Path integral control
Minimization wrt u yields: [
u = -Rlg'VJ

—0,J

1 1
—E(VJ)’gR‘l §OVN+V+ (VI f+ T (gve'v?J)

Define y(x, ¢) through J(x, ) = —Alog ¥ (x,t) and impose a relation between R and v:
R=av"!

with A a positive number.

- 0J(x,t
11 Ug = — Zb,i (R 1)ab 8ib(x’ I)G(Txl)

- Bert Kappen ML 348



Path integral control

Then the HJB becomes linear in
v / 1 72
—0) = (—z +f'V+ ETr (gvg \Y% ))w

with end condition ¥ (x, T) = exp(—¢(x)/2) [

12 We sketch the derivation for g = 1.

1 . 1
~5(V)'R Lovr + 5Tr(vVZJ = ——ZVJR v+ AZlelvl]J
ij ij

- % Z R (=ViJV,J + AV;J)

1285 [5)

since

1
~VJVJ = —AZPV,-W W

1 1
Vij] = —-AV;V; logw = —-AV; (lﬁ ]lﬁ) /lﬁvl‘lﬁv]'l//— /lJVl'jlﬂ
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Path integral control

We identify y(x, t) < p(z, T|x, t), then the linear Bellman equation
v ’ 1 rv72
-0 = (—z + f'V+ ETr (gvg \Y ))tﬁ
can be interpreted as a Kolmogorov backward equation for the process

dxi = filo0dt+ ) gilx, 0dE,

x(t) = T withprobability V(x,1)dt/A
x(T) = § withprobability ¢(x)/4

The correspondong forward equation is

Vv

1 4
0ip = —=p = V(fp) + STV gvg'p

with po(x, 1) = p(x, t|z,0) and p(x, 0) = 6(x — 2).
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Feynman-Kac formula
Denote Q(tlx, s) the distribution over uncontrolled trajectories that start at x, t:
dx = f(x,ndt+ g(x, t)dé

with T a trajectory x(t — T'). Then

w(x 1) f dO(rlx, 1) exp (—@)

A

S (1) o(x(T)) + f , dsV(x(s), s)

Y can be computed by forward sampling the uncontrolled process.
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Alternative derivation
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Uncontrolled dynamics specifies distribution g(t|x, ) over trajectories 7 from x, .

dsV(xs, s).

/

I}
1) that minimizes E, § and is ‘close’ to g(7|x, 7).

d(xr) +

Cost for trajectory 7 is S (1|x, 1)

b

Find optimal distribution p(t|x

ML 352
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KL control

Find p* that minimizes

p(tlx, 1)
q(tlx, 1)

C(p) = KL(plg) +E, S KL(plg) = f drp(t|x, ) log

The optimal solution is given by

ﬂmmzzw;ﬁm@mvmmm

yonn = fmwmmmﬂmeﬁpS
The optimal cost is:

C(p") = —logy(x, 1)

- Bert Kappen
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Controlled diffusions

In the case of controlled diffusions, p(t|x, t) is parametrised by functions u(x, 1), g(t|x, t) corresponds
to u(x.t) = 0:

dX, = fX,0dt+gX,, )uX;, ydt +dW,)  EAWidW)) = v;dt

C(p)

E, ( f dt%u(Xt, v uX, 1) + S (tlx, t))

J(x,t) = —logy(x,t) is the solution of the Bellman equation.
p* is generated by optimal control u*(x, 1):

E, (d We‘S)
E,(e™)

uw(x,tydt = Ep(dW,) =

W, u* can be computed by forward sampling from g.
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Recap of the main idea

2.
1W
0

2

0 0:5 1 1:5 2
Consider a stochastic dynamical system

dX; = f(Xt, u)dt + dW; E(th,ith.j) = Vl'jdf

Given X, find control function u(x, r) that minimizes the expected future cost

T
C - E (¢(XT) + f dtR(Xt’ M(Xta t)))
0
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Control theory

0.5 1 1.5 2

Standard approach: define J(x, t) is optimal cost-to-go from x, 1.

T
J(x,t) = min u;.7E, (¢(XT) + f dtR(X;, u(X;, t))) X;=Xx

J satisfies a partial differential equation
1
—-0,J(t,x) = min (R(x, u) + f(x,u)V,J(x,t) + EVV)%J (x, t)) J(x, T) = ¢(x)

with u = u(x, ¢).This is HIB equation. Optimal control u*(x, t) defines distribution over trajectories
P (1) (= p(tlxo, 0)).
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Path integral control theory

Lt Y

dX, = [f(Xodt+g(X)uX;, Hdt +dW;)  Xo = xo
fXpu)d

Goal is to find function u(x, ) that minimizes

T T
C = E|oXp)+ f dtV(Xt,t)+%u(Xt,t)2 =E(S(T)+ f dt%u(Xr,f)z)
0 0

R(XI’M(XIJ))

T
S(r) = ¢Xp)+ fo V(X:, 1)
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Path integral control theory

Equivalent formulation: Find distribution over trajectories p that minimizes [

C(p) = dep(T) (S (1) + log @)
q(7)

q(t|xo, 0) is distribution over uncontrolled trajectories.

The optimal solution is given by p*(t) = iQ(T)e_S @

T
BB, fy diju(Xe,1? = [drp(r)log B3,
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Path integral control theory

Equivalent formulation: Find distribution over trajectories p that minimizes

C(p) = dep(T) (S (1) + log @)
q(7)

q(t|xo, 0) is distribution over uncontrolled trajectories.
The optimal solution is given by p*(t) = iq(T)e_S(T) = p(tlu*).

Equivalence of optimal control and discounted cost (Girsanov)
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Path integral control theory

The optimal control cost is C(p*) = —logy = J(xp, 0) with

Y= f drq(t)e > =B e™®

J(x, t) can be computed by forward sampling from g.

K Bert Kappen ML 360



Delayed choice

Time-to-go T =2 —1.

— 1=0.5

J(x,1) = —v1og Eg exp(—¢(X2) /)

Decision is made at 7 = %
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Delayed choice

Time-to-go T =2 —1.

— 1=0.5

J(x, 1) = =v1og By exp(-¢(X2)/)

"When the future is uncertain, delay your decisions.”
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Delayed choice (details)

dX, =udt+dW, EdW?=vdt

V =0, path cost is %uz and end cost ¢(z = +1) = 0, ¢(z) = oo else encodes two targets at z = +1 at
t=T.

Pl recipe:
1.

y(x, 1) = f dQ(tlx, 1) exp(=S (7)/ )

S = ¢x(T))
y(x,0) = f dzq(z, T|x, 1) exp(—=¢(2) /) = q(1, T|x, 1) + g(—1,T'|x, )
qz, T|x,t) = N(@x, (T —1))
2. Compute
J = -l - (L v~ p0g2.cosh —2
(x,t) = —Alogy(x,t) = T (Ex —v(T —t)log?2 cos AT =1
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tochastic deterministic
2 2
1 1
o W 0 W
1 -1
2 2
0 0.5 1 1.5 2 0 0.5 1 1.5 2
2 2
H]
1 1
0 ’MW’W‘/\ 0
-1 -1
-2 2
0 0.5 1 15 2 0 0.5 1 15 2
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Coordination of UAVs

(AAMAS 2015.mp4)

~ 10.000 trajectories per iteration, 3 iterations per second.
Video at: http://www.snn.ru.nl/~bertk/control_theory/PI_quadrotors.mp4

Gomez et al. 2015
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PI_quadrotors.mp4
Media File (video/mp4)

http://www.snn.ru.nl/~bertk/control_theory/PI_quadrotors.mp4

Coordination of UAVs

Chao Xu ACC 2017
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Importance sampling and control

dsV(x, s)

T

E,e™” S(tlx, 1) = ¢(x7) + f

f) =

K

(x

Sampling is ’correct’ but inefficient.

ML 369
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“To compute or not to compute, that is the question™

There are two extreme approaches to compute actions:

e precompute the appropriate action u(x) for any possible situation x. Complex to learn and to
store. Fast to execute

e compute the appropriate action u(x) for the current situation x. Low learning and storage cost.
Slow execution.

Intuitively, one can imagine that the most efficient approach is to combine both ideas (like 'just-in-
time’ manufacturing):

e precompute 'basic motor skills’, the "halffabrikaat’
e compute the appropriate action u(x) from the basic motor skills
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Importance sampling

|

1t I
I

0.8’ |
I
I
I

0.6
0.4

|
0.21 |

|
O L L L
-2 0 2 4

Consider simple 1-d sampling problem. Given g(x), compute

a = Prob(x < 0) = f"o I(x)g(x)dx

—00

with I(x) = 0,1 if x > 0, x < 0, respectively.

Naive method: generate N samples X; ~ ¢

1 & 1
a= ; IX) Ba=a  Var(@) = Var(l)
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Importance sampling

|

1t I
I

0.8’ |
I
I
I

0.6
0.4

|
0.21 |

|
O L L
-2 0 2 4

Consider another distribution p(x). Then

a = Prob(x < 0) = foo I(x)@p(x)dx
o P

Importance sampling: generate N samples X; ~ p
N
1 X; 1
a=— Z I(X,-)L) Ea =a Var(a) = —=Var (12)
N 4 p N q

Unbiased (= correct) for any p
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Optimal importance sampling

1.2

1t

0.81

0.6

0.4

02| T

0
-2 0 2

The distribution

() = 20

is the optimal importance sampler.

One sample X ~ p* is sufficient to estimate a:

9X) _ .
P (X)

a=I(X)

Var(a) =0

- Bert Kappen
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Estimating ¢ = Ee™

ESS=1.8,C=31.7

1 /W\’ m
M, Jl‘\w \\ n-‘( A
0 *;':?‘*.(h K
khﬁ\ "’\/
1w V¥ ,fv\v
_ J *
0 0.5 1 1.5 2

Sample N trajectories from uncontrolled dynamics

~ 1
o~ g wi=ePW = ~ Z Wi

i

¥ unbiased estimate of .

Sampling efficiency is inversely proportional to variance in (normalized) w;.

N
1 + N2Var(w)

ESS =
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Importance sampling

ESS =1.8,C=31.7 ESS = 3.5, C=5.0 ESS=9.5, C=2.0
2 2r r
1} /’W\ m 1} *
y !
m'\ﬂ \li \w"l \‘;IJ’\// \
O !EM" bk\ v & |
4 M
Y\M’\ ’V’W\/\j/’ /V%A
1t
-2 . . ) . . . )
0 0.5 1 1.5 2 0 0.5 1 1.5 2

Sample N trajectories from controlled dynamics and reweight yields unbiased estimate of cost-to-
go:

—S(1: Q(Ti) =Su(t;) 7 1
T o~ pr)  wi=eP MW =@ ==y,
p(Ti) NZ,-:

T T
S.(r) = S+ f dt%u(Xt, H? + f u(X,, )dw,
0 0
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Importance sampling

ESS=1.8,C=31.7 ESS =3.5,C=5.0 ESS=9.5, C=2.0

: / / W\ m 1} *
m‘\ﬂ \liAI\W"I \,;‘UV‘X \

Sy

0 015
T 1 T
S,(r) = S+ f dtzu(Xt, N? + f u(X,, )dw,
0 0

Thm:

e Better u (in the sense of optimal control) provides a better sampler (in the sense of effective
sample size).

e Optimal u = u™ (in the sense of optimal control) requires only one sample and S ,(7) deterministic!

Thijssen, Kappen 2015
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Proof

Control costis C(p) = E (S(T)+logp8) ES,

Using Jensen’s inequality:

C* = —log Z g(1)e>® = —log Z pr)e " - gl‘;g’; < Z p(7) (S (7) + log %) C(p)
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Proof

Control costis C(p) = E (S(T)+logp8) ES,

Using Jensen’s inequality:

(1)
C* = —log Z g(1)e>® = —log Z p(T)e_S( 0-log g5 < Z p(7) (S (1) + log %) C(p)

The inequality is saturated when S (1) + log D) ) has zero variance: left and right side evaluate to

S(t) + log pg

This is realized when p = p* [

145" exists when 3, g(1)e ™5™ < oo
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Example

Geometric Brownian motion on the interval r = 0to 7.

4 ~ T
T NO)
3E CO E—
2 Lol “(21 """"""
dX, =X, u(tX,, H)dt + dW,), 11|
I sof
C =E = log(X7)? 1) J
2 P R S ——
_ 2 | | \
u(x,t) =a(t) + b(t)x + c(t)x 3 I S —
z(t) at t=1/2
| u=0 constant linear quadratic optimal
C 7.526 5.139 1.507 1.461 1.420
FES(%) 34.3 42.08 87.5 95.2 99.3

1400

1 1200
1 1000
1 800
1 600
__ 1 400

200

0

particles

3?:BertKappen
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The Path Integral Cross Entropy (PICE) method

We wish to estimate
v = f drq(t)e™"

The optimal (zero variance) importance sampler is p*(t) = iq(r)e‘s @,
We approximate p*(t) with p,(1), where u(x, t|0) is a parametrized control function.

Following the Cross Entropy method, we minimise KL(p*|p.).

AO <

_8KL(p*|pu) o _F oS fT JW ou(X;, t|60)
a0 ” o 06

u(x, t|0) is arbitrary.

Estimate gradient by sampling.

Kappen, Ruiz 2016
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Adaptive importance sampling

fork=0,...do
data; = generate_data(model, uy) % Importance sampler
ui+1 = learn_control(datay, uy) % Gradient descent
end for

Parallel sampling
Parallel gradient computation

] b
DA © 31 3 =)
o] bl P
1 ¥
[+
4
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Inverted pendulum

Simple 2nd order pendulum with noise, X = (a, @)
g 1
@d=-cosa+u C=E f dtV(X,) + 5u(X,, 1)?
0

Naive grid: u(x) = X U0 x, -

_DF 3
2
1 ‘ ‘ ‘ ‘ 0 1t
_02f 1
0sl | 0.2
-0.4}
Of 0
0.6} 06
A -
0.4} 1 -0.8} ~1
1 1.
0.2 -2
-1.2} :
0 : : : : 1.4 25 : ' = -3
0 200 400 600 800 1000 "0 200 400 600 800 1000 0 2 4 6

ESS < 1 due to time discretization, finite sample size effects and u(x, ) = u(x).

lllustration of gradient descent learning Eq. ?? for a second order inverted pendulum problem. Left:
Entropic sample size versus importance sampling iteration. Middle: Optimal cost to go versus
importance sampling iteration. Right: Optimal control solution ié(x;, x,) versus x;, x, with 0 < x; <
2rand =2 < x, < 2.
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2 DOF, second order, under actuated, continuous stochastic control problem.

Fig. 1. The Acrobot.

dugr+dizga +hi +01=0 (0

dagn +dng+hr+o2=1, (2)

where
dy = mlsf, + m1{1? + EZ(Z + lacos{gaN + I + Iz
day = maliy +
diz= mz(!%'z + hilacos{g2)) + Iz
dyy = ma(l3 + lilcacos(g2)) +
iy = —mal)Lasin(g2)gE — 2ol Leasin(g2)ii
hy = mzhfcz&in(qz}é%
b1 = (ke + madi)geos(g1) + malaecos(g1 + g2)
&2 = malcageos(gr + q2).

Task is swing-up from down position.

Bert Kappen
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Acrobot Task

= smoothed cost gradient
10000 1 = plain cost gradient

8000 A

6000 A

Costs

(acrobot.mp4)

4000 A

2000 A

0 20 40 60 80 100

Iterations

Neural network 10 layers, 25 neurons per layer. Input is sin and cosine of both angles as well as
angular velocity. No time as input. 100 iterations, with 10000 rollouts per iteration. Annealing such
that ESS larger than 10 %. Took around 15 min with 100 cpu.
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acrobot_dominik_sept2016.mp4
Media File (video/mp4)


Acrobot (details)

Fig. 1. The Acrobor,

dugi+dizg2+h +01=0 )
d21g1 + dasga + ha+ g =1, @)
where

di = mif2 4 ma@ + Ba + 2hiacos(ga)) + 1y + 1

dn=mlr b2

drz 2+ hileacos(gr)) +

a1 + Llcacos(g2)) + 12

n 208 - 2mahricasin(g2)ii

h = maliLeasin(gagt

1= (muley + mal)geos(gn) + malageos(gr + g2)

b2 = m2czgeos(qi + ga).

q1(0) = ¢2(0) = —n/2, ¢1(0) = ¢(0) = 0, maximize final height

H =1 sin ql(T) + [, sin QQ(T)

Zf/i Bert Kappen
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Acrobot (details)

di1(q@)g1 + di2(@)G2 + hi(q, q) + $1(q) = 0

d21(q)g1 + dags + ha(q, q) + ¢2(q) = u

We can write these equations in standard form

dx; = f;(x)dt + gi{(x)udt

with x; = g1, x2 = g2, x3 = ¢1, x4 = ¢, and

filx) = x3
S(x) = x4

fa(x) = —dy(hy+¢1)+d1o(p+¢))

D
—d11(hp+¢))

falx) = 220200

D

g1(x) = 0
2 =0
g3(0) = — 12
ga(x) = 4L

- Bert Kappen
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Acrobot (details)

30

mean
std

N
o

increment
S

0 ||
! ! ! ! _1 0 ! ! ! !
0 20 40 60 80 100 0 20 40 60 80 100
8 0
6 L
~50
34
-100}
2 L
0 : : : : -150 : : : :
0 20 40 60 80 100 0 20 40 60 80 100

100 iterations. At each iteration 50 stochastic trajectories were generated. The new control was
computed from a deterministic trajectory. Noise was lowered at each iteration. Top left: final height
for each stochastic trajectory for each iteration (red) and for each deterministic solution (blue).
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Integrated sensorimotor control

Initialize control uy
forr=0,...do
data; =act_in_the_world(u;)
model; = learn_model(u;,, data;)
u; 1= compute_control(model,)
end for

compute_control

fork=0,...do
data; = generate_data(model, uy) % Monte Carlo importance sampler
ui+1 = learn_control(datay, uy) % Deep or recurrent learning

end for
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Integrated sensorimotor control

Initialize control uy
forr=0,...do
data; =act_in_the_world(u;)
model; = learn_model(u;,, data;)
u; 1= compute_control(model,)
end for

compute_control

fork=0,...do
data; = generate_data(model, uy) % Monte Carlo importance sampler
ui+1 = learn_control(datay, uy) % Deep or recurrent learning

end for

e generate infinite data to learn infinitely complex
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Integrated sensorimotor control

Initialize control uy
forr=0,...do
data; =act_in_the_world(u;)
model; = learn_model(u;,, data;)
u; 1= compute_control(model,)
end for

compute_control

fork=0,...do
data; = generate_data(model, uy) % Monte Carlo importance sampler
ui+1 = learn_control(datay, uy) % Deep or recurrent learning

end for

e generate infinite data to learn infinitely complex
e data, and data, are the two realities of the brain

& Bert Kappen ML 390



Towards sensorimotor integration

The brain is a Monte Carlo sampler

e Perception: Bayesian posterior computation
e Action: solving an optimal control problem through sampling

Both require the learning of a world model
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Towards sensorimotor integration

The brain is a Monte Carlo sampler

e Perception: Bayesian posterior computation
e Action: solving an optimal control problem through sampling

Both require the learning of a world model

Action computation is optimized by adaptive importance sampling,

e this is a type of motor learning
e but is complemented by sampling ('halffabrikaat’)
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Towards sensorimotor integration

The brain is a Monte Carlo sampler

e Perception: Bayesian posterior computation
e Action: solving an optimal control problem through sampling

Both require the learning of a world model

Action computation is optimized by adaptive importance sampling,

e this is a type of motor learning
e but is complemented by sampling ('halffabrikaat’)

Many open problems

e Sensing, acting interdependence
e action hierarchies in terms of action building blocks
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Thank you!
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