modeling, etc.



Brief Intro to Magnetic
Confinement Fusion



Plasma physics basics —
Particle motion in a Magnetic Field
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What Happens if We Add an Additional

Force? r Rgcc
lonk? Electrons?
md—v—F—I—qva A A A A A
dt
| 8 | | C
Assume small gyroradius C
and slowly evolving fields X
--i.e. a magnetized plasma Zi (]
r = Rgc + oL P X C
d F ®
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This i We know this solution already

small Wy = wa_co,sﬂt Wy = —stith



What Happens if We Add an Additional
Force? r Rgc

lon? Electrons?
mz—:=F+qv><B A A A A A

Assume small gyroradius
and slowly evolving fields
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--i.e. a magnetized plasma Zi (]
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Plasma physics basics —
Magnetic Field Plus Electric Field

. lons Electrons
B=B: N
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(Note: same direction for ions and electrons)



Plasma physics basics —
Gradient in B,

lons Electrons
T
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B = B(J/)f variations on z O
gyroradius scale) % > 5
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VG(electron) d
Grad B drift:
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(Note: this drift depends on the charge, so it is in opposite
direction for ions and electrons)



Toroidal Magnetic Confinement

« Strong toroidal magnetic field:
« Particles move freely around the torus
« Particles are confined perpendicular to the magnetic field

? Torus:

Coil current ! Field lines



Toroidal Magnetic Confinement

Coil current | Field lines UvB = Mjw] 20 B2




Toroidal Magnetic Confinement

Coil current | Field lines UvB = Mjw] 20 B2




Tokamak

Inner Poloidal field coils
(Primary transformer circuit)

Poloidal magnetic field Outer Poloidal field coils
(for plasma positioning and shaping)

Resulting Helical Magnetic field Toroidal field coils

Plasma electric current Toroidal magnetic field
(secondary transformer circuit)



Toroidal Magnetic Confinement

* \Vertical drift: Need helical field




Progress in Magnetic Confinement Fusion

Performance
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Burning Question: What sets confinement time?

Fusion Triple Product:
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Progress in controlled fusion compared with other fields
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Turbulent transport—the topic of these lectures.



ITER—Demonstrate Large Net Energy

 |TER International
Collaboration

— Demonstrate large fusion
gain(Q=5-10)

— Fusion Power 500 MW
— Duration % hour
— Major radius: 6 m

16



Tokamak is the Leader, but there Exist
Other Promising Fusion Designs

W7X (Greifswald, Germany)

Spherical Tokamak (fatter donut—NSTX-U
and MAST)

Stellarator

— Exploits third dimension (no toroidal
symmetry) to confine plasma without
externally driven current

— Enormous room for theory-based i,
optimization '
Other ‘alternative’ confinement
configurations /
— Spheromak 'a{g;,: :

[ ==
s N
g

— Reverse Field Pinch

— Field Reverse configuration



How to Model Fusion Plasmas



The Multiple Scales and Processes of a Fusion Reactor

Core & Edge
) ) . Transport
+ Core Confinement Region :
+ Magnetic Islands Plasma
Turbulence
+ Edge Pedestal Region~———. :
[ | Large Scale
i rg

+ Scrape-off Layer

Instabilities

Vacuum/Wall/
Conductors/Antenna

Radiation
Transport

Atomic
Physics

Plasma-wall
Interactions

Energetic
Particles

Heating &
Current Drive

Report of the Workshop on Integrated Simulations for
Magnetic Fusion Energy Sciences

* Fusion devices encompass:
* Multiple physical processes
* Large range of scales in time and space
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Can Describe All the Plasma
Dynamics with the Distribution
Function

fo(x,v,1)



Moments of Distribution
Function

fo(x,v,1)
ne(x,t) = [ fo(x,v,t)dv



Moments of Distribution
Function

fo(x,v,1)

ne(X,t) = [ fo(X,v,t)dv s p = D o QoMo



Moments of Distribution
Function

fo(x,v,1)

ne(X,t) = [ fo(X,v,t)dv s p = D o QoMo

U, (x,t) = = [vfs(x,v,t)dv

No



Moments of Distribution
Function

fo(x,v,1)

ne(X,t) = [ fo(X,v,t)dv s p = D o QoMo

Uy (X,t) = = [vis(x,v,t)dv == J= > Gonots

No



Moments of Distribution
Function

fo(x,v,1)

ne(x,t) = [ fo(x,v,1)dv == P =) ;qoT0o

Uy (X,t) = = [vis(x,v,t)dv == J= > Gonots

Can feed into Maxwell’s equations and describe the
entire system



How To Solve for Distribution
Function?

Df,




How To Solve for Distribution

Function?
5{ V
Ao 4 v-Vf+ 2= (E+vxB) Vyf, =0
+
Maxwell’s Equations




Ofc

Fokker-Planck: Theory of (almost) Everything for Fusion
Plasma

ot

VVf o (E VXB)‘vvfaz Ga(fa)

+ * Also need collision operator

Maxwell’s Equations

e LHS: interaction of particles with fields produced collectively by particles
« =>» conservation of particles in phase space
* RHS: collision operator representing short-scale one on one particle interaction
* This equation is capable of describing all relevant dynamics over all space and
time scales
* (Exception—plasma material interaction at the boundary)
* Consequently it is too complex to be of much practical use
e Butit’s the best starting point for formulating other models that optimize rigor
and tractability



Fokker-Planck: Theory of (almost) Everything for Fusion
Plasma

8h¥+v \Ya

+ Core Confinement Region{}

* Magnetic Islands
+ Edge Pedestal Region~————.

+ Scrape-off Layer
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How to Model a Fusion Reactor?

* Seek to find optimal balance of rigor and tractability
 Today’s lecture: gyrokinetics

How the main models describing a fusion plasma can be derived from first
principles (Fokker-Planck) based on a well-defined, rigorously justified
ordering scheme.
The orderings and assumptions may seem arbitrary to you
But they are actually very well justified based on basic theory, extensive
experience, and experimental observations of the systems we are trying to
describe
This remains very close to first principles
References:
* Multiscale Gyrokinetics: Abel et al Reports on Progress in Physics 2013
* Plasma Confinement: Hazeltine and Meiss
 GENE dissertations (Merz, Told, Goerler)



Sneak Peak: What We Will Do

Establish a rigorous ordering system—i.e. define a small
parameter in terms of the relevant space and time scales, etc
Transform into a natural coordinate system for a magnetized
plasma—drift coordinates
Split distribution function into

* Background, slow time scale, large spatial scale part

* Fluctuating, ‘fast’ time scale, small spatial scale part
Expand kinetic equation with these orderings and solve order
by order



Sneak Peak: What We Will Achieve

sb.\ t = 0.78s
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Equations for:

1. Macroscopic equilibrium (Grad-Shafranov):
GradP=JxB

Without this there would be no confinement
2. Small amplitude, small scale, fast time scale fluctuations (Gyrokinetics)
3. Large scale, slow time scale transport and flows (Drift-Kinetic=® Neoclassica
4. Slowly evolving background temperature and density (Transport Equations)

)




Examples: Scales of a Fusion Plasma

Quantity

Typical Value

ions ~ a few mm

m;Vy
Gyroradius: P = electrons ~0.1 mm o 3
" gqB @ “=p.,~10
J J - a
. Pe _ -5
Minor radius: a a=minor ~1m T = Ps, = 10
radius: ] d
B ‘109 ]
Gyrofrequency: Q = 9, lon™~10” Hz Wy
J m electron~1012 Hz = O
J Qi
. 0n~10 Hz e 2 0,
Drift frequency: w, = electron~108 Hz 2,
a
Collision frequency v o« nT 3?2 ~Ex10% Hz

33




Starting Point: Fokker-Planck + Maxwell

* Fokker-Planck

d 0 Z ~ 1 ~\ 0
fs: fs+v-st+ C(E+-vxB)- fs:C[fs]+Ss,
dt ot m c 0v
 Maxwell’s Equations
V.E =477,
V-B=0,
B ~
— = —cV X F,
ot
~ 4n~ 10E
VxB=—j3+—-——,
C c ot

Note: using equations largely from Abel et al 2013 for convenience (some changes in
notation from earlier slides—e.g. now Guassian units)



Gyrokinetic Ordering: Exploit Known Time and Length
Scales of Turbulence

Global Gyrokinetic Simulation of

Turbulence in

ASDEX Upgrade

(GENE

gene.rzg.mpg.de

* Well-established scale separation between turbulence time and length
scales and those of background
* Multi-scale processes: challenge and opportunity
e Challenge if you try brute force
e Opportunity if you exploit it (which is what we do in this talk)



Simplified Maxwell’s Equations

2
Uth,

* Small Debye length and non-relativistic ki)»zDe <1 2 <1
V.E =4nrp, N g=0,
Va]g:o’ E:—V(}B’—%%,

_t__CVXE >_:> B=VxA
Vx~=4—n~+l@ Vx~=4—n;
c c ot C




Gyrokinetic Ordering: Small Amplitude
Fluctuations

lon temperature (keV)
(¥)
I

6B| |6E| 4f;

* Fluctuations are small compared to background
| B |E| Js

~ €.



Gyrokinetic Ordering: Small Spatial
Scales

* Fluctuations have scales comparable to gyroradius kJ- ~ 1/:08
e Gyroradius is small compared to, e.g., machine size 0

) : . s
* Use this as small parameter to due multi-scale expansion — = €.

* Note: this is a condition for a ‘strongly magnetized’ plasma a



Gyrokinetic Ordering: Time Scales

o w~ cs/a
* Fluctuation time scales are large compared to gyrofrequency

* Fluctuation time scales are small compared to confinement time W
* j.e.time scale of background evolution ~ €
* Note: this is also a condition for a ‘strongly magnetized’ plasma



Gyrokinetic Ordering: Small Amplitude
Fluctuations

84

lon temperature (keV)
(N} o
T 1

* Background evolves much slower than fluctuations (gyroBohm scaling)

1 g\ 2
Loxr o myio o,



Gyrokinetic Ordering: Parallel vs
Perpendicular Scales

. k
* Perpendicular scales are much smaller than parallel k—" ~ €.
L



Gyrokinetic Ordering: Summary

Bl Bl fs ki S a



Average Over ‘Intermediate’ Scales to
Separate Fluctuations from Background

a>A>p _
Space ] fs =Fot 8fs’
(g('l", v, t))J_ = ,/AZ dleJ_g(’['iL,l, v, t)/‘/):2 der’ E —_— _E + 8E7
B =B+6B,
> T > o) A=A+5A
Time 14T )2 ¢ =@+8¢

1
(g('r,'v, t))T = T-/

t—T)/2

dt’g(r,v,t),

(g(r, v, D)y = ((8) 1),

Fs = (fs)wum
E= (~>turb
b= <§>turb’
A= (X)turb
© = (@) urb



First Step: Separating Background, Macroscopic, Slowly
Evolving Quantities from Fluctuating Quantities

lon temperature (keV)
(¥}
I

0\,_,\‘_.‘.
0 , e
o]

fs — Fs +8fs, Fs <fs>turb,
E =E+3E, E=(E)_,,
B =B +3$B, B=(B)_,,
A= A+3A, A=(A) .,
¢ =@+, © = (@) turd



Next Step: Convert into ‘Drift Coordinates’



Gyrokinetic Variables

(Qt) gyrophase angle Rs

T
/I \ lons \g\ Electrons
\

w=wb+w,(cos? e, —sinde), s A A
B /

Pa\t’icle location Location of guiding center q

(T, w) — (R, &, s, ¥, 0)




Useful Velocity Space Variables

(,r7 w>_> (RS’ 88’ l’l’S’ 19’ 0)

Alternatively (GENE uses these):

myw?

2B’

Wy and Ug =



Convert Entire Kinetic Equation into Gyrokinetic
Variables

d g 8 5 ZS ~ 1 ~ a S
J = J; +w- V fs + ¢ E+-wxB)- Y = C[fs] + S5,
dt ot s c v

(Tv w) — (R, &5, g, U, 0)

dfs  9fs
dr ot

. 8fs . 8fs . 3fs . 0f,

+ R, + L + & + U = C|f]+S;,
R, TP o, T8 %e, TV — CLS

We now have a kinetic equation in its ‘natural’ coordinates for a strongly
magnetized plasma.

Now we have, instead of a distribution of particles, a distribution of
guiding centers



Convert Entire Kinetic Equation into Gyrokinetic

Variables
dfs . afs Zie ([~ 1 ~ afs .
7 = +w- V[ + - (E+cwx B)- ™ = C[fs]+Ss,
(r,w) = (Ry, &, Us, U, O)
dfs ofs | .| 0fs . 0fs . 0fs .0fs
= + R - + W + & + U = C[fs] + S;,
dr ot oR, THoau, To s TV g = CLU

\

What is this?



Convert Entire Kinetic Equation into Gyrokinetic

Variables
dfs 0f; Ze ([~ 1 ~\ 3f;
s 0 v B8 (B tux B). 25 —crpges.,
dt at mg C dv
(r,w) = (Ry, &, Us, U, O)
dfs ofs | 5| 0fs . 0fs . 0fs .0f;
dr ot \ oR, TPoan, TE s TV = LIS
What is this? Vg = ExB
This encompasses the drift velocities B?
B x VB
etC fUVB_mJ



Necessary Tool: Gyro-average

1
(8)r = . ygdﬁg(Rs, Es, s, D, 0),
T

Guiding Center Position

q‘,l,,, Rlng Average

/
s /
Averaging out the gyrophase angle Drift at u,
eliminates this extremely fast time scale \\
—-very useful! N
N
l|I lL
Ion Position \\ B
\ 0
N B
\
N\
N



Split the Distribution Function

Bacground Maxwellian

Neoclassical Distribution Function

l For bookkeeping
Background, &
Slow time scale » Fo = Fos + Fig3+ Fog + - - -,

Large space scale

Fluctuating, / ofs = ‘Sffls + 6{2s + -,

‘Fast’ time scale -
Small space scale For bookkeeping
Turbulence (gyrokinetics)

FOS ™~ fSa Fls ™~ Bfls ™~ GfS9 F2s ~ 8f2s ™~ €2fSa etc.



Now Expand in Terms of Our Ordering Scheme

o O R e ey 00 500

dt ot OR, " A, R 39

-

BBl REL ofs k@ b _

Bl |El fs ki 2 a

— C[fs] + Ss,

1 XT @ (ps

— NS ~J
a

2 3
) Qg ~ €782
TE a2 Qs

Solve order by order



Some examples

dfs dfs - 0fs . 0fs .0fs .0fs
= + R, - + s + & + U
dr ot oR,  Mon, "% 0e T 99

/

of OFy  OF  06f

o~ ot ot | ot

- C[fs] + SS7

Ordering in terms of () F{?



Some examples

dfs ofs . dfs . 3fs 3fs
=25 R, . .
dr ot R, TPan 8% T

/

of OFy OF 06f

a " ot "ot T ot

N

63QF0 64QF0 62QF0

59Js
rr

- C[fS] + SS7



Some examples

dﬁ__aﬁ : &ﬁ P 3 f aﬂ &ﬁ

q + R; - + &

t / Msoms T 5 0e, © Py

’UE°Vf=’UE . V(F()-I-Fl —|—5f1 —|—)

- C[fS] + SS,

Note: \ vgE - VFy — evgp(1/a) Fy ~ €2QFO

Ve is perpto B v 1 r 3QF
VE ~ €U VE - 1 — evp(1/a)Fr ~ € 0

vE - Vofi — evgn(1/p)0 f1 ~ e?QF,



Summary of Equations Order by Order

In the following: lots of averaging, use of several identities, Boltzmann H-theorem, etc.
0t order: Background distribution function is independent of gyro-phase

aFOs
v

= 0.

$2

RS’I‘LS’SS
First order: Background is a Maxwellian with density and temperature ‘flux functions’

Fos = Ns (¥ (Ry)) e o/ LW,

3/2
[ZNTs(lﬁ(Rs))]

First order: fluctuating distribution function is made of two parts—Boltzmann response
and a part that is gyro-phase independent (=2 no fast time dependence in h!)

Z.ed¢’
8f1s=_ eT(,p(r)FOs+hs (RS’ MUs, Es, O, t)s

s




ah,
ot

+(R 9 + /i 9 +& 9 (Fos + Fis + hy) = —Q a(F +8f)+d
S ,u'saus saes Os s s) — sal9 2s 2s dt

Summary of Equations Order by Order

Second order:

Zseby'
T

Fo, ) + C[Fy, + Fy, + h,],
oR. 0) [Fo 1 ]

Gyro-averaging eliminates higher order distribution functions
Average over fluctuations = drift-kinetic equation (neoclassical)
Ampere’s law with F,, F; (e.g., bootstrap current): Grad-Shafranov

. c . 3
.7=4—T[VXB, gngsefdw'wFs,

1

- _ Macroscopic
: ) —JXB= : >
cJ Z Vps Equilibrium
S



Gyrokinetic Equation:
Describes the Time Evolution of Guiding Centers
5D instead of 6D
No fast gyro-frequency time scales

 Second order:

Z.edy'
T

oh, . 9 T B 0 d
+| Ry - + g + & (Fos+F1s+hs)=—Qs£(Fzs+8fzs)+a

Fos | + C[Fys + Fi5 + k],
dt IR, du, S oe, 0) [Fos + Fus + ]

» Keep fluctuating part: gyrokinetic equation and again gyroaverage to eliminate
f2 terms (note, | have simplified the following equation w.r.t. Abel 2013)

0 ZSGFOS

E(hs T,

S

OR;

< dp >R)+ (’w”i)—i-’UDs-l- < vg >R) - + <wvg >g -VFy =< Ci|hs] >r




Gyrokinetic Equation:
Describes the Time Evolution of Guiding Centers
5D instead of 6D
No fast gyro-frequency time scales

8 ZseFOs
- hs —
8t( T

S

OR,

< 0¢ >R) + (w“i)-l-’UDs-l- < VE >R)' + <wvg >gr -VEy =< Cl[hs] >R

(electrostatic, no background flow)

< Vg >R= EB X 85—¢ (gyro-averaged ExB drift)

B OR
/

b 2 1 2

i

What’s the meaning of the gyroaverages?

(Grad B drift)

Curvature drift




Consequences of Gyroaveraging

In Fourier space (k), gyroaverage operator
Can be expressed as J,(k p) (Bessel function)

< dp(R) >r— Jo(kLp)dor

SPH(X) 1 oP(xX)

0.6
0.4

0.2 /\

O v T T T T Ty
02f P\ */% #N8
-0.4-

Large scales: Jy(k p) ~ 1 Small scales (k p ~1): Jo(k p) = O

=>» Instabilities suppressed at scales much smaller than gyroradius



GK Poisson Equation: Need Distribution Function for
Particles (not gyro-centers) for Poisson Egn.

For fields: need particle (not gyro center) distribution function
=>» Get particle distribution function

Zzzez”s‘s‘f’ Y2 [ win..

§

Gyroaverage at constant
particle position r

Get contribution of each gyrocenter
with particles at location ‘Q’




What We Have Achieved with Gyrokinetics

Extracted a rigorous equation for the fluctuations / turbulence
This equation describes the guiding center distribution function
e @Gyro-average: removes fast gyro-frequency time scale
» Exploits the anisotropy of the fluctuations (parallel vs perpendicular)
* Bigsavings!
Captures all the important micro-instabilities for a fusion plasma (ITG, TEM,
ETG, MTM, KBM, RBM, drift Alfven...)
e (But this means some transparency is lost—may require some more work
to understand physics)
What's left out
 Some MHD behavior (current-driven MHD instabilities, low n modes?)
* Some fast particle instabilities
* Anything with time scales faster than the gyro-frequency
* Not much in a fusion plasma
* But some space / astro waves (whistlers, fast Alfven wave)
Later discussion: in the edge ‘transport barrier’ some of these orderings are
not as robust as they are in the main plasma (we’ll talk about this later)



Major Theoretical Speedups & Hammet

relative to original Vlasov/Maxwell system on a naive grid, for ITER p. = p/a~ 1/1000
L Nonlinear gyrokinetic equations

= eliminate plasma frequency: w,/€2; ~ m;/m,

= eliminate Debye length scale: (p/Ap.)® ~ (M/m,)3?

= average over fast ion gyration: Q/w ~ 1/p.

 Field-aligned coordinates
= adapt to elongated structure of turbulent eddies: A/A, ~ 1/p.

(d Reduced simulation volume
) reduce toroidal mode numbers (i.e., 1/15 of toroidal direction)
d L ~al/6~160r~ 10 correlation lengths

 Total speedup

O For comparison: Massively parallel computers (1984-2009)

x103
x10°
x103

x103

x15
X6

x1016

x107



You’ll Find Varying Notation for GK Equation; This is a
Standard for GENE (in k space)

g—z =7 + L[g] + Ng], This notation puts all time derivatives on g
3 BT, vT
Llg] =— ( + (vf + pBo — §)WTJ) Fojikyx + B2v|2|wpryy J B, v||FJZ

TOj (2’0” -+ /LBo)
q; By

| | Uty 0f; |
(Kyrjy + Ka:FJ:L') 2JBO 8 BO 8v|| + <Cj(f)> )

Nigl =) (kLky — kok}) x (K )g; (kL — k\),

R
T o A L 2(11' A
Xj = ¢;j — vrjv) Ay fi=g9;— V| A1) Fo,
m;ur;
Fx,y = ikx,yg -4 Fozkx Y
TOJ

f

Gamma is h from earlier slides



Third Order: Transport Equations

* Third order: transport equation describing slow evolution of background

an au aFS aafs
+(u+w) -VFs+|lag— — — (u+w)-Vu | - +{day - = C|[F;] + S;,
ot ot Jw 0w [iurb
on, 1 9 o=
; + Vv’ al/l(v <Fs>) —<Sn>a

'=Vy- f d>v(v,8f, + v(F) + pClp - Vi),

oL 19, —
E + 2 Wﬁ(v’«”s)) mu>
’ Q=Vy- f d3VT(VX5f1 +vg(F) +pClp- Vfp]),

- LY BB VD + S 5.,
47T s :

WEV¢-fd3V(mR2V'V¢)Vx5f1’

3dp, 1 0
—— +

> ar Vﬁ(vl@s»

= (Hs> + %nsz Vﬁu(Tu - TS) + @’



Example: Heat Flux

—
-

2
Q=Vy- f d3v%(vx5fl+VB(F1)+pC[p- Vol

 Classical collisional heat flux

* Most obvious / basic transport mechanism
e Step size = gyroradius

e Step time = inverse collision frequency

* Very high confinement time

D = ,0621/6 ~10"m*s™ Classical® T, =1000s




Example: Heat Flux

2
Q=Vy- f d3V%(vX5f1 +v(F1)+ pClp - Vf)),

Neoclassical collisional heat flux
Classical (linear, not turbulent)

Still very high confinement time

rE(neo) =~

TE(claSSica]) . 10S

100

WV

Accounts for broad particle orbits, etc. . ..
Relevant in some parameter regimes




Example: Heat Flux

Q=Vy- fd3V—(VX§f1+VB<fl>+pC[poVfo])@:

Turbulent transport eSS
Advection of temperature fluctuations by | Hot= <Cold
velocity fluctuations T =
Dominant transport mechanism in fusion E A— |
devices
Lower confinement time S =
* =>»Understanding and controlling plasma | [-l6,¢) =-lo,9)
turbulence is a major part of fusion - D =1
research g
x = radial

Typical Fusion Parameters=>

7, ~0.1-1.0s




End Result
e Starting from first principles kinetic equation
* Exploiting scale separation

* Arriving at a set of four equations that is still extremely
close to first principles (in the core):

* Grad-Shafranov for background equilibrium
* Drift-kinetic for neoclassical (second order macroscopic distribution)
* Gyro-kinetic for fluctuations (turbulence)

* Transport equation for slow evolution of background profiles



