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Lecture 2: 
Discrete quantum heat engines



?How small a quantum engine can be

What is quantum in quantum heat devices



Open quantum system: 

2 

[ , ]s
s s D s

d
i H

dt


   

Markovian master equation 

 Generator of  quantum 
dynamical semigroup 

(LGKS form) 

 † †1
,

2
s k s k k k s

k

V V V V   

T Hs

Bath 
system 

• weak coupling
• Low density

[ , ]
d

i H
dt


 

Reduced 
description 

  S E IH H H H

G. Lindblad



Power or efficiency?

Efficiency at maximum power Maximum efficiency







Reciprocating heat engines



How far can we mintuaize?
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Otto  Cycle in Phase Space



The quantum Otto refrigeration cycle

Hot Isochore (isomagnetic) A #B   $=$h  .
The working mediumis in contact with the hot bath of temperature Th .

Expansion adiabat (demagnetization) B #C
The field changes from $h to $c

Cold Isochore (isomagnetic) C #D   $=$c  .
The working medium is in contact with the  cold  bath of temperature Tc .

Compression adiabat (magnetization) D #A
The field changes from $c  to $h .
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Cycle Propagator: Ucycle=UhUhcUcUch

[UhUhc,UcUch] % 0
limit cycle

UcycleY=Y



Thermodynamic description of the engine.

The Hamiltonian Ĥ(t) = 1
2m P̂2 + 1

2mω(t)2Q̂2.

The Lagrangian L̂(t) = 1
2m P̂2− 1

2mω(t)2Q̂2.

The position momentum correlation Ĉ(t) = 1
2 ω(t)(Q̂P̂+ P̂Q̂)

Maximum entropy state

ρ̂ =
1

Z
e−β ′Ĥ+ηL̂+νĈ =

1

Z
eγ â2

e−β Ĥeγ∗â†2

,

This state ρ̂ is defined by the parameters β , γ and γ∗:

Yair Rezek and Ronnie Kosloff
, Irreversible performance of a quantum harmonic heat engine
.(New J. Phys. 8, 83 2006



The dynamics on the isochores

The Heisenberg equations of motion for operator X̂:

d

dt
X̂ =

i

h̄
[Ĥ, X̂] +k↓(â

†X̂â− 1

2
{â†â, X̂}) +k↑(âX̂â

†− 1

2
{ââ†, X̂})

d

dt


Ĥ
L̂
Ĉ
Î

(t) =


−Γ 0 0 Γ〈Ĥ〉eq
0 −Γ −2ω 0
0 2ω −Γ 0
0 0 0 0




Ĥ
L̂
Ĉ
Î

(t)

The thermalization propagator:

Uh/c =


R 0 0 Heq(1−R)
0 Rc −Rs 0
0 Rs Rc 0
0 0 0 1


where R = e−Γt . c = cos(2ωt), s = sin(2ωt) and Heq = h̄ω

e
h̄ω
kT −1

.



The dynamics on the adiabats

The Heisenberg equations of motion:

d

dt


Ĥ
L̂
Ĉ
Î

(t) = ω(t)


µ −µ 0 0
−µ µ −2 0
0 2 µ 0
0 0 0 0




Ĥ
L̂
Ĉ
Î

(t) . 

µ = ω̇

ω2 is a dimensionless adiabatic parameter.

The adiabatic propagator:

Ua =
ω(t)

ω(0)

1

Ω2


4−µ2c −µΩs −2µ(c−1) 0
−µΩs Ω2c −2Ωs 0

2µ(c−1) 2Ωs 4c−µ2 0
0 0 0 1


Ω =

√
4−µ2 , c = cos(Ωθ(t)), s = sin(Ωθ(t)), θ(t) =− 1

µ
log( ω(t)

ω(0) ).
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Engine cycle [Ĥ(t),Ĥ(t ′)] 6= 0

Adiabatic efficiency

Quantum friction is the inability to stay on the energy shell

Shortcuts to adiabaticity use coherence to reach frictionless conditions.

At high temperature the efficiency at maximum power becomes:
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Adiabatic Demagnetization Refrigerator ADR



Realizations 2016 Science  352 , 325 (2016)





Quantum equivalence

Uzdin, Raam, Amikam Levy, and Ronnie Kosloff. "Equivalence of Quantum Heat Machines, 
and Quantum-Thermodynamic Signatures." Physical Review X 5, no. 3 (2015): 031044.



Three types of engines



Multilevel embedding

Quantum equivalence



Quantum eqivalence

The propagator: U = eL t

Four stroke cycle propagator:

Ucyc = UcUhcUhUch = eLc teLhc teLhteLcht

In the limit of small action: s = ||L t|| � h̄

Ucyc = eLc t/2eLhc teLhteLchteLc t/2

Ucyc ≈ e(Lc+Lhc+Lh+Lch)t +O(s3)

Raam Uzdin, Amikam Levy, and Ronnie Kosloff
Equivalence of Quantum Heat Machines, and Quantum-Thermodynamic
.(Phys. Rev. X 5, 031044 2015



small action

large action

Quantum equivalence
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Quantum equivalence

At large action:
Work extracted from 
population differences.

At small action:
Work can only be 
extracted from coherence
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Quantum signature



Realization 2017

 quantum
signature

dephasing

NV center in Diamond
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Canonical Invariance for Otto  Cycle
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