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Magnetoresistance

Magnetoresistance is the tendency of a material to change the value of its electrical
resistance in an externally-applied magnetic field.

-- Wikipedia
• Geometrical magnetoresistance
• Shubnikov de Haas oscillations
• Anisotropic magnetoresistance (AMR)
• Giant magnetoresistance (GMR)
• Tunnel magnetoresistance (TMR)
• Colossal magnetoresistance (CMR) in manganites
• Negative longitudinal magnetoresistance in Weyl/Dirac semimetals
• …..............

�⇢ =
⇢(B)� ⇢(B = 0)

⇢(B = 0)
<latexit sha1_base64="7WQLI25XXV1F3tBd3haFE2R5xPE=">AAACGHicbZBNS8MwGMfT+TbnW9Wjl+AQtoOzFUEvgzEvHie4F1jLSNN0C0vTkqTCKPsYXvwqXjwo4nU3v43pVlA3Hwj58f8/D8nz92JGpbKsL6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl649vM7z4SIWnEH9QkJm6IhpwGFCOlpYF54fiEKeSIUVR3AoFwmmGlWT1f3HWrOk1/sDQwy1bNmhdcBTuHMsirNTBnjh/hJCRcYYak7NtWrNwUCUUxI9OSk0gSIzxGQ9LXyFFIpJvOF5vCM634MIiEPlzBufp7IkWhlJPQ050hUiO57GXif14/UcGNm1IeJ4pwvHgoSBhUEcxSgj4VBCs20YCwoPqvEI+QjkfpLLMQ7OWVV6FzWbOtmn1/VW408ziK4AScggqwwTVogDvQAm2AwRN4AW/g3Xg2Xo0P43PRWjDymWPwp4zZN/65nmo=</latexit><latexit sha1_base64="7WQLI25XXV1F3tBd3haFE2R5xPE=">AAACGHicbZBNS8MwGMfT+TbnW9Wjl+AQtoOzFUEvgzEvHie4F1jLSNN0C0vTkqTCKPsYXvwqXjwo4nU3v43pVlA3Hwj58f8/D8nz92JGpbKsL6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl649vM7z4SIWnEH9QkJm6IhpwGFCOlpYF54fiEKeSIUVR3AoFwmmGlWT1f3HWrOk1/sDQwy1bNmhdcBTuHMsirNTBnjh/hJCRcYYak7NtWrNwUCUUxI9OSk0gSIzxGQ9LXyFFIpJvOF5vCM634MIiEPlzBufp7IkWhlJPQ050hUiO57GXif14/UcGNm1IeJ4pwvHgoSBhUEcxSgj4VBCs20YCwoPqvEI+QjkfpLLMQ7OWVV6FzWbOtmn1/VW408ziK4AScggqwwTVogDvQAm2AwRN4AW/g3Xg2Xo0P43PRWjDymWPwp4zZN/65nmo=</latexit><latexit sha1_base64="7WQLI25XXV1F3tBd3haFE2R5xPE=">AAACGHicbZBNS8MwGMfT+TbnW9Wjl+AQtoOzFUEvgzEvHie4F1jLSNN0C0vTkqTCKPsYXvwqXjwo4nU3v43pVlA3Hwj58f8/D8nz92JGpbKsL6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl649vM7z4SIWnEH9QkJm6IhpwGFCOlpYF54fiEKeSIUVR3AoFwmmGlWT1f3HWrOk1/sDQwy1bNmhdcBTuHMsirNTBnjh/hJCRcYYak7NtWrNwUCUUxI9OSk0gSIzxGQ9LXyFFIpJvOF5vCM634MIiEPlzBufp7IkWhlJPQ050hUiO57GXif14/UcGNm1IeJ4pwvHgoSBhUEcxSgj4VBCs20YCwoPqvEI+QjkfpLLMQ7OWVV6FzWbOtmn1/VW408ziK4AScggqwwTVogDvQAm2AwRN4AW/g3Xg2Xo0P43PRWjDymWPwp4zZN/65nmo=</latexit><latexit sha1_base64="7WQLI25XXV1F3tBd3haFE2R5xPE=">AAACGHicbZBNS8MwGMfT+TbnW9Wjl+AQtoOzFUEvgzEvHie4F1jLSNN0C0vTkqTCKPsYXvwqXjwo4nU3v43pVlA3Hwj58f8/D8nz92JGpbKsL6Owtr6xuVXcLu3s7u0fmIdHHRklApM2jlgkeh6ShFFO2ooqRnqxICj0GOl649vM7z4SIWnEH9QkJm6IhpwGFCOlpYF54fiEKeSIUVR3AoFwmmGlWT1f3HWrOk1/sDQwy1bNmhdcBTuHMsirNTBnjh/hJCRcYYak7NtWrNwUCUUxI9OSk0gSIzxGQ9LXyFFIpJvOF5vCM634MIiEPlzBufp7IkWhlJPQ050hUiO57GXif14/UcGNm1IeJ4pwvHgoSBhUEcxSgj4VBCs20YCwoPqvEI+QjkfpLLMQ7OWVV6FzWbOtmn1/VW408ziK4AScggqwwTVogDvQAm2AwRN4AW/g3Xg2Xo0P43PRWjDymWPwp4zZN/65nmo=</latexit>



Magnetoresistance/Aug 22,  2019, Seoul  

Lorentz Force Induced MC

j = �E+ µj⇥B
μ is the electric mobility. 

Usually the transverse magnetoconductivity is negative. 
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Magnetoresistivity
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Perpendicular magnetoconductivity tensor

Perpendicular magnetoresistivity tensor

In the spherical one-band model with a 
single relaxation time, the diagonal 
magnetoresistivity turns out to be 
independent from the magnetic field 
The Hall coefficient is independent 
both from the effective mass and the 
relaxation time.

Two-band model: one charge carrier is of 
electron while the other is of hole

Several mechanisms to produce MR:
• Energy dependence of the relaxation time
• Anisotropy of the band structure
• Multiple bands
• ………..
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In this talk

1. Intrinsic Magnetoresistance in 3D topological materials
2. Theory of weak localization and anti-localization  in 3D 

topological materials 
3. Anomaly-induced magnetoresistivity in massive Dirac 

materials

Dr. Bo Fu
Postdoc., HKU

Mr.  Huan-Wen Wang
Ph.D candidate., HKU

B. Fu, H. W. Wang & S. Q. Shen, arXiv: 1909.09297
B. Fu, H. W. Wang & S. Q. Shen, PRL 122, 246601 (2019)
H. W. Wang, B. Fu, and S. Q. Shen, PRB 98, 081202(R) (2018)



Magnetoresistance/Aug 22,  2019, Seoul  

From Dirac to Weyl

The Pauli matrices

When the mass m=0, the Dirac equation is 
reduced into 

• Electron spin
• Anti-particle
• Dirac sea
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Dirac Equation and Topological Materials

ba )( 22 BpmvvpH -+×=

2D Quantum Spin Hall Effect/Quantum Anomalous Hall Effect

3D Topological Insulator

1D Dimerized Polymer

P-wave Superconductor
He3 Superfluidity
Topological Superconductors
Topological Weyl Semimetals

1st Ed., 2012; 2nd Ed., 2017
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Part I: Intrinsic Magnetoresistance

Intrinsic Magnetoresistivity
Quantum Oscillation and the Phase Shift
Magnetoresistivity in Quantum Limit

• H. W. Wang, B. Fu & S. Q. Shen, Intrinsic 
magnetoresistance in three-dimensional Dirac 
materials, Phys. Rev. B 98, 081202(R) (2018)
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Exact Solutions in a Magnetic Field

With magnetic field 

Two variables: kz and the Landau index n
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Linear Response Theory

dc conductivity

Current-current correlation function 

The Matsubara Green function can be represent in the Lehmann’s 
representation in the terms of spectral function as
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Conductivity Formula
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Three Regimes

0.0 0.2 0.4 0.6 0.8
0.0

0.5

1.0

1.5

2.0

2.5

3.0

s/
s 0

1/(k2
f l2B)

 szz

 sxx

 sxy

I II III

c0B=1
k2

f l
2
B=2

I. semiclassical regime overlapping 
LLs with dominating background 

II. Separated LLs with quantum 
oscillations 

III. 0th LL and quantum limit



Magnetoresistance/Aug 22,  2019, Seoul  

Regime I: Semiclassical 
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Special Functions and Their Expansions

In the basis of relativistic Landau levels

With the help of Hurwitz zeta function and
digamma function we can do the series
summation in weak magnetic field regime

Using the asymptotic expansion at large z,
we can do the integral over kz
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Intrinsic Magnetoresistivity
The mobility and effective Drude conductivity are 
defined as

Relative magnetoresistivity 

For the weak disorder
scattering limit, irrelevant to
the band gap and external
scattering, the amplitude of
relative magnetoresistivity is
determined by kf only.
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The Coefficients
For a weak band broadening width,
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Estimation

This intrinsic magnetoresistivity is expected to be measurable in the 
system with low carrier density and high mobility 

In the weak scattering limit,

Negative longitudinal MR

Positive transverse MR

Intrinsic Magnetoresistance
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Non-Abelian Berry Curvature

⌦ = � m

E3
p

�x�̂� m

E3
p

�y ✓̂ �
1

E2
p

�zp̂

The intrinsic magnetoresistance is attributed to the presence of Berry curvature for the 
Dirac particles [See Y. Gao et al, PRB 95, 165135(2017) ]. Due to the correlation between 
four bands, the Berry curvature becomes non-Abelian in the presence of a finite mass. For 
example, focusing on the two positive bands,



Magnetoresistance/Aug 22,  2019, Seoul  

Regime II: Quantum Oscillation
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Quantum Oscillation

In quantum oscillation regime, the broadening γ è0

Using the Poisson summation formula

The Dingle factor �D =
⇡

�0B
<latexit sha1_base64="2IfRBVaMaUGi+Dw1AQRYNv4bXxc=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhFKdeGygn1AE8JkMmmHTh7MTIQSsnPjr7hxoYhbf8Gdf+O0zUJbDwwczjmXO/f4KWdSWda3sbS8srq2Xtmobm5t7+yae/sdmWSC0DZJeCJ6PpaUs5i2FVOc9lJBceRz2vVH1xO/+0CFZEl8r8YpdSM8iFnICFZa8swjh+twgL2bKycUmOROyorcIUPmWahZeGbNqltToEVil6QGJVqe+eUECckiGivCsZR920qVm2OhGOG0qDqZpCkmIzygfU1jHFHp5tM7CnSilQCFidAvVmiq/p7IcSTlOPJ1MsJqKOe9ifif189UeOnmLE4zRWMyWxRmHKkETUpBAROUKD7WBBPB9F8RGWJdh9LVVXUJ9vzJi6RzVretun13Xms0yzoqcAjHcAo2XEADbqEFbSDwCM/wCm/Gk/FivBsfs+iSUc4cwB8Ynz+HtpkS</latexit><latexit sha1_base64="2IfRBVaMaUGi+Dw1AQRYNv4bXxc=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhFKdeGygn1AE8JkMmmHTh7MTIQSsnPjr7hxoYhbf8Gdf+O0zUJbDwwczjmXO/f4KWdSWda3sbS8srq2Xtmobm5t7+yae/sdmWSC0DZJeCJ6PpaUs5i2FVOc9lJBceRz2vVH1xO/+0CFZEl8r8YpdSM8iFnICFZa8swjh+twgL2bKycUmOROyorcIUPmWahZeGbNqltToEVil6QGJVqe+eUECckiGivCsZR920qVm2OhGOG0qDqZpCkmIzygfU1jHFHp5tM7CnSilQCFidAvVmiq/p7IcSTlOPJ1MsJqKOe9ifif189UeOnmLE4zRWMyWxRmHKkETUpBAROUKD7WBBPB9F8RGWJdh9LVVXUJ9vzJi6RzVretun13Xms0yzoqcAjHcAo2XEADbqEFbSDwCM/wCm/Gk/FivBsfs+iSUc4cwB8Ynz+HtpkS</latexit><latexit sha1_base64="2IfRBVaMaUGi+Dw1AQRYNv4bXxc=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhFKdeGygn1AE8JkMmmHTh7MTIQSsnPjr7hxoYhbf8Gdf+O0zUJbDwwczjmXO/f4KWdSWda3sbS8srq2Xtmobm5t7+yae/sdmWSC0DZJeCJ6PpaUs5i2FVOc9lJBceRz2vVH1xO/+0CFZEl8r8YpdSM8iFnICFZa8swjh+twgL2bKycUmOROyorcIUPmWahZeGbNqltToEVil6QGJVqe+eUECckiGivCsZR920qVm2OhGOG0qDqZpCkmIzygfU1jHFHp5tM7CnSilQCFidAvVmiq/p7IcSTlOPJ1MsJqKOe9ifif189UeOnmLE4zRWMyWxRmHKkETUpBAROUKD7WBBPB9F8RGWJdh9LVVXUJ9vzJi6RzVretun13Xms0yzoqcAjHcAo2XEADbqEFbSDwCM/wCm/Gk/FivBsfs+iSUc4cwB8Ynz+HtpkS</latexit><latexit sha1_base64="2IfRBVaMaUGi+Dw1AQRYNv4bXxc=">AAACB3icbVDLSsNAFL3xWesr6lKQwSK4KokIuhFKdeGygn1AE8JkMmmHTh7MTIQSsnPjr7hxoYhbf8Gdf+O0zUJbDwwczjmXO/f4KWdSWda3sbS8srq2Xtmobm5t7+yae/sdmWSC0DZJeCJ6PpaUs5i2FVOc9lJBceRz2vVH1xO/+0CFZEl8r8YpdSM8iFnICFZa8swjh+twgL2bKycUmOROyorcIUPmWahZeGbNqltToEVil6QGJVqe+eUECckiGivCsZR920qVm2OhGOG0qDqZpCkmIzygfU1jHFHp5tM7CnSilQCFidAvVmiq/p7IcSTlOPJ1MsJqKOe9ifif189UeOnmLE4zRWMyWxRmHKkETUpBAROUKD7WBBPB9F8RGWJdh9LVVXUJ9vzJi6RzVretun13Xms0yzoqcAjHcAo2XEADbqEFbSDwCM/wCm/Gk/FivBsfs+iSUc4cwB8Ynz+HtpkS</latexit>



Magnetoresistance/Aug 22,  2019, Seoul  

Quantum Oscillation
The quantum oscillation can be summarized as

where Lis(x) is the polylogarithm function 
of order s and argument x .

Lifshitz-Kosevich formula
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The phase shift here is a function of the dingle
factor. In the previous literatures, the phase
shift is usually regarded as a constant, which
is only valid in the semiclassical regime.
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Landau Level Fan Diagram and Phase Shift
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Regime III: Quantum Limit
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Quantum Limit
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A relation between longitudinal 
and transverse conductivity

Lu, Zhang & Shen
PRB 92, 045203(2015)
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Part II: Quantum Interference Theory

Quantum Interference Theory:
Weak localization and Weak antilocalization

• B. Fu, H. W. Wang & S. Q. Shen, Quantum 
interference theory of magnetoresistance in 
Dirac materials, Phys. Rev. Lett. 122, 246601 
(2019)
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MR in 3D Topological Materials

Bi1-sSbx: Kim et al, PRL 111, 
246603(2013)

TaAs: Huang et al, PRX 5, 031023(2015); 
Zhang et al, Nat. Commun. 7, 
10735(2016)

Na3Bi: Xiong et al, Science 350, 
6259(2015)

ZrTe5: Li et al., Nat. Phys. 12, 
550 (2016); Mutch et al., 
arXiv: 1808.07898

GdPtBi: Hirschberger et al., 
NM 15,1161(2016); Liang et 
al., PRX 8, 031002 (2018).

Cd3As2: H Li et al., NC 7,10301(2016);
CZ Li et al., NC 6, 10137(2015)
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Quantum Interference Effect

Weak localization vs weak antilocalization
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Hikami-Larkin-Nagaoka-Formula (2D)
Prog. Theo. Phys. 1980

Wigner-Dyson ensemble of random matrices (Dyson, J. Math. Phys. 1962):
Time reversal invariant (no magnetic scattering):
Orthogonal (WL, α= 1, no spin-orbit scattering)
Symplectic (WAL, α = -1/2, spin-orbit scattering)
Time reversal breaking (strong magnetic scattering)
Unitary , small σ(B)~B2

Impurity 
scattering Symmetry Time-

reversal
Spin-

rotational Transport

Scalar Orthogonal WL

Spin-orbit Symplectic WAL

Magnetic Unitary Semiclassica
l
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Model for 3D Topological Materials

where the Dirac matrices are chosen as

η(k) plays a primary role in the 
magnetotransport properties of Dirac materials 

The orbital polarization: 
the expectation value of 𝜏" ⊗ 𝜎% , 

Shen, Topological Insulators (Springer 2012)

(a). 𝑚𝑏 > 0: topologically non-trivial;
(b). 𝑚𝑏 = 0: Dirac semimetal
(c). 𝑚𝑏 < 0: topologically trivial 

Topological Invariant: 𝜈 =
1
2
(sgn 𝑚 + sgn(𝑏))

16 (=4X4) Green’s functions
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Feynmann Diagram Techniques

Total conductivity includes two parts, the classical 
conductivity and its correction from the quantum 
interference 

Classical conductivity with vertex correction

Quantum correction due to the interference
between a closed multiple scattering path and its
time reversal counterpart

is Cooperon structure factor and   W is the corresponding Hikami box. Γ
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Effective Cooperon Channels

There are 16 Cooperon modes, and only the four effective channels 
listed below govern the quantum correction to the conductivity 

The full Hamiltonian is invariant under 
the symplectic time-reversal symmetry 
transformation 𝒯%7: 𝒪 ↦ 𝜏%𝜎7𝒪;𝜏%𝜎7, 
there is always one gapless Cooperon 
channel.
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Parameters

All these parameters are functions 
of the orbital polarization
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Magnetoconductivity Formula

The Hurwitz zeta function

The magnetoresistance

In the presence of magnetic field, the q integration in the 
transverse  direction is replaced with a summation over the 
effective Landau levels of the Cooperon as
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Orbital Polarization

acts as a momentum-dependent effective 
magnetic field that polarizes the orbital 
pseudo-spin τ along the z direction 
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All Fi and zi are functions of eta! 
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𝜇 Dependence of 𝑧> and ℱ>

Topological insulator Trivial insulator Semimetal

O: orthogonal

U: unitary

Sp: symplectic 

𝑧> and ℱ> are function of chemical potential and exhibit different behavior for different 
band topology  
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Application: Cd3As2 Thin Film

Zhao et al, Sci. Rep. 6, 22377(2017)

Cd3As2: a Dirac semimetal 

Liu et al, Nat. Mater. 13, 677(2014)
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Data Fitting

𝜌% is the experimentally 
measured resistivity at 𝐵 = 0 𝑇.
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Phase Coherence Length

lφ ∝T
−3/4

The temperature dependence Indicates that the decoherence mechanism is 
dominated by electron-electron interaction. [Lee and Ramakrishnan, RMP 
57, 287 (1985).
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Temperature Dependence of MR

δσ → ln lφ

At low temperatures, for 2D

δσ → const

For 3D

The MR is nonlinear and approaches to a constant at low 
temperatures. This is distinct from the behaviors of 2D systems
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MR in Dirac Semimetal Na3Bi

Fitting results

The large discrepancy between the theoretical prediction
and the fitting parameters indicates other mechanisms
may exist in this experiment.

α =1
Theory:

Na3Bi: 
Xiong et al, Science 
350, 6259(2015)
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Part III: Anomaly-Induced Magnetoresistance

• B. Fu, H. W. Wang & S. Q. Shen, Quantum Diffusive 
Magneto-transport in massive Dirac materials with chiral 
symmetry breaking, arXiv.: 1909.09297

“Quantum” Diffusive Theory:
Anomaly-Induced Magnetoresistance
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Chiral or ABJ Anomaly
S. L. Adler, PR 177, 2426(1969)

J. S. Bell & R. Jackiw, Nuovo Cinmento A 60, 47(1969)

The Weyl fermions satisfy a relation in the presence of 
electromagnetic fields E and B, 

� = ±

These equations demonstrate that the charges are not conserved 
for Weyl fermions with a single chirality, which is also called 
Adler-Bell-Jackiw (ABJ) anomaly. Thus in reality, Weyl nodes 
always come in pairs of opposite charities such that the total 
currents are conserved.

@µ
�
jµ+ + jµ�

�
= 0 @µ

�
jµ+ � jµ�

�
6= 0
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Nielsen-Ninomiya Theory

dNR

dt
=

dk/dt

2⇡
=

e

2⇡~E NB =
eB

h
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Spectra of Massless and Massive Dirac fermions

!a!a



Magnetoresistance/Aug 22,  2019, Seoul  

The continuity equation for axial charge:
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Green’s functions in a finite field

The Schwinger phase:

Expanding the Green’s function in B field



Magnetoresistance/Aug 22,  2019, Seoul  

Quantum Diffusive Equations

=

=

+

+ + ...

+

+

x

x

x x xx x

!B

!B

!B"B

"A

"F

#F
"F

(a)

(b)

The impurity related diagonal matrix:

The linear response theory:
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Quantum Diffusive Equation

In the case of the parallel electric and magnetic fields

The dc conductivity:
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Anomaly-induced Magnetoconductivity

The axial relaxation rate

The Orbital Polarization:
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Modified Anomaly Equation

The expectation value of the pseudo-scalar density

Chiral separation effect:

Chiral magnetic effect:
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Summary
1. Anomaly-induced negative magnetoresistance
2. Intrinsic magentoresistivity for massless and massive Dirac fermions: 

quadratic positive transverse and negative longitudinal MR;
3. Quantum osicillation: the phase shift is a function of the dingle factor;
4. Quantum Interference Effect: weak localization and antilocalization

Thank you for your attention!
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