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Outline

Mean-field ensemble of Stuart-Landau oscillators

The oscillators bounded along a (smooth) curve

Phase diagram

Characterization of the collective dynamics

Validation of generality

Pau Clusella, Antonio Politi (IPAM) Collective dynamics May 2019 2 / 28



Globally coupled identical Stuart-Landau oscillators

żj = zj − (1 + ic2)|zj |2zj +K(1 + ic1)(z − zj)
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In between phase and amplitude behavior:
Stuart-Landau oscillators again

żj = zj − (1 + ic2)|zj |2zj +K(1 + ic1)(z − zj)
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Phase-space representation

∆tG = ∆φ

∆tF

∆tRt

∆φRφ

(R(φ, t), φ)

(R(φ′, t′), φ′)

. t′ = t+ ∆t

Q(z, t) = Q(z, t)δ(|z| −R(φ, t)) =: P (φ, t).
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Polar coordinates

ṙj = F [rj , φj , z]

φ̇j = G[rj , φj , z] ,

F [r, φ, z] = (1−K − r2)r +K Re[(1 + ic1)z e−iφ]

G[r, φ, z] = −c1K − c2r2 +
K

r
Im[(1 + ic1)z e−iφ] .
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General equations

∂R

∂t
(φ, t) = F [R,φ, z]− G[R,φ, z]Rφ .

∂P

∂t
(φ, t) = − ∂

∂φ

{
P (φ, t)G[R,φ, z]

}
.

z(t) =

∫ 2π

0
P (φ, t)R(φ, t)eiφdφ.

∂P

∂t
(φ, t) = − ∂

∂φ

{
P (φ, t)G[R,φ, z]

}
+D

∂2

∂φ2
P (φ, t)
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Phase diagram (see also Nakagawa & Kuramoto 1993)
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Collective dynamics
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Stability analysis of the splay state

R =
√

1−K + v(φ) ; P = 1/(2π) + u(φ) ; z = w

vt = −2(1−K)v +Avφ +K Re[(1 + ic1)we−iφ] ,

ut = Auφ +
c2
√

1−K
π

vφ +
K Re[(1 + ic1)we−iφ]

2π
√

1−K ,

A = c1K + c2(1−K)

w :=
√

1−K
∫ 2π

0
dφ u(φ, t) eiφ +

1

2π

∫ 2π

0
dφ v(φ, t) eiφ
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.... in Fourier space

ṽ(k, t) =

∫ 2π

0
dφv(φ, t) eikφ and

ũ(k, t) =

∫ 2π

0
dφu(φ, t) eikφ ,

[ṽ(k)]t = [−2(1−K)− ikA] ṽ(k)

[ũ(k)]t = −ik c2
√

1−K
π

ṽ(k)− ikAũ(k)
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Two bands of eigenvalues

k > 1

λ
(v)
k = −2(1−K)− ik(Kc1 + c2(1−K)) and

λ
(u)
k = −ik (Kc1 + c2(1−K)) .

The curve dynamics is stable - probability eigenvalues are marginal

k = 1

v and u dynamics are mutually coupled.

K1 = (65−
√

1025)/80 = 0.412304 . . .
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Snapshots
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Self-consistent partial synchrony (SCPS)

Consider a rotating frame

Rt = F [R, θ, z] + {ω − G[R, θ, z]}Rθ

Pt =
∂

∂θ

(
P (θ, t)

{
ω − G[R, θ, z]

})
∫ 2π

0
dθ P (θ, t)R(θ, t)eiθ =: z .

and determine the stationary solution

[R0(θ)]θ = − F [R0, θ, z]

ω − G[R0, θ, z]

P0(θ) = − η

ω − G[R0, θ, z]

Pau Clusella, Antonio Politi (IPAM) Collective dynamics May 2019 14 / 28



Onset of SCPS in standard phase oscillators

Kuramoto-Daido setup

φ̇i =
1

N

∑
j

G(φj − φi)

No partial synchrony in
Kuramoto-Sakaguchi: G(φ) = sin(φ+ α)

Either full synchrony or splay state.
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Minimal model of SCPS (Clusella, Rosenblum, AP, 2016)

G(φ) = sin(φ+ γ1) + a sin(2φ+ γ2) a = 0.2
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Phenomenology

Zm = Rme
iβm =

1

N

∑
j

eimφj
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Back to Stuart-Landau: stability of SCPS

[v(θ, t)]t = v(θ, t)F (v)(θ) + [v(θ, t)]θG
(v)(θ) + w(t)X(v)(θ) + ŵ(t)Y (v)(θ)

[u(θ, t)]t =
d

dθ

[
v(θ, t)F (u)(θ)+u(θ, t)G(u)(θ)+w(t)X(u)(θ)+ŵ(t)Y (u)(θ)

]
w(t) =

∫ 2π

0
dθeiθ (vP0 + uR0)

ŵ(t) =

∫ 2π

0
dθe−iθ (vP0 + uR0)

K2 = 0.413765
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Graphical representation

0.6

0.7

0.8

0.9

0

0.1

0.2

0.3

-0.05

0

0.05

0.1

0 π 2π
-0.2

-0.1

0

0.1

0.2

0.3

0 π 2π

-10

0

10

-1.6 -1.4 -1.2 -1 -0.8 -0.6 -0.4 -0.2 0 0.2

(a) (b)

(c) (d)

(e)

R
0
(θ
)

P
0
(θ
)

v
(θ
)

θ

u
(θ
)

θ

Im
(λ

j
)

Re(λj)
Pau Clusella, Antonio Politi (IPAM) Collective dynamics May 2019 19 / 28



Larger coupling strength
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The three largest microscopic Lyapunov exponents

0

4

8×10−3 (a)

(b)

(c)

0

4

8

12×10−4

(a)

(b)

(c)

0
4
8

12
16

20×10−5

0.416 0.4162 0.4164 0.4166 0.4168 0.417

(a)

(b)

(c)

λ
1

λ
2

λ
3

K

Pau Clusella, Antonio Politi (IPAM) Collective dynamics May 2019 21 / 28



Microscopic versus macroscopic Lyapunov exponents
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An example of collective chaos: nonlinearly coupled
coupled Bernoulli maps (AP, Pikovsky, Ullner, 2017)

θj(t+ 1) = F (θj , Z) = 2[θj(t) + g(1− 2a2Z2) sin θj ],

Z =
1

N

∑
cos θj(t)
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Representation of collective chaos
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Micro and macro Lyapunov exponents
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Generalized Lyapunov exponents

L(q) = lim
τ→∞

1

qτ
ln〈|H(τ)u|q〉

S(Λ) = lim
τ→∞

− lnP(Λ, τ)

τ
.

qL(q) = qΛ∗ − S(Λ∗) ,

where q = S′(Λ∗). In the Gaussian approximation

S(Λ) =
(Λ− λT )2

2D

D = lim
τ→∞

τ
(

Λ(τ)2 − λ2T
)
.

Pau Clusella, Antonio Politi (IPAM) Collective dynamics May 2019 26 / 28



Topological entropy

L(1) = λT +
D

2
.

From numerical studies of Stuart-Landau oscillators

L(1) ≈ 0
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Rayleigh oscillators

ẍj − ζ(1− ẋ2j )ẋj + xj = K Re[eiγx+ iy]
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