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Errors in Scientific Computing

! !"#$%"&'$()*+,+-$./0
! 1$2"3-.4 !! "#$%#&'()$*&#+',()*-+.-#+'(#/
! 5()-%-',3&2,+,!! ".'*#0#+1*()-2'*(/*3).4)*-#+5#&'%1
! 6%"7-$*/&'$()*+,+-$./ !! 6,',*7,1*8#*',3#)*5+.7*.'9#+*:#++.+!-+.)#;*

)27#+(&,%*7#'9.</
! 83$))9&)%$4%,((-.4!! =>$>*()&.)/(/'#)'*&.)0#+/(.)/

! :*%-.4&'$()*+,+-$./
! ;%*.',+-$. !! ?--+.@(7,'(.)/* 5+.7*)27#+(&,%*7#'9.<
! <$*.2-.4&=>&'$()*+"%/&$##"%&$.39&#-.-+"&)%"'-/-$.&-.&%")%"/".+-.4&%",3&

.*(?"%/ :ABCD*E=FAGH=;



Example 1: earth surface calculation

! !"#$%&'( !! "#$%&'()'*+,'#'-.$/.0%')-&.$.
! )*+&,&-.%/#.0.!! $$012%#(2)'3.#)4$.3.2%'.$$1$)
! 1,2'-.0&"' !! 14$'0#5045#%(12'.3-516)'#'/(2(%.'#3142%'1/'7(8(%)'/1$99
! 3"2'#&'(/ 45/06$/*2%0&+%&-.0&"'7/.,$/,"2'#$#

! " # $%&



!"#$%&'(&)'*+%*+,

! !"#$%&'($$%$)'*"')+*,"#*-*+'+%./0#*"1
! 2*./3,',45./3,&'67538*"1'-%$75$9:

! ;3%5#*"1'/%*"#'"0.<,$'$,/$,),"#5#*%"'*"')+*,"#*-*+'+%./0#*"1
! =0.<,$)'$,/$,),"#5#*%"'>!((('?@AB
! C5"1,)'5"9'D,")*#E
! C%0"9*"1'F'G5+H*",',/)*3%"

! ;I' J$*#H.,#*+)5"9' /*#-53)
! ;I' 5$*#H.,#*+)KL',45+#'5$*#H.,#*+)
! =0.,$*+53'+5"+,335#*%"
! (M053*#E'+H,+8)

! N0*39*"1'$%<0)#'#,)#)'7O';I'5$*#H.,#*+)
! (4,$+*),)



!"#$%&$'

! !""#$#%&$'()%*+,'-,%./+&/-01-
! !"#$%&'#(')%(#*"!&)#%'%$"+*),'-!*)!./+0',!**12'

3454678'&#'9'.)&0 23/3.44'-5(67(89(7:(5;(695<
! =,.>%?+""-@%=A%%&-/B%%>-.&>-.$$3,.$'

! C-D.,#.@4%-+"-E-@#=/-$.&-,%B,%/%&=-%F.$=4'-9GE-/=.=%/H
! E.g. int ?1-89@#=---&3*@%,/-@%=A%%&--I9H6:JH:58H7:5-.&>-K9H6:JH:58H7:J
! 9G89-L-:M-/=.=%/
! 6-#/-=N%-/*.44%/=-&+&?O%,+-&3*@%,-,%B,%/%&=.@4%
! P&=%Q%,R-ST-A#=N-U>#Q#=.4-=N#&V#&QW

! 4::;72 A%-+"=%&-&%%>-=+->%.4-A#=N-*+!/'%$".+*02
! <=<>?'@@A=BC?'+?'X./-$+&/=.&=-Y-#&-ZP-3&#=/[-B#[-\&#D%,/.4-Q,.D#=.=#+&.4-$+&/=.&=-#&-ZP-3&#=/
! S3,-N%#QN=-$+*B.,%>-=+-=N%-%.,=N-,.>#3/]



!"#$%&$'

! We can fabricate many encodings carrying real numbers in 32bit

! !"#$%&'"()*+,%-.$
regardless the encoding 

we /*--%+$&#0*''$+1"$2,3,+$%4$56&,+$7%(+1$%4$,-4%(3*+,%-8

! Simple example - !"#$%&'(")*&arithmetic: 
we scale the integers by a given factor

e.g. Scale: 1/10.000, 32bit
−214.748,3648 and +214.748,3647

! 9+,22$,-/%-)"-,"-+.$ need to *:(""$ on the scale
cannot represent numbers smaller than 1/10.000 or too large.



!"""#$%&#'()*+,-./0),-+#-12345 5405464-+*+,)-
76,-.(4#0548,6,)-#8*649#

! !"#$%#&%'&()&(*($"#"+,$'*+$-('".('/01*2'3,4'#"'5006'&(7+*+,$
! 8%(#9

! ! " ##$%&'()*%(+ " , - $. #%&'()*%(+ / '- 0 1

::

! " , - $'-''-''-'-'''' -------- / #22222323

3,&;#<+=(%'*-+($"+>+-'$,"#"+,$
?02@$,$:=(&, AB2C
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!"""#$%&#'()*+,-./0),-+#-12345 5405464-+*+,)-
76,-.(4#0548,6,)-#8*649#

! !"##$%$&'()*+&,-(.#('*$(/01"'-(-$%2$(3"##$%$&'(4+%4.-$-
! 5"6&(78(91"'
! 5):;$(<$=4.&$&'>(78(?1"'((
! @%:)'".&A5"6&"#"):&3AB:&'"--:(78(0/1"'(

! C$(+-$(&.%D:;"E$3(%$4%$-$&':'".&F('*$(#"%-'(G#%:)'".&:;H(3"6"'("-(:;I:J-(9K(
<.&$(1"'6:"&K>

! L*$($=4.&$&'("-(-'.%$3(&.%D:;"E$3F(!"#$ %&'( )*+!" ,"-. / 01#)23456
! L*$($=4.&$&'(G)*+!","-. ( 7H("-(,$4'(#.%(-4$)":;():-$-

- ( 8 79373373 : ; 4<====> ?@AB



!"""#$%&#'()*+,-./0),-+#-12345 5405464-+*+,)-
76,-.(4#0548,6,)-#8*649#

! !"##$%$&'()*+&,-(.#('*$(/01"'-(-$%2$(3"##$%$&'(4+%4.-$-
! 5"6&(78(91"'
! 5):;$(<$=4.&$&'>(78(?1"'((
! @%:)'".&A5"6&"#"):&3AB:&'"--:(78(0/1"'(

! C$:3-(+4D(@;.:'"&674."&'(:%"'*E$'")().E$-(F"'*(3"##$%$&'(%+;$-G
! HI!JK5LMI!NIO(LCJ(KHPJ5D(J55JILNMPG

! Q:-'D(-$2$%:;(3$2:-':'"&6(:))"3$&'-(<%$;:'$3('.(6+"3:&)$(4%.1;$E>

! " # $%&$&&$&' ( ) *++++ , -./0



!"#$%&'()*(+,-./#-/(.%''0(1#&23-4*(5,1(6#7(0,(8(4'/9
:;(<,=7-'>(13/5(7,=-03-4('77,7.?

! !"#$%&'()*+,"+-(,%./(0*&1."&.(23#*0%.4

! 5/%1(0"&(63(-%10+3.%73-("1

! 8*+(1%9:#%0%.4(#3.(./3(-%1:#"0393&.(63(((((((((;(<=

! !""#$ >(&"?23(%9:#393&.".%*&1(+":%-#4(4%3#-(,+*&'(+31@#.1(-@3(.*(+*@&-%&'(3++*+1



Example 2: Constant speed walking: how far do I get?
(A journey with rounding errors)



!"#$%&'()
*+(,-./0'1(2345(/-.06307('//-/89



!"##"$#%"$%&'(%)***%+,-%.&/$0/10
Single precision: 32 bit

Double precision: 64 bit

More recently: quad precision 128 bit, half-precision 16 bit (deep learning)

Largest possible number is !  3.4* 1038 (decimal repr.)

Smallest positive number is ! 1.8* 10−38

Largest possible number is !  1.798· 10308 (decimal repr.)

Smallest positive number is !  2.22 ·10−308

(we can go subnormal -> a little lower)



!"#$%$"&%'(((%)*+%,$#-.#/.%.&01-&2

! Arithmetic operations 
! (add, subtract, multiply, divide, square root, fused multiply-add, remainder)

! Conversions between formats
! Encodings of special values

! This ensures portability of compute kernels



!"""#$%&#'()*'+,-'./01#/2(345#64/0'-7

! !"#$%&'()'*+,!+)+-.!/' 0+,+/*'12345'67!"#$%&'0%!*+/8'0%-&%.*%*
! /9%'%:;(!%!/'0%/%&#+!%*'/9%'!"#$%&'0%!*+/8

! 4:.#;<%=>?'$+/')<(./
! @'$+/*'%:;(!%!/*
! A'+*'&%;&%*%!/%0'B+/9'%:;(!%!/'CD?E
! D?F'!%,./+G%'%:;(!%!/*H'%.-9'9.*'?I?>'"!+J"%'!"#$%&*

! K(/.<'+!'LAHDM'6'DHANFHOFPHFA@
! Q("!0.&+%*='RASH'RDS''L?'-(!/&+$"/+(!*M

! !"#$%&'(&)*+,-&.&,+*/0+102+0,*

! T4U='K(/.<'.G.+<.$<%'!"#$%&*'+!'>?$+/='?I>?'6'2+312+104+310



!"""#$%&#'()*+,# -+'./01#2 '()*+,.#/'#34567

About 25% of all numbers 
available in FP are between 
0.0 and 1.0



!"""#$%&#'()*+,# -+'./01#2'()*+,.#/'#3 24546

Hence about 50% of all 
numbers available in FP are 
between -1.0 and 1.0



!"""#$%&#'()*+,#-+'./01

• !"#$%&'#$()'*#+$,-$*.!%$.%$)%#/$-,+$!"#$%.0(.-.1&(/$23
#45,(#(!$/#!#+'.(#%$+#5+#%#(!&*6#$()'*#+$/#(%.!7

• #808$.($&$%.(06#95+#1.%.,($-6,&!.(095,.(!$()'*#+$!"#+#$&+#$:;<::;=>=$()'*#+%
• *#!?##($@8>$&(/$A8>;$*)!$,(67$@=;<:A$*#!?##($@>A<8>$&(/$@>AB8>

• C11)+&17$/#5#(/%$,($!"#$'&0(.!)/#

• D,+.(%!&(1#E&66$()'*#+%$*#7,(/$&$!"+#%",6/$&+#$#F#($
93$G#$6,%#$!"#$H)(.!$*.!I$JK@L
• %.(06#95+#1.%.,(E&66$()'*#+%$*#7,(/$AAB&+#$#F#(
• /,)*6# 95+#1.%.,(E&66$()'*#+%$*#7,(/$AM<&+#$#F#(



IEEE 754 – Unit of Last Position (ULP) & 
rounding error
! ULP!"#$%&'()"*+,-++(",-." neighboring /0.%,'()1$.'(,"(23*+4# 5

! ! = 0.1101010& ⋅ 2)*+

! 6789 :";"4+0%,'<+"+44.4",=%,"-+"3%>+"%#"-+",42(&%,+

! ?%&='(+",: 678"/.4"! = 1

@.-"0%4)+"'#",=+"'(&4+3+(,"'/",=+"0%#,"A+4."'#"#='/,+B",.".(+C



!"#$%&'(
e"## ≈ 2.6881171418161356 10/0

! !"#$%#&'(%#&)%#'**+,-./'&.,0#1.&%+'+.123
! 26,881,171,418,161,356455545554555455545554555455545554555

! actual value stored 6'"&%+#"1,'&78#9.0'+2#+%*+%:%0&'&.,0;
! 26,881,171,418,161,35645<84=>?485548?>4<7=4<5?4>>847@74<A7

! correct value
! 26,881,171,418,161,35448@84B=74=>>4>B>4@554B?>4@A?47BB4BB@

! ISSUE3#&)%#C,++%C&#D'1E%#.:#FGH#'#"1,'&78#0E/9%+#'0I#0%%I:#&,#9%#'**+,-./'&%I#
92#+,E0I%I

J1,:%:&#KL#0E/9%+3#
I.:&'0C%#M#5N>OPL#QR#+%1'&.D%#%++,+



!"""#$%&#'()*+,-./01#023

!"#$$! ⊕ #%
!"#$%&'()*
&' ()*)+#,-)$./)+0-($1,*2 3#044)+$)5/.-)-*$6)'7'$! 8
9' *+0-3:.+#$*2)$+)/+)3)-*0*,.-$.:$! *.$20;)$*2)$30#)$)5/.-)-*$.:$"

#$%$&'(#)*&*(%&+!,*#''!
-$ '.+&*(%&+!,*#''!&/#,*%0%1&23%1!*#2,4&*%+321!1#56&2,&+21%&"#*'7
8$ ,21+!5#9%
:$ 12.,;&
<$ *1.,=!*%

+,,-. %$*2)$3"#$⊕ 203$(,::)+)-*$+"4)3$*20-$.-$6"3"04$<,-:,-,*)$/+)=,3,.->8$
+)04$-"#?)+3



!"""#$%&#'()*+,-./01#023#(*.()*,-)0#4-002)0
!"##$%&%'()*+,"+),%- .//"0'&%'()*+,"+),%-

1)&234$#5),/*"+ ! " # $ # " ! ! " # " %$ &" ' ( " ) *

62"&%'473+"'4%*"+ ! + # $ # + ! ! + # + %, &+ ' ( + )*

!""#$%&'%()*+,-./%0*-.,%123%-1%.*,%+11*4-+,-567



!"""#$%&#'()*+,-./01#023#(*.()*,-)0#4-002)0
ISSUE 2: subtractions of similar numbers (after rounding) 

yields loss of precision

! !"#$%%&'()*(+, %$-%$.$(#$)/('01$%./2&0$/3*#4/$%%&%/5$56789:;<
! =>#>.#%&-4*2/2>(2$??>#*&(/4>--$(./34$(/.*0*?>%/&-$%>()./.'1@$2#$)/#&/%&'()*(+/$%%&%./>%$/.'1#%>2#$)8

AB!C<;A
! = #. %&'()*+89 → !/ = 0.1234567
8 = #. %&'()))55 → 8/ = 0.123455*

9 − ; = #. #####%&'( = #. %&'(##### ⋅ %#=+ = 9 − ; >

9> ⊕ −;> = #. %&##### ⋅ %#=+

D$/?&.#/-%$2*.*&(/3*#4/(&/-&..*1*?*#E/&"/+>*(*(+/*#/1>2F8
! GACHAI#%>/2>%$/34$(/)$>?*(+/3*#4/.'1#%>2#*&(./&"/.*0*?>%/('01$%.
! GACH/AI#%>J$I#%>J$I#%>/2>%$/34$(/'.*(+/%$.'?#/*(/0'?#*-?*2>#*&(,/.*(2$/%$.'?#/*./#>*(#$)/1E/?&3/>22'%>2E



IEEE 754 Operations: multiplication
multiplication  ! ⊗ #:
!"#$%&'()*
1. multiply mantissa  (yields a valid mantissa by construction)
2. sum exponents
3. normalize
4. round
5. truncate

Again the FP multiplication ⊗ is commutative but not associative
although “not plagued by cancellation”

+,,-.*/01/234/$51%6"$0/7481%6"$0/19:$414';



!"""#$%&#'()*+,-./01#.*2)*#*)3+,-./0#+/2#
4.5(+*-0./

!"#$%&'()"#*)(#+$,-$#-./0#*11%)*12#345678#9,)#:,-();<
! (=%*:./2#."#$,/#-(::#>(?.$(>
! /-, $%&'()" *)( @(=%*:A#91,$".>().$B#),%$>.$B;

.?#/0(.)#)(:*/.C(#>.??()($1(#."#-./0.$#?(-#&*10.$(#(D".:,$
! %$"*?(/, %"(E8#$%&'()"#(4B4#*"#:,,D#.$>.1("

! !"#$%&"'$(")(*'+



IEEE 754 standard – special numbers

!"#$%&'()'*)$+*#%,*-.#%$'$%+#,-'/$%#&$01$2'/3#%$&0$&*#'&$#4,#+&-0(%



!"""#$%&#'()*+,-./01#2)0,#(*+3,-3)0

! !"#$%&'())*+$#,&#-&,()./0'&1$+2&%$--/0/,+&#0%/0&#-&)*3,$+(%/&*'&4')*556&
+/0)'&*0/&%$'7*0%/%

! 8/ 7*, 95*: ')*0+ *53#0$+2)$7&+0$7;'<
! '()&*-+/0&'#0+&+#&*55#1&30*%(*5&30#1+2&#-&#0%/0&#-&)*3,$+(%/
! '()&$,&.5#7;'&;//9$,3&#0%/0&#-&)*3,$+(%/&7#))/,'(0*.5/&
! ( '/&=*2*,&'())*+$#,&
! ('/&2$32/090/7$'$#,&"*0$*.5/'

! !53#0$+2)$7&+0$7;'&7*,,#+&2/59&7*,7/55*+$#,>&
! ?'/&:#(0&)*+2&
! @2/7;&-#0&'($+*.5/&5$.0*0:&2/59&A/B9ABC&DEF&-#0&B&G&HC&



Exercises

! Go online https://gitlab.com/acorbe/SMR3199_FP_ex

! git clone git@gitlab.com:acorbe /SMR3199_FP_ex.git

https://gitlab.com/acorbe/SMR3199_FP_ex

