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Thermoelectricity
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History
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Seebeck and Volta

1794 — 1795: Letter to professor Antonio Maria Vassalli (accademia delle
scienze di torino )

”... I immersed for a mere 30 seconds the end of such arc into boiling water, removed it
and allowing no time for it to cool down, resumed the experiment with two glasses of
cold water. It was then that the frog in the water started contracting, and it happened
even two, three, four times on repeating the experiment till one end of the iron
previously immersed into hot water did not cool down”.
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A fluid and a machine

P =
•
W =

•
Q1 −

•
Q2

Reversible case :
•
S1 =

•
S2 =

•
Q1
T1

=
•
Q2
T2

⇒
•
W =

•
Q1

�
1− T2

T1

�
.

Irreversible case:
•
Q1 =

•
Q2 ⇒

•
W =

•
Q1 −

•
Q2 = 0.

Real system: Non conservation of heat and entropies.

⇒ Good thermodynamic system = perfect transport of the entropy (no
scattering, Strong coupling limit)
⇒ A good working fluid is a fluid that carries a huge amount of entropy.
(cf phase transition required)
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Corresponding thermodynamics

Classical gas Ppartial T
Fermi gas µ(T ) T
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Boundaries
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Basic Thermoelectric Cell

∆T = T1 − T2.

dU = TdS + µdN + VedN = TdS + �µdN
∆�µ = f (∆T )

Seebeck coefficient: α = −
�

∆V

∆T

�

I=0
= 1

e

�
∆�µ
∆T

�

I=0

Ideal processes: Isothermal for 2 et 4, and Isentropic for 1 and 3.

⇒The goal is clearly to optimize the transport of the entropy
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Zoology of the effects1

1Continuum Theory and modeling of Thermoelectric Elements, Edited by C. Goupil, Wiley
2016
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Electrochemical potential

�µ = µ + eV

µ : Chemical potential. (Fermi energy measured from the bottom of BC)

Electrochemical2 driving force: ∇�µ
Not important for metals but VERY important fro semiconductors or liquids!

Insulating Gate polarization for motion of the Fermi level inside the Gap.
2see Apertet et al. (EPJ 2016)
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Thermal Biasing: open circuit
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Thermal Biasing: active load, non zero current
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Entropy per carrier 4

dS = k ln

�
Ω�

Ω

�
= kp ln

�
c1
c2

�

SN = k ln

�
c1
c2

�

⇒Entropy per carrier,
�

∂S
∂N

�

T

= −
�

∂�µ
∂T

�

N

If hopping process then3SN = k ln
�

c

1−c

�

3See Chaikin P. M. and Beni G. (1976) in: Kamran Behnia, Fundamentals of
Thermoelectricity, (Oxford 2015).

4See presentation by V. P. Gusynin
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Example: Organic Thermoelectricity5

α =
SN
e

= −k

e
ln 2 ≈ −59.8µV

5Chaikin P. M., Kwak J. F., and Epstein A. J., Phys. Rev. Lett. 42, 117182 (1979). H.
Conwell E. M. (1978), Phys. Rev. B 18, 18181823
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Seebeck for metal

Sommerfeld expansion: EF0 = µ: EF (T ) = 3
5EF0(T )

�
1+ 5π2

12

�
kT

EF0

�2�

eδV = Emoy (T + δT )− Emoy (T ) ≈ π2k2T

2EF0
δT

α = − δV

δT
= −π2k2T

2eEF0

J = JH→C − JC→H =
1

2

�
nHλH

τH
− nCλC

τC

�

Mott et Jones correction: α ≈ −π2
k
2
T

3eEF0
ξ
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Coupling matrix

�
dN
dS

�
=





�
∂N
∂�µ

�

T

�
∂N
∂T

�

�µ�
∂S
∂�µ

�

T

�
∂S
∂T

�

�µ




�

d �µ
dT

�

Symetry due to Maxwell relation:
�

∂S
∂�µ

�

T

=
�

∂N
∂T

�

�µ

β =
1

N

�
∂N

∂T

�

�µ

χT =
1

N

�
∂N

∂�µ

�

T

C�µ = CN +
β2T

χT

= CN

�
1+

β2

χTCN

T

�

�
dN
dS

�
= N

�
χT β

β
C�µ
T

��
d �µ
dT

�
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State Equation and coupling terms

Internal energy6: U = 3
2NkT

State equation:N = 2V ( 2πm
∗
c kB

h2
)
3
2T 3/2 exp µ

kT

β = αe
N

�
∂N
∂�µ

�

T

= SN
1
N

�
∂N
∂�µ

�

T

= SNχT

�
∂N
∂�µ

�

T

= N

kT
and

�
∂N
∂T

�

�µ
= N

T

� 3
2 − µ

kT

�

�
∂µ
∂T

�

N

= µ
T
− 3

2k = −SN ⇒ α = SN

e
= k

e

� µ
kT

− 3
2

�

1
T

�
∂U
∂T

�

N

+
( ∂N

∂T )
2

�µ�
∂N
∂�µ

�

T

= N

kT
k2

�
3
2 +

� 3
2 − µ

kT

�2�

So,

�
dN
dS

�
=

N

kT




1 k

�
3
2 − µ

kT

�

k
�
3
2 − µ

kT

�
k2

�
3
2 +

�
3
2 − µ

kT

�2�




�

d �µ
dT

�

6See also D. K. C. MacDonald, Thermoelectricity, An introduction to the principles. (Dover
1962)
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Onsager in a nutshell

FN = ∇(− �µ
T
)

FE = ∇(
1

T
)

so, �
JN
JE

�
=

�
LNN LNE
LEN LEE

��
∇(− �µ

T
)

∇( 1
T
)

�

JU = JQ + �µJN

�
JN
JQ

�
=

�
L11 L12
L21 L22

��
− 1

T
∇(�µ)

∇( 1
T
)

�

with L12 = L21
L11 = LNN
L12 = LNE − µLNN

L22 = LEE − 2µLEN + µ2LNN
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Thermoelectricity in a nutshell

Isothermal electrical conduction (Ohm’s law): σT = e
2

T
L11

Thermal conductivity (Fourier’s law): κJ = 1
T 2

�
L11L22−L21L12

L11

�

Thermal convection :κE = L22
T 2

Seebeck coefficient: α = 1
eT

L12
L11

Figure of Merit: ZT = α2σT
κJ

T

κE = κJ

�
1+

α2σT
κJ

T

�

And7

Cµ = CN

�
1+

β2

χTCN

T

�

7See Cronin B. Vining. The thermoelectric process, Materials Research Society Symposium
32, pages 3–13. Mater. Res. Soc., 1997.
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Electronic phase transition

ICTP Conference on Modern Concepts and New Materials for Thermoelectricity (Christophe Goupil, Henni Ouerdane, Yann Apertet, Eric Herbert, Philippe Lecoeur, Etienne Thiebaut)Thermoelectric systems under various boundary conditions 11 03 2019 21 / 58



Electronic phase transition: Superconducting transition8

Observed for both Seebeck and Nernst signals.

8See presentation by A. Glatz
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ZTs9

9Continuum Theory and modeling of Thermoelectric Elements, Edited by C. Goupil, Wiley
2016
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Wiedemann-Franz law

κJ
TσT

=

L11L22−L
2
12

T 2L11

e2L11
=

L22
e2L11T 2

�
1− L212

L11L22

�
=

L22
e2L11T 2

�
1− L12

L22
TSN

�

If L12
L22

TSN small then,

κJ
TσT

≈ L0 =
κE
TσT

Note that this correspond to a zero figure of merit!

Lorentz factor: L0 = L22
e2L11T

2 = κE
σT

T

Metal approximation: L0 = π2
k
2

3e2 = 2, 45.10−8(V/K )2

Lorentz gas10 approximation: L0 ≈
�
5
2 + s

�
k
2

e2

10τ(E ) ∝ E
s
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Efficiency of of thermogenerator
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Operating modes

κE = κJ [1+ ZT ]
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Power and ZT

κE = κJ [1+ ZT ]
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Impedance spectroscopy 11

Historical Ruchardt experiment: ω =
�

γPA2

mV

11see presentation by J. Garcia Canadas
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Kinetic Integrals

Electrical current: J =
� ∞
0 eve(E ) [f (E )− f0(E )] g(E )dE

Total energy: JE =
� ∞
0 �v(E ) [f (E )− f0(E )] g(E )dE

Heat: JQ = JE − EF
e
J =

� ∞
0 (E − EF)v(E ) [f (E )− f0(E )] g(E )dE

f (E )− f0(E ) = τ(E )v(E )
∂f0
∂E

�
∇�µ +

E − �µ
T

∇T

�

L11 = T
� ∞
0 Σ(E )

�
− ∂f0

∂E

�
dE

L12 = L21 = T
� ∞
0 (E − EF)Σ(E )

�
− ∂f0

∂E

�
dE

L22 = T
� ∞
0 (E − EF)2Σ(E )

�
− ∂f0

∂E

�
dE

Σ(E ) = τ(E )v2(E )(E ).
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General expressions

� ∞

0
(E − EF)

nΣ(E )
�
−∂f0

∂E

�
dE ≡ Kn

σT =
e2L11
T

= e2K0

SN =
1

T

L12
L11

=
1

T

K1

K0

α =
SN
e

=
1

eT

K1

K0

κJ =
Det [L]
T 2L11

=
1

T

�
K2 −

K2
1

K0

�

κE =
L22
T 2 =

K2

T
(1)
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Simple metals

σT = e2K0 = e2Σ(EF ) = e2 n

m∗ τ

α = 1
eT

K1
K0

= π2
k
2
T

3e

�
1

Σ(E )
d

dE
Σ(E )

�

E=EF

= π2
k
2
T

3e
d ln(Σ(E ))

dE
|E=EF

= π2
k
2
T

2eEF

κE = K2
T

= π2
k
2
T

3 Σ(EF ) = π2
k
2
T

3e2 σT

κJ = K2
T

�
1− K

2
1

K2K0

�
= κE=0

�
1− π2

k
2
T

2

3

�
d ln(Σ(E ))

dE
|E=EF

�2�

ZT = 1�
1− π2k2T2

3

�
d ln(Σ(E ))

dE
|E=E

F

�2� − 1

The metal case gives EF >> kT so α becomes negligible.

ICTP Conference on Modern Concepts and New Materials for Thermoelectricity (Christophe Goupil, Henni Ouerdane, Yann Apertet, Eric Herbert, Philippe Lecoeur, Etienne Thiebaut)Thermoelectric systems under various boundary conditions 11 03 2019 31 / 58



Semiconductors: Lorentz gas

Firstly proposed by Lorentz for the metals, which is not adequate, but suitable for
non-degenerated semiconductors with scattering by impurities.

σT = e
2
nτ0
m

α = 1
eT

L12
eL11

= 5
2e k − µ

eT

κE = L22
T 2 = nτ0

mT

�
35
4 k2T 2 − 5µkT + µ2

�

κJ = L22
T 2

�
1− L

2
12

L11L22

�
= 5

2
nτ0
m

k2T
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Example of optimization: DOS engineering in Zintl phase

ICTP Conference on Modern Concepts and New Materials for Thermoelectricity (Christophe Goupil, Henni Ouerdane, Yann Apertet, Eric Herbert, Philippe Lecoeur, Etienne Thiebaut)Thermoelectric systems under various boundary conditions 11 03 2019 33 / 58



Tuning the Thermoelectric Properties: Organic example12

12O. Bubnova, M. Berggren, and Xavier Crispin, J. Am. Chem. Soc., 2012, 134 (40)
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Organic thermoelectricity13

13See the presentations by X. Crispin,
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Ionic liquids14 and colloids15

Ji = −Di

�
∇ni +

ni
kT

�
Qi

T
∇T − qiE0

��

SNi =
Qi

T
= 2kαi and α = ∑

i

αi
ni
n0

Stationary state:∇n0
n0

= −α∇T

T

Then, E0 = −∇�µ
e

= γ kT

e

∇n0
n0

= −αγ k

e
∇T =⇒ SN = 2

γ
∇�µ
∇T

14after Alois Würger 2010 Rep. Prog. Phys. 73 126601
15See the presentations by A. Würger, S. Wiegand, R. Perzynski, H. Keppner, V. Shikin, M.

Bobrowski, K. Battacharya and M. Vasilakaki
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Mesoscopic thermoelectricity 16

(Molemkamp 1990, Van Houten 1992) (after Lundstrom et al)

16see presentations by M. Kiselev, P. Gehring and J. Pekola
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Mesoscopic thermoelectricity: levels

(after Lundstrom et al)
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The best thermoelectric: a channel question
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Engineering of the channel
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Low dimensions: 17

17See the presentation by B Fauqué
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Mesoscopic thermoelecticity: only a channel question?

One thermodynamic fluid, one ZT?

One engine?

Two heat exchangers?

Two reservoirs?

Strong coupling, or leakage coupling possible?
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Macro versus Meso: The boundary conditions question
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A fluid in a machine: boundary conditions: Curzon-Ahlborn
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Boundary conditions: Beyond endoreversible

ICTP Conference on Modern Concepts and New Materials for Thermoelectricity (Christophe Goupil, Henni Ouerdane, Yann Apertet, Eric Herbert, Philippe Lecoeur, Etienne Thiebaut)Thermoelectric systems under various boundary conditions 11 03 2019 45 / 58



Boundary conditions: Onsager approach
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Boundary conditions: Feedback effect
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Boundary conditions: Impedance matching
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Boundary conditions: Universality of the Efficiency at Max
Power
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From endoreversible to exoreversible
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Closed-loop: basics
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Closed-loop
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Closed-loop: Application to Thermoelectricity
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Closed-loop: Feedback resistance
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Closed-loop: Feedback Impedance
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Thermal ratchet: principle
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Thermoelectric ratchet
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Thermal ratchet: beyond the linear output impedance18

18Apertet et al, PRE vol. 90, 012113 (2014)
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Thank you!

Special thanks to:
Eric Herbert
Henni Ouerdane
Yann Apertet
Philippe Lecoeur
Etienne Thiebaut
Jean-Louis Pichard†
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