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Classical Hamiltonian Dynamics in a moving frame

v=X Lab frame: need to deal with a
— time dependent potential (hard)
NWWY H(p,z,t) = 2]),; + Vi(z— X(t))

Easier way: go to the moving frame (Galilean transformation):

72
P

v =x—-X(t),p=p, H = +V(z') — Xp'

2m
Rotating frame

z' = xzcos(0(t)) — ysin(0(t)),
y' = ycos(0(t)) + xsin(6(t))

H s H =H—-0L

Moving frame in general: time-dependent canonical transformation




Gauge potentials as generators of canonical transformations.

O, OAq | Translations
0)‘(1. - ()p, o {Aa’li}

r=x0—X(t), p=po, =Ax=p

Op; 0A, Ox 0Ax Jp OAx
O\, 0x; { Aa; Pi } 0X dp =~ 0X ox

Equations of motion in a moving frame
dv; Odx; Ox; ¢ N R
p — 01‘ -} ()Tu/\(, — {l, [I} — )\(,v{ll...-,,‘, A(,} — {l, [Im}

dpi _ Opi  Opi; - o
At — 0?‘ + O_/\a)\a — {p'z: }I} o )\(1 {])'I.a A(l-} — {[)z,g ]]m}

Moving Hamiltonian H,, = H — j\aAa



Quantum Systems

Need to solve a time dependent Schrodinger equation (hard)
thde|v) = H(A(t))[v)

Do a time-dependent unitary transformation (= basis rotation)
) = U(N) )
Plug in to the Schrodinger equation

thoy ]z~> = H,,()\) ‘[,>
H,, = U'(H —= AU, Ay =ih(0\U)U"

A is the gauge potential (gauge connection)

Ay =1hoyx < th(n(A)|Ox|m(X)) = (n(A)|Axm(A))



Special frame: the one which diagonalizes H

H,, = U'(H - ).\A)\)Ua Ay = -iﬁ((‘),\U)UT

i

All dynamics: transitions, dissipation, inertia, Lorentz-Coriolis
forces is encoded in the adiabatic gauge potential.

H = —hcosO(t)o, — hsinf(t) o,

([ cos(8/2) sin(6/2)
o= ( sin(6/2) —cos(0/2) )

, hay,

H, = H—0A) = H — 0 >

Recover a standard transformation to the rotating frame. Can
recover leading non-adiabatic effects from ordinary (adiabatic)
perturbation theory.




Adiabatic transformations in quantum systems
HN[n\) = E,(\N)|n\)) = U/NH Z E,(\)|no)(ng]

n(A)) = U(N)|no)

d

= (UTNVHWUN) = UT(dAH + 5 [AA H)U, Ay = ih(o\0)UT = Al
A is the gauge potential - generator of adiabatic rotations, also connection
Combine'

d,\H+ [.A)\ H| = Z(O)\E,,,)\7‘2.><-'7'z| & dyH + — [A,\ H|,H| =0

n

A generalization of the Wilson-Wegner flow equation

Classical limit Generator of canonical transformations

“diagonalizing”=preserving trajectories

{(ZAH — {.A)\, H} H} = 0 of a classical Hamiltonian




Three equivalent definitions; set 1 — 1

A\ = -j,((‘)/\U)U"' = 10, ‘2'0,\’71.> = .»4,\‘71>, [d)\H + ’i[.A)\, H] H] = 0
Gauge potentials define adiabatic evolution of eigenstates

Hellmann-Feynman theorem (first order perturbation theory)
(n |Ox\H |m)

(n|Ax|m) = i(n|Ox|m) =1 E. —FE,

Adiabatic gauge potential has a problem of small denominators.
D

5 1 [(n|OxH |m)|?
AP = 5 D nl AR ). = Z Y
Chaotic systems |(n|OxH \""n>| ~ exp[—5/2],
o ETH (RMT) min]E,,, — E-n.’ ~ CX})[—S]
In chaotic systems the gauge potential does not exists as a smooth

differentiable operator. Classical chaotic systems: C. Jarzynski (1995).
Corollary: existence of the gauge potential implies integrability.

[ AN]* o< expl[S]



-A/\.nm = 1h

n|OxH|m 1oC [ |
<g( A_ ’E, > — ./4/\.11111 — v]_>i1(1)1* / dt ()._(f(.’_l(b"'_b")f<’l)lv‘(‘))\ I[‘II>
'm n € J 0

Ay = lim / dte™“ ((v_iH(’\)"O,\H()\)(?"H(’\)" — ﬂ[A> ., My = Z(‘))\E,,v n)(n|
0 ”

e—01

Existence of the gauge potential (i.e. the problem of existence of adiabatic
limit) is equivalent to absence of (exponential) operator growth (e.g. V.
Khemani, A. Vishwanath, D. A. Huse).

Equivalently locality of adiabatic transformations is tied to the locality of
the perturbation 0, f1 in the rotating frame (interaction picture).



One slide detour: gauge potentials and quantum (information) geometry.
Hamiltonian: H = H (X) Ground state wave-function: g = -'L.ff.f()(X).
Consider the following change X — X+ O\

[0 (X) = o (X + ON)|I* = 1 — [(wo(X) o (A + X)) |* = XapdAadAs
Xap - geometric tensor (Provost, Vallee, 1980)

Xap — (8)\0 1/)0’8)\31/)0>c — <0|-A(X~AB’O> - <O|Aa|0> <O|AB|O>

1 1
Jap = §(<aaw|a/ﬂ-/)>c + (0pvY[0at)c) = §<O|~Aa~’4/3 + AgAa)e

Metric tensor. Defines the Riemannian o1 & )
metric structure, the fidelity susceptibility, |[Ax||" = D Z<"’lv|«4?\\‘”>c = 9x\
the quantum Fisher information. n=1

Berry curvature. Defines the effective magnetic field
F. aff — _'i(X(}:;'fi — X ,:3(1*) — _1<0‘ [A(n A,B] ’0>
Hall response, topological invariants, Coriolis forces, Lorentz forces,...



Counter-diabatic driiving.
(M. Demirplak, S. A. Rice (2003), M. Berry (2009), S. Deffner, A. Del Campo, C. JarzynskKi,..
(2010+), vast literature in NMR, fast-forward technique,...).

) = Z Un () n(N)),  [nN)) = U\ |ng), idsp = (H — NAN)Y

T

Moving frame Hamiltonian H,, = H — \A,
|dea: introduce counter-diabatic (CD) term

H — Hep = H + /.\A,\, H’,(,“-;D — H. Suppress tran§itions, fast adigbgtic_
' state preparation, suppress dissipation.

A— oo = t—= N\ Hep — Ay

A waiter implementing a CD driving protocol to avoid food spillage

No CD term CD term




Landau Zener Problem (= rotating magnetic field)

S\/ ).\hz

H = —h.,o, — A(t)o,
op = ~hao: = Al)7s + 5 ey 0

Rotate around x-axis to eliminate y-field

Z, A
R = exp [—igﬂ(t)gr] ) @(t) = arctan <2<>\2 + hg))

A2 A2
H — _h~ 1 z- A ; 2 'L':_ 1 z
FF 4\/ +4(h§+)\2)20 (AM¢/2)0. \/ +4(h§ lh o, + \/1

Can redefine time to remove overall prefactor

A2 A+ 99/2
dt’ = dt\/l + , Hpp = —h,o, — Oz,
4(h2 + \2)2 \/1 TR -

Asoo =  Hpp(t')=—h,o, + %(5(::) —8(T —t))os, T =Tsqr=

A 2
L 99/ 0:1:‘|

I(hZA2)2 +,\2)°

h.



Can generate many FF protocols (glassy landscape)

¢ .
)\2 A 2
l

Choose some \(t), e.g. A\(t) = —\g + 2)g sin? (5 sin” (Z%))

2
Find h,(t), t'(t) and plot h,.(t"). h,=1,X:—-10— 10
hy(t')
10" = 0.5
5

0.5 1.0 W

Approach QSL for any trial protocol




Floquet Realization of the FF protocol

Z

a.

Ah .,
: 2 %y
2 ( h’g + Az ) Initial State

Noise

HCD — _hzaz — /\(t>0:1: +

Can engineer y-field, by shaking x
and z fields

h Floquet Drive

Jo(2k) \ cos wt ,
Hyprp = —h. | 1 — _, ‘ . — (A + kwsinwt)o,
e = ( 27, 2) (rdo@r))2 12 ) 0 ~ A Frwsinwt)ar

In the leading order of thee inverse frequency expansion
Hr = Hcp + O(1/w)

Can use the Floquet engineering to recreate the CD
Hamiltonian without introducing new controls.



NV center realization

(E. Boyers, -, A. Sushkov,
PRA 2019)

11| @ Landaw-Zener ﬁﬂ;&ﬂh @M&W l
a Fast-Forward o
o Floquet-Engineered 2” ‘a
(r
fr

08

F(r)

0 20 40 60 80
7. protocol duration (us)

Noise dependence

0 . > 3 s 5 E
t, time within protocol (us)

Floquet protocol offers stability
Performance of different protocols with respect to noise.

100



Finding Gauge potentials

Need to solve

(n|OxH |m)
Em - E‘n

[OAH + %[»A)\ H] H] =0 A4 A)\.n,m = 1h

Finding the gauge potential is equivalent to the minimization problem

0Tr [(OxH + #[Ax, H])?]

[OAH—{— [./4)\ H|,H =0 < S A = ()

Can develop a variational procedure for finding gauge potentials (D. Sels,
A.P., PNAS 2016).

Can use this result to devise a variational procedure to find an
approximate (local) gauge potential.




Example: quantum jumper of fighting the Anderson
Orthogonality Catastrophy (semi-open system)

Fermi Sea

H = Hy + Z )\vjc;r-cj, Ay = ’LZ ozj(/\)(c;r-ch - c;ch)
j j
Exact gauge potential will contain arbitrary range hoping terms

Result of the minimization: solution of the Laplace equation

—3Aa + N (Vv)*a = A\V,v;



Ay =i aj(N(cheji —clyic))
J

Hcp = Hy + Z )\’Uj(:;r-Cj + )\.A;
J

~100 _50 i 50 o/

Like with a waiter: doable but difficult. Can map to FF protocol using the
Peierls transformation.



Hep = Ho+AAL = —J )

i\ QA
CI’HC-’/ (1 — z#) + (:;-(:jﬂ (1 + z—)] ZV ( iC;

Perform a phase (Peierls) transformation: ¢; — ¢;je™*%s

Hyr = Z Jer(5) (el a5 + clejin ) + D Ven()eles,
J

a(k) . VURVINY
Ve V(XN G) — \ . Jeg(7) =/ 1+ N2 (a(7))?,
w(j) = V(A j) AZLlJr/\Z( G ) V1+2(())

The imaginary CD protocol is only sensitive to velocity. Real FF protocol
also knows about acceleration

Small velocity: potential renormalization (slowing particles in front)

Large velocity: need to locally renormalize hopping = local time
rescaling or the local refraction index (creating a kind of black hole)

Can use Floguet engineering to design complex hopping



Snapshots of an effective potential and tunneling in FF protocol

V(j,\) = ‘)‘ A(t) = 2sin? (E si112(7rt/2T)) , 1T =10;
| cosh?(j/8) :
Potential profiles: -
o 8

1% t=37/4

-50 50 0"

Jeff

Tunneling profile
(less sensitive to time).

1.015;
1.010;

1.005;

150 200/



Numerics: half filling, 512 sites

s

V(j,\) = 00822(8/5) A(t) = 2sin® (5 si1'12(7rt/2T))

1 —

0.9 - \
0.8 -

T =10, L = 512

t/T

Create a very efficient quantum jumper.
Beat Anderson Orthogonality Catastrophe.



Go back to the operator expansion picture

n|OxH|m "¢ |
OrH|m) < Axn = lim / dt e~ teHEm—En ”(m\(),\ﬂ\w
Em — En e—0T 0

A)\ nm — Tl(

Ay = lim / dl,o_”( AU N H(MNe e () A[,\). My = Z(‘))\E“"n><71’
0 .

e—0t

Baker Campbell Housdorff formula:

N . —it |
e” MoNHe M =" ( f') (H,[H,...[H,0\H|.
k=0 A v g
A.
Even order commutators define the generalized forces M,, odd order commutators

define the gauge potential. Final ansatz (related ideas M. Hastings 2010)

ll|\

/\—IZ(}A [H ())\HH

‘.ZA.'—l

Very few variational parameters. This ansatz reproduces exact gauge potential in
all solvable cases. Can be used both to prepare the states and study geometry.
Regularizes the locator expansion.



A'-'IIHIX

Ax=1i) ay[H,[H,...[H 0\H],
k=1

N

2k—1
Exact gauge potential Variational gauge potential
. K nax
./4,\,,,,,,,} = <2J())\Hg”> A/\.-nxm. =1 Z Qf‘L:(En - E'm.)gk_l<'7l|(9,\H|'7’7’l->
'm ~— 4n k—1

We are finding best polynomial expansion of the function 1/x. The
expansion is almost insensitive to the actual matrix elements

A"'HHIX

| $= et~
xr
k=1

High frequencies -
small matrix element,
small frequency -
expansion order.

Do not really need the
variational principle.

Excitation Frequency w = FE,, — E,,,|



=]Za 0’+1+>\ ZJ’-I-]Z,ZO}.

7=1 7=1
Tr (GF) /Tr (02 H?) h,=h.=03 \=1
1.0 =%
0.9 - Can work in TD limit.
0.8 X Pretty fast convergence, at
. l -+ He—— i i least initially.
0 1 2 :2 4 5 6
2 Ty Easy way to find slowest
yA a Z
- Tr ([, GeJ") /T (0x37) operators adiabatically
o a connected to the
107 X magnetization.
10-1E X
L A AR
0 1 2 3 | 5 6



Hep = H + My Ax = iai[H,O\H] + ia3[H, [H, [H, 0, H]]|

Two general approaches to realize CD driving in the original control space

1. Fast forward driving. Find unitary R
Hep = R Hcp R — 'ih.]?"'(fltl?,, Rt=0)=R(t=1) =1,

Hyr belongs to the control space

rr(t) = Rib,(A(1))

If rotations are local then
s evolutions follows eigenstates of
Un(A(1))

Wn\ a local (rotated) Hamiltonian.

No known general method of constructing R. Most
Implementations rely on the optimal control.



2. Floquet engineering.
[{(j]_) = H + /\A)\ .A)\ = 1(11 [H ())\H] + IO;[H [H [H ())\H]H

Exploit the fact that Magnus expansion of the Floguet
Hamiltonian is very similar to the gauge potential expansion.

Floguet construction is not unique. Here is one possibility

Kmasx
HFF(f) = (1 + - COS((Uf)) H(/\) + /\ Z ;’3;\._ Sill((Qlﬁ — l)wi:)O,\H

wWo 1

High frequency limit (like a Kapitza pendulum)

. | S . 1 B3 — 30
Hy? () ~ H o+ A | 2L o)+ 41 2=
“o “o

[H, [H [H ()AH”] +

Hop = H + My = H + Mion[H, 0xH] + ias[H, [H, [H, 0\ H]]])

431 — (X1Wo, 33 — (A3W () ‘l— 3(11W()



A two Qubit gate
H(\) = —2Jo5705 — h(of + 03) + 2h\(o] + o5

1

0.9 F N
S N, (=2 (FE)
&~ 0.8 \,
. —- £ =2 (CD) \.— {(=1(FE)

\0
0.7 o f =1 (CD) \.\.\
—-- UA —
06 | | | |
0 0.2 0.4 0.6 0.8 1



Dissipation by a magnetic tweezer

. 20 —- /=13 (CD) ”’,—--— (FE)
= 5f—- t=2(CD) 7 (FE)
Y —- ¢=1(CD) — (FE)
| 10 . !
=
m 5 -----
0 -
0 0.8 1

L p
n — n(\ 2 X
HO) = o=t Y. exp |- B o,
n=1

2
n;

L L L

. § : z _z _ § : 2z ] E ' T

H() = J g; U‘i-i—l +]Ig g; +h;1: g;
1=1 1=1 1=1

Trap

7= 0.9, ng = 3, ny = 10,
L=12,J = -1, h, = 0.8,
h.=0.9, hy =8, n; = 1.



CD driving of open systems: engineering fast dissipative thermalization

N

1 1 2 1 2.2 . 2

Hbath = Z §p_, + §w3xj — TBBWR T; Tj41
=1

P2 Wi

~ 2 T

n_==npg

Wp WhB WhB
Drive an oscillator through a resonance with an
optical phonon bath. Slow limit — isothermal wg

process.




Open systems: adiabatic process for the system + bath =
iIsothermal process for the system

Energy conservation (first law)
AW = AES\S + AFEpath

The bath Hamiltonian does not
depend on A, therefore

AE})ath — 7jl)a.t.ll Asl_mth

The condition for adiabaticity assuming
the system and the bath are decoupled at
the protocol boundaries

’ 8 AS = ASs\s + ASl)a\th =0

Combine and find:

AW = AES\S — r‘rba.t.hASsys — Asts

Adiabatic work =minimal work, i.e. the free energy change.



Simpler two oscillator problem.

2 v 42 a2 s 12
F N mw”(f)XQ L Py M

H = —
2m 2 2m 2

2 .
— "/"SB’W'BJ'BX

Very easy to find the gauge potential and the CD protocol

NN

2

YSB 2 Wg — Wp
: Xpp—axn P)+0O(Vér). A=

\2 +47§B ( PB B ) (;bB) W‘Z)g

1

Requires coupling to the bath momentum. Singular near the resonance in
the weak coupling limit.

The problem simplifies under the rotating wave - phonon number conserving -
approximation (RWA)

A VSB A /sB
Hp ~w 14— —
CD B[( —l—2>a (15+(11303 5 ((1 (IB+(1,3(15)+1wB ()\ +4)SB)

WRB P WRB PB
as = p X +1— ap = p rp + 1 —
2 WEB 2 wWEB

Equivalent to the LZ (spin 2) problem if interpret ag and ag as Schwinger
bosons. Can easily design FF protocol.

((11‘(1,3—(1,];3(15) .




Beyond RWA: hard problem. Do a series of canonical (unitary)
transformations eliminating unwanted couplings one by one.
Similar to a Rubik’s cube problem; no unique solution, but finding

a solution still hard.

/ P2 AN(t)X? p%  K'(t)a?
Hpp = 5 T (3 + [‘)B + (9) BE_C't)ap X

e —_ —_

A'(t). K'(t). C'(t) are complicated local functionals of \(t)

Use the Floquet engineering (shaking of C’) to get the desired K'(t)

Slightly different constraints: can not modulate bath degrees of freedom.



Different constraints: can not access bath. Can develop Floquet
fast-forward protocol with some efforts

2

(Hs({{))/T

(b)
13

102

- ¥ =

30

— UA
—— W -FF
FE-FF

— UA
e AW -FF
e FE-FF

(t)/vsB
S

YsB
—h
=]

1
03 04 05 06 07

t/'r,

04 05 06 07
t/'r,

CD protocol only works when
The Markovian (Lindblad)
approach is not applicable.

It relies on coherence of the
bath during the heat
exchange.



Can design fast (Quantum) heat engines operating near the Carnot efficiency

(ng)

A

Adiabatic




Power and efficiency of the Otto engine

ITo why

r

- TH we

|deal power and

efficiency
n=1- = < 7e
WH
kT




Summary

» Close connections between adiabatic transformations and quantum
information geometry, Schrieffer-Wolff transformations, slow operators,
chaos and integrability and many more.

« Can use Floquet engineering to design efficient CD protocols for high
fidelity state preparation and suppressing dissipation in generic many-
body systems.

« Can use this construction in open systems to extract heat, perform a
minimal work if protocol times are faster than bath relaxation times, i.e.
beyond Lindblad/Markov approximations.



