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Dark Matter substructures
In 𝛬CDM model, structures are formed 
hierarchically from the collapse of small-
scale fluctuations. Their formation 
depends on the coldness of dark matter 
that provides a halo mass cut-off: 

A key quantity is the subhalo mass 
function:

1

Cold DM Warm DM

⇠ = msub/M
<latexit sha1_base64="Rpeahny1ll1HVxsnaHml8tT75Us=">AAACB3icbVC7TsNAEDyHVwivQEqaExESVbABCRqkCBoapCCRhxRb1vmyCafc2dbdGhFZ+QC+ghYqOkTLZ1DwLzgmBSRMNZrZ1c5OEEth0LY/rcLC4tLySnG1tLa+sblV3t5pmSjRHJo8kpHuBMyAFCE0UaCETqyBqUBCOxheTvz2PWgjovAWRzF4ig1C0RecYSb55Yr7IOg5VX7qakVNEowPr/1y1a7ZOeg8caakSqZo+OUvtxfxREGIXDJjuo4do5cyjYJLGJfcxEDM+JANoJvRkCkwXpqHH9P9xDCMaAyaCklzEX5vpEwZM1JBNqkY3plZbyL+53UT7J95qQjjBCHkk0MoJOSHDNciawVoT2hAZJPkQEVIOdMMEbSgjPNMTLKaSlkfzuz386R1VHOOa87NSbV+MW2mSHbJHjkgDjkldXJFGqRJOBmRJ/JMXqxH69V6s95/RgvWdKdC/sD6+AZtVZiQ</latexit>

where
dN

d ln ⇠
= (1 + z)1/2 AM ⇠↵ exp

�
�� ⇠3

�✓
1 +

Mcut

M
⇠

◆�

<latexit sha1_base64="rcqhubZKqVKho4ZW9DMvXmidpxA="></latexit>

Mcut = 1010
⇣ mMD

1KeV

⌘�3.33
M�h

�1

<latexit sha1_base64="rAOATQDZKRPH/t4zs27Xz9fxXAA="></latexit>

CDM

WDM: mDM = 7.0 KeV

WDM: mDM = 3.3 KeV

WDM: mDM = 1.0 KeV

106 107 108 109 1010 1011 1012
10-3

10-2

10-1

100

101

102

103

104

msub [M⊙h
-1]

dN
/d
ln
[m

su
b
/M

]
d
N
/d

ln
[m

su
b
/M

]
<latexit sha1_base64="awb/4dw5PnZ30gCUVmcs8OG3g4U=">AAACJnicbVDLSsNAFJ34rPVVdelmsAiualIFXRbduFEq2FpoQplMb+vgzCTM3Agl9D/8BL/Cra7cibgQ/BTTmIVWz+pwzr3cc08YS2HRdd+dmdm5+YXF0lJ5eWV1bb2ysdm2UWI4tHgkI9MJmQUpNLRQoIRObICpUMJ1eHs68a/vwFgR6SscxRAoNtRiIDjDTOpV6qlvFO2PL+g+LSj1pfYlDLCrerlkk3Cc2ee+EcMbDHqVqltzc9C/xCtIlRRo9ioffj/iiQKNXDJru54bY5Ayg4JLGJf9xELM+C0bQjejmimwQZr/Nqa7iWUY0RgMFZLmIvzcSJmydqSyhLuK4Y2d9ibif143wcFxkAodJwiaTw6hkJAfstyIrDSgfWEAkU2SAxWacmYYIhhBGeeZmGQtlrM+vOnv/5J2veYd1OqXh9XGSdFMiWyTHbJHPHJEGuSMNEmLcHJPHskTeXYenBfn1Xn7Hp1xip0t8gvO5xfyY6UH</latexit>

msub

⇥
M� h�1

⇤
<latexit sha1_base64="VRy35MIxgjtKKHZO3/+YKxT/KgQ="></latexit>

M = 1013M�h
�1

<latexit sha1_base64="oahQoAQdFLE6WKCYdOqPHczIm4w=">AAACDnicbVC7SgNBFJ2NrxhfUTttBoNgY9hNBG2EoI1NIIJ5QF7MTm6SIbMPZu4KYQn4CX6FrVZ2YusvWPgv7q5baOKpDufcy73n2L4UGk3z08gsLa+srmXXcxubW9s7+d29hvYCxaHOPempls00SOFCHQVKaPkKmGNLaNqT69hv3oPSwnPvcOpD12EjVwwFZxhJ/fxBlV5Sy+yFVnlGq/2ON/CQjnvhqTXr5wtm0UxAF4mVkgJJUevnvzoDjwcOuMgl07ptmT52Q6ZQcAmzXCfQ4DM+YSNoR9RlDuhumGSY0eNAM/SoD4oKSRMRfm+EzNF66tjRpMNwrOe9WPzPawc4vOiGwvUDBJfHh1BISA5prkRUDtCBUIDI4s+BCpdyphgiKEEZ55EYRG3loj6s+fSLpFEqWuVi6fasULlKm8mSQ3JETohFzkmF3JAaqRNOHsgTeSYvxqPxarwZ7z+jGSPd2Sd/YHx8A7bymjc=</latexit>

invisible

Despali and Vegetti, MNRAS 469 (2017) 
Gilman et al., arXiv:1901.11031 
Ando et al., arXiv:1903.11427

Gao et al., MNRAS 455 (2004) 
Giocoli et al., MNRAS 404 (2010) 

Gao et al., MNRAS 410 (2011)

Schneider et al., MNRAS 424 (2012) 
Lovell et al., MNRAS 439 (2014) 
Han et al., MNRAS 457 (2016)



We want to infer at the same time the structure of the background source galaxy and 
the total mass distribution (gravitational potential) of the foreground lens galaxy. 

The effect of dark matter subhaloes is subdominant and localized w.r.t. the main halo.

Strong Gravitational Lensing
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See Vegetti’s talk
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Two methods have been exploited so far:

Koopmans, MNRAS 363 (2005) 
Vegetti and Koopmans, MNRAS 392 (2009)

Parametric models Non-parametric models

• Pros: analytical models that depend 
on a set of parameters (Sersic profile). 

• Cons: oversimplified models that do 
not cover all the realistic galaxies with 
complex morphology (bulge, disk, …).

• Pros: more freedom due to image 
reconstruction pixel by pixel. 

• Cons: no a priori information from real 
galaxies and regularization according to 
some criteria (like smoothness).

Source model

Lens model

Lensed image
Loss/Score 

(Bayesian inference)



Analysis pipeline

3

G
<latexit sha1_base64="bUQkJfHDZKn2otGG1ahn7wqkyTw=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIDEpQRFFAmEiGREis6XzbhlPPZuttDiqx8AS1UdIiWD6LgX7CNC0iYajSzq52dIJbCoOt+OqWV1bX1jfJmZWt7Z3evun9wbyKrOXR4JCPdC5gBKRR0UKCEXqyBhYGEbjC9zvzuI2gjInWHsxj8kE2UGAvOMJXaN8Nqza27Oegy8QpSIwVaw+rXYBRxG4JCLpkxfc+N0U+YRsElzCsDayBmfMom0E+pYiEYP8mDzumJNQwjGoOmQtJchN8bCQuNmYVBOhkyfDCLXib+5/Utji/9RKjYIiieHUIhIT9kuBZpA0BHQgMiy5IDFYpyphkiaEEZ56lo00oqaR/e4vfL5L5R987qjfZ5rXlVNFMmR+SYnBKPXJAmuSUt0iGcAHkiz+TFsc6r8+a8/4yWnGLnkPyB8/ENO3iRVA==</latexit>

p (z|G)
<latexit sha1_base64="HFR9Oe8LZpxKLbExQ45IKa6Su64=">AAACBXicbVC7TsNAEDyHVwgvB0qaExFSaCI7IEEZQQFlkMhDSqzofNkkp5wfuluDQkjNV9BCRYdo+Q4K/gXbuICEqUYzu9rZcUMpNFrWp5FbWl5ZXcuvFzY2t7Z3zOJuUweR4tDggQxU22UapPChgQIltEMFzHMltNzxReK3bkFpEfg3OAnB8djQFwPBGcZSzyyGXQkDLN8/XHaVGI7wqGeWrIqVgi4SOyMlkqHeM7+6/YBHHvjIJdO6Y1shOlOmUHAJs0I30hAyPmZD6MTUZx5oZ5pGn9HDSDMMaAiKCklTEX5vTJmn9cRz40mP4UjPe4n4n9eJcHDmTIUfRgg+Tw6hkJAe0lyJuBOgfaEAkSXJgQqfcqYYIihBGeexGMUlFeI+7PnvF0mzWrGPK9Xrk1LtPGsmT/bJASkTm5ySGrkiddIgnNyRJ/JMXoxH49V4M95/RnNGtrNH/sD4+Abr95hd</latexit>

Training data 
• Galaxy catalogs 

• N-body simulations En
co

de
r Latent space

Generated 
galaxy

D
ec

od
er

CNN CNN

p (z)
<latexit sha1_base64="tDk9KDSThUCKOcG/ltBe2U32ang=">AAACA3icbVC7TsNAEDyHVwiPGChpTkRIoYnsgARlBA1lkEiCFFvR+bJJTjk/dLdGClZKvoIWKjpEy4dQ8C/YxgUkTDWa2dXOjhdJodGyPo3Syura+kZ5s7K1vbNbNff2uzqMFYcOD2Wo7jymQYoAOihQwl2kgPmehJ43vcr83j0oLcLgFmcRuD4bB2IkOMNUGpjVyJEwwvqDo8R4gicDs2Y1rBx0mdgFqZEC7YH55QxDHvsQIJdM675tRegmTKHgEuYVJ9YQMT5lY+inNGA+aDfJg8/pcawZhjQCRYWkuQi/NxLmaz3zvXTSZzjRi14m/uf1YxxduIkIohgh4NkhFBLyQ5orkTYCdCgUILIsOVARUM4UQwQlKOM8FeO0okrah734/TLpNhv2aaN5c1ZrXRbNlMkhOSJ1YpNz0iLXpE06hJOYPJFn8mI8Gq/Gm/H+M1oyip0D8gfGxzdlopeG</latexit>

We adopt generative models as Variational AutoEncoder to model the surface 
brightness of the source galaxy.

See Coogan’s talk!
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Source model (ML)

Lens model

Lensed image
Loss/Score 

(Bayesian inference)

See also Hendriks’ talk!
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See Coogan’s talk!
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source galaxy model

We adopt generative models as Variational AutoEncoder to model the surface 
brightness of the source galaxy.

Source model (ML)

Lens model

Lensed image
Loss/Score 

(Bayesian inference)

See also Hendriks’ talk!



1.   Define a pixel grid according to the observed image 

2.   Compute the total projected mass (main lens + subhaloes) 

3.   Compute the displacement field via a 2-dimensional convolution 

4.   Add the external shear contribution
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Lensed image
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(Bayesian inference)
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1.   Compute the brightness in the lens plane 

2.   Apply Point Spread Function (PSF) 

3.   Add Gaussian noise
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Source model (ML)

Lens model

Lensed image
Loss/Score 

(Bayesian inference)

fsrc(✓
x
ij � ↵x

ij , ✓
y
ij � ↵y

ij)
<latexit sha1_base64="5NZVJ9YhMEOWaXHzU4kVa0z94M4="></latexit>

Lens 

equation

fsrc(✓̃
x
ij , ✓̃

y
ij)

<latexit sha1_base64="ybYYXgdTHnCaRy49HPfSax+Uif0="></latexit>



Analysis pipeline

6
See Thomas and Weniger’s talks

Posteriors

p (x|D) ⇠ p (D|x) p (x)
<latexit sha1_base64="CbbwUbPTkMYEesh7Y7R3MJhtaj8=">AAACL3icbZDLTgJBEEV7fCK+UJduOhITTAyZQRNN3BBl4RITeSQMIT1NAR16HumuMRDgY/wEv8KtrowLjVv/wgEHo2Ctbs6tSlVdJ5BCo2m+GguLS8srq4m15PrG5tZ2ame3rP1QcShxX/qq6jANUnhQQoESqoEC5joSKk73auxX7kBp4Xu32A+g7rK2J1qCM4xQI3UR2BJamOkNC7YS7Q4eUVsLl8a4MOz94OMpnKJGKm1mzUnReWHFIk3iKjZSb3bT56ELHnLJtK5ZZoD1AVMouIRR0g41BIx3WRtqkfSYC7o+mDw5ooehZujTABQVkk4g/J4YMFfrvutEnS7Djp71xvA/rxZi67w+EF4QInh8vAiFhMkizZWI0gPaFAoQ2fhyoMKjnCmGCEpQxnkEwyjOZJSHNfv9vCjnstZJNndzms5fxskkyD45IBlikTOSJ9ekSEqEk3vySJ7Is/FgvBjvxsd364IRz+yRP2V8fgF12qjd</latexit>

p(x) = p(xsrc) p(xlens)
<latexit sha1_base64="n+Na9+2NjEpqWkPiDS1eDq7/Hu4=">AAACGnicbVDLSgNBEJyNrxhfUY9eBoOSgITdKOhFCHrxGME8IBvC7KQTh8zOLjO9YljyB36CX+FVT97EqxcP/oubuIhG6zLVVd30dHmhFAZt+93KzM0vLC5ll3Mrq2vrG/nNrYYJIs2hzgMZ6JbHDEihoI4CJbRCDcz3JDS94fnEb96ANiJQVzgKoeOzgRJ9wRkmUje/HxZvS/SUJk83drVPjebjknvwXUtQZlzq5gt22Z6C/iVOSgokRa2b/3B7AY98UMglM6bt2CF2YqZRcAnjnBsZCBkfsgG0E6qYD6YTT+8Z073IMAxoCJoKSaci/JyImW/MyPeSTp/htZn1JuJ/XjvC/kknFiqMEBSfLEIhYbrIcC2SoID2hAZENvk5UKEoZ5ohghaUcZ6IUZJcLsnDmb3+L2lUys5huXJ5VKiepclkyQ7ZJUXikGNSJRekRuqEkzvyQB7Jk3VvPVsv1utXa8ZKZ7bJL1hvn+Sbn74=</latexit>

Priors:

Sampling techniques with 
gradient descent

• Hamiltonian Monte Carlo (HMC) 

• Stochastic Variational Inference (SVI)

Source model (ML)

Lens model

Lensed image
Loss/Score 

(Bayesian inference)

Loss/Score

(model) (data)
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Pipeline test
In order to test our Bayesian inference pipeline, we generate and analyze mock data.

• Optical image: area of 10x10 arcsec2 with 
1024x1024 pixels. 

• Source: analytical Sersic profile. 

• Main lens: Singular Power-Law Ellipsoid 
plus external shear. 

• Subhaloes: 1 truncated NFW. 

• Total number of parameters:  
13 + 4 (subhalo) = 17

Due to the presence of several local minima in the 17-dimensional space, we perform: 

• Optimization: find the best initial values for the parameters by means of SVI with guide 

• Bayesian inference: obtain the parameters’ posteriors by means of HMC

q✓ (x) = � (x� ✓)
<latexit sha1_base64="bupY6BpvGktRi8Phe+uWec5RQE0=">AAACKnicbVDLSgNBEJz1GeMr6tHLYBD0YNiNol6EoBePEYwJZJfQO+kkg7MPZ3pFCf6Jn+BXeNWTtyDe/BA36yK+6lRUVdPd5cdKGrLtkTUxOTU9M1uYK84vLC4tl1ZWL0yUaIENEalIt3wwqGSIDZKksBVrhMBX2PQvT8Z+8xq1kVF4TrcxegH0Q9mTAiiVOqX9q45LAyRwFfZo68bVsj+gbX7E3S6qL5nv8Dz26XdKZbtiZ+B/iZOTMstR75Te3G4kkgBDEgqMaTt2TN4QNEmh8K7oJgZjEJfQx3ZKQwjQeMPsvzu+mRigiMeouVQ8E/H7xBACY24DP00GQAPz2xuL/3nthHqH3lCGcUIYivEikgqzRUZomRaHvCs1EsH4cuQy5AI0EKGWHIRIxSRtspj24fz+/i+5qFac3Ur1bK9cO86bKbB1tsG2mMMOWI2dsjprMMHu2SN7Ys/Wg/VijazXz+iElc+ssR+w3j8AmJCm6A==</latexit>
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The optimization is based on the following steps: 

1. Hierarchical modeling: start with a lensing model without including the 
substructure. 

2. Down-sampling: consider a smaller image. 

3. Including the substructure: perform the last optimization with the substructure.

8

Optimization

1024x1024 pixels 512x512 pixels 256x256 pixels

Iterations = 10k 
CPU (my laptop) ~ 30 min

Iterations = 10k 
CPU (my laptop) ~ 2h

First  
optimization

Second  
optimization

Third 
optimization

Iterations = 50k 
GPU (cluster) ~ 2h
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Optimization: results
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Optimization: subhalo
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HMC: lens
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HMC: source
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HMC: subhalo

Log10 [mass]
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We have developed a fast Bayesian analysis pipeline for strong lensing data in a deep 
probabilistic programming framework. 

We have studied the feasibility of inference techniques with gradient descent (HMC 
and SVI) for systems with high-dimensional parameters space. 

The next steps are: 

• Systematic study of the sensitivity to substructures 

• Inference on real strong lensing data 

• Estimation of the Bayesian evidence (models discrimination) 

• Couple to generative models for the background source galaxy

Conclusions

14

See Coogan’s talk!

Optimization
Iterations:  50 000  
Time:  2 hours (GPU)

Inference (HMC)
Iterations:  1 000  
Time:  20 hours (GPU)



We have developed a fast Bayesian analysis pipeline for strong lensing data in a deep 
probabilistic programming framework. 

We have studied the feasibility of inference techniques with gradient descent (HMC 
and SVI) for systems with high-dimensional parameters space. 

The next steps are: 

• Systematic study of the sensitivity to substructures 

• Inference on real strong lensing data 

• Estimation of the Bayesian evidence (models discrimination) 

• Couple to generative models for the background source galaxy

Conclusions

14

See Coogan’s talk!

Thank you for your attention

Optimization
Iterations:  50 000  
Time:  2 hours (GPU)

Inference (HMC)
Iterations:  1 000  
Time:  20 hours (GPU)
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In Pytorch, the key features are: 

• automatic differentiation 

• simple implementation on GPU with: 

In Pyro, the basic units are primitive stochastic functions: 

• double role as probability distribution and random number generator 

• can be conditioned on data 

• used in universal inference algorithms (e.g. HMC, SVI)

Pytorch and Pyro

@M/@x
<latexit sha1_base64="2Wm/uIRoBiiQubtUKQ3BJeIpesE=">AAACD3icbVC7TgJBFJ3FF+Jr1ZJmIjGxwl000ZJoY2OCiTwSIOTucMEJs4/M3DUSQuEn+BW2WtkZWz/Bwn9xF0lU8FRnzrmPuceLlDTkOB9WZmFxaXklu5pbW9/Y3LK3d2omjLXAqghVqBseGFQywCpJUtiINILvKax7g/PUr9+iNjIMrmkYYduHfiB7UgAlUsfOt7TPWxFokqD4JT/8edx17IJTdCbg88SdkgKbotKxP1vdUMQ+BiQUGNN0nYjao3SeUDjOtWKDEYgB9LGZ0AB8NO3R5Igx348NUMgj1FwqPhHxd8cIfGOGvpdU+kA3ZtZLxf+8Zky90/ZIBlFMGIh0EUmFk0VGaJmkg7wrNRJB+nPkMuACNBChlhyESMQ4iSuX5OHOXj9PaqWie1QsXR0XymfTZLIsz/bYAXPZCSuzC1ZhVSbYPXtkT+zZerBerFfr7bs0Y017dtkfWO9fJCKbow==</latexit>

with



HMC vs SVI
The HamiItonian Monte Carlo (HMC) is a MCMC that exploits gradient information. 

The Stochastic Variational Inference (SVI) is a fast method for approximately posteriors. 

• Guide: 

• Maximize the Evidence Lower BOund

Duan et al., PLB 195 (1987) 
Betancourt, arXiv:1701.02434

momentum
p

<latexit sha1_base64="2uqVTUYCWp+IoBOzXLtaiGhoK2Y=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIDEpQRNJSJRB5SYkXnyyaccrZPd3tIkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTKCkMuu6nU1pb39jcKm9Xdnb39g+qh0ddE1vNocNjGet+wAxIEUEHBUroKw0sDCT0gtlt5vceQRsRR/c4V+CHbBqJieAMU6mtRtWaW3dz0FXiFaRGCrRG1a/hOOY2hAi5ZMYMPFehnzCNgktYVIbWgGJ8xqYwSGnEQjB+kgdd0DNrGMZUgaZC0lyE3xsJC42Zh0E6GTJ8MMteJv7nDSxOrv1ERMoiRDw7hEJCfshwLdIGgI6FBkSWJQcqIsqZZoigBWWcp6JNK6mkfXjL36+SbqPuXdQb7cta86ZopkxOyCk5Jx65Ik1yR1qkQzgB8kSeyYtjnVfnzXn/GS05xc4x+QPn4xt7X5F9</latexit>

x
<latexit sha1_base64="zVhtBX/7qkHtDvaM4al9hLhBgZQ=">AAAB83icbVC7TsNAEDyHVwivACXNiQiJKrIDEpQRNJSJREKkxIrOl0045Xy27vYQkZUvoIWKDtHyQRT8C7ZxAQlTjWZ2tbMTxFIYdN1Pp7Syura+Ud6sbG3v7O5V9w+6JrKaQ4dHMtK9gBmQQkEHBUroxRpYGEi4C6bXmX/3ANqISN3iLAY/ZBMlxoIzTKX247Bac+tuDrpMvILUSIHWsPo1GEXchqCQS2ZM33Nj9BOmUXAJ88rAGogZn7IJ9FOqWAjGT/Kgc3piDcOIxqCpkDQX4fdGwkJjZmGQToYM782il4n/eX2L40s/ESq2CIpnh1BIyA8ZrkXaANCR0IDIsuRAhaKcaYYIWlDGeSratJJK2oe3+P0y6Tbq3lm90T6vNa+KZsrkiByTU+KRC9IkN6RFOoQTIE/kmbw41nl13pz3n9GSU+wckj9wPr4Bh9eRhQ==</latexit>

x ⇠ ⇡ (x)
<latexit sha1_base64="wPAM3Qxwq2SgbkP05BtfBChl384=">AAACC3icbVC7TgJBFJ3FF+ILtbCwmUhMsCG7aKIl0cYSE3kkLCGzwwVumH1k5q6BED7Br7DVys7Y+hEW/osLbqHgqU7OuTf3nuNFCg3Z9qeVWVldW9/Ibua2tnd29/L7B3UTxlpCTYYq1E1PGFAYQI2QFDQjDcL3FDS84c3MbzyANhgG9zSOoO2LfoA9lIISqZM/GrkGfe5G6CroUXHkauwP6KyTL9glew6+TJyUFFiKaif/5XZDGfsQkFTCmJZjR9SeCE0oFUxzbmwgEnIo+tBKaCB8MO3JPMCUn8ZGUMgj0BwVn4vwe2MifGPGvpdM+oIGZtGbif95rZh6V+0JBlFMEMjZIUIF80NGakyaAd5FDURi9jlwDLgUWhCBRi6kTMQ4qSqX9OEspl8m9XLJOS+V7y4Kleu0mSw7ZiesyBx2ySrsllVZjUk2ZU/smb1Yj9ar9Wa9/4xmrHTnkP2B9fENdNGa1g==</latexit>

x(0)
<latexit sha1_base64="4BTDkXIe1UWca442HbxCWBsf7Xk=">AAAB+XicbVC7TsNAEFzzDOEVoKQ5ESGFJrIDEpQRNJRBIg8pCdH5sgmnnB+6WyMiKx9BCxUdouVrKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6YaO4ubW9s1va22+ZINICmyJQge643KCSPjZJksJOqJF7rsK2O7lK/fYDaiMD/5amIfY9PvblSApOidR+vIsr9slsUCrbVTsDWyROTsqQozEoffWGgYg89EkobkzXsUPqx1yTFApnxV5kMORiwsfYTajPPTT9OIs7Y8eR4RSwEDWTimUi/t6IuWfM1HOTSY/TvZn3UvE/rxvR6KIfSz+MCH2RHiKpMDtkhJZJD8iGUiMRT5Mjkz4TXHMi1JJxIRIxSoopJn04898vklat6pxWazdn5fpl3kwBDuEIKuDAOdThGhrQBAETeIJneLFi69V6s95/RpesfOcA/sD6+AZLd5OY</latexit>

x(1)
<latexit sha1_base64="AYEoKbzqDO3siKAameJdE/RXuyc=">AAAB+XicbVC7TsNAEDzzDOEVoKQ5ESGFJrIDEpQRNJRBIg8pCdH6sgmnnB+6WyMiKx9BCxUdouVrKPgXbOMCEqYazexqZ8cNlTRk25/W0vLK6tp6YaO4ubW9s1va22+ZINICmyJQge64YFBJH5skSWEn1Aieq7DtTq5Sv/2A2sjAv6VpiH0Pxr4cSQGUSO3Hu7jinMwGpbJdtTPwReLkpMxyNAalr94wEJGHPgkFxnQdO6R+DJqkUDgr9iKDIYgJjLGbUB88NP04izvjx5EBCniImkvFMxF/b8TgGTP13GTSA7o3814q/ud1Ixpd9GPphxGhL9JDJBVmh4zQMukB+VBqJII0OXLpcwEaiFBLDkIkYpQUU0z6cOa/XyStWtU5rdZuzsr1y7yZAjtkR6zCHHbO6uyaNViTCTZhT+yZvVix9Wq9We8/o0tWvnPA/sD6+AZNCJOZ</latexit>

T
⇣
x(1)|x(0)

⌘

<latexit sha1_base64="pmqcxC5jqgupzFdW6F/K2wSC6ME=">AAACHHicbVC7TsNAEDzzDOEVoKQ5ESElTWQDEpQRNJRBSgJSHKL1sQknzg/drRGR8S/wCXwFLVR0iBaJgn/BNil4TbOjmV3t7niRkoZs+92amp6ZnZsvLZQXl5ZXVitr610TxlpgR4Qq1GceGFQywA5JUngWaQTfU3jqXR3l/uk1aiPDoE3jCPs+jAI5lAIokwaVmusDXQpQSTvlrsIh1W7Ok5pTT2/zatdTV8vRJdUHlardsAvwv8SZkCqboDWofLgXoYh9DEgoMKbn2BH1E9AkhcK07MYGIxBXMMJeRgPw0fST4qOUb8cGKOQRai4VL0T8PpGAb8zY97LO/H7z28vF/7xeTMODfiKDKCYMRL6IpMJikRFaZlEhv5AaiSC/HLkMuAANRKglByEyMc6yK2d5OL+//0u6Ow1nt7FzsldtHk6SKbFNtsVqzGH7rMmOWYt1mGB37IE9sifr3nq2XqzXr9YpazKzwX7AevsExTChUw==</latexit>

transition
x1

<latexit sha1_base64="22WUUPpKdZqkwqpUvXbPtmyZrNQ=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIDEpQRNJRBkIeUWNH5sgmnnB+6WwNRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseN6hkgE2SpLATaeS+p7DtjS9Tv32P2sgwuKVJhK7PR4EcSsEpkW4e+06/XLGrdga2SJycVCBHo1/+6g1CEfsYkFDcmK5jR+ROuSYpFM5KvdhgxMWYj7Cb0ID7aNxpFnXGjmLDKWQRaiYVy0T8vTHlvjET30smfU53Zt5Lxf+8bkzDc3cqgygmDER6iKTC7JARWiYdIBtIjUQ8TY5MBkxwzYlQS8aFSMQ4KaWU9OHMf79IWrWqc1KtXZ9W6hd5M0U4gEM4BgfOoA5X0IAmCBjBEzzDi/VgvVpv1vvPaMHKd/bhD6yPb7OFkik=</latexit>

x2
<latexit sha1_base64="lRD6SJ+n2utg+A4xpKYMM4CKOLA=">AAAB9XicbVC7TsNAEFyHVwivACXNiQiJKrIDEpQRNJRBkIeUWNH5sgmnnB+6WwNRlE+ghYoO0fI9FPwLtnEBCVONZna1s+NFShqy7U+rsLS8srpWXC9tbG5t75R391omjLXApghVqDseN6hkgE2SpLATaeS+p7DtjS9Tv32P2sgwuKVJhK7PR4EcSsEpkW4e+7V+uWJX7QxskTg5qUCORr/81RuEIvYxIKG4MV3Hjsidck1SKJyVerHBiIsxH2E3oQH30bjTLOqMHcWGU8gi1Ewqlon4e2PKfWMmvpdM+pzuzLyXiv953ZiG5+5UBlFMGIj0EEmF2SEjtEw6QDaQGol4mhyZDJjgmhOhlowLkYhxUkop6cOZ/36RtGpV56Rauz6t1C/yZopwAIdwDA6cQR2uoAFNEDCCJ3iGF+vBerXerPef0YKV7+zDH1gf37UUkio=</latexit>

HMC

equipped with momentum  
and Hamiltonian H(x, p)

<latexit sha1_base64="FGb0Mt9MDJZ+6DeCAxfAVd6fqjA=">AAACBHicbVA9SwNBEN3z2/h1ammzGIQIEu5U0DJoY6lgTCAJYW4zxiV7e8vunBiOtP4KW63sxNb/YeF/8S6m8OtVj/dmmDcvMko6CoJ3b2p6ZnZufmGxtLS8srrmr29cuSS1AusiUYltRuBQSY11kqSwaSxCHClsRIPTwm/conUy0Zc0NNiJoa/ltRRAudT1/XYMdCNAZWejyt2e2e365aAajMH/knBCymyC867/0e4lIo1Rk1DgXCsMDHUysCSFwlGpnTo0IAbQx1ZONcToOtk4+YjvpA4o4QYtl4qPRfy+kUHs3DCO8skip/vtFeJ/Xiul6+NOJrVJCbUoDpFUOD7khJV5Jch70iIRFMmRS80FWCBCKzkIkYtp3lEp7yP8/f1fcrVfDQ+q+xeH5drJpJkFtsW2WYWF7IjV2Bk7Z3Um2C17YI/sybv3nr0X7/VrdMqb7GyyH/DePgHA6Zev</latexit>

q✓ (x)
<latexit sha1_base64="xkwnSXP3A/xqY80iuXnZ8nv3WSY=">AAACCnicbVDLTgJBEJz1ifhCTbx4mUhM8EJ20USPRC8eMZFHwhLSOzQwYfbhTK+RIH/gV3jVkzfj1Z/w4L+44B4UrFOlqjtdXV6kpCHb/rQWFpeWV1Yza9n1jc2t7dzObs2EsRZYFaEKdcMDg0oGWCVJChuRRvA9hXVvcDnx63eojQyDGxpG2PKhF8iuFECJ1M7t37Zd6iOBq7BLhXtXy16fjtu5vF20p+DzxElJnqWotHNfbicUsY8BCQXGNB07otYINEmhcJx1Y4MRiAH0sJnQAHw0rdE0/5gfxQYo5BFqLhWfivh7YwS+MUPfSyZ9oL6Z9Sbif14zpu55aySDKCYMxOQQSYXTQ0ZomRSDvCM1EsEkOXIZcAEaiFBLDkIkYpw0lU36cGa/nye1UtE5KZauT/Pli7SZDDtgh6zAHHbGyuyKVViVCfbAntgze7EerVfrzXr/GV2w0p099gfWxzf/Ppqc</latexit>

find    so that q✓ (x) ⇠ p (x|D)
<latexit sha1_base64="+QPllc0cuiYBNmnvaYT5fm0YzEU=">AAACIXicbZC7TsNAEEXXvAmvACXNiggpFER2QIIyAgpKkAggxVY03kySVdYPdscIZPgKPoGvoIWKDtEhxL/gGBcQmOrq3BnNzPVjJQ3Z9rs1Nj4xOTU9M1uam19YXCovr5yZKNECmyJSkb7wwaCSITZJksKLWCMEvsJzf3Aw9M+vUBsZhad0E6MXQC+UXSmAMtQub122XeojgauwS9VrV8tenza5a2TA4wLeHha4Xa7YNTsv/lc4haiwoo7b5U+3E4kkwJCEAmNajh2Tl4ImKRTeldzEYAxiAD1sZTKEAI2X5m/d8Y3EAEU8Rs2l4jnEnxMpBMbcBH7WGQD1zag3hP95rYS6e14qwzghDMVwEUmF+SIjtMzyQt6RGolgeDlyGXIBGohQSw5CZDDJAixleTij3/8VZ/Was12rn+xUGvtFMjNsja2zKnPYLmuwI3bMmkywe/bIntiz9WC9WK/W23frmFXMrLJfZX18AYUEo+E=</latexit>

✓
<latexit sha1_base64="YG5X8oUE7IVBSTKDD6h87wx8hFo=">AAAB+HicbVC7TsNAEDyHVwivACXNiQiJKrIDEpQRNJRBIg8psaL1ZZMcOT90t0YKVv6BFio6RMvfUPAvOMYFJEw1mtnVzo4XKWnItj+twsrq2vpGcbO0tb2zu1feP2iZMNYCmyJUoe54YFDJAJskSWEn0gi+p7DtTa7nfvsBtZFhcEfTCF0fRoEcSgGUSq0ejZGgX67YVTsDXyZOTiosR6Nf/uoNQhH7GJBQYEzXsSNyE9AkhcJZqRcbjEBMYITdlAbgo3GTLO2Mn8QGKOQRai4Vz0T8vZGAb8zU99JJH2hsFr25+J/XjWl46SYyiGLCQMwPkVSYHTJCy7QG5AOpkQjmyZHLgAvQQIRachAiFeO0l1Lah7P4/TJp1arOWbV2e16pX+XNFNkRO2anzGEXrM5uWIM1mWD37Ik9sxfr0Xq13qz3n9GCle8csj+wPr4BW4qTsQ==</latexit>

ELBO ⌘ log p (D)�KL (q✓ (x) , p (x|D))
<latexit sha1_base64="yBYE0ZjKhLELmeBTsoMOvoJtyLQ="></latexit>

Kullback-Leibler divergence 
(measure of approximation error)

Bayesian evidence

Wingate and Weber, arXiv:1301.1299     Ranganath, Gerrish and Blei, arXiv:1401.0118


