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Errors in Scientific Computing
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Example 1: earth surface calculation
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sign exponent{8-bit) fraction (23-bit)
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sign exponent{8-bit) fraction (23-bit)
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Example 2: Constant speed walking: how far do | get?
(A journey with rounding errors)

import numpy as np
$pylab inline

exponent fraction
[l l
X = np.floatl6(0.) ## initial position at 0. using half-precision to cut it short
u = np.floatlé6(l.) ## displacement at every time step 1) 0 0
15 10 0

time = range(int(5e3))
saving step = 100
for t in time:

X += u

if t % saving step == 0:

history.append(x)

plt.figure(figsize = (8,6))
plt.plot(np.array(time[::saving step]), label = 'Exact solution')
plt.plot(history,label="Numeric integration')
plt.xlabel( 'time')
plt.ylabel( 'position')

plt.legend()
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"Walking" with 3 significant digits (as in base for simplicity 10)

« initial position: 0.000 - 10°
« next step: 0.100 - 10!

. position: 999 = 0.999 - 10°
. nextstep: 999 + 1 = 0.100 - 10°

» next step:
(1000 + 1) = 0.100 - 10° + 0.1 - 10* = 0.1001 - 10° - 0.100 - 10°

where the last arrow performed the truncation operation as we retain 3 digits only.
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Single precision: 32 bit

Largest possible numberis ! 3.4* 1038 (decimal repr.)
sign exponent{8-bit) fraction (23-bit)

I I l
00111110001 0000000000000000000O00O0

Smallest positive number is ! 1.8* 10738

31 23 0
Double precision: 64 bit Largest possible numberis ! 1.798- 103% (decimal repr
exponent fraction
sign (11 bit) (52 bit) Smallest positive numberis! 2.22 107398
[ I | (we can go subnormal -> a little lower)
o) o) o)
03 52 0

More recently: quad precision 128 bit, half-precision 16 bit (deep learning)
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I Arithmetic operations
I (add, subtract, multiply, divide, square root, fused multiply-add, remainder)

Il Conversions between formats
I Encodings of special values

I This ensures portability of compute kernels
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" HSYLRE+ # -+ J01#2 ()*+, #I'H34567

About 25% of all numbers
available in FP are between
0.0and 1.0




HSYLREY+ # -+ J01HR )+, #I'H3 4546

Hence about 50% of all
numbers available in FP are
between -1.0 and 1.0
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| | | — HHIHHIHM*WIHHHHHI ——— | | |

o "EPNE'HP()*#H+F,-5*.1%0%5.%03) %o#/$-, ¥B KPS . 1&(/$23
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. #308%5.($&SYHOGE.%.,($-6,& F). (1S() *H+SI"H+HS&+#$:; <11 =>=$() *#+%
o *HI?2#H(S@B>P&(/A8>;$*)!$,(673@=;<:A$*#!?#H#($@>A<8>3$&(/$@>AB8>

o C11)+&1TBH(1%S, ($I"#38.0( ) /#

o D, +.(%!&(LE&66$() *#+%$*#7,(/$&S$!" +#%" 6/ HEH#IS
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IEEE 754 — Unit of Last Position (ULP) &
rounding error

| ULP!I"#$9%&'()"™*+,-++(",-." neighboring /0.%,'()15.'(,"(23*+4# 5
l x = 0.11010100 - 2¢*P
\_Y_I

@._IIO%4)+I|I#II’:+lll(&4+3+(’Ill/ll’:+ll0%#’IIA+4.lll#ll#:ll’+Bll,.Il.(+C

116789 :";"4+0%,'<+"+44.4" =%,"-+"3%>+"%#"-+", 42 (&%, +

| ?2%&="(+¢: 678"/.4% = 1



"HSY&(
e100 ~ 2.6881171418161356 1043

| I"B#3%H& (Yo# &) Yo# **+,-.['&.,0#1.&%+'+.123
l 26,881,171,418,161,356455545554555455545554555455545554555

| actual value stored 6"'&%+#"1,'&78#9.0'+2#+%*+%:%0&'&.,0;
| 26,881,171,418,161,35645<84=>74855487>4<7=4<5?4>>847@7T4<A7

| correct value
| 26,881,171,418,161,3548@84B=74=>>4>B>4@554B?>4@A?47BB4BB@

| ISSUE3#&)%#C,++%C&#D'1EY#. #FGH#'#"1,'& 78#0E/9%+#'01#0%%| . # & ,#9%#"**
92#+,E01%l

a=26,881,171,418,161,351,142,493,243,294,441,803,958,190,080
b=26,881,171,418,161 ,|356,094,253,400,435,962,903,554,686,976

. O—I—W o
J1,:%:&#KLH#OE/9%+3#

a b

e |.:&' 0CY%H#MH#5N>OPLHQR#+%1'&. DYott%++,+
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4 SY&H ()*+,-. J01H#023#(*.()*,-)0#4002)0
I"HHEY8Y0' ()*+,"+),%- JI"0'&Y%'()*+,"+),%-
1)&BZ1$#5),/*"+ " #S#" | " #H" % & "(")*

62"&%'3i"4%*"+ | + #$ #+ | O+ #)+ % &+ '(+ )*

Example

!IIII#$%&|%()*+’_./%O*_-,%123%—1%_*’%+11*‘ d = 1.0 + (1 .5e38 + (_1 .5e38 ) ) )

printf ("%f", d); // prints 1.0

d = (1.0 + 1.5e38) + (-1.5e38);
printf ("%f", d); // prints 0.0
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ISSUE 2: subtractions of similar numbers (after rounding)
yields loss of precision

| HSUB6& ()*(+, %$-%$.$(#S$)/(01$%./280$/3*#4/$%%6&%/5$56 789::<
| =>H> #00&-A23(2$2 2>+ &(/4>--$(.I34$L10*2>%/&-$%>()./. 1 @ S 2AEIT6&. () * (18%6%8%./>%$/. 1#%>2#3$)8

ABIC<;A
a=0.123456789 — a, = 0.1234568
b =0.123455555 - b, = 0.1234556
a—b=0.000001234 = 0.123400000 - 10~7 = (a — b),

a, ® —b, = 0.1200000 - 10’
D$/2& H#-%$2* *&(I3*#AI(&/-&. X 1*PXHEI&" [+>*(*(+/*#/1>2F8

| GACHI#%>/2>%$/34$(/)$>2* (+/3*#4]. 1#%>2#*&(.1&"]. 0*2>%/('01$%.
| GAGHAIHYGBIHYBIHY> 2>/ *(+1%$. PH*(10'H*- 2% 2>H#*&( 1 *(2$/%$. PH/* IH#>* (#S)/ 1E/?83/>22'%>2E




|[EEE 754 Operations: multiplication

multiplication a & b:

"#$%8&()*

1. multiply mantissa (yields a valid mantissa by construction)
sum exponents

normalize

round
truncate

e W

Again the FP multiplication & is commutative but not associative
although “not plagued by cancellation”

+,,-*/01/234/$51%6"$0/7481%6"$0/19:$414'



SR+ - JOLH X2V %) B+ - [0+ 2#
4.5(+*-0./

"HEV0&! () HF) (H+$,-$H-.J0#* 1 1%)* 1 2#3456 78#9,)#:,-():<

| (=%*.2#."#%,/#-(:#>(?.9(>

| I, $%&'()" *)( @(=%*:A#91,$".>().$B#),%$>.$B;
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|[EEE 754 standard — special numbers

"HS06& () ) $+4H%0, *- #% S SV +#,- ISV#8S01$2'/3#%$LOSE H#' &S

Type Exp Fraction Sign
Positive Zero 0 0 0
Negative Zero 0 0 1
Denormalised numbers | O non zero | any
Normalised numbers | 1..2° — 2 | any any
Infinities 2¢ — 1 0 any

NaN 2¢ — 1 non zero ' any



4B 6&E +, - /01#2)0,#(*+3,-3)0

| !"#$%&'%*+$#,&#-&,()./0'&1$+2&%$--/0/,+&#0%/0&#-&)*3,$+(%/&*'&4')*55¢
+/0)'&*0/&%$' 7*0%/%
| 8/ 7* 95% )0+ *53#0$+2)$78+0$7:'<
| '()&*-+HO& HO+&+#&*55#1830*%(*5&30#1+28#-&#0%/0&#-&)*3,$+(%/
| ')&$,8.54#7:'8://9$,3&#0%/0&#-&)*3,$+(%/&TH#))/,'(0*.5/&
| (1&=*2% &' ())*+$#,&
| (/&2$32/090/7$'$#,&"*0$*.5/"

| 1I63#0%+2)$7&+0%$7;'&7*, #+&2/59&7*,7/55*+$#,>&
| 2/&:#(08)*+28&
| @2/7:&-#08&'($+*.5/&5%.0*0: ERVPGHEE & -#0&B&G&HCE



Exercises

| Go online https://gitlab.com/acorbe/SMR3199 FP ex

| git clone git@gitlab.com:acorbe ISMR3199 FP_ex.qit


https://gitlab.com/acorbe/SMR3199_FP_ex

