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    Classical chaos                                              
• Exponential sensitivity of classical 

trajectories to small changes in initial 
conditions. 


• Butterfly effect, breakdown of predictability 
in deterministic systems


• Many examples of classically chaotic 
systems exist in mathematics, physics and 
natural phenomena

Double-rod pendulum 
simulation

Lorenz attractor turbulent flow

jerk circuit



   Quantum chaos                                              

• There are no classical trajectories in quantum systems. 

• Quantum chaos is therefore quantified using the idea of 

operator growth.

C(t) = − ⟨[W(t), V(0)]2⟩

Consider an expectation value


with two initially commuting hermitian operators �  [W, V ] = 0.

Time evolution is according to
� 

and the expectation value is with 
respect to a thermal ensemble at 
temperature T.

W(t) = eiHtWe−iHt

10

FIG. 4. Out-of-time-order correlators F (t) obtained through numerical exact diagonalization of the SYK model with N = 30
using (a) standard, (b) asymmetric and (c) regularized forms defined by Eqs. (3), (16) and (15), respectively. (d) Comparison
of the extracted Lyapunov exponents �L for the three di↵erent regularizations. The chaos bound �L = 2⇡/� is shown by the
black dashed line, and the scaling obtained from the numerical solution of SD equations [5] is shown in red. The asymmetric
and regularized forms correspond to the time-ordered correlators in a TFD state given by Eqs. (9) and (16), respectively.

with a Lyapunov exponent saturating the chaos bound
�L = 2⇡T . In numerical calculations at relatively small
N , the maximally-chaotic nature of the SYK model, as
seen through the Lyapunov exponents, was never reliably
observed and the failure was attributed to finite-N e↵ects
[36, 44]. Indeed, the exponential growth of the OTOC,
parametrized by

F (t) = A+
B

N
e
�Lt (40)

with A, B real constants, can be expected for times
J
�1 . t < 1/�L log(N/B) and �J < N .
However, previous numerical calculations were carried

out using the standard OTOC in Eq. (3) which shows
stronger finite-size e↵ects [30, 34]. We compare in Fig. 4
the OTOCs obtained numerically for the three di↵er-
ent regularizations discussed above: standard, regular-
ized and asymmetric. We then extract the Lyapunov
exponent for each choice by fitting to the expected func-
tional from, Eq. (40), for intermediate times. Inspired
by Ref. [45], we define the lower bound of the fitting
region by a time t� such that F (t�) ⇠ 0.98F (0) and
marks the beginning of the exponential growth. Simi-
larly, we define the upper bound t+ as the time at which
the second derivative F

00(t+) < 0 and thus cannot de-
scribe an exponential. For each regularization we ob-
serve an exponential growth characteristic of quantum
chaotic systems – however the Lyapunov exponent �L

extracted from our fitting procedure at low tempera-
ture di↵ers drastically between the three regularizations.
Specifically, the standard and asymmetric forms appear
to violate the chaos bound (as also reported elsewhere
[36, 44]). This is of course not a physical e↵ect, but rather
reflects the breakdown of our fitting procedure which oc-
curs because the separation of time scales is insu�cient
for the small system sizes N considered. The regularized
form of the OTOC is better behaved in finite-N numer-
ics, and captures the expected trend for the SYK model
(obtained through the solution of the corresponding SD
equations [5], see Fig. 4c) more accurately due to weaker
finite-size e↵ects (see also Ref [30].)

As discussed above, the TFD setup naturally leads to
regularized OTOCs with a square-root of thermal density
matrices inserted inside the trace as indicated in Eq. (15).
This is an interesting feature, because such symmetric
insertion of thermal factors does not naturally appear in
any other measurement scheme such as Lochsmidt echo
or those described in Refs. [11–13, 17].
As discussed in Sec. II-D, a possibly more convenient

way to access the OTOC is through a measurement of the
two-sided Green’s functionGLR(t�t

0) in the ground state
of the coupled system. This is clearly a more straightfor-
ward measurement, but is limited to weak couplings µ/J .
To verify that this approach indeed works we adapt Eq.
(22) to the Maldacena-Qi model by identifying O

j = �
j .

Following the steps outlined in Sec. II-D, we derive the
short-time expansion of the retarded version of the aver-
aged LR Majorana propagator,
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valid for J
�1

⌧ t ⌧ µ
�1 and t > 0. Similar to the

time-ordered case, Gret
LR

(t) contains an OTOC contribu-
tion (last line of Eq. (41)), and we therefore expect an
exponential growth at intermediate times.
In Fig. 5a we show the imaginary part of Gret

LR
(t) cal-

culated numerically from the large-N saddle-point equa-
tions for several values of µ/J . For su�ciently weak
couplings µ/J , we observe an approximately exponential
growth in the expected regime, from which we extract a
putative Lyapunov exponent. Strikingly, the extracted
exponents �L/2⇡ closely follow ⇠ µ

2/3 scaling of the gap
as indicated in Fig. 5b. This is important because the
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Operator growth intuitive picture:

V(0)
W(0)

t = 0

[V(0), W(0)] = 0

V(0) W(t)

t > 0

[V(0), W(t)] ≠ 0

• As the initially “simple” operator W becomes more complex due to the time 
evolution it eventually fails to commute with V.

• For quantum-chaotic systems the growth of  �  is 
exponential at intermediate times,


C(t) = − ⟨[W(t), V(0)]2⟩

C(t) ∼ eλLt

• Here �  is the quantum Lyapunov exponentλL



The chaos bound

• Quantum systems saturating the chaos bound �  are called 
“maximally chaotic”


• Such systems are usually holographically dual to a quantum gravity 
theory in a geometry with a black hole.


• Black holes are also maximally chaotic, i.e. they thermalize in shortest 
possible time consistent with causality and unitarity. 

(λL = 2πT )

λL ≤ 2πT

• The Lyapunov exponent �  characterizing the exponential growth of  
�  at intermediate times is subject to a fundamental 
upper bound


                                                                                   [Maldacena, Stanford, Shenker 2017]


λL
C(t) = − ⟨[W(t), V(0)]2⟩

   The chaos bound                                              



Why is understanding of quantum chaos important?

• Chaotic behaviour is essential to thermalization of closed quantum 
systems


• It underlies our understanding of important concepts including many-
body localization and eigenstate thermalization hypothesis (ETH)


• Quantum chaos is important in attempts to reconcile quantum 
mechanics with general relativity: It points to a resolution of fundamental 
open questions such as the Hawking black hole information paradox



   Out-of-time-order correlators                                              

C(t) = ⟨W(t)VVW(t)⟩ + ⟨VW(t)W(t)V⟩
−⟨VW(t)VW(t)⟩ − ⟨W(t)VW(t)V⟩

Expand the commutator squared:
naturally time ordered (NTOC)

“out-of-time-ordered” (OTOC)

• NTOC — correspond to measurable (at least in principle) quantities

Consider    �⟨V(0)W(t)W(t)V(0)⟩ = ⟨Ψ0V(0) |W(t)W(t) |V(0)Ψ0⟩

(i) create a 
perturbation at 

time t=0

(ii) evolve the perturbed state 
forward in time and 


(iii) perform a measurement of 
the quantity represented by 

�W(t)2



• OTOCs— correspond to quantities that require backward time 
evolution to measure 

Consider     �⟨W(t)V(0)W(t)V(0)⟩ = ⟨Ψ0W(t)V(0) |W(t)V(0)Ψ0⟩

This inner product can be interpreted as comparing two quantum states: 

|Ψ1(t)⟩ = |W(t)V(0)Ψ0⟩ |Ψ2(t)⟩ = |V(0)†W(t)†Ψ0⟩and

Creating �  clearly requires evolving the system backward in time!|Ψ2(t)⟩

W(t) = eiHtWe−iHt → e−iHtWeiHt

• Backward time evolution can be achieved by reversing the sign of the 
Hamiltonian

• In most systems however this is difficult or impossible to achieve
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Measuring out-of-time-order correlations and
multiple quantum spectra in a trapped-ion
quantummagnet
Martin Gärttner1†, Justin G. Bohnet2†, Arghavan Safavi-Naini1, Michael L. Wall1, John J. Bollinger2

and AnaMaria Rey1*

Controllable arrays of ions and ultracold atoms can simulate complex many-body phenomena and may provide insights into
unsolved problems in modern science. To this end, experimentally feasible protocols for quantifying the buildup of quantum
correlations and coherence are needed, as performing full state tomography does not scale favourably with the number of
particles. Here we develop and experimentally demonstrate such a protocol, which uses time reversal of the many-body
dynamics to measure out-of-time-order correlation functions (OTOCs) in a long-range Ising spin quantum simulator with
more than 100 ions in a Penning trap. By measuring a family of OTOCs as a function of a tunable parameter we obtain
fine-grained information about the state of the system encoded in the multiple quantum coherence spectrum, extract the
quantum state purity, and demonstrate the buildup of up to 8-body correlations. Future applications of this protocol could
enable studies of many-body localization, quantum phase transitions, and tests of the holographic duality between quantum
and gravitational systems.

T ime reversal has fascinated and puzzled physicists for
centuries. In an iconic example, Josef Loschmidt argued that
the second law of thermodynamics would be violated by

time-reversing an entropy-increasing collision1. Ludwig Boltzmann
responded by formulating the probabilistic definition of entropy,
one of the cornerstones of statistical mechanics, and now a
fundamental concept in quantum information. Since the days of
Boltzmann and Loschmidt, the notion of time reversal has moved
from the arena of thought experiments into the laboratory, with
time reversal of non-interacting quantum systems in the form of
Hahn spin echoes2 forming an essential part of nuclear magnetic
resonance (NMR)3 and magnetic resonance imaging.

Recently, the experimental implementation of many-body time-
reversal protocols4,5 in atomic quantum systems has attracted
attention6–9 for their potential to quantify the flow of quantum
information in time and set bounds on thermalization times10–13,
which might also enable experimental tests of the holographic
duality between quantum and gravitational systems6,14–17. The
key quantities sought after are special types of out-of-time-order
correlation (OTOC) functions,

F(⌧ )= hŴ †(⌧ )V̂ †Ŵ (⌧ )V̂ i (1)

where Ŵ (⌧ ) = eiĤ⌧Ŵe�iĤ⌧ , with Ĥ an interacting many-body
Hamiltonian and Ŵ and V̂ two commuting unitary operators.
Physically, F(⌧ ) measures the ‘scrambling’ of quantum information
across the system’s many-body degrees of freedom—for example,
how fast an initial local perturbation becomes inaccessible to
local probes16. Since Re[F(⌧ )] = 1 � h|[Ŵ (⌧ ), V̂ ]|2i/2, F(⌧ )
encapsulates the degree by which the initially commuting operators
Ŵ and V̂ fail to commute at later times due to the interactions

generated by Ĥ , which we adopt as an operational definition
of scrambling.

Most theoretical studies of scrambling have focused on so-called
fast scramblers in thermal states10,11,16, systems where the commuta-
tor grows exponentially at a rate exclusively determined by the tem-
perature. However, the scrambling behaviour of non-equilibrium
systems at zero temperature will depend on the microscopic param-
eters of the Hamiltonian. This largely unexplored topic can
provide valuable insights into the dynamics of interacting quantum
many-body systems.

Here we perform measurements of OTOCs with a quantum
simulator composed of more than 100 trapped ions18 interacting
via all-to-all Ising interactions that can be reversed in time. This
Ising interaction allows us to study interesting entangled states18–21,
yet still operate in a regime where simulations on conventional
computers are feasible. Thus, our work is a first stepping stone
for exploring scrambling in initially pure quantum systems. Our
approach is modelled after the multiple quantum coherence (MQC)
protocol developed in the context of NMR3,22,23 to quantify the
buildup of multi-particle coherences (o�-diagonal elements of the
many-body density matrix). We show that this protocol, under
specific choices of the initial state (pure states in our experiment),
implements the measurement of a family of OTOCs. Careful
comparison with theory allows us to use the measurements as
a verification protocol to benchmark the performance of the
quantum simulator, and to sensitively quantify di�erent sources of
decoherence and imperfect control. In our experiment, which starts
with a pure product state, scrambling can be physically interpreted
as the process by which the information stored (or encoded) in
the initial state, through the interactions, is distributed over and
therefore stored in other many-body degrees of freedom of the

1JILA, NIST and Department of Physics, University of Colorado, 440 UCB, Boulder, Colorado 80309, USA. 2National Institute of Standards and Technology
(NIST), Boulder, Colorado 80305, USA. †These authors contributed equally to this work. *e-mail: arey@jila.colorado.edu
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Figure 1 | Illustration of the many-body echo scheme. a, Experimental sequence. The global �⇡/2 rotation R̂y about the y-axis prepares an initial state with
all spins pointing along the x-axis, and enables a measurement in this same basis. The generalized Bloch spheres illustrate the evolution of the state
(Husimi distribution). In the case of �=0 (blue) the spins return to the initial state, while for �=⇡/2 (green) the overlap of the final state ⇢̂f with the
initial state is small. b, Fidelity signal for an idealized case with N=6 spins and di�erent evolution times ⌧ given in c. c, The Fourier transforms of the fidelity
signals of b. The Fourier amplitudes are identical to the MQCs Im, which quantify the coherence of the state ⇢̂(⌧ ). The small squares on the right show the
absolute values of the density matrix elements of ⇢̂(⌧ ) in the basis of symmetric Dicke states. Thus, Im is the sum of the squares of all matrix elements at a
distance m from the diagonal. The times are given in units of the time to reach the Schrödinger cat state tcat =⇡h̄N/(4J). d, Simulated dynamics of the
Fourier amplitudes of fidelity, Im, and magnetization, Am, for purely coherent evolution of 48 ions, illustrating complementary probes of the flow of quantum
information. The vanishing odd Fourier components are not shown.

particular decoupling times ⌧n =2⇡n/� for an integer n (Fig. 2c and
Supplementary Information). Here we always choose |�|= 2⇡n/⌧ ,
ensuring spins and phonons decouple. This guarantees that the
dynamics matches that of the Ising Hamiltonian in equation (2)
with uniform couplings J (�)/h̄= ⌦2

0/(2�), and leads to di�erent
values of the coupling constant J at di�erent interaction times
⌧ . The detuning-dependent coupling enables us to implement a
many-body echo of the spin dynamics by inverting the sign of �.

For measuring magnetization and fidelity, we collect the global
ion fluorescence scattered from the Doppler cooling laser on the
cycling transition for ions in |"i, after applying a ⇡/2 rotation
of the spins. We count the total number of photons collected
on a photomultiplier tube (PMT) in a detection period, typically
tc =5ms. From the independently calibrated photons collected per
ion, we can infer the state populations, N" and N#. After averaging
over many experimental trials, between 500 and 800, we calculate
the expectation values hŜzi= hN̂"i�N/2. To measure the fidelity,
we distinguish the single state with all ions in |#i, which does
not scatter from the cooling laser, from all other states. Any ion
fluorescence indicates the system is no longer in the initial state. The
fidelity is the fraction of experimental trials that result in measuring
the state |# ...#i (see Supplementary Information).

Figure 3 shows the measured fidelity F as a function of the
angle � for di�erent evolution times ⌧ in an array of 48 ions.
The measurements at � = 0 and 2⇡ give the state purity, while
the ⇡-periodic oscillations encode information on the buildup of
MQCs. The pulse sequence in Fig. 3a follows Fig. 1, whereas in
Fig. 3b, an additional ⇡-rotation has been inserted in the middle
of each evolution period ⌧ to suppress some forms of decoherence.
We extract the coherences Im, shown in Fig. 3c, as the Fourier
components of the fidelity in Fig. 3b. We see a clear buildup of the
two-body (I2), and then four-body (I4) coherences with increasing

interaction time. Odd components are zero within statistical error,
consistent with the fact that the coherences are generated by the
Ising interaction, which can be viewed as only flipping pairs of spins.

All the measurements are in good agreement with theory
calculations (solid lines) that account for independently calibrated
sources of decoherence. O�-resonant light scattering is the
dominant decoherence mechanism in the system. Because the
fidelity measures a projection onto a single many-body state, it
decays with a rate approximatelyN� , where � is the single-particle
decoherence rate. This causes a fast decay of I0 as exp(�N� ⌧ ).
However, Fig. 3c shows that I0 decays as exp(�N� ⌧ )I (pure)0 , where
the algebraic decay I (pure)0 ⇡ 1/(1 + J 2⌧ 2) (see Supplementary
Section 3) signals the buildup of higher-order coherences seen also
in the fully coherent case.Other sources of decoherence include slow
drifts in themagnetic field36 andCOMmode frequency fluctuations,
which the MQC can distinguish. Figure 3a reveals the degree to
which the COM axial mode phonons cannot be decoupled from
the spins due to uncertainty in the COM mode frequency !z . The
impact of residual spin–phonon coupling, arising from fluctuations
in !z , is more pronounced at � = ⇡ than � = 0. In contrast,
slow magnetic field noise causes a reduction of the fidelity around
� = 0(2⇡), but has no e�ect at � = ⇡, allowing us to benchmark
these two imperfections independently. For the data in Fig. 3b,
where the sequence includes an additional ⇡ rotation to suppress
errors from slow drifts in the magnetic field and COM mode
frequency, the full theory collapses to a solution that includes only
o�-resonant light scattering as the sole decoherence mechanism
(dashed line).

Single-body observables, like the collective magnetization, are
much less sensitive to decoherence, and provide an alternative way
to experimentally measure the sequential buildup of higher-order
correlations induced by spin–spin interactions. In Fig. 4, we show
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The idea of the out-of-time-order correlator (OTOC) has recently emerged in the study of both
condensed matter systems and gravitational systems. It not only plays a key role in investigating the
holographic duality between a strongly interacting quantum system and a gravitational system, it also
diagnoses the chaotic behavior of many-body quantum systems and characterizes information scrambling.
Based on OTOCs, three different concepts—quantum chaos, holographic duality, and information
scrambling—are found to be intimately related to each other. Despite its theoretical importance, the
experimental measurement of the OTOC is quite challenging, and thus far there is no experimental
measurement of the OTOC for local operators. Here, we report the measurement of OTOCs of local
operators for an Ising spin chain on a nuclear magnetic resonance quantum simulator. We observe that the
OTOC behaves differently in the integrable and nonintegrable cases. Based on the recent discovered
relationship between OTOCs and the growth of entanglement entropy in the many-body system, we extract
the entanglement entropy from the measured OTOCs, which clearly shows that the information entropy
oscillates in time for integrable models and scrambles for nonintgrable models. With the measured OTOCs,
we also obtain the experimental result of the butterfly velocity, which measures the speed of correlation
propagation. Our experiment paves a way for experimentally studying quantum chaos, holographic duality,
and information scrambling in many-body quantum systems with quantum simulators.

DOI: 10.1103/PhysRevX.7.031011 Subject Areas: Quantum Physics,
Quantum Information,
Statistical Physics

I. INTRODUCTION

The out-of-time-order correlator (OTOC), given by

FðtÞ ¼ hB̂†ðtÞÂ†ð0ÞB̂ðtÞÂð0Þiβ; ð1Þ

is proposed as a quantum generalization of a classical
measure of chaotic behaviors [1,2]. Here, Ĥ is the system

Hamiltonian, B̂ðtÞ ¼ eiĤtB̂e−iĤt, and h$ $ $iβ denotes aver-
aging over a thermal ensemble at the temperature
1=β ¼ kBT. For a many-body system with local operators
Â and B̂, the exponential deviation from unity of a
normalized OTOC, i.e., FðtÞ ∼ 1 − #eλLt, gives rise to
the Lyapunov exponent λL.
Quite remarkably, it was found recently that the OTOC

also emerges in a different system that seems unrelated to
chaos, that is, the scattering of shock waves nearby the
horizon of a black hole and the information scrambling
there [3–5]. A Lyapunov exponent of λL ¼ 2π=β is found
there. Later it was also found that the quantum correction
from string theory always makes the Lyapunov exponent
smaller [5]. Thus, it leads to a conjecture that 2π=β is an
upper bound of the Lyaponuv exponent, which was later
proved for generic quantum systems [6]. This is a profound
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theoretical result. If a quantum system is exactly holo-
graphic dual to a black hole, its Lyapunov exponent will
saturate the bound; and a more nontrivial speculation is that
if the Lyapunov exponent of a quantum system saturates the
bound, it will possess a holographic dual to a gravity model
with a black hole. A concrete quantum mechanics model,
now known as the Sachdev-Ye-Kitaev model, has been
shown to fulfill this conjecture [2,7,8]. This establishes a
profound connection between the existence of holographic
duality and the chaotic behavior in many-body quantum
systems [9].
Recent studies also reveal that the OTOC can be applied

to study physical properties beyond chaotic systems. The
decay of the OTOC is closely related to the delocalization
of information and implies the information-theoretic def-
inition of scrambling. In the high- temperature limit (i.e.,
β ¼ 0), a connection between the OTOC and the growth of
entanglement entropy in quantum many-body systems has
also been discovered quite recently [10,11]. The OTOC can
also characterize many-body localized phases, which are
not even thermalized [10,12–15].
Despite the significance of the OTOC revealed by recent

theories, experimental measurement of the OTOC remains
challenging. First of all, unlike the normal time-ordered
correlators, the OTOC cannot be related to conventional
spectroscopy measurements, such as angle-resolved photo-
emission spectroscopy (ARPES) and neutron scattering,
through the linear response theory. Secondly, direct simu-
lation of this correlator requires the backward evolution in
time, that is, the ability to completely reverse the
Hamiltonian, which is extremely challenging. One exper-
imental approach closely related to time reversal of quantum
systems is the echo technique [16], and the echo has been
studied extensively for both noninteracting particle systems
and many-body systems to characterize the stability
of quantum evolution in the presence of perturbations
[17–19], and the physics is already quite close to OTOC.
Recently it has been proposed that the OTOC can be
measured using echo techniques [20]. In addition, there also
exists several other theoretical proposals based on the
interferometric approaches [21–23]. However, none of them
have been experimentally implemented thus far.
Here, we adopt a different approach to measure the

OTOC. To make our approach work, some extent of “local
control” is required. A universal quantum computer fulfills
this need by having “full local control” of the system—that
is, a universal set of local evolutions can be realized, and
this set of local evolutions can build up any unitary
evolution of the many-body system, both forward and
backward evolution in time. That is to say, we use a
quantum computer to perform the measurement of the
OTOC. In fact, historically, one of the key motivations to
develop quantum computers is to simulate the dynamics of
many-body quantum systems [24], and quantum simulation
of many-body dynamics has been theoretically shown to be

efficient with practical algorithms proposed [25]. Here, the
quantum computer we use is liquid-state nuclear magnetic
resonance (NMR) with molecules. In this work, we report
measurements of OTOCs on a NMR quantum simulator.
We stress that, on one hand, our approach is universal and
can be applied to any system that has full local quantum
control, including a superconducting qubit and trapped ion;
on the other hand, this experiment is currently limited to a
small size not because of our scheme but because of the
scalability issue of the quantum computer.

II. NMR QUANTUM SIMULATION OF THE OTOC

The system we simulate is an Ising spin chain model,
whose Hamiltonian is written as

Ĥ ¼
X

i

ð−σ̂zi σ̂ziþ 1 þ gσ̂xi þ hσ̂zi Þ; ð2Þ

where σ̂x;y;zi are Pauli matrices on the i site. The parameter
values g ¼ 1, h ¼ 0 correspond to the traverse field Ising
model, where the system is integrable. The system is
nonintegrable whenever both g and h are nonzero. We
simulate the dynamics governed by the system Hamiltonian
Ĥ , and measure the OTOCs of operators that are initially
acting on different local sites. The time dynamics of the
OTOCs are observed, from which entanglement entropy of
the system and butterfly velocities of the chaotic systems
are extracted.

A. Physical system

The physical system to perform the quantum simulation
is the ensemble of nuclear spins provided by iodotrifluro-
ethylene (C2F3I), which is dissolved in d chloroform; see
Fig. 1(a) for the sample’s molecular structure. For this

(a) (b)

(c)

FIG. 1. Illustration of the physical system, the Ising model, and
the experimental scheme. (a) The structure of the C2F3I molecule
used for the NMR simulation. (b) The four site Ising spin chain.
A and B label two subsystems for the later discussion of the
entanglement entropy. (c) Quantum circuit for measuring the
OTOC for the general N-site Ising chain when β ¼ 0 (in our case,
N ¼ 4). Here, R̂ ¼ 1, R̂xð−π=2Þ, R̂yðπ=2Þ for Â ¼ σ̂z1, σ̂

y
1, σ̂

x
1,

respectively.
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measure. That is to say, with the help of the relationship
between OTOCs and entanglement growth, we can extract
the growth of the entanglement entropy after the quench
from the experimental data.
The results of the second Rényi entropy Sð2ÞA are shown in

Fig. 3. At short time, all three curves start to grow
significantly after a certain time. This demonstrates that
it takes a certain time for the perturbation applied at the first
site to propagate to the subsystem B at the fourth site (see
the discussion of butterfly velocity below). Then, for all
three cases, Sð2ÞA ’s grow roughly linearly in time. This
indicates that the extra information caused by the initial
quench starts to scramble between subsystems A and B.
The differences lie in the long-time regime. For the
integrable model, the Sð2ÞA oscillates back to around its
initial value after some time, which means that this extra
information moves back to the subsystem A around that
time window. As a comparison, such a large amplitude
oscillation does not occur for the two nonintegrable cases
and the Sð2ÞA s saturate after growing. This supports the
physical picture that the local information moves around in
the integrable model, while it scrambles in the nonintegr-
able models [11].

IV. BUTTERFLY VELOCITY

The OTOC also provides a tool to determine the speed
for correlation propagating. At t ¼ 0, Â and B̂ commute
with each other since they are operators at different sites.
As time grows, the higher-order terms in the Baker-
Campbell-Hausdorff formula,

B̂ðtÞ ¼
X∞

k¼ 0

ðitÞk

k!
½H;…; ½H;B%;…%; ð10Þ

become more and more important and some terms fail to
commute with Â, at which the normalized OTOC starts to
drop. Thus, the larger the distance between sites for Â and
B̂, the later the time the OTOC starts deviating from unity.
In general, the OTOC behaves as

FðtÞ ¼ a−beλLðt−jxj=vBÞ þ ' ' ' ; ð11Þ

where a and b are two nonuniversal constants and jxj
denotes the distance between two operators. Here, vB
defines the butterfly velocity [5,11,29–31]. It quantifies
the speed of a local operator growth in time and defines a
light cone for chaos, which is also related to the Lieb-
Robinson bound [31,32].
In our experiment, we fix Â at the first site, and move B̂

from the fourth site to the third site, and to the second site.
From the experimental data, we can phenomenologically
determine a characteristic time td for the onset of chaos in
each OTOC, i.e., the time that the OTOC starts departing
from unity. By comparing the three different OTOCs in
Fig. 4, it is clear that the closer the distance between Â and
B̂, the smaller td. In the insets of Figs. 4(a) and 4(b), we plot
td as a function of the distance, and extract the butterfly
velocity from the slope. We find that, for the OTOC with
Â ¼ σ̂z1 and B̂ ¼ σ̂xi , vB ¼ 2.10, and for the OTOC with
Â ¼ σ̂y1 and B̂ ¼ σ̂zi , vB ¼ 2.22. The butterfly velocity is
nearly independent of the choice of local operators, which
is a kind of manifestation of the chaotic behavior of the
system.

FIG. 3. The second Rényi entropy Sð2ÞA after a quench. A quench
operator ð1þ σ̂x1Þ (up to a normalization factor) is applied to the
system at t ¼ 0, and the entropy is measured by tracing out the
fourth site as the subsystem B. Different colors correspond to
different parameters of g and h in the Ising spin model. The points
are experimental data, the curves are theoretical calculations.

(a)

(b)

FIG. 4. Measurement of the butterfly velocity. (a) The OTOCs
for Â ¼ σ̂z1 and B̂ ¼ σ̂xi , with i ¼ 4 (blue), i ¼ 3 (green), and
i ¼ 2 (red). (b) The OTOCs for Â ¼ σ̂y1 and B̂ ¼ σ̂zi , with i ¼ 4
(blue), i ¼ 3 (green), and i ¼ 2 (red). The insets of (a) and
(b) show the time for the onset of chaos td for the OTOCs versus
the distance between two operators. The slope gives 1=vB. Here,
g ¼ 1.05 and h ¼ 0.5 .
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Conventional quantum chaos diagnosis requires backward time 
evolution and is therefore hard.

Is there an alternative that could be used in complex 
many-body systems?



   Quantum chaos diagnosis  
  using entangled states                                             

Consider two identical copies of a quantum system

HL HR

entanglement

|TFDβ⟩ =
1

Zβ
∑

n

e−βEn/2 | n̄⟩L ⊗ |n⟩R

Specifically, we want the “thermofield double state” defined as

where   is an eigenstate with energy En of HL/R and .  |n⟩L/R | n̄⟩ = Θ |n⟩



Properties of TFD state                                              |TFDβ⟩ =
1

Zβ
∑

n

e−βEn/2 | n̄⟩L ⊗ |n⟩R

1. Expectation value of any one-sided operator is given by a thermal average:


�⟨𝒪L⟩TFD = Z−1
β ∑

n

e−βEn L⟨n |𝒪L |n⟩L .

2.   TFD is not an eigenstate of the total Hamiltonian � , but it is an

eigenstate with eigenvalue zero of � .  

H = HL + HR
H− = HL − HR

Item 2 above has important consequence for the 
time-translation invariance in the TFD state: 

aka “traversable wormhole”

Fortschr. Phys. 65, No. 5 (2017)
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Figure 6 Top: if we insert an operator that creates, absorbs or reflects a particle, the boundary trajectory is kicked farther outwards.
Bottom:In a general two-sided configuration, the horizons will not meet, since −Q a

L − Q a
R is a leftward-pointing spacelike vector that

represents the SL(2) charges of the matter.

to the left, so in general Q R is to the right of −Q L, see ap-
pendix A. If the matter inside bounces off or is absorbed
by the boundaries, the resulting kicks will send these the
boundaries even further appart. This means that no sig-
nal can be sent between the boundaries. See Fig. 6.

If we want to send a signal between the boundaries we
need to bring them closer. This can be done with an at-
tractive force between the boundaries. In fact, this is pre-
cisely what the Gao-Jafferis-Wall interaction does, as we
explain below. We consider an interaction between two
bulk field operators at the two boundaries, V = g̃OLOR.
For small g̃ the leading effect comes from the expectation
value of this operator, ⟨OLOR⟩. This expectation value de-
pends on the distance between the UV boundary parti-
cles. So the effective potential is Vpot = −⟨V ⟩ ∝ −g̃e−mρ ,
where ρ is the distance in AdS. By including this term in
the action at a particular time, we are briefly turning on a
potential energy that gives rise to a force between the two
particles. We can view it as a force due to the exchange of
scalars and it is an attractive force if g̃ > 0. Since we are
turning on the interaction only briefly, this is an impul-
sive force. If we start near the thermofield double state,
this small kick will be enough to pull together the two
accelerating UV particles so that they can now send sig-
nals to each other, see Fig. 7. From this perspective, it is

clear why we get traversability for one sign of g and not
for the other; for g < 0 the potential would be repulsive
and we would kick the boundaries farther apart! As de-
scribed above, we can increase the size of this effect by
considering K bulk O fields, with large K .

Note that if we consider the state after the force is
applied and evolve it backwards and forwards with the
two decoupled left and right Hamiltonians, then we get
a full history where the boundaries remain causally dis-
connected (the solid plus dotted green lines in Fig. 7(b)).
However, the history that is relevant for our setup is one
where we begin with the original thermofield double
state, and we perturb by OO at t = 0, switching from the
blue to the green boundary trajectories in Fig. 7(b). Here,
the configuration is traversable.

This picture of the attractive force (for g > 0) also
helps us understand what happens to the energy, or ADM
mass of the particles. A force that is switched on at times
tL = tR = 0 is orthogonal to the velocity and it gives no
change in the energy. If the interaction is turned on at
tL = tR > 0, when the UV particles are moving away from
each other, the force opposes their motion and will cause
the energy to decrease. This also decreases the entan-
glement between the two sides [1]. On the other had,
if the force acts at tL = tR < 0, when the particles are

C⃝ 2017 WILEY-VCH Verlag GmbH & Co. KGaA, Weinheim (12 of 31) 1700034Wiley Online Library

tLtR

Time effectively flows in the opposite direction 
in two subsystems forming the TFD pair!


ℱ(t1, t2) = ⟨𝒪L(t1)𝒪R(t2)⟩TFD = ⟨𝒪L(t1 + t)𝒪R(t2 − t)⟩TFD = ℱ(t1 + t2)



Probing OTOCs by means of conventional 
measurement in the TFD state                                              



Consider the following 4-point NTOC correlator evaluated in the TFD state:


�  F̃(t, t′�) = ⟨𝒯[VL(t)WR(t)VR(t′�)WL(t′ �)]⟩TFD

By using the definition of �  it is straightforward to show (about one 
page of calculation, details in arXiv:1907.01628) that 


      � 


|TFDβ⟩

F̃(t, − t) = tr[W(2t)V(0)y2W(2t)V(0)y2]

Here �   and the trace is with respect to 
the eigenstates �  of single subsystem.

y4 = e−βH /Zβ
|n⟩L

The expression for  �  above with density matrix insertions �  is called 

“thermally regularized OTOC”


and has been argued in the literature to most directly diagnose quantum chaos.

F̃(t, − t) y2



Summary of the main result:

Certain naturally ordered 4-point correlators evaluated in the 
TFD entangled state map onto regularized OTOCs.


⟨𝒯[VL(t)WR(t)VR(−t)WL(−t)]⟩TFD = tr[W(2t)V(0)y2W(2t)V(0)y2]

HL HR

entanglement

HL

NTOC
OTOC

β



New protocol for probing OTOCs                                              

1. Construct a pair of identical systems


2. Prepare them in the TFD state


3. Perform an ordinary measurement 

HL HR

entanglement

NTOC

HL

OTOC

β

The challenge of backward time evolution 
has been replaced by the challenge to 
prepare a TFD entangled state.

Is it possible to efficiently prepare the TFD state?



[W. Cottrell, B. Freivogel, D.M. Hofman, and S.F. Lokhande, J. High Energy Phys. 2019, 58 (2019)] 

TFD state preparation
Recent theoretical work showed how to construct a Hamiltonan HS which 

admits �  as its ground state.|TFDβ⟩

Strategy to prepare TFD state: 
1. Engineer a system with Hamiltonian � 

2. Cool the system to its ground state 

�

HS

|Ψ0⟩ ≃ |TFDβ⟩

HL HR

entanglement generated 
by coupling

NTOC

A simple Hamiltonian


 �     with    � 


has a ground state that is very close to � , that is �  . 

HS = HL + HR + HI HI = iμ∑
j

𝒪j
L𝒪j

R

|TFDβ⟩ ⟨Ψ0 |TFDβ⟩ ≃ 1

[J. Maldacena and X.-L. Qi, 
arXiv:1804.00491]



Measurement strategy

1. Construct a pair of identical systems

2. Prepare them in the TFD state

3. Perform an ordinary measurement 

HL HR

coupling

NTOC

It turns out to be sufficient to measure an ordinary two-sided correlator 
�  in the TFD ground state.iGret

LR(t, t′�) = θ(t − t′�)⟨{VL(t), VR(t′�)}⟩0

One can show that, at intermediate times �  it holds


�

t ≪ μ−1

iGret
LR(t, − t) ≃ 2μ∑

j
∫

t

0
ds Re tr [𝒪j(t + s)V(0)y2𝒪j(t − s)V(0)y2] + NTOC .

We thus expect     �iGret
LR(t, − t) ≃ A + Be2λLt

OTOC



Example: Black holes, wormholes and  
the Sachdev-Ye-Kitaev model



Sachdev-Ye-Kitaev (SYK) 
Model review:

A toy model that is both a black 
hole and a “strange metal.”

BH
 h

or
iz

on

AdS2

A system of N 
(Majorana) fermions 
with random all-to-all 
interactions 

S. Sachdev and J. Ye, PRL 70, 3339 (1993),  

O. Parcollet and A. Georges, PRB 59, 5341 (1999),  A. Kitaev (unpublished, 2015).

HSYK =
1

4!

X

i,j,k,l

Jijkl�i�j�k�l

HSY =
1

4!

X

i,j,k,l

Jij;klc
†
i c

†
jckcl



Maldacena-Qi model and the TFD

SYKL

coupling HI

SYKR
H = HSYK

L + HSYK
R + iμ∑

j

χ j
L χ j

R

HSYK
α = ∑

i<j<k<l

Jijkl χi
α χ j

α χk
α χl

α

[J. Maldacena and X.-L. Qi, 
arXiv:1804.00491]

Two identical SYK models coupled via simple bilinear term realize 
holographically an “eternal traversable wormhole” and are therefore of 

great current interest in the quantum gravity community.

!me$

Circle$$

(a)$ (b)$

Timelike$
separated$

Figure 2: In (a) we see a particular field line highlighted in green. There is a corresponding
lowest Landau level state localized around this field line. It describes a massless two
dimensional field moving along the field line, which has the topology of a circle. In (b)
we see a cylindrical spacetime. The null line that wraps around the circle is not achronal,
since we can see that there are points that are timelike separated along this null line. The
average null energy along this line is negative.

We assume that g is small so that loop corrections are suitably suppressed.

2.2 Single charged black holes

We start by recalling the form of the magnetically charged black hole solution, with metric
and gauge field given by

ds
2 = �

✓
1� 2MGN

r
+

r
2

e

r2

◆
dt

2 +

✓
1� 2MGN

r
+

r
2

e

r2

◆�1

dr
2 + r

2(d✓2 + sin2
✓d�

2) (2.2)

A =
q

2
cos ✓d� , r

2

e ⌘
⇡q

2
l
2

p

g2
, lp ⌘

p
GN (2.3)

where M is the mass and q is an integer, giving us the charge of the black hole. Here g

is the coupling constant of the U(1) gauge field. In the quantum theory, g is the running
coupling evaluated at distance scale re/

p
q, which is the scale set by the magnetic field.

The horizon is located at r = r+, where r± are given by:

r± = MGN ±
q
M2G

2

N � r2e (2.4)

5



For our purposes it is important that the ground state of the Maldacena-Qi 
model is very close to the TFD:

8

FIG. 2. Spectral properties of the Maldacena-Qi model obtained numerically through exact diagonalization (ED) for 2N = 28
and 32 (a–c), and solving the large-N saddle-point equations (d–e). (a) Overlap between the ground state |Gi and the best-fit
thermofield double state |TFD�i. The shaded area represent the standard deviation obtained from 4 independent disorder
realizations. (b) Inverse temperature �max characterizing the best-fit |TFD�i state. (c) Scaling of the energy gap to the first
excited state as a function of 1/�maxJ in (b). The dashed line indicates the corresponding large-N result obtained in Sec. III C.
(d) Spectral function A(!) for various µ/J , with the inset showing an exponentially decaying series of additional spectral peaks,
centered approximately at harmonics (3n+1)Egap of the gap. (e) Imaginary part of the retarded Green’s functions Gret

LL(t) and
G

ret
LR(t) in real-time domain. (f) Comparison of the energy gaps extracted from ED and large-N saddle-point solution. The

expected scalings Egap ⇠ (µ/J)2/3 and Egap ⇠ µ/J at small and large µ/J , respectively, are shown by dashed lines.

show the scaling Egap ⇠ µ
2/3

J
1/3 at small µ/J , expected

from the wormhole duality and confirmed by solving the
imaginary-time SD equations (32) and (33) in Ref [27].
This is presumably due to finite-size e↵ects which become
important at energy scales smaller than ⇠ J/N .

We can extract the gap amplitude more precisely from
the numerical solution of the large-N saddle-point equa-
tions (32) and (33), but now solved in real time and fre-
quency domain. This is most easily done by analyzing
the spectral function

A(!) = �
1

⇡
ImG

ret
LL

(!), (36)

defined using the retarded propagator Gret
LL

(!), which is
related to the Matsubara frequency propagator GLL(i!n)
by the standard analytical continuation i!n ! ! + i�

[48]. The spectral function is shown for several values of
µ in Fig. 2d. The spectral gap Egap, defined here as the
position of the first peak in A(!), is plotted in Fig. 2f. It
shows Egap = µ

2/3
J
1/3 scaling (with numerical prefactor

very close to 1) for small µ/J , with a crossover to a linear
dependence occurring around µ/J ⇡ 0.1. An extensive
symmetry analysis and substantial simplifications of the

SD equations (32)-(33), discussed in Appendix F, allows
us to converge the numerical solution for smaller µ/J

than was previously reported [27, 45]. This procedure
gives access to the conformal ⇠ µ

2/3 scaling regime and is
also crucial in providing accurate results for the dynamics
of the left-right correlators shown in Fig. 2e.

Note that the spectral function A(!) displayed in
Fig. 2d shows intriguing additional structure, beyond
what was reported in previous works. We find a sharp
peak at ! = Egap followed by an sequence of peaks
centered close to harmonics of the gap, with spacing
�! ⇠ 3Egap. The peak at Egap appears to be in-
finitely sharp (i.e. resolution-limited in our numerics),
while the harmonics get progressively broader with an
exponentially decaying amplitude illustrated in the inset
of Fig. 2d. This structure is reflected in the behavior of
G

ret(t) which shows non-decaying oscillations with a pe-
riod 2⇡/Egap at long times, Fig. 2e. The presence of a
sharp quasiparticle peak in A(!) at low frequency sug-
gests an emergent Fermi-liquid description at low ener-
gies and temperatures, which is yet to be developed and
poses an interesting challenge for future work.

Results of numerical exact diagonalization arXiv:1907.01628


�  H = HSYK
L + HSYK

R + iμ∑
j

χ j
L χ j

R



OTOC and Lyapunov exponent
We argued previously that LR correlator in TFD ground state contains OTOC 
contribution, i.e.    �  For Maldacena-Qi we find: iGret

LR(t, − t) ≃ A + Be2λLt .

  � 


                    �

iGret
LR(t, − t) =

θ(t)
N ∑

j

⟨{χ j
L(t), χ j

R(−t)}⟩

≃
4μ
N ∑

j,k
∫

t

0
ds Re tr[χ j(t + s)χk(0)y2 χ j(t − s)χk(0)y2] + NTOC
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FIG. 4. Measuring OTOCs using two-point functions in a TFD state. (a) Imaginary part of the retarded Green’s function
G

ret
LR(t) in real time, obtained from the numerical solution of the saddle-point equations with a small physical temperature

Tphys/J = 0.001. At intermediate times J
�1 ⌧ t ⌧ µ

�1 an exponential behavior is observed. By fitting the region shown by
a shaded area in (a), we extract Lyapunov exponents �L(µ) shown in the inset of (c). (b) Using the procedure discussed in
Sec. III C, Eqs. (39)-(41), we obtain the functional dependence between the e↵ective temperature of the TFD state T = 1/�
and the coupling µ/J . (The inset shows hHLi calculated using both sides of Eq. (39)). This allows to extract �L(T ) in (c)
which is consistent with the chaos bound �L = 2⇡T .

couplings µ/J , we observe an approximately exponen-
tial growth in the expected regime, from which we ex-
tract a putative Lyapunov exponent �L(µ) as shown in
the inset of Fig. 4c. The extracted exponents follow the
⇠ µ

2/3 scaling of the energy gap (see Fig. 2f) at small
µ/J . Given that Egap scales linearly with the e↵ective
temperature 1/� of the corresponding TFD state [29] (see
also Fig. 2c), our results imply that �L ⇠ T , consistent
with the expectation for the SYK model.

In order to make quantitative statements, we need to
establish the coe�cient of proportionality of �L(T ) which
requires the knowledge of the function T (µ). This can
be in principle obtained from our ED results shown in
Fig. 2b. However, because ED does not accurately cap-
ture the Egap ⇠ µ

2/3 scaling at small µ/J , we do not ex-
pect this approach to be quantitatively reliable. On the
other hand, as we show below, it is possible to extract
the T (µ) dependence directly from the large-N formal-
ism which correctly captures the Egap ⇠ µ

2/3 scaling.
To do this we apply Eq. (6) with OL = H

SYK
L

to the
Maldacena-Qi model, obtaining

hH
SYK
L

iTFD = hH
SYK

i� . (39)

The left-hand side is evaluated in the ground state of the
Maldacena-Qi model and gives hHLiTFD as a function
of µ (dropping the SYK superscript from here on). The
right hand side is evaluated in the thermal ensemble of a
single SYK model and gives hHi� as a function of tem-
perature. Matching these two energies through Eq. (39)
then yields the required function T (µ).

The expectation value of the Hamiltonian operator can
be extracted from the system Green’s functions and we
already calculated these from the large-N saddle point
equations. A textbook procedure [48] applied to the

Maldacena-Qi Hamiltonian yields

hHLiTFD =
N

4
lim

⌧ 0!⌧+


@

@⌧
GLL(⌧

0
� ⌧) + iµGLR(⌧

0
� ⌧)

�

(40)
where G↵�(⌧) is the imaginary-time Green’s function.
Fourier transforming into the Matsubara frequency space
and using the spectral representation of G↵�(i!n) this
can be rewritten in the integral form

hHLiTFD =
N

4

Z 1

�1
d! n(!) [!⇢LL(!) + µ⇢LR(!)] (41)

which is convenient for numerical evaluation. Here
n(!) = 1/(e�! + 1) denotes the Fermi-Dirac distribu-
tion and ⇢↵�(!) are the spectral functions defined in Ap-
pendix F.
We use Eq. (41) to evaluate the left-hand side of Eq.

(39). The right-hand side can be obtained in an analo-
gous manner and is given by Eq. (41) with µ = 0 and
⇢LL replaced by the spectral function ⇢(!) of the single
SYK model. The results of this calculation are summa-
rized in Fig. 4b. We find that T = µ for large µ/J while
T/J ⇡ 0.76(µ/J)2/3 at small µ/J . Using this result we
obtain Lyapunov exponents in good agreement with the
prediction for maximal chaos, �L = 2⇡T , as shown in
Fig. 4c.

IV. PHYSICAL REALIZATIONS,
MEASUREMENT SCHEMES

The general scheme to probe quantum chaos using the
thermofield double state discussed in Sec. II is widely ap-
plicable to physical systems of essentially any type. The
key requirement is to have two identical copies of the sys-
tem which can be initialized into the TFD state and then
measured. Although there are other known systems that

10
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couplings µ/J , we observe an approximately exponen-
tial growth in the expected regime, from which we ex-
tract a putative Lyapunov exponent �L(µ) as shown in
the inset of Fig. 4c. The extracted exponents follow the
⇠ µ

2/3 scaling of the energy gap (see Fig. 2f) at small
µ/J . Given that Egap scales linearly with the e↵ective
temperature 1/� of the corresponding TFD state [29] (see
also Fig. 2c), our results imply that �L ⇠ T , consistent
with the expectation for the SYK model.

In order to make quantitative statements, we need to
establish the coe�cient of proportionality of �L(T ) which
requires the knowledge of the function T (µ). This can
be in principle obtained from our ED results shown in
Fig. 2b. However, because ED does not accurately cap-
ture the Egap ⇠ µ

2/3 scaling at small µ/J , we do not ex-
pect this approach to be quantitatively reliable. On the
other hand, as we show below, it is possible to extract
the T (µ) dependence directly from the large-N formal-
ism which correctly captures the Egap ⇠ µ

2/3 scaling.
To do this we apply Eq. (6) with OL = H
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to the
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i� . (39)

The left-hand side is evaluated in the ground state of the
Maldacena-Qi model and gives hHLiTFD as a function
of µ (dropping the SYK superscript from here on). The
right hand side is evaluated in the thermal ensemble of a
single SYK model and gives hHi� as a function of tem-
perature. Matching these two energies through Eq. (39)
then yields the required function T (µ).

The expectation value of the Hamiltonian operator can
be extracted from the system Green’s functions and we
already calculated these from the large-N saddle point
equations. A textbook procedure [48] applied to the

Maldacena-Qi Hamiltonian yields

hHLiTFD =
N

4
lim

⌧ 0!⌧+


@

@⌧
GLL(⌧

0
� ⌧) + iµGLR(⌧

0
� ⌧)

�

(40)
where G↵�(⌧) is the imaginary-time Green’s function.
Fourier transforming into the Matsubara frequency space
and using the spectral representation of G↵�(i!n) this
can be rewritten in the integral form

hHLiTFD =
N

4

Z 1

�1
d! n(!) [!⇢LL(!) + µ⇢LR(!)] (41)

which is convenient for numerical evaluation. Here
n(!) = 1/(e�! + 1) denotes the Fermi-Dirac distribu-
tion and ⇢↵�(!) are the spectral functions defined in Ap-
pendix F.
We use Eq. (41) to evaluate the left-hand side of Eq.

(39). The right-hand side can be obtained in an analo-
gous manner and is given by Eq. (41) with µ = 0 and
⇢LL replaced by the spectral function ⇢(!) of the single
SYK model. The results of this calculation are summa-
rized in Fig. 4b. We find that T = µ for large µ/J while
T/J ⇡ 0.76(µ/J)2/3 at small µ/J . Using this result we
obtain Lyapunov exponents in good agreement with the
prediction for maximal chaos, �L = 2⇡T , as shown in
Fig. 4c.

IV. PHYSICAL REALIZATIONS,
MEASUREMENT SCHEMES

The general scheme to probe quantum chaos using the
thermofield double state discussed in Sec. II is widely ap-
plicable to physical systems of essentially any type. The
key requirement is to have two identical copies of the sys-
tem which can be initialized into the TFD state and then
measured. Although there are other known systems that

Results of large-N calculation arXiv:1907.01628 Consistent with maximal chaos �λL = 2πT
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FIG. 1. (a) Device that approximates the SYK model us-
ing topological wires interfaced with a 2D quantum dot. The
dot mediates disorder and four-fermion interactions among
Majorana modes �1,...,N inherited from the wires, while Majo-
rana bilinears are suppressed by an approximate time-reversal
symmetry. (b) Energy levels pre-hybridization. The dot-
Majorana hybridization energy � is large compared to N�✏typ,
where N is the number of Majorana modes and �✏typ is the
typical dot level spacing; this maximizes leakage into the dot.
(c) Energy levels post-hybridization. The N absorbed Ma-
jorana modes enhance the energy ✏ to the next excited dot
state via level repulsion; four-Majorana interactions occur on
a scale J < ✏.

general violate T since it is not a true microscopic sym-
metry. Nevertheless, we will assume that such perturba-
tions are negligible, which is not unreasonable at low den-
sities appropriate for the topological regime. (See Discus-
sion for further comments.) Under the approximate T

symmetry the Majorana-zero-mode operators transform
as � ! � and �̃ ! ��̃. The opposite signs acquired
by �, �̃ ensure that T commutes with the ground-state
fermion parity P = i��̃, as it must.

Consider now N topological wires ‘plugged into’ a 2D
disordered quantum dot [Fig. 1(a)], such that the Majo-
ranas �1,...,N that are even under T hybridize with the
dot while their partners �̃1,...,N decouple completely. The
full architecture continues to approximately preserve T

provided (i) the dot carries negligible spin-orbit coupling
and (ii) the B field orients in the plane of the dot so
that orbital effects are absent. Here the setup falls into
class BDI, which in the free-fermion limit admits an in-
teger topological invariant ⌫ 2 Z [39, 40] that counts the
number of Majorana zero modes at each end; interac-
tions collapse the classification to Z8 [41, 42]. In essence
our device leverages nanowires to construct a topological
phase with a free-fermion invariant ⌫ = N : All bilinear
couplings iMjk�j�k are forbidden by T and thus cannot

be generated by the dot under the conditions specified
above. We exploit the resulting N Majorana zero modes
to simulate SYK-model physics mediated by disorder and
interactions native to the dot, similar in spirit to Refs. 21
and 34.

Figures 1(b) and (c) illustrate the relevant parameter
regime. The dot-Majorana hybridization energy � sat-
isfies � � N�✏typ, where �✏typ denotes the typical dot
level spacing. This criterion enables the dot to absorb
a substantial fraction of all N Majorana zero modes as
shown below. The dot’s disordered environment then effi-
ciently ‘scrambles’ the zero-mode wavefunctions, though
we assume that their localization length ⇠ exceeds the dot
size L. More quantitatively, we take the mean-free path
`mfp ⌧ L to maximize randomness and the dimensionless
conductance g = kF `mfp > 1 such that L < ⇠. Turning
on four-fermion interactions couples the disordered Majo-
rana modes with typical Jijkl’s that are smaller than the
energy ✏ to the next excited state (which as we will see
is enhanced by level repulsion compared to �✏typ). This
separation of scales allows us to first analyze the dis-
ordered wavefunctions in the non-interacting limit and
then explore interactions projected onto the zero-mode
subspace. We next carry out this program using random-
matrix theory, which is expected to apply in the above
regime [43, 44].

Random-matrix-theory analysis. We model the
dot as a 2D lattice composed of Ndot � N sites hosting
fermions ca=1,...,Ndot [45]. In terms of physical dot param-
eters we have Ndot ⇠ (L/`mfp)2. The Hamiltonian gov-
erning the dot-Majorana system is H = H0 +Hint, with
H0 and Hint the free and interacting pieces, respectively.
We employ a Majorana basis and write ca = (⌘a+i⌘̃a)/2,
where ⌘a is even under T while ⌘̃a is odd (similarly to
�i, �̃i). In terms of

� = [⌘1 · · · ⌘Ndot ; �1 · · · �N ]T , �̃ = [⌘̃1 · · · ⌘̃Ndot ]
T , (4)

H0 takes the form

H0 =
i

4

⇥
�T �̃T

⇤  0 M
�MT 0

� 
�
�̃

�
. (5)

Time-reversal T fixes the zeros above but allows for a
general real-valued (Ndot + N) ⇥ Ndot-dimensional ma-
trix M . (The matrix is not square since we discarded
the �̃i modes that trivially decouple.) One can perform
a singular-value decomposition of M by writing � = O�0

and �̃ = Õ�̃0. Here O, Õ denote orthogonal matrices con-
sisting of singular vectors, i.e., the matrix ⇤ ⌘ O

TMÕ

only has non-zero entries along the diagonal. Writing
�0 = [⌘01 · · · ⌘

0
Ndot

; �0
1 · · · �

0
N ]T and similarly for �̃0, the

Hamiltonian becomes

H0 =
i

2

NdotX

a=1

✏a⌘
0
a⌘̃

0
a (6)

SYK model proposed realizations:
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FIG. 5. Possible realization of the Maldacena-Qi model [27]
based on the SYK platform proposed in Ref. [42]. Majorana
fermions localized at the ends of quantum wires are weakly
coupled to two identical quantum dots containing electronic
disorder. Under suitable conditions each quantum dot realizes
an SYK model. If the wires are relatively short, then overlap
between the Majorana wavefunctions in the bulk of each wire
leads to their pairwise coupling of the form indicated by the
last term in Eq. (26). Similar terms arise if capacitive e↵ects
are included for the nanowires, cf. Appendix D. In both cases,
the strength of this coupling can be controlled by the electro-
static gates. Tunnel probes are used to perturb the system by
injecting electrons, and allow to perform spectroscopic mea-
surements.

exhibit quantum chaos, we continue focusing here on the
SYK family of models which are exactly solvable in the
large-N limit and have been widely studied in the liter-
ature. Below we discuss possible physical realizations of
two coupled SYK models, as well as protocols that yield
out-of-time ordered correlation functions by performing
legitimate causal measurements.

A. Realizations of coupled SYK models

1. Quantum dots

Perhaps the most conceptually transparent realization
of the Maldacena-Qi model [27] is depicted in Fig. 5.
It consist of N semiconductor quantum wires proximi-
tized to realize a topological superconductor phase with
a pair of Majorana zero modes bound to their ends [51–
55]. The wires are weakly coupled to a pair of identical
quantum dots, such that the zero modes delocalize into
them and form two identical SYK models when inter-
actions between the underlying electrons are taken into
account [42]. In a wire of finite length L, the two Ma-
jorana endmodes are weakly coupled due to the overlap
of their exponentially decaying wavefunctions in the bulk
of the wire. For the jth wire this coupling has the form
iµ�

j

L
�
j

R
with µ ⇠ e

�L/⇠ cos (kFL), where ⇠ denotes the
superconducting coherence length and kF is the Fermi
wavevector of electrons in the wire. Both ⇠ and kF are
sensitive to the gate voltage applied to the wire, which
makes the coupling strength µ tunable, at least in prin-

ciple. A similar term arises for long wires L � ⇠ upon
including capacitive e↵ects in each quantum wire. Since
the device in Fig. 5 serves as an instructive example be-
low, we expand on some technical details of its realiza-
tion, following Ref. [42], in Appendix D.
While the device depicted in Fig. 5 may look straight-

forward, its experimental realization presents a signifi-
cant challenge for reasons that we now discuss. On the
positive side there now exists compelling experimental
evidence for Majorana zero modes in individual proxim-
itized InAs and InSb wires. The initial pioneering study
by the Delft group [56] has been confirmed and extended
by several other groups [57–62]. Assembling and control-
ling large collections of such wires, as would be needed in
the implementation of a single SYK model, represents a
significant engineering challenge. Constructing an iden-
tical pair of SYK models entails another level of di�-
culty. In the proposal of Ref. [42], random structure of
the SYK coupling constants Jijkl originates from micro-
scopic disorder that is present in the quantum dot. It
is clearly impossible to create two quantum dots that
would have identical configurations of microscopic dis-
order. A possible solution to this problem would be to
engineer quantum dots that are nearly disorder-free, and
then introduce strong disorder by hand in a controlled
and reproducible fashion. This could be achieved, e.g., by
creating a rough boundary or implanting scattering cen-
ters in the dot’s interior. In such a situation the electron
scattering (and therefore the structure of Jijkl) would
be dominated by the artificially introduced defects, and
two nearly identical quantum dots could conceivably be
produced.

2. Fu-Kane superconductor

Another proposal to realize the SYK model starts from
Majorana zero modes localized in vortices at the inter-
face between a topological insulator (TI) and an ordinary
superconductor (SC) [63]. Specifically, when N such vor-
tices are trapped in a hole fabricated in the supercon-
ducting layer, and when the chemical potential of the TI
surface state is tuned close to the Dirac point, the e↵ec-
tive low-energy description of the system is given by the
SYK Hamiltonian [41]. The random structure of Jijkl

here comes from the randomly shaped hole boundary,
and can be well-approximated by a Gaussian distribution
in certain limits [41, 64]. This setup can be turned into
a realization of the Maldacena-Qi model, by using a thin
film of a TI with a SC layer equipped with an identical
hole on each surface, as illustrated in Fig. 6a. For a thick
film this setup generates two decoupled identical copies of
the SYK model. For a thin film (e.g. composed of several
quintuple layers of Bi2Se3), the tails of Majorana wave-
functions extending into the bulk from the two surfaces
will begin to overlap. The leading term describing such
an overlap will be of the form iµ

P
j
�
j

L
�
j

R
, as required

for the Maldacena-Qi model. The coupling strength µ

Two identical quantum dots  bridged 
by Majorana wires could approximate 

the Maldacena-Qi model
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j

χ j
L χ j

R

• Tunnel probes can be used to probe electron spectral function �  in 
each wire which is related to the LR Majorana correlator. We find:


                                  �

ρx(ω)

iGret
LR(t) ≃ Kxθ(t)∫

∞

−∞
dω ρx(ω)sin ωt .

Tunneling conductance experiment in this setup therefore gives access  to 
the Lyapunov chaos exponent through  �iGret

LR(t) ≃ A + BeλLt



   Conclusions                                                   

• Diagnosing quantum chaos traditionally 
requires backward time evolution which 
is hard or impossible in complex many-
body systems 


• We proposed a new protocol for chaos 
detection which replaces a complicated 
measurement scheme by a simple 
measurement on a specific entangled 
state 


• The challenge now is to fabricate two 
identical copies of an interesting system 
that are weakly coupled to one another


• A simple spectroscopic measurement 
then yields the chaos exponent �λL
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FIG. 6. Other possible realizations of coupled SYK systems.
a) A topological insulator film covered by a superconduct-
ing film on both sides realizes two copies of the Fu-Kane su-
perconductor. Two identical holes prepared in the SC films,
threaded by N flux quanta, then realize two identical weakly
coupled SYK models with N Majorana fermions each. b) A
bilayer graphene flake with irregular shape in a perpendicu-
lar magnetic field B realizes two coupled copies of the cSYK
model.

here will depend exponentially on the film thickness d,
but cannot be easily tuned once the device is assembled.

The advantage of this proposal over the quantum dots
in Fig. 5 is that randomness in Jijkl here comes from the
shape of the hole and is, therefore, under experimental
control. Two nearly identical SYK models can conceiv-
ably be fabricated in this setup. On the other hand the
experimental status of Majorana zero modes in the Fu-
Kane superconductor is not nearly as well developed as
in quantum wires. Experimental signatures consistent
with zero modes bound to individual vortices have been
reported in Bi2Te3/NbSe2 heterostructures [65, 66], but
this result remains unconfirmed by other groups. More
recently signatures of Majorana zero modes have been
observed in surfaces of the iron based superconductor
FeTe0.55Se0.45 [67–71]. It is thought that this material is
a topological insulator in its normal state, and its sur-
faces realize the Fu-Kane model when the bulk enters
the superconducting phase below the critical tempera-
ture Tc ' 14K.

The above experimental developments identify the Fu-

Kane superconductor as a promising platform for Majo-
rana device engineering. Future e↵orts might bring us
closer to realizing the SYK and Maldacena-Qi models.

3. Graphene flake bilayers

The complex fermion version of the SYK model, some-
times abbreviated as cSYK, exhibits properties in many
ways similar to the canonical SYK model with Majorana
fermions [3, 6]. It is defined by the Hamiltonian

H
cSYK =

X

ij;kl

Jij;klc
†
i
c
†
j
ckcl � µ̃

X

j

c
†
j
cj , (42)

where cj annihilates a complex fermion and µ̃ is the
chemical potential. A realization of the cSYK model has
been proposed using electrons in the lowest Landau level
of a nanoscale graphene flake with an irregular boundary
[43]. Once again randomness in Jij;kl originates from the
irregular boundary of the flake.
Two identical flakes forming a bilayer illustrated in

Fig. 6b could realize a complex fermion version of the
Maldacena-Qi model if electrons were permitted to tun-
nel, with weak tunneling amplitude, between the ad-
jacent sites of the two flakes. The tunneling ampli-
tude would depend sensitively on the distance d between
the flakes (or on the number of layers in a multi-layer
graphene sandwich), but again cannot be easily changed
once the device is assembled. This proposed setup elim-
inates the need for Majorana zero modes, which is a sig-
nificant potential advantage. On the other hand, the de-
tailed theory of a TFD-like state and its relation to the
ground state of the coupled system has not been worked
out for the complex fermion version of the model, and we
leave this as an interesting problem for future study.

B. OTOC measurement schemes

Because the available experimental probes will depend
on the specific details of the physical realization, we will
here o↵er only very general remarks on how OTOC may
be measured using the protocols developed in Sec. II. For
concreteness and simplicity, we will focus again on the
proposed coupled SYK dot realization of the Maldacena-
Qi model, depicted in Fig. 5, but we expect our discussion
to be valid more generally.
At the highest level, we may distinguish two types of

situations when attempting to probe OTOC through a
causal (time-ordered) measurement: we either have the
ability to control the coupling strength µ on microscopic
timescales (i.e. times of order ~/J), or we do not. In the
first case we can manipulate µ to prepare the initial re-
source state |TFD

�
(�t)i, and then perform a two-sided

time-ordered measurement as discussed in Sec. II and Ap-
pendix A. This has the advantage of directly probing the
regularized or asymmetric OTOCs. We give some con-
crete examples of this below. If µ cannot be controlled on
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FIG. 5. Possible realization of the Maldacena-Qi model [27]
based on the SYK platform proposed in Ref. [42]. Majorana
fermions localized at the ends of quantum wires are weakly
coupled to two identical quantum dots containing electronic
disorder. Under suitable conditions each quantum dot realizes
an SYK model. If the wires are relatively short, then overlap
between the Majorana wavefunctions in the bulk of each wire
leads to their pairwise coupling of the form indicated by the
last term in Eq. (26). Similar terms arise if capacitive e↵ects
are included for the nanowires, cf. Appendix D. In both cases,
the strength of this coupling can be controlled by the electro-
static gates. Tunnel probes are used to perturb the system by
injecting electrons, and allow to perform spectroscopic mea-
surements.

exhibit quantum chaos, we continue focusing here on the
SYK family of models which are exactly solvable in the
large-N limit and have been widely studied in the liter-
ature. Below we discuss possible physical realizations of
two coupled SYK models, as well as protocols that yield
out-of-time ordered correlation functions by performing
legitimate causal measurements.

A. Realizations of coupled SYK models

1. Quantum dots

Perhaps the most conceptually transparent realization
of the Maldacena-Qi model [27] is depicted in Fig. 5.
It consist of N semiconductor quantum wires proximi-
tized to realize a topological superconductor phase with
a pair of Majorana zero modes bound to their ends [51–
55]. The wires are weakly coupled to a pair of identical
quantum dots, such that the zero modes delocalize into
them and form two identical SYK models when inter-
actions between the underlying electrons are taken into
account [42]. In a wire of finite length L, the two Ma-
jorana endmodes are weakly coupled due to the overlap
of their exponentially decaying wavefunctions in the bulk
of the wire. For the jth wire this coupling has the form
iµ�

j

L
�
j

R
with µ ⇠ e

�L/⇠ cos (kFL), where ⇠ denotes the
superconducting coherence length and kF is the Fermi
wavevector of electrons in the wire. Both ⇠ and kF are
sensitive to the gate voltage applied to the wire, which
makes the coupling strength µ tunable, at least in prin-

ciple. A similar term arises for long wires L � ⇠ upon
including capacitive e↵ects in each quantum wire. Since
the device in Fig. 5 serves as an instructive example be-
low, we expand on some technical details of its realiza-
tion, following Ref. [42], in Appendix D.
While the device depicted in Fig. 5 may look straight-

forward, its experimental realization presents a signifi-
cant challenge for reasons that we now discuss. On the
positive side there now exists compelling experimental
evidence for Majorana zero modes in individual proxim-
itized InAs and InSb wires. The initial pioneering study
by the Delft group [56] has been confirmed and extended
by several other groups [57–62]. Assembling and control-
ling large collections of such wires, as would be needed in
the implementation of a single SYK model, represents a
significant engineering challenge. Constructing an iden-
tical pair of SYK models entails another level of di�-
culty. In the proposal of Ref. [42], random structure of
the SYK coupling constants Jijkl originates from micro-
scopic disorder that is present in the quantum dot. It
is clearly impossible to create two quantum dots that
would have identical configurations of microscopic dis-
order. A possible solution to this problem would be to
engineer quantum dots that are nearly disorder-free, and
then introduce strong disorder by hand in a controlled
and reproducible fashion. This could be achieved, e.g., by
creating a rough boundary or implanting scattering cen-
ters in the dot’s interior. In such a situation the electron
scattering (and therefore the structure of Jijkl) would
be dominated by the artificially introduced defects, and
two nearly identical quantum dots could conceivably be
produced.

2. Fu-Kane superconductor

Another proposal to realize the SYK model starts from
Majorana zero modes localized in vortices at the inter-
face between a topological insulator (TI) and an ordinary
superconductor (SC) [63]. Specifically, when N such vor-
tices are trapped in a hole fabricated in the supercon-
ducting layer, and when the chemical potential of the TI
surface state is tuned close to the Dirac point, the e↵ec-
tive low-energy description of the system is given by the
SYK Hamiltonian [41]. The random structure of Jijkl

here comes from the randomly shaped hole boundary,
and can be well-approximated by a Gaussian distribution
in certain limits [41, 64]. This setup can be turned into
a realization of the Maldacena-Qi model, by using a thin
film of a TI with a SC layer equipped with an identical
hole on each surface, as illustrated in Fig. 6a. For a thick
film this setup generates two decoupled identical copies of
the SYK model. For a thin film (e.g. composed of several
quintuple layers of Bi2Se3), the tails of Majorana wave-
functions extending into the bulk from the two surfaces
will begin to overlap. The leading term describing such
an overlap will be of the form iµ

P
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, as required

for the Maldacena-Qi model. The coupling strength µ


