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•
Q

CD: rich phase diagram
•

Universe: n
B /n

γ
≈ 6.1 ×

10
-10

•
Behaviourat low

 chem
ical 

potential w
ell-established by 

lattice Q
CD

•
Transition from

 Q
GP to 

hadronic phase is a 
cross-over

•
Departures from

 equilibrium
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BM
W

 (2013)

Borsanyiet al (2016)



Electrow
eak transition

•
SM

 is not w
eakly coupled at high T

•
Non-perturbative

techniques:
–

Dim
ensional reduction to 3D effective 

field theory + 3D lattice
Kajantie, Laine, Rum

m
ukainen, Shaposhnikov

(1995,6)

–
SU(2)-Higgs on 4D lattice
Czikor, Fodor, Heitger(1998)

•
SM

 transition at m
h ≈ 125 GeV is

a cross-over -a supercritical fluid

••
Search for 1

storder transition is a 
search for physics beyond SM
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"supercritical"
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iggs phaseSym

m
etric phase

"condensation"
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Little bangs in the Big Bang
•

1st order transition 
proceeds by nucleation of 
bubbles of low

-T
phase

•
Nucleation rate/volum

e p(t) 
rapidly increases below

 T
c

•
Expanding bubbles generate 
pressure w

aves in hot fluid
•

Universal “fizz”
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David Weir, Helsinki University

M
H, Huber, Rum

m
ukainen, W

eir (2013,5,7) 
Cutting, M

H, W
eir (2018,9) 

Fluid kinetic energy
Sy
m
m
et
ric
 p
ha
se

H
ig
gs
 p
ha
se

H
ig
gs
 p
ha
se

H
ig
gs
 p
ha
se

Steinhardt (1982); Hogan (1983,86); 
Gyulassy

et al (1984); W
itten (1984) Langer 1969



Phases of a phase transition
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?

1.
N

ucleation and expansion
2.

Collision
3.

Acoustic
4.

N
on-linear (shocks, turbulence)

1
2

3
4

⌧
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transition rate param
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‘exponential’ nucleation

L
f –

fluid flow
 length scale

U
f –

RM
S fluid velocity

G
uth, W

einberg 1983; Enqvistet al 1992; 
Turner, W

einberg, W
idrow

1992;
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Dynam
ics of an early universe phase 

transition
•

Ingredients:
–

Higgs field
•
η

coupling to fluid (m
odels energy transfer, friction)

–
Relativistic fluid

•
E

energy density, Z
i m

om
entum

 density, V
i velocity, W

γ-factor

–
Discretisation

–
M

etric perturbation
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s (2003)
Different approach: Giblin, M

ertens(2013)

Ignatius et al (1994), Kurki-Suonio, Laine
(1996) 

Garcia-Bellido, Figueroa, Sastre
(2008)



Relativistic com
bustion
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w
v

c
s

>
w

v
c

s
>

w
v

c
<

s

Deflagration
Supersonic deflagration

(“hybrid”)
Detonation

•
Scalarpotentialenergy

(free
energy)to

kinetic
energy,heatenergy

•
W

allvelocity
v

w
-pressure

difference
vs.scalar-fluid

coupling
h(f)

•
Radialfluid

velocity
v(r,t)and

enthalpy
distribution

w
(r,t)

•
Sim

ilarity
solution

v(r/t),w
(r/t)

•
Som

e
cases…

runaw
ay

(v
w

→
1

)(near-vacuum
transition)

Landau &
 Lifshitz

Steinhardt (1984)
Kurki-Suonio, Laine (1991)
Espinosa et al (2010)

BodekerM
oore 2010, 2017



•
Param

eters of transition:
–

T
n = Tem

perature at nucleation
–
b

= transition rate ( = -d log p / dt)
–

v
w

= Bubble w
all speed

–
α

= (“Potential energy”)/(“Heat energy”)

•
Derived param

eters:
–

R
* = m

ean bubble separation
–

K
= fluid kinetic energy fraction 

(depends on a, v
w )

•
Aim

: GW
 pow

er spectrum

GW
s from

 first order phase transitions

G
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Steinhardt ’84
Espinosa et al 2010
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•
Gravitational w

aves generated by 
shear stress fluctuations

•
Shear stress ~ kinetic energy

•
Kinetic energy from

 potential energy
–

K(a,v
w ) = fluid kinetic energy fraction

•
Tim

escales t
v and t

c

–
tv  duration of stresses from

 fluid velocity
–

tc coherence tim
e of stress fluctuations

GW
s from

 phase transitions
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•
Recall GW

 energy fraction:
–

t
v  duration of stresses

–
t

c coherence tim
e

•
N

um
erical sim

ulations:
–
t

c ~ R
* (bubble separation)

•
Analytical estim

ate:
–

t
v = m

in(H
n -1,R

* /U
f )

–
N

.B. K
= (4/3)U

f 2

–
U

f (w
eighted) RM

S velocity 
–

Pure acoustic
(H

n R
* >> U

f )

Estim
ating GW

 pow
er
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K (kinetic energy fraction)
from

 self-sim
ilar hydro solution
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k
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k
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k
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k
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k
2

k
-5/3

•
Three contributions to total pow

er:
–

Scalar field 
f

–
Acoustic

ac
–

Turbulent 
tu

•
Scalar field: bubble w

all collisions 
–

relevant only for runaw
ay w

alls
–

“envelope approxim
ation”

–
Kosow

sky, Turner 1992
–

H
uber, Konstandin

2008

•
A

coustic production:
–

M
.H

. et al 2013, 2015, 2017, 2019

•
Turbulent production:
–

Caprini, D
urrer, Servant 2009

⌦
g
w
=
⌦
�g
w
+
⌦
a
c
g
w
+
⌦
tugw
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Case 2: runaw
ay

Case 1: constant v
w



Developm
ents 1: scalar field

•
Num

erical sim
ulations 

show
 differences from

 
envelope approxim

ation
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Jinno, Takim
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k
1

Developm
ents 3: bulk flow

 m
odels

•
Based on envelope 
approxim

ation
•

M
odel overlapping energy 

shells in real space
•

Disagrees w
ith sound shell 

m
odel at low

 k
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Developm
ents 4: non-linearities

•
Longitudinal v
–

Kinetic energy suppression

•
Transverse v
–

Vorticity production

•
N

on-linearity tim
escale 

–
Shock developm

ent
–
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•
Radiation energy density redshift

•
Peak frequency now

:

•
Sim
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 PS in sound shell m
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Sum
m

ary
•

Good understanding of GW
s from

 near-linear flow
s.

–
α

~ 0.1, v
w

> 0.4

•
Dom

inantsource
issound

•
Total pow

er estim
ate:

•
N

aïve extrapolation:
an upper bound on GW

s from
 PTs: 
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ulations:



Connection to fundam
ental theory

•
Scalar effective potential V(f,T)

•
Scalar-fluid coupling h(f,T,v

w )
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ark Hindm
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Phase transition param
eters :

T
n = nucleation tem

perature
g

eff = effective d.o.f.
α

= (scalar V)/(therm
al energy)

v
w

= bubble w
all speed

b
= transition rate

T
n , a, b, g

eff (equilibrium
)

v
w

(non-equilibrium
)

K(v
w ,α) (kinetic energy fraction)

R
* (m

ean bubble separation)

H
n (Hubble rate at transition)



Future challenges
•

Stronger transitions lead to non-linear 
evolution, dynam

ics not understood   
–

Longitudinal/com
pression m

odes
•

Kinetic energy suppression
•

Shocks, w
ave turbulence

–
Transverse/rotational m

odes
•

Vorticity generation
•

Turbulence

–
M

HD turbulence
•

Turbulence
lessefficientatproducing

GW
s?
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Gravitational w
ave frequencies

•
Shear stress at tim

e t generate w
aves w

ith m
inim

um
 

frequency f ≈ 1/t (Hubble rate)
•

Redshifted
to a frequency now

: f0 = (a(t)/a(t0 ))f
•

Redshifted Hubble rates:

•
Peak frequencies:

•
Typical range: 
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Event
Tim

e/s
Tem

p/GeV
f0 /Hz

Q
CD transition

10
-3

0.1
10

-8

EW
 transition

10
-11

100
10

-5

?
10

-25
10

9
100

End of inflation
≥ 10

-36
≤ 10

16
≤ 10

8



High frequency GW
s from

 PTs?
•

Peak frequencies:
•

Typical range:
•

Highest possible phase transition tem
perature?

–
Inflation (absence of GW

s): 
•

Corresponding frequencies: 
•

Higher frequency m
eans sm

aller strain          !

•
No (know

n)astrophysicalforegrounds          "
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