Theory of Magnetoresistance

in Three-Dimensional Dirac Materials
.‘l\




Magnetoresistance

Magnetoresistance is the tendency of a material to change the value of its electrical
resistance in an externally-applied magnetic field.
-- Wikipedia
* Geometrical magnetoresistance
e Shubnikov de Haas oscillations
* Anisotropic magnetoresistance (AMR)
e Giant magnetoresistance (GMR)
* Tunnel magnetoresistance (TMR)
* Colossal magnetoresistance (CMR) in manganites
* Negative longitudinal magnetoresistance in Weyl/Dirac semimetals
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Lorentz Force Induced MC

dv Relaxation time approximation
m— = q(E 4+ v x B) dv v
dt . E — —
ENeV — !
j=cE+ujxB
il v 1 U is the electric mobility.
E=-j—"jxB p=—
o o o No magnetoresistance
2
. o uso uo
= E E-B)B E x B
L 1+ pu?B? —I_l—l—/ﬂB?( ) +1—|—,LL2B2
E perpendicular to B: E parallel with B:
o .
| = = ok
V=1 e J

Usually the transverse magnetoconductivity is negative.
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Magnetoresistivity

Perpendicular magnetoconductivity tensor

2 1 .
o(B) = e T ( 1 CiCT )

m* 14 (wer)? \ tweT

Perpendicular magnetoresistivity tensor Several mechanisms to produce MR:

. * Energy dependence of the relaxation time
(B) = m 1 WeT
p o 9627- —WeT 1

Anisotropy of the band structure
Multiple bands
In the spherical one-band model with a
single relaxation time, the diagonal Two-band model: one charge carrier is of
magnetoresistivity turns out to be electron while the other is of hole
independent from the magnetic field
The Hall coefficient is independent
both from the effective mass and the
relaxation time.
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In this talk

1. Intrinsic Magnetoresistance in 3D topological materials
2. Theory of weak localization and anti-localization in 3D

topological materials
3. Anomaly-induced magnetoresistivity in massive Dirac

materials
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From Dirac to Weyl

The Pauli matrices
(01 (0 —i (1 0
2=\ 1 0 )%=\ 0o )% 0 -1

* Electron spin
* Anti-particle
* Dirac sea
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When the mass m=0, the Dirac equation is
reduced into

L0 ([ 0 p-o (01
() =e( oo %07) ()
.0
’&haiﬁl:@'mﬁz
z'hgip =cp- oy
ot 2 = Cp 1

) m% (1 % 3) = ep - 0 (1 £ )
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Dirac Equation and Topological Materials

H=vw-a+(mv’ —Bp*)f

1D Dimerized Polymer
2D Quantum Spin Hall Effect/Quantum Anomalous Hall Effect

3D Topological Insulator 15t Ed., 2012; 2" Ed., 2017

P-wave Superconductor

Shun-Qing Shen

Hes; Superfluidity ’

| Topological
Topological Superconductors

| | Insulators
TO pO|OgICa| Weyl Semlmetals Dirac Equation in Condensed Matter

Second Edition
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Part I: Intrinsic Magnetoresistance

Intrinsic Magnetoresistivity
Quantum Oscillation and the Phase Shift
Magnetoresistivity in Quantum Limit

e H.W.Wang, B. Fu &S. Q. Shen, Intrinsic
magnetoresistance in three-dimensional Dirac
materials, Phys. Rev. B 98, 081202(R) (2018)
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Exact Solutions in a Magnetic Field

Hp =vhk-a+ Ap

With magnetic field A = (—By,0,0) k — (k, — /1%, —10,,k,) Ip=+/h/eB

A 0  whk, YZug
hv CE 1.
= | fé Yigral —vhk,
viks —A 0 Two variables: k,and the Landau index n
oot —vhk, 0 A
COSMCOS ”Sn—1>- ¢ 2%27.9 2 9
Snc i e ers = C\/v2h2k2 + 2n (hv/lp)” + A2,
S ) = 5 cos —5= sin Z2=[n)
" sCsin%cos L n—l) n>1,(=4,s==
Pn Ops
| CelnTgtsinBeln) e$ = (/PRPRZ 1 AZ,n=0,¢ = +

96) = [0. cos 2210}, 0, ~sign(k.) sin 2 0)]

008 Pne = A/eS cos doc = AJe§

cos s = svhkz/\/(sg)z — AZ?
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Linear Response Theory

dc conductivity

.1
Reoas = _uljlg%) » él_I)I(l) Im(Il,3(q,w)],a, B =2,y, 2

Current-current correlation function

s (iw) = ;—‘f ZZ: Zk: Tr[ia (k)G (K, iw; + iw)ts(k)G (K, iw;)]

The Matsubara Green function can be represent in the Lehmann’s
representation in the terms of spectral function as

Q(k,iwl)zfoo de A(k,e€)

oo 2T W+ — €
A(k,€) = —2ImG*(k, €)
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Conductivity Formula

v =  bsin 2 + (2a, +272) cos &

7o =g 2O /o ’
h2v?
eVUZ{COS2 cos‘g"%_*_[(?n‘*'l)“z_ﬁg
o 271’2123 n—0 b\/ Pn b\/ Pn+1 h—;gi + b2

(3(1,77, — An+1 — 2,0n) COS 0?" n (2pn+1 — 3an+1 + an) COS 9n2+1 ]}

b\/pn b\/pn+4
0o [+ (n+3)
h4v4+b2

x |

0n+1

|}

(3a, — ans1 — 2pn) cos 97" N (2ppe1 — 3ani1 + ay)

b\/ Pn b\/ Pn+1

where ay, = 2 — 00, an = p?2 — A% — 4% —2n (hv/l3)2 b= 2uy
pn = /a2 + b? and cosf,, = “: with 6,, € [0, 7]
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Three Regimes

|.  semiclassical regime overlapping
LLs with dominating background

Il. Separated LLs with quantum
oscillations

I1l. 0% LL and quantum limit

olo,

0.5

I \_\"\L Oxy
0.0L— = - -

0.0 0.2 0.4 0.6 0.8

1/(k22)

Ilp =+/h/eB

o (gla)™ = off with Bp = 213

by = (3n%0)
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Regime |: Semiclassical

|.  semiclassical regime overlapping
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Il. Separated LLs with quantum
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Special Functions and Their Expansions

1
In the basis of relativistic Landau levels Gfs/? = T /

dk.,
ao 27T2l2 / YYY Vs micrs ,|2ImGnCSImG gt

ss’ (¢’ nn!

dk
U y = 2 nCS n'¢’'s /’U n'¢’'s' nCs
7TV ss’ (C’ nn’
[ReG (s /ImGnCS +ImG n'¢’'s /ReGnCS]
-~ 1
With the help of Hurwitz zeta function and ((s,9) =) ,
. . ) — (q+n)®
digamma function we can do the series n=0
summation in weak magnetic field regime () —4(a) _ i 1
b—a —~ (n+a)(n+b)
Using the asymptotic expansion at large z, | |
we can do the integral over k, Y(z) =logz — IETY> + e
1 1 1
C(27 Z) — +
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Intrinsic Magnetoresistivity

. 0D The mobility and effective Drude conductivity are
rxr — .
1+ x2B2 defined as Y = Ug;y/(TmB
. )(JE;CTID — 1 24E32
O'xy—l_I_XQB2 oD 0-3737( +X )
2
Relative magnetoresistivity | 5, (B = paa(B) 1= G _. B
(87087 0) l k 4 (87
p (k)

(25)

S —— For the weak disorder
(@4, ] (b)
Lol T 09t Num. Anal | scattering limit, irrelevant to
um. Ana 3p,, - -
£ 08 O = - < 08 p, — - - the band gap and external
2 0. S T T < ) .
Zj T " £ 0% scattering, the amplitude of
ozl T o relative magnetoresistivity is
' ‘ ‘ - -0.3¢+ ‘ ‘ 8 .
0'00.0 0.1 0.2 0.3 0.4 0.00 0.62 0.04 0.66 0.08 0.10 determlned by kfonIY'

1(K{13) (k1)

kr = (3n%0)"/?
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The Coefficients

For a weak band broadening width,

3 8M2 72
Cx_Cy%1+Z<1—v2h2k]2£> 02h2k']20 1
1 1 ~?
R 2 V2123 1/4
3 3 2112 v?
CXN_Z—I_Z (14‘?}2712]@?) 02;12]?? -3/4
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Estimation

This intrinsic magnetoresistivity is expected to be measurable in the
system with low carrier density and high mobility

B
2.9202/%

2
dpaa(B) = cq ( ) 0= 00 x 10'°/cm?

In the weak scattering limit,

L1
Pzz — — A

Ozz 00 (kle)4_ Negative longitudinal MR
LSV O '
P op 0o (kle)4_ Positive transverse MR
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Non-Abelian Berry Curvature

The intrinsic magnetoresistance is attributed to the presence of Berry curvature for the
Dirac particles [See Y. Gao et al, PRB 95, 165135(2017) ]. Due to the correlation between
four bands, the Berry curvature becomes non-Abelian in the presence of a finite mass. For

example, focusing on the two positive bands,

’

Ass (p) = iu’T (p)Vpu® (p) "
A(p) =

0=V, x A — eabC.Ab X A

() = afcgb — 0y9 —

P

Magnetoresistance/Aug 22, 2019, Seoul

1

27

14cos @ ¢ m(q7>+i9)-

2|p|siné 2|lp|Ep

_ m(¢—i8) 1—cosb qAS
2|p|Ep  2|p|sin® T

p




Regime II: Quantum Oscillation

|.  semiclassical regime overlapping
LLs with dominating background

Il. Separated LLs with quantum
oscillations

I1l. 0% LL and quantum limit

olo,

0.5

E \-\—’-_~E ny
E 1 n :\L 1

0.0 0.2 04 0.6 0.8
1/(k22

0.0

Ilp =+/h/eB

o (gla)™ = off with Bp = 213
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Quantum Oscillation

In quantum oscillation regime, the broadening y =0

2T — h2v?
=0 - n 2_A2_9
72 = eI ;a i "2

Using the Poisson summation formula

h2 2 h202 3
2 _ A2 Z 343 _
i A 2 ﬁ vk {1 2rk313, Z

\/_

To consider the dephase effect caused the band broadening,
we can introduce the Dingle factor A\p for Lorentz distribu-
tion function in the series summation, then

2,,21.3 ) oo _
vekTT 3 e~ PAD m
f 272
o {1— E cos[mpksls + —1}
zz 9.9 1.3713 f'B )
34 2mkly - P\/P 4
The Dingle factor \p = ——
X()B
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Quantum Oscillation

The quantum oscillation can be summarized as

0os __ dOé
- krlpcos2mop

Liy (B_XOLB) COS[QW(% + ¢B)]

where Li,(x) is the polylogarithm function
of order s and argument x .

0.000

Lifshitz-Kosevich formula

Re [V2exp(i%f)Liy (ie” %07 ) | o
2m¢p = arctan - '
Lia (6_ XOB) 0050
’ 3-0.075-
The phase shift here is a function of the dingle o100
factor. In the previous literatures, the phase 0120

shift is usually regarded as a constant, which
is only valid in the semiclassical regime.
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Landau Level Fan Diagram and Phase Shift

B./B
(a) 12 14 16 18 20 22 (b) 12 14 16 18 20 22 () 12 14 16 18 20 22
0.8[ | alivk=0 —zz{ O8f 1\ =1 ——z ARVK=9
XX X1 0.01 — XX
g 30.4 { 03
= 0.00
0.0t 0.0t
-0.01
-0.4} { -0.3;
20 = 2z 1 200 2z 20 * 2z
XX ¢ XX ¢ XX
0 15¢ fitting 1 15¢ fitting 15 fitting
o 10} 110t 10
5 - 5 5 - -
216=-0.019n 2n¢=-0.036n 21$=-0.221n
%% 70 15 20 % 5 10 15 20 0 & 10 15 20
LL index
Figure 1. The numerical calculated oscillation part of magnetore-
BF 1 o sistivity paa (red lines) and pZ; (blue lines) for (a) A = 0,
Ao,.oxcos |2m | — 4+ — — — (b)A/hvks = 1and (c) A/hvky as a function of Br /B. The corre-
LT B 9 21T sponding bottom panel is the Landau-level fan diagram for the quan-
1 tum oscillation, when a linear fit to the Landau-level fan diagram is
21 — 3~ OF extrapolated to Br /B — 0, the intercept on the LL index axis gives
s

the phase factor ¢. Since p.. and pg, share the same phase, the
Landau-level fan diagram of them overlapped with each other, we
use ¢ to represent the phase shift for both p,, and p... Broadening

. width at zero magnetic field has been chosen as v /hvky = 0.003



Regime Ill: Quantum Limit

3.0
25}
o |.  semiclassical regime overlapping
o 2001 LLs with dominating background
5 L 220 s with dominating backgroun
© 15 iyB=1 " ll. Separated LLs with quantum

oscillations
I1l. 0% LL and quantum limit

1.0 T/\/\
05F i |
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Quantum Limit

A relation between longitudinal
and transverse conductivity

= \/(27r2l23hvg)2 + A2

o 2m3 LR 0? g A
njud\/(2m2045hp)? + A2 € 1 ~ B
Ter¥2: = G302

2 2

e“v’or
Ozz =— Tg A =0

S 2 2
_ e‘h w L
Ozz2 = Sx oz — COBSL | hang & Shen

Opr X B PRB 92, 045203(2015)

A > 27r2€23hvg
2m3e?h3vt} 92 n 1
02z N —gEaz ~ X Bz

Opp X B3
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Part Il: Quantum Interference Theory

Quantum Interference Theory:
Weak localization and Weak antilocalization
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* B.Fu, H. W. Wang & S. Q. Shen, Quantum

interference theory of magnetoresistance in
Dirac materials, Phys. Rev. Lett. 122, 246601

(2019)



MR in 3D Topological Materials

0.0

lo=9%0" . o
-10 -5 0 5 10
B(T)

Bi,..Sb.: Kim et al, PRL 111,
246603(2013)

25

2.0 A

0.5 A

p (mQcm)
5 @
N o
S o
=~ =~

0.0

B(M

ZrTeq: Li et al., Nat. Phys. 12,
550 (2016); Mutch et al.,
arXiv: 1808.07898

L . . L300, o
8 6 4 -2 0 2 4 6 8
B(T)

Na;Bi: Xiong et al, Science 350,
6259(2015)

P (ME2CM)

B(T)

GdPtBi: Hirschberger et al.,
NM 15,1161(2016); Liang et
al., PRX 8, 031002 (2018).
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Quantum Interference Effect

6( << 6@ ~ L

" weak localization results from the interference between a
closed Feynman path and its time-reversed path "
Al'tershuler and Lee, Phys. Today 1988

Waak localization

frmm e ---- Classical ----f-ccccomcmmimmmicccaaaeos L
(Druae)

conductivity

Weak artilocelization

04-0200 02 04 04-02 00 02 04
magnetic field
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Hikami-Larkin-Nagaoka-Formula (2D)

Prog. Theo. Phys. 1980
do=0 (H) —0(0)

g e 93t e

Wigner-Dyson ensemble of random matrices (Dyson, J. Math. Phys. 1962):
Time reversal invariant (no magnetic scattering):

Orthogonal (WL, a= 1, no spin-orbit scattering)

Symplectic (WAL, a = -1/2, spin-orbit scattering)

Time reversal breaking (strong magnetic scattering)

Unitary , small o(B)~B?

Impurity Time- Spin-
scattering Symmetry reversal rotational Transport
Scalar Orthogonal v v~ WL
Spin-orbit Symplectic v X WAL
: : Semiclassica
Magnetic Unitary b d :
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Model for 3D Topological Materials

H (k) = vhk;a; + m(k)B

where the Dirac matrices are chosen as

Shen, Topological Insulators (Springer 2012)

m(k) = mv?® — bh*k?

o =T, ®0;,8=1,Q 09

The orbital polarization:
the expectation value of 7, @ gy,

(k) = (7. ® 09) =

n(k) plays a primary role in the
magnetotransport properties of Dirac materials

(a). mb > 0: topologically non-trivial;
(b). mb = 0: Dirac semimetal
(c). mb < 0: topologically trivial

1
Topological Invariant: v = —(sgn(m) + sgn(b))
Magnetoresistance/Aug 22, 208, Scoul

(a) trivial insulator (b) semimetal (c) topological insulator

02 . 02 02 : |
n
015} 1 o1s} 1 o015}
0.8
01} 1 o1t 1 04} 06
0.05} 1 005} 1 005} \__/ . 0.4
- / 0.2
7 ol : of 1 ot .
W
-0.05} { 005} { -0.05} ] 0.2
0.4
04} 1 04} 1 01t
0.6
0.15 0.15 0.15 08
02 . 02 s 02 :
0.1 0 01 04 0 01 o 0 0.1
k(A™)

Gyt = [p — H(k) F ilm2F (k)] !

16 (=4X4) Green’s functions



Feynmann Diagram Techniques

Total conductivity includes two parts, the classical
conductivity and its correction from the quantum
interference

0aa 27_‘_9 Z Tr vaGR >dis ~ O] + Oqi

Classical conduct|V|ty with vertex correction

27TQ ZTr [VaGE0,GA

Quantum correctlon due to the interference
between a closed multiple scattering path and its
time reversal counterpart

MM/
1/1/’

pp' v’

Ocl =

[ is Cooperon structure factor and W is the corresponding Hikami box.
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Effective Cooperon Channels

There are 16 Cooperon modes, and only the four effective channels
listed below govern the quantum correction to the conductivity

i |Cooperon Channel in |C7’7%) Fi Zi
0 Co20)51C0% 1) Fo=1|2=0
s Co0)51C10): IC16 ) Fs Zs
b4 |011,’:1t1>7 |011,’;11>7 |C?,’?I:1> Fio = Ft|ze, = 2t

The full Hamiltonian is invariant under

the symplectic time-reversal symmetry 22 F
. T . 2
transformation J5,: 0 = 730,00 7505, Oqi = —7 SJ SJ 5 5
. h q> + 2/l
there is always one gapless Cooperon i=0,s,t+ q €
channel.
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Parameters

2Z(Ps, Qs 17 1
p Q)[ 2902+ g)+zsg(1+29—§9 + g)—(2 19— 59°+3¢° ——4)]

P, 1 30, [-3 2(3+9—3¢°)
= — — +_
2 3c°S[3 2P, VP)] 9 g2

1 8§, 1 1

— T __4
_ 116 8 80 5 @3_§ 1_2 5 _
Q=57 797519 T799 ~ w19 " 279 g)
2T(P,,Q;) 3 335, 393 9, 32,73 3.4
= 1+2g— =2 —(3-=g—= =
Fi 31— 1g)2g° sl2t9 (2+2)+ztg( t99- g9 t159)~B-59-359 +59" —59)

_ _pt 1 3Qt -3 % B g 9
2z = 2‘/ 3 cos [§ arccos( 5\ P )] (3 )

All these parameters are functions

1 5 3 3 27 of the orbital polarization

4
=__1 Z - 4
P ( +2g+4g 89 +64 q%)

Q= 16(;(73 gg 19492+§193+ég4 %95——5 g°)
m(k)

k p— — )
(k) = {r= @ 00) = 5
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Magnetoconductivity Formula

In the presence of magnetic field, the g integration in the
transverse direction is replaced with a summation over the
effective Landau levels of the Cooperon as

1, 1 dq.
qg+q§l—>(n+§)532 ;Héhrsz;/QW

e2 1 1 02, L/t
7 B — E ]:z : 7 e

The magnetoresistance
50(3) = qu-(B) — Ogqi (0) The Hurwitz zeta function
((s,t) =2 o(n+1)7°
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Orbital Polarization

0.16 f. . .
012 ™.
\'\ == ZS
N 0-08 '.’ ..... 3 \\2. - e am e ZO
0.04 M
000 e ———— e e e e
1.0
0.5 — %
& 0.0 — %
05 Fo
-1.0 ) : : :
N 00 02 04 06 08 1.0
T T T n
| 1=0.999 m( k’)

n(k) = <TZ ®00> — E(k)

acts as a momentum-dependent effective
magnetic field that polarizes the orbital
pseudo-spin T along the z direction

o1 e(k) = V0?h?k? + m?(k)

'g.oo | 0.65 | o.'10 | o.'15 020 m(k) = mvz—bh2k2
12/12
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u Dependence of z; and F;

z; and F; are function of chemical potential and exhibit different behavior for different
band topology

@ (b) (©)

0.16¢

mb>0 11 mb<0
0.12H | -

008 O: orthogonal

0.04

OOOO
-2 ?p
I
]

U: unitary

1

ftot:Zifi qu. | |
Al M

000 003 006 009 000 003 006 009 000 003 006 009
w(eV) wu(eV) u(ev)

Sp: symplectic

Topological insulator  Trivial insulator Semimetal
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Application: Cd;As, Thin Film

a
(ﬁo
(001
(010)
(100)
. Cd
TE

E-Ep (eV)

EEyeV) O

Cd;As,: a Dirac semimetal

Liu et al, Nat. Mater. 13, 677(2014)
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Zhao et al, Sci. Rep. 6, 22377(2017)



Data

Fitting
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MR = —66(B)/[py' + 66(B)]

Po is the experimentally
measured resistivityat B =0T.
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Phase Coherence Length

oc T0.75

T(K)

The temperature dependence Indicates that the decoherence mechanism is
dominated by electron-electron interaction. [Lee and Ramakrishnan, RMP
57, 287 (1985).
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Temperature Dependence of MR

o 1T
o 2T

At low temperatures, for 2D
00 — In l(p

For 3D

00 — const

T(K)

The MR is nonlinear and approaches to a constant at low
temperatures. This is distinct from the behaviors of 2D systems
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MR in Dirac Semimetal Na;Bi

|Sam lleJ4l l '/'41'5K I l '
0.0k - P —20 D 24
Na;Bi:
/ e g Xiong et al, Science
BRI/ ——) c 350, 6259(2015)
= \/ J/ —— 30K £
Y —— 40K .
V', —— 50K , S
0.2v4 ) —— 60K 8
/ —— 70K =
/' Fittingresults Y [ @ m |
0375 05 0.0 05 1.0 8 6 4 2 0 2 4 6 8
Failed T
@I] @ T(K) 4.5 | 20 30 40 50 60 70
oo (m$ cm)|24.37123.67(22.19]19.67/16.82]14.02|11.51 Theory:

I
ek

(04
le(nm) |14.6|153| 1.7 | 1.8 | 2.5 | 4.7 | 6.0

n 0.18 | 0.85 | 0.82 | 0.81 | 0.73 | 0.50 | 0.37
tt 0.25 1 0.05 | 0.03 | 0.03|0.05|0.10 | 0.11

The large discrepancy between the theoretical prediction
and the fitting parameters indicates other mechanisms

ay exist in this experiment.
Magnetoresistance/Aug 22, 2019,@6%111( P



Part Ill: Anomaly-Induced Magnetoresistance

“Quantum” Diffusive Theory:
Anomaly-Induced Magnetoresistance

 B. Fu, H. W. Wang & S. Q. Shen, Quantum Diffusive
Magneto-transport in massive Dirac materials with chiral
symmetry breaking, arXiv.: 1909.09297
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Chiral or ABJ Anomaly

S. L. Adler, PR 177, 2426(1969)
J. S. Bell & R. Jackiw, Nuovo Cinmento A 60, 47(1969)

The Weyl fermions satisfy a relation in the presence of
electromagnetic fields E and B,

dpy . e’
g TV T Xt B

u ¢ — &
aﬂ]x:_x47r2h2E'B X -

These equations demonstrate that the charges are not conserved
for Weyl fermions with a single chirality, which is also called
Adler-Bell-Jackiw (ABJ) anomaly. Thus in reality, Weyl nodes
always come in pairs of opposite charities such that the total
currents are conserved.

0, (j4 +4")=0 O (J% —5") #0
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Nielsen-Ninomiya Theory

PHYSICS LETTERS Volume 130B, number &6 389 3 November 1983
THE ADLER BELL JACKIW ANOMALY AND WEYL FERMIONS IN A CRYSTAL

H.B. NIELSEN

Niels Bohr Institute and Nordita, 17 Blegdamsvej, DK 2100, Copenhagen ﬂ Denmark
Masao NINOMIYA *

Department of Physics, Brown University, Providence, RI 02912, USA

Fig. 1. Dispersion laws for the RH (a) and LH (b) Wey] fer-
mions in 1 + 1 dimensions. The black and white points de-
note the filled and unfilled levels and the arrows indicate the
dircction of the movement of the VFermi surface when £ inon.

n=g

\: S

N

3

s

Fig. 2. Dispersion law for the RH Weyl fermion in 3 + 1 di-
mensions in the presence of a magnetic field in the x™ <dirce-
tion.
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2. Let us start with a (1 + 1)-dimensional right-
handed (RH) Weyl fermion theory coupled to a uni-
form electric field A1 = E in the temporal gauge. The
one component RH Weyl equation for yp = 31+
Ys5) ¥ reads

iR () = (-0, — A )Yg(x) . (1)

The dispersion law is w(P) = P. Corresponding to the
classical equation of a charged particle in the presence
of an electric field where P = eE, the acceleration of
the RH particles in quantum theory is given by w =

P =eE. The creation rate of the RH particles per unit
time and unit length is determined by a change of the
Fermi surface, which distinguishes the filled and un-
filled states as illustrated in fig. 1a. Let the quantiza-
tion length be L; the density of states per length L is
L/2m and the rate of change of the RH particle num-

ber Np is
Ng =L-YLj2m) 6 = (e/2m)E . )
dNp  dk/dt e eB
— = E = —
dt 27 21h Nb h

To end the present paper we suggest possible can-
didates for the zero-gap semiconductors for our pur-
pose of simulating the relativistic Weyl equation. The
type of compounds with a zinc-blend structure [9,
16] which do not possess parity symmetry such as
Hg, ,Cd,Te or Pb; _,Sn,Te with an appropriate
range of composition x may have the generic type of

Warrl Aacanaranuy nninte
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Ay = | &°xV(x) (vp -y +epy’ +mv?) U(x)

bilinear (y*) physical quantity T |Z|C |disorder
U~ total charge (J°) VIV A
U245 axial charge (J°) VX[V Ag
VA scalar mass (ng) VIVIX| Am
Uiy°¥  |pseudo-scalar density (np)|x|x|x| Ap
Uy current (J*) XX |V | Aec
Un o~ axial current (J**) X |V V| Age
Uiy?y*¥ | electric polarization (p;) |V |x|x| A,
Wy 2Ol magnetization (m;) X |V |x| Anm
The continuity equation for axial charge:
A 63
ap _
0, J (x) = 2mv*fip + —— 5373 ——E-B
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Green’s functions in a finite field

G(x,x';iwy, ) = exp [z’(I)(xJ_, x'l)] G(x — X' iwn)
The Schwinger phase:

GF/A (k)

ik Z (=1)"D,[w + & £ ih /27, K]
lw + e £ ih/27] — 2 (k?)

en(k®) = V/m2v? 4 2nv2h|eB| + v2(k3)2
Expanding the Green’s function in B field

GRIA(k,w) = G (k,w) + G174 (k,w) + ...

6R/A(k W) = i (w+e:l:';—’:)'y° — vhk -y + mv?
0 ’ (w+e+38)2 _ (v2R2|K|2 + m20?)
(:;,R/A(k w) = _7172%2&3 (w+e+ %)70 — vhk3y® + ma?
1 W) =

[(w+ e+ &5)2 — (02R2[k[2 + m2vt)]”
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Quantum Diffusive Equations

The linear response theory: §(x, ) = / dx'x(x, x; Q).A(x', Q)
“1o(1) 2 a1 17 yAy—1,
2,8V (x,w)=—= W — 2 | W HiwA(x, w)
m
@x_l = W_l — Q/dxlagMT(x, X1, Q)|Q=0 — /dXIMT(X, Xl;O) [1 + (X1 — x) . Vx + %(xl — X)QV?(]
M (x,x", Q) = %Tr [°GE(x,x"; € + Q)PGA (¥, x; €)]
The impurity related diagonal matrix: ~ Wee =) _ frcr
F
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Quantum Diffusive Equation

_ 2 Ay _ 1.
2718W (x,w) = —= W= — 2 W hiwA(x, w)
T
In the case of the parallel electric and magnetic fields

iw + 42 — DH? Y00, n(iw — L —Do?) 3(1— n?)vo,
h -1 _ T o, (1 —n?)(iw 4 422 — DO2) 1700, —1r
mpr2” Ax4 n(iw — 1 — DH?) 2100, n? (iw + /}r—ﬁ — Do?) (1 — n?)vo,
3(1 =)o, —1r 1 —n?wo, 31— n?)(iw+ 48 — Do2)

W = Al + A,,diag(1,—1,1,—1)

5790 — EF w e3 EBta
Y Y * 2 B2 2 o
vhkp iw+ D*q2 h?2 2m The dc conductivity:
573 — iwopFE (1 371, 1 iw .
iw + D*q? 47 K40 i+ 2D )’ R
T Fp T limy, 0 limg_,0 0.2 (w,q, B) = op +oca(n, B)
570 - =00k (1 370 1 iw .
iw + D*q2 A7 kRl 2D +iw )’ 9
- 10 317, 1 371, (B
onp =m0, 7oAl B) = 4 a0 = 157+ \ By ) P
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Anomaly-induced Magnetoconductivity

2
OCA (77: B) - %TZ k41[4 OD = 136 T(: BB D
T Rkptp T F
(a) 1 (b) 03 —
- — '[/Tm =0.03 : S— ‘[/‘[m =0.03
S 08 ,l'.‘ == T/tm=0.01 ~ ', == T/tm=0.01
I i msm T/Tm =0.001 c Lt mss T/Tm=0.001
— ] (W] 0.2 s 1
TS 060, ‘ '
R e |\
£ oall S R
S 1 © o1} 3%
o |
0.2+ ) \:\
\‘\. \
0 0
0 0 15 30 45 65
mvZ(meV)
Ta — _1 D7
_T* _ ACLO D

The Orbital Polarization:

* __ 3 (1+772)(A+Am)
D* = §(A+2Am)+n2(2A+Am)D

_ 0 2
N = = mTmv E
The axial relaxation rate / <’7 ) / F

_ Am+An?
Aa0 = 2x=R 5T
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Modified Anomaly Equation

63

212 h?2 E-B

0 Ja“(:r) = 2mv?ip +

The expectation value of the pseudo-scalar density

A e3
(I‘lp) _ 2m'v2 (hvkp 1) 21r2h2E - B

3
EF
Oy JH = E-B
hokp 22 h?
EFR
h’vkp
Chiral separation effect:
2
a __ €
J — GB'Uh,L,FW
Chiral magnetic effect:
— EF
e 21r2h2 psB
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Summary

1. Anomaly-induced negative magnetoresistance
2. Intrinsic magentoresistivity for massless and massive Dirac fermions:
qguadratic positive transverse and negative longitudinal MR;
3. Quantum osicillation: the phase shift is a function of the dingle factor;
4. Quantum Interference Effect: weak localization and antilocalization
2 2 0./
04i(B) = 47:;163 | Z fz‘([%a % + (2 +$2)%] . e

1=0,s,t+
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Thank you for your attention!
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