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Captures the inherent “fuzziness” of quantum mechanics

Impossibility of accurately measuring conjugate observables

While the position-momentum uncertainty relation was given a solid physical 
grounding in short order, the energy-time relation was much more subtle….
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Position-momentum relation can be understood from Fourier analysis of 
wave packets. 

The product of their uncertainties is maintained
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Often considered in relation to simultaneous measurements

Which lead to the following thought experiment….



Uncertainty principle

Einstein considered a box with photons, a controllable shutter, and a 
classical clock which, at a preset time, will allow photons to escape.

E = mc2
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Since

we can workout the change in energy 
precisely 

Seemingly negating the existence of 
the E-t uncertainty relation

Bohr had a counter argument…



A naïve derivation

Consider a wave packet moving with some velocity v
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v
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The time it passes a particular point has a given uncertainty directly 
related to the uncertainty in x

And we know there is an associated uncertainty in its momentum which 
gives a corresponding uncertainty in the energy

From which we “get” the E-t uncertainty principle

But



The uncertainty relations

In 1929 Robertson clarified things - at least for x and p

IF TTFRS TO THF. L~DITOR

volts dropped very greatly in magnitude
though it never completely disappeared. This
critical potential has been previously observed
by Jones and Whiddington (Phil. Mag. 0, 889,
1928). The conditions under which they ob-
served it were quite different from those exist-
ing in the present apparatus but the behavior
of the peak was quite similar. They attributed
it to an energy 1oss characteristic of the hydro-
gen molecule and this hypothesis seems to
gain additional support from the present
work. Unfortunately the most recent theo-
retical work on the hydrogen molecule con-
tains no explanation for an energy loss of this
value. . However, it is not contrary to any
experimental work as hydrogen has not pre-
viously been investigated under the conditions
necessary to bring the effect into evidence.
Accurate data has been obtained for the

angular distribution of scattered electrons
with from one hundred to two hundred volts
energy in both atomic and molecular hydro-
gen. The experimental points obtained for
elastically scattered electrons in atomic hy-
drogen lie within the limits of experimental
error on the theoretical curve predicted by the
new quantum mechanics. This is of a diferent
order of magnitude from the scattering which
would be expected classically. The scattering

in molecular hydrogen is somewhat greater
than in atomic hydrogen. This is in general
what would be expected from theoretical con-
siderations. No accurate comparison with the
theory is possible, however, for molecular
hydrogen, as the scattering to be expected has
not been calculated for this case.
The inelastic scattering in hydrogen has

also yielded some very interesting results
which will be discussed more fully in a forth-
coming article. But one point should be
mentioned here in as much as one statement
made in the PHYsIcAL REvIEw article pre-
viously referred to has been found to be in
error. The decrease in the number of electrons
scattered inelastically as one proceeds from
small to large angles is more rapid than the
similar decrease in the number of elastically
scattered electrons, The reason for this is not
clear, but the same thing has been observed
by Dymond (Proc. Roy. Soc. 122, 571, 1929)
for electrons scattered in helium.
These results will be reported in full in a.n

article to appear shortly in the PHYsIcAL
REVIEW.

GAYLORD P. HARNWELL
Palmer Physical Laboratory,
June 15, 1929.

The Uncertainty Principle

The uncertainty principle is one of the
most characteristic and important conse-
quences of the new quantum mechanics. This
principle, as formulated by Heisenberg for
two conjugate quantum-mechanical variables,
states that the accuracy with which two such
variables can be measured simultaneously is
subject to the restriction that the product of
the uncertainties in the two measurements is
at least of order h (Planck's constant). Con-
don* has remarked that an uncertainty rela-
tion of this type can not hold in the general
case where the two variables under consider-
ation are not conjugate, and has stressed the
desirability of obtaining a general formulation
of' the principle. It is the purpose of the
present letter to give such a general formula-
tion, and to apply it in particular to the case
of angular momentum.

~ E. U. Condon "Remarks on Uncertainty
Principles" Science LXIX, p. 573 (May 31,
1929), and in conversations with the writer on
this topic.

We define the "mean value" A 0 of an
(Hermitean) operator A in a system whose
state is described by the (normal) function p
as

A o fjA /dr=
where the integral is extended over the entire
coordinate space. The Hermitean character
of A (i.e.

fd,Ayd~=fd Add~
for arbitrary @, f) insures the reality of Ao.
The "uncertainty'" h,A in the value of A is
then defined, in accordance with statistical
usage, as the root mean square of the devia-
tion of A from this mean, i.e.

(Ad)' fd (d Ao)='d dr-
The uncertainty principle for two suck variables
A, 8, whose commutator AB—BA =hC/2+i, is
expressed by

~~ ~a~) ~e.~]4
i.e. the product of the uncertainties in A, 8 is
not less tkan half the absolute value of the mean
of their commutator.

LETTERS TO THE EDITOR

We here confine ourselves to sketching the
proof of this principle for a one-particle sys-
tem and for quantum mechanical variables
A (q, p), B(q, p) which are linear in the
momenta (p„p„, p,).' (The proof for the
general case in which the operators can be
expanded in powers of the momenta can be
made along exactly the same lines. ) Writing

A =a+axpz+aypgI+azpz
where p, =(h/2~i)8/Bx, etc. and the a's are
functions of position, the Hermitean character
of A requires that these functions be real and
that div (a„a„, a,) =0. The expression for
(AA)' may be written, on integrating once by
parts, using the fact that div (a) =0 and dis-
carding the resulting surface integral, in the
form

(AA)~ fI (A=—Ao)g I
~dr

We are now in a position to apply the
Schwarzian inequality2

[f(frfi+f2f2)dr] [f(grgi+grg2)dr]
~

If(f~g~+f2gr)dr I
'

Taking

fi=(A —Ao)4=f2, g~=(B—Bo)4=—gz
and reducing the integral on the right hand
side by integration by parts we find

EA AB ~ ',
Ifg (AB BA-) g dr I, —

the required result.

' Cf. proof of special case A =p, B=q in
H. Weyl "Gruppentheorie und Quanten-
mechanik" pp. 66, 272.

~ Weyl, 1. c. p. 272.

We obviously obtain Heisenberg's result if
the two variables are conjugate, for then C,
and consequently Co, are +1. As a further
illustration of the principle, we apply it to the
case of angular momentum. Here we have
SEE=ypz —spp, SIAM+ —3/Iy3fz =—h3E~/2vri

so the product of the uncertainties in two of the
components of angular momentum is not less
than h/4m times the mean value of the third
component in the state under consideration.
Consider in particular the state, treated by
Condon, defined by

p =f(r)e™~pf~(cos0)
where the pole of the spherical coordinates lies
on the s-axis. Then 3II„M'(=Mz'+ M„+Mz')
have the definite values

Mz 3fzo mh/27rf 3P l(l +1) (h/2')
the mean values of M, 3II„are zero and the
uncertainties are given. by
(aM'„) = (aM„) =-', [l(1y1)—.m'](g/2~)',

aM, =0.
Now from the uncertainty principle for M,
SIC we find

l(l+1) ~m(m+ 1)
which is in fact the case. This example shows
that for m=l the equality holds; the in-
equality is consequently the most restrictive
one that can be deduced for angular momenta,
for we have here a case in which the ultimate
limit has (in principle) been reached.

H. P. RQBERTsoN
Palmer Physical Laboratory,
Princeton, N. J.,
June 18, 1929.

The Emission of Positive Ions from Metals

During an investigation of the critical
potentials in metallic vapors the writer ob-
served that considerable positive ion currents
were obtained when the metals were heated.
A study of these currents by positive ray
analysis has yielded the following results. Fe,
Ni, Cu, Zr, Pt, Pd give alkaline ions which
persist for a considerable time when the
metals are heated. The persistence in iron
was most apparent, as a sample of electrolytic
iron showed measurable potassium ion emis-
sion after having been heated for 200 hours
in a vacuum of 10 ' mm and at a temperature
of 850'C.
W, Mo, Ta, and Rh gave alkaline ions

initially but these disappeared after a few
minutes' heating. When the temperature of
the metals was increased to the point where
vaporization became appreciable, positive ion
emissions were again observed. The atomic
weights of these ions check within the limits
of error with the atomic weights of the re-
spective metals.
It is hoped to extend these results to other

metals as well as to study the emission as a
function of the temperature.

H. B.WAHLIN
University of Wisconsin,
June 24, 1929.



For any two operators, through the Cauchy-Schwarz inequality

The uncertainty relations

[x, p] = i~
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From the canonical commutation relation

It readily follows that 

�x�p � ~
2
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where

But we do not have a time operator!



The Mandelstam-Tamm Bound

Leonid Mandelstam

It was some 20 years before a conceptually solid interpretation was 
established

Igor Tamm



The Mandelstam-Tamm Bound

Consider some observable A which evolves according to the Liouville-
von Neumann equation
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@t
=

i

~ [H,A]
<latexit sha1_base64="0MAYqXVBwaD672iIn1km3MQkzIo=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwISWRgm6EVjddVrAPSEKZTCft0MkkzEyEEvIjbvwVNy4UceFG/BsnbUBtPTBwOOde7pzjx4xKZVlfRmlldW19o7xZ2dre2d0z9w+6MkoEJh0csUj0fSQJo5x0FFWM9GNBUOgz0vMnN7nfuydC0ojfqWlMvBCNOA0oRkpLA7PuBgLh1I2RUBQx2Mx+uMrgFZz7VMtjH4nMaZ01vYFZtWrWDHCZ2AWpggLtgfnhDiOchIQrzJCUjm3FykvzO5iRrOImksQIT9CIOJpyFBLppbN0GTzRyhAGkdCPKzhTf2+kKJRyGvp6MkRqLBe9XPzPcxIVXHop5XGiCMfzQ0Gic0cwrwoOqSBYsakmCAuq/wrxGOk6lC60okuwFyMvk+55zbZq9m292rgu6iiDI3AMToENLkADtEAbdAAGD+AJvIBX49F4Nt6M9/loySh2DsEfGJ/f1QqiVg==</latexit><latexit sha1_base64="0MAYqXVBwaD672iIn1km3MQkzIo=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwISWRgm6EVjddVrAPSEKZTCft0MkkzEyEEvIjbvwVNy4UceFG/BsnbUBtPTBwOOde7pzjx4xKZVlfRmlldW19o7xZ2dre2d0z9w+6MkoEJh0csUj0fSQJo5x0FFWM9GNBUOgz0vMnN7nfuydC0ojfqWlMvBCNOA0oRkpLA7PuBgLh1I2RUBQx2Mx+uMrgFZz7VMtjH4nMaZ01vYFZtWrWDHCZ2AWpggLtgfnhDiOchIQrzJCUjm3FykvzO5iRrOImksQIT9CIOJpyFBLppbN0GTzRyhAGkdCPKzhTf2+kKJRyGvp6MkRqLBe9XPzPcxIVXHop5XGiCMfzQ0Gic0cwrwoOqSBYsakmCAuq/wrxGOk6lC60okuwFyMvk+55zbZq9m292rgu6iiDI3AMToENLkADtEAbdAAGD+AJvIBX49F4Nt6M9/loySh2DsEfGJ/f1QqiVg==</latexit><latexit sha1_base64="0MAYqXVBwaD672iIn1km3MQkzIo=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwISWRgm6EVjddVrAPSEKZTCft0MkkzEyEEvIjbvwVNy4UceFG/BsnbUBtPTBwOOde7pzjx4xKZVlfRmlldW19o7xZ2dre2d0z9w+6MkoEJh0csUj0fSQJo5x0FFWM9GNBUOgz0vMnN7nfuydC0ojfqWlMvBCNOA0oRkpLA7PuBgLh1I2RUBQx2Mx+uMrgFZz7VMtjH4nMaZ01vYFZtWrWDHCZ2AWpggLtgfnhDiOchIQrzJCUjm3FykvzO5iRrOImksQIT9CIOJpyFBLppbN0GTzRyhAGkdCPKzhTf2+kKJRyGvp6MkRqLBe9XPzPcxIVXHop5XGiCMfzQ0Gic0cwrwoOqSBYsakmCAuq/wrxGOk6lC60okuwFyMvk+55zbZq9m292rgu6iiDI3AMToENLkADtEAbdAAGD+AJvIBX49F4Nt6M9/loySh2DsEfGJ/f1QqiVg==</latexit><latexit sha1_base64="0MAYqXVBwaD672iIn1km3MQkzIo=">AAACHXicbVDLSsNAFJ3UV62vqEs3g0VwISWRgm6EVjddVrAPSEKZTCft0MkkzEyEEvIjbvwVNy4UceFG/BsnbUBtPTBwOOde7pzjx4xKZVlfRmlldW19o7xZ2dre2d0z9w+6MkoEJh0csUj0fSQJo5x0FFWM9GNBUOgz0vMnN7nfuydC0ojfqWlMvBCNOA0oRkpLA7PuBgLh1I2RUBQx2Mx+uMrgFZz7VMtjH4nMaZ01vYFZtWrWDHCZ2AWpggLtgfnhDiOchIQrzJCUjm3FykvzO5iRrOImksQIT9CIOJpyFBLppbN0GTzRyhAGkdCPKzhTf2+kKJRyGvp6MkRqLBe9XPzPcxIVXHop5XGiCMfzQ0Gic0cwrwoOqSBYsakmCAuq/wrxGOk6lC60okuwFyMvk+55zbZq9m292rgu6iiDI3AMToENLkADtEAbdAAGD+AJvIBX49F4Nt6M9/loySh2DsEfGJ/f1QqiVg==</latexit>
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<latexit sha1_base64="rTDAoQ/gF4+Kh1O6PpldOYtnsbg="></latexit><latexit sha1_base64="rTDAoQ/gF4+Kh1O6PpldOYtnsbg="></latexit><latexit sha1_base64="rTDAoQ/gF4+Kh1O6PpldOYtnsbg="></latexit><latexit sha1_base64="rTDAoQ/gF4+Kh1O6PpldOYtnsbg="></latexit>

�A =
p

hA2i � hAi2 =
p

hAi � hAi2
<latexit sha1_base64="eo43byMC7rqnOtKiMKPRrwZNVCU=">AAACVXichVFNSwMxFMyu9at+rXr0EiyCF8tuEfQiWPXgUcFWoduWbPpag9nsmrwVytI/2Yv4T7wIph+KtoIDgWHmDS+ZRKkUBn3/zXEXCotLyyurxbX1jc0tb3unbpJMc6jxRCb6IWIGpFBQQ4ESHlINLI4k3EdPlyP//gW0EYm6w34KzZj1lOgKztBKbU+GVyCR0So9o6F51piHkqmeBFptVWioJ/yIfqtfWqsymI/8E2h7Jb/sj0HnSTAlJTLFTdsbhp2EZzEo5JIZ0wj8FJs50yi4hEExzAykjD+xHjQsVSwG08zHrQzogVU6tJtoexTSsfozkbPYmH4c2cmY4aOZ9UbiX14jw+5pMxcqzRAUnyzqZpJiQkcV047QwFH2LWFcC3tXyh+ZZhztRxRtCcHsk+dJvVIO/HJwe1w6v5jWsUL2yD45JAE5IefkmtyQGuFkSN4dx3GdV+fDLbhLk1HXmWZ2yS+4W59vX7Dj</latexit><latexit sha1_base64="eo43byMC7rqnOtKiMKPRrwZNVCU=">AAACVXichVFNSwMxFMyu9at+rXr0EiyCF8tuEfQiWPXgUcFWoduWbPpag9nsmrwVytI/2Yv4T7wIph+KtoIDgWHmDS+ZRKkUBn3/zXEXCotLyyurxbX1jc0tb3unbpJMc6jxRCb6IWIGpFBQQ4ESHlINLI4k3EdPlyP//gW0EYm6w34KzZj1lOgKztBKbU+GVyCR0So9o6F51piHkqmeBFptVWioJ/yIfqtfWqsymI/8E2h7Jb/sj0HnSTAlJTLFTdsbhp2EZzEo5JIZ0wj8FJs50yi4hEExzAykjD+xHjQsVSwG08zHrQzogVU6tJtoexTSsfozkbPYmH4c2cmY4aOZ9UbiX14jw+5pMxcqzRAUnyzqZpJiQkcV047QwFH2LWFcC3tXyh+ZZhztRxRtCcHsk+dJvVIO/HJwe1w6v5jWsUL2yD45JAE5IefkmtyQGuFkSN4dx3GdV+fDLbhLk1HXmWZ2yS+4W59vX7Dj</latexit><latexit sha1_base64="eo43byMC7rqnOtKiMKPRrwZNVCU=">AAACVXichVFNSwMxFMyu9at+rXr0EiyCF8tuEfQiWPXgUcFWoduWbPpag9nsmrwVytI/2Yv4T7wIph+KtoIDgWHmDS+ZRKkUBn3/zXEXCotLyyurxbX1jc0tb3unbpJMc6jxRCb6IWIGpFBQQ4ESHlINLI4k3EdPlyP//gW0EYm6w34KzZj1lOgKztBKbU+GVyCR0So9o6F51piHkqmeBFptVWioJ/yIfqtfWqsymI/8E2h7Jb/sj0HnSTAlJTLFTdsbhp2EZzEo5JIZ0wj8FJs50yi4hEExzAykjD+xHjQsVSwG08zHrQzogVU6tJtoexTSsfozkbPYmH4c2cmY4aOZ9UbiX14jw+5pMxcqzRAUnyzqZpJiQkcV047QwFH2LWFcC3tXyh+ZZhztRxRtCcHsk+dJvVIO/HJwe1w6v5jWsUL2yD45JAE5IefkmtyQGuFkSN4dx3GdV+fDLbhLk1HXmWZ2yS+4W59vX7Dj</latexit><latexit sha1_base64="eo43byMC7rqnOtKiMKPRrwZNVCU=">AAACVXichVFNSwMxFMyu9at+rXr0EiyCF8tuEfQiWPXgUcFWoduWbPpag9nsmrwVytI/2Yv4T7wIph+KtoIDgWHmDS+ZRKkUBn3/zXEXCotLyyurxbX1jc0tb3unbpJMc6jxRCb6IWIGpFBQQ4ESHlINLI4k3EdPlyP//gW0EYm6w34KzZj1lOgKztBKbU+GVyCR0So9o6F51piHkqmeBFptVWioJ/yIfqtfWqsymI/8E2h7Jb/sj0HnSTAlJTLFTdsbhp2EZzEo5JIZ0wj8FJs50yi4hEExzAykjD+xHjQsVSwG08zHrQzogVU6tJtoexTSsfozkbPYmH4c2cmY4aOZ9UbiX14jw+5pMxcqzRAUnyzqZpJiQkcV047QwFH2LWFcC3tXyh+ZZhztRxRtCcHsk+dJvVIO/HJwe1w6v5jWsUL2yD45JAE5IefkmtyQGuFkSN4dx3GdV+fDLbhLk1HXmWZ2yS+4W59vX7Dj</latexit>

A = | (0)ih (0)|
<latexit sha1_base64="lCaJFa7++O4byPQL3Pq/UEI88BQ=">AAACGXicbVDLSsNAFL3xWesr6tLNaBHqpiQi6EaounFZwT6gCWUynbRDJ5MwMxFK6W+48VfcuFDEpa78GydtBG09MHA451zu3BMknCntOF/WwuLS8spqYa24vrG5tW3v7DZUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQyuM795T6VisbjTw4T6Ee4JFjKCtZE6tnN54RlfIy9RrOwcI09i0eMUeQfI4zn9sbJgxy45FWcCNE/cnJQgR61jf3jdmKQRFZpwrFTbdRLtj7DUjHA6LnqpogkmA9yjbUMFjqjyR5PLxujIKF0UxtI8odFE/T0xwpFSwygwyQjrvpr1MvE/r53q8NwfMZGkmgoyXRSmHOkYZTWhLpOUaD40BBPJzF8R6WOJiTZlFk0J7uzJ86RxUnGdint7Wqpe5XUUYB8OoQwunEEVbqAGdSDwAE/wAq/Wo/VsvVnv0+iClc/swR9Yn98Q6J52</latexit><latexit sha1_base64="lCaJFa7++O4byPQL3Pq/UEI88BQ=">AAACGXicbVDLSsNAFL3xWesr6tLNaBHqpiQi6EaounFZwT6gCWUynbRDJ5MwMxFK6W+48VfcuFDEpa78GydtBG09MHA451zu3BMknCntOF/WwuLS8spqYa24vrG5tW3v7DZUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQyuM795T6VisbjTw4T6Ee4JFjKCtZE6tnN54RlfIy9RrOwcI09i0eMUeQfI4zn9sbJgxy45FWcCNE/cnJQgR61jf3jdmKQRFZpwrFTbdRLtj7DUjHA6LnqpogkmA9yjbUMFjqjyR5PLxujIKF0UxtI8odFE/T0xwpFSwygwyQjrvpr1MvE/r53q8NwfMZGkmgoyXRSmHOkYZTWhLpOUaD40BBPJzF8R6WOJiTZlFk0J7uzJ86RxUnGdint7Wqpe5XUUYB8OoQwunEEVbqAGdSDwAE/wAq/Wo/VsvVnv0+iClc/swR9Yn98Q6J52</latexit><latexit sha1_base64="lCaJFa7++O4byPQL3Pq/UEI88BQ=">AAACGXicbVDLSsNAFL3xWesr6tLNaBHqpiQi6EaounFZwT6gCWUynbRDJ5MwMxFK6W+48VfcuFDEpa78GydtBG09MHA451zu3BMknCntOF/WwuLS8spqYa24vrG5tW3v7DZUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQyuM795T6VisbjTw4T6Ee4JFjKCtZE6tnN54RlfIy9RrOwcI09i0eMUeQfI4zn9sbJgxy45FWcCNE/cnJQgR61jf3jdmKQRFZpwrFTbdRLtj7DUjHA6LnqpogkmA9yjbUMFjqjyR5PLxujIKF0UxtI8odFE/T0xwpFSwygwyQjrvpr1MvE/r53q8NwfMZGkmgoyXRSmHOkYZTWhLpOUaD40BBPJzF8R6WOJiTZlFk0J7uzJ86RxUnGdint7Wqpe5XUUYB8OoQwunEEVbqAGdSDwAE/wAq/Wo/VsvVnv0+iClc/swR9Yn98Q6J52</latexit><latexit sha1_base64="lCaJFa7++O4byPQL3Pq/UEI88BQ=">AAACGXicbVDLSsNAFL3xWesr6tLNaBHqpiQi6EaounFZwT6gCWUynbRDJ5MwMxFK6W+48VfcuFDEpa78GydtBG09MHA451zu3BMknCntOF/WwuLS8spqYa24vrG5tW3v7DZUnEpC6yTmsWwFWFHOBK1rpjltJZLiKOC0GQyuM795T6VisbjTw4T6Ee4JFjKCtZE6tnN54RlfIy9RrOwcI09i0eMUeQfI4zn9sbJgxy45FWcCNE/cnJQgR61jf3jdmKQRFZpwrFTbdRLtj7DUjHA6LnqpogkmA9yjbUMFjqjyR5PLxujIKF0UxtI8odFE/T0xwpFSwygwyQjrvpr1MvE/r53q8NwfMZGkmgoyXRSmHOkYZTWhLpOUaD40BBPJzF8R6WOJiTZlFk0J7uzJ86RxUnGdint7Wqpe5XUUYB8OoQwunEEVbqAGdSDwAE/wAq/Wo/VsvVnv0+iClc/swR9Yn98Q6J52</latexit>
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Robertson’s uncertainty relation tells us

If A is our initial state then

Robertson’s inequality can be “easily” integrated



The Mandelstam-Tamm Bound

From here we arrive at the first Quantum Speed Limit Time.
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<latexit sha1_base64="W04NN/9O79Z2LC5EvqZkWAnjLBQ="></latexit><latexit sha1_base64="W04NN/9O79Z2LC5EvqZkWAnjLBQ="></latexit><latexit sha1_base64="W04NN/9O79Z2LC5EvqZkWAnjLBQ="></latexit><latexit sha1_base64="W04NN/9O79Z2LC5EvqZkWAnjLBQ="></latexit>

h (0)| (⌧)i = 0
<latexit sha1_base64="zBR3Irpoj7WmsZv0GdVP+Y2seKo=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlBfuAzlAyaaYNzWSG5I5Qhv6EG3/FjQtF3Aru/BvTziy09UDg5JxzSe4JEsE1OM63tbS8srq2Xtoob25t7+zae/stHaeKsiaNRaw6AdFMcMmawEGwTqIYiQLB2sHoZuq3H5jSPJb3ME6YH5GB5CGnBIzUs089QeRAMOwlmledE+yZNOQ3D0hqBJUHrrDTsytOzZkBLxK3IBVUoNGzv7x+TNOISaCCaN11nQT8jCjgVLBJ2Us1SwgdkQHrGipJxLSfzbaa4GOj9HEYK3Mk4Jn6eyIjkdbjKDDJiMBQz3tT8T+vm0J46WdcJikwSfOHwlRgiPG0ItznilEQY0MIVdz8FdMhUYSCKbJsSnDnV14krbOa69Tcu/NK/bqoo4QO0RGqIhddoDq6RQ3URBQ9omf0it6sJ+vFerc+8uiSVcwcoD+wPn8Ae1edGQ==</latexit><latexit sha1_base64="zBR3Irpoj7WmsZv0GdVP+Y2seKo=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlBfuAzlAyaaYNzWSG5I5Qhv6EG3/FjQtF3Aru/BvTziy09UDg5JxzSe4JEsE1OM63tbS8srq2Xtoob25t7+zae/stHaeKsiaNRaw6AdFMcMmawEGwTqIYiQLB2sHoZuq3H5jSPJb3ME6YH5GB5CGnBIzUs089QeRAMOwlmledE+yZNOQ3D0hqBJUHrrDTsytOzZkBLxK3IBVUoNGzv7x+TNOISaCCaN11nQT8jCjgVLBJ2Us1SwgdkQHrGipJxLSfzbaa4GOj9HEYK3Mk4Jn6eyIjkdbjKDDJiMBQz3tT8T+vm0J46WdcJikwSfOHwlRgiPG0ItznilEQY0MIVdz8FdMhUYSCKbJsSnDnV14krbOa69Tcu/NK/bqoo4QO0RGqIhddoDq6RQ3URBQ9omf0it6sJ+vFerc+8uiSVcwcoD+wPn8Ae1edGQ==</latexit><latexit sha1_base64="zBR3Irpoj7WmsZv0GdVP+Y2seKo=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlBfuAzlAyaaYNzWSG5I5Qhv6EG3/FjQtF3Aru/BvTziy09UDg5JxzSe4JEsE1OM63tbS8srq2Xtoob25t7+zae/stHaeKsiaNRaw6AdFMcMmawEGwTqIYiQLB2sHoZuq3H5jSPJb3ME6YH5GB5CGnBIzUs089QeRAMOwlmledE+yZNOQ3D0hqBJUHrrDTsytOzZkBLxK3IBVUoNGzv7x+TNOISaCCaN11nQT8jCjgVLBJ2Us1SwgdkQHrGipJxLSfzbaa4GOj9HEYK3Mk4Jn6eyIjkdbjKDDJiMBQz3tT8T+vm0J46WdcJikwSfOHwlRgiPG0ItznilEQY0MIVdz8FdMhUYSCKbJsSnDnV14krbOa69Tcu/NK/bqoo4QO0RGqIhddoDq6RQ3URBQ9omf0it6sJ+vFerc+8uiSVcwcoD+wPn8Ae1edGQ==</latexit><latexit sha1_base64="zBR3Irpoj7WmsZv0GdVP+Y2seKo=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MZlBfuAzlAyaaYNzWSG5I5Qhv6EG3/FjQtF3Aru/BvTziy09UDg5JxzSe4JEsE1OM63tbS8srq2Xtoob25t7+zae/stHaeKsiaNRaw6AdFMcMmawEGwTqIYiQLB2sHoZuq3H5jSPJb3ME6YH5GB5CGnBIzUs089QeRAMOwlmledE+yZNOQ3D0hqBJUHrrDTsytOzZkBLxK3IBVUoNGzv7x+TNOISaCCaN11nQT8jCjgVLBJ2Us1SwgdkQHrGipJxLSfzbaa4GOj9HEYK3Mk4Jn6eyIjkdbjKDDJiMBQz3tT8T+vm0J46WdcJikwSfOHwlRgiPG0ItznilEQY0MIVdz8FdMhUYSCKbJsSnDnV14krbOa69Tcu/NK/bqoo4QO0RGqIhddoDq6RQ3URBQ9omf0it6sJ+vFerc+8uiSVcwcoD+wPn8Ae1edGQ==</latexit>
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Consider if we are interested in orthogonal states

It follows then

The QSL sets an intrinsic timescale for the dynamics to occur on



The Mandelstam-Tamm Bound

The relationship is clear for the simple example

The QSL sets an intrinsic timescale for the dynamics to occur on

| (0)i = 1p
2
(|0i+ |1i)

<latexit sha1_base64="WNdfv69ZrI6rPRLGzEUSMlkFPGo="></latexit><latexit sha1_base64="WNdfv69ZrI6rPRLGzEUSMlkFPGo="></latexit><latexit sha1_base64="WNdfv69ZrI6rPRLGzEUSMlkFPGo="></latexit><latexit sha1_base64="WNdfv69ZrI6rPRLGzEUSMlkFPGo="></latexit>

⌧ � ⌧QSL =
⇡

2

~
�H

<latexit sha1_base64="hPBJwM+CxPyWMkD7k7jvOAfRQQg="></latexit><latexit sha1_base64="hPBJwM+CxPyWMkD7k7jvOAfRQQg="></latexit><latexit sha1_base64="hPBJwM+CxPyWMkD7k7jvOAfRQQg="></latexit><latexit sha1_base64="hPBJwM+CxPyWMkD7k7jvOAfRQQg="></latexit>

H = ~!�z
<latexit sha1_base64="9evkSrrA/tBgXM4v7EoyJoLAiF8=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXoeilxwr2A5oQJttNunQ3CbsboZZe/CtePCji1Z/hzX/jts1BWx8MPN6bYWZemHGmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqzSXhLZIylPZDUFRzhLa0kxz2s0kBRFy2gmHt1O/80ClYmlyr0cZ9QXECYsYAW2kwD5qXHuDECT2UkFjwJ5isYDgMbCrTs2ZAS8TtyBVVKAZ2F9ePyW5oIkmHJTquU6m/TFIzQink4qXK5oBGUJMe4YmIKjyx7MHJvjUKH0cpdJUovFM/T0xBqHUSISmU4AeqEVvKv7n9XIdXfljlmS5pgmZL4pyjnWKp2ngPpOUaD4yBIhk5lZMBiCBaJNZxYTgLr68TNrnNdepuXcX1fpNEUcZHaMTdIZcdInqqIGaqIUImqBn9IrerCfrxXq3PuatJauYOUR/YH3+AO7Clfo=</latexit><latexit sha1_base64="9evkSrrA/tBgXM4v7EoyJoLAiF8=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXoeilxwr2A5oQJttNunQ3CbsboZZe/CtePCji1Z/hzX/jts1BWx8MPN6bYWZemHGmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqzSXhLZIylPZDUFRzhLa0kxz2s0kBRFy2gmHt1O/80ClYmlyr0cZ9QXECYsYAW2kwD5qXHuDECT2UkFjwJ5isYDgMbCrTs2ZAS8TtyBVVKAZ2F9ePyW5oIkmHJTquU6m/TFIzQink4qXK5oBGUJMe4YmIKjyx7MHJvjUKH0cpdJUovFM/T0xBqHUSISmU4AeqEVvKv7n9XIdXfljlmS5pgmZL4pyjnWKp2ngPpOUaD4yBIhk5lZMBiCBaJNZxYTgLr68TNrnNdepuXcX1fpNEUcZHaMTdIZcdInqqIGaqIUImqBn9IrerCfrxXq3PuatJauYOUR/YH3+AO7Clfo=</latexit><latexit sha1_base64="9evkSrrA/tBgXM4v7EoyJoLAiF8=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXoeilxwr2A5oQJttNunQ3CbsboZZe/CtePCji1Z/hzX/jts1BWx8MPN6bYWZemHGmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqzSXhLZIylPZDUFRzhLa0kxz2s0kBRFy2gmHt1O/80ClYmlyr0cZ9QXECYsYAW2kwD5qXHuDECT2UkFjwJ5isYDgMbCrTs2ZAS8TtyBVVKAZ2F9ePyW5oIkmHJTquU6m/TFIzQink4qXK5oBGUJMe4YmIKjyx7MHJvjUKH0cpdJUovFM/T0xBqHUSISmU4AeqEVvKv7n9XIdXfljlmS5pgmZL4pyjnWKp2ngPpOUaD4yBIhk5lZMBiCBaJNZxYTgLr68TNrnNdepuXcX1fpNEUcZHaMTdIZcdInqqIGaqIUImqBn9IrerCfrxXq3PuatJauYOUR/YH3+AO7Clfo=</latexit><latexit sha1_base64="9evkSrrA/tBgXM4v7EoyJoLAiF8=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXoeilxwr2A5oQJttNunQ3CbsboZZe/CtePCji1Z/hzX/jts1BWx8MPN6bYWZemHGmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqzSXhLZIylPZDUFRzhLa0kxz2s0kBRFy2gmHt1O/80ClYmlyr0cZ9QXECYsYAW2kwD5qXHuDECT2UkFjwJ5isYDgMbCrTs2ZAS8TtyBVVKAZ2F9ePyW5oIkmHJTquU6m/TFIzQink4qXK5oBGUJMe4YmIKjyx7MHJvjUKH0cpdJUovFM/T0xBqHUSISmU4AeqEVvKv7n9XIdXfljlmS5pgmZL4pyjnWKp2ngPpOUaD4yBIhk5lZMBiCBaJNZxYTgLr68TNrnNdepuXcX1fpNEUcZHaMTdIZcdInqqIGaqIUImqBn9IrerCfrxXq3PuatJauYOUR/YH3+AO7Clfo=</latexit>

�H = ~!
<latexit sha1_base64="v4gsf+URPqHj6U3RfVK0xpiKDjI=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQPIVdEfQiBPWQYwTzgGwIvZPeZMjsg5lZISwBf8WLB0W8+h3e/BsnyR40saChqOqmu8tPBFfacb6twsrq2vpGcbO0tb2zu2fvHzRVnEqGDRaLWLZ9UCh4hA3NtcB2IhFCX2DLH91O/dYjSsXj6EGPE+yGMIh4wBloI/XsI+8OhQZau/aGPkjqxSEOoGeXnYozA10mbk7KJEe9Z395/ZilIUaaCVCq4zqJ7mYgNWcCJyUvVZgAG8EAO4ZGEKLqZrPzJ/TUKH0axNJUpOlM/T2RQajUOPRNZwh6qBa9qfif10l1cNXNeJSkGiM2XxSkguqYTrOgfS6RaTE2BJjk5lbKhiCBaZNYyYTgLr68TJrnFdepuPcX5epNHkeRHJMTckZcckmqpEbqpEEYycgzeSVv1pP1Yr1bH/PWgpXPHJI/sD5/ABAqlOY=</latexit><latexit sha1_base64="v4gsf+URPqHj6U3RfVK0xpiKDjI=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQPIVdEfQiBPWQYwTzgGwIvZPeZMjsg5lZISwBf8WLB0W8+h3e/BsnyR40saChqOqmu8tPBFfacb6twsrq2vpGcbO0tb2zu2fvHzRVnEqGDRaLWLZ9UCh4hA3NtcB2IhFCX2DLH91O/dYjSsXj6EGPE+yGMIh4wBloI/XsI+8OhQZau/aGPkjqxSEOoGeXnYozA10mbk7KJEe9Z395/ZilIUaaCVCq4zqJ7mYgNWcCJyUvVZgAG8EAO4ZGEKLqZrPzJ/TUKH0axNJUpOlM/T2RQajUOPRNZwh6qBa9qfif10l1cNXNeJSkGiM2XxSkguqYTrOgfS6RaTE2BJjk5lbKhiCBaZNYyYTgLr68TJrnFdepuPcX5epNHkeRHJMTckZcckmqpEbqpEEYycgzeSVv1pP1Yr1bH/PWgpXPHJI/sD5/ABAqlOY=</latexit><latexit sha1_base64="v4gsf+URPqHj6U3RfVK0xpiKDjI=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQPIVdEfQiBPWQYwTzgGwIvZPeZMjsg5lZISwBf8WLB0W8+h3e/BsnyR40saChqOqmu8tPBFfacb6twsrq2vpGcbO0tb2zu2fvHzRVnEqGDRaLWLZ9UCh4hA3NtcB2IhFCX2DLH91O/dYjSsXj6EGPE+yGMIh4wBloI/XsI+8OhQZau/aGPkjqxSEOoGeXnYozA10mbk7KJEe9Z395/ZilIUaaCVCq4zqJ7mYgNWcCJyUvVZgAG8EAO4ZGEKLqZrPzJ/TUKH0axNJUpOlM/T2RQajUOPRNZwh6qBa9qfif10l1cNXNeJSkGiM2XxSkguqYTrOgfS6RaTE2BJjk5lbKhiCBaZNYyYTgLr68TJrnFdepuPcX5epNHkeRHJMTckZcckmqpEbqpEEYycgzeSVv1pP1Yr1bH/PWgpXPHJI/sD5/ABAqlOY=</latexit><latexit sha1_base64="v4gsf+URPqHj6U3RfVK0xpiKDjI=">AAAB/nicbVDLSgNBEJyNrxhfq+LJy2AQPIVdEfQiBPWQYwTzgGwIvZPeZMjsg5lZISwBf8WLB0W8+h3e/BsnyR40saChqOqmu8tPBFfacb6twsrq2vpGcbO0tb2zu2fvHzRVnEqGDRaLWLZ9UCh4hA3NtcB2IhFCX2DLH91O/dYjSsXj6EGPE+yGMIh4wBloI/XsI+8OhQZau/aGPkjqxSEOoGeXnYozA10mbk7KJEe9Z395/ZilIUaaCVCq4zqJ7mYgNWcCJyUvVZgAG8EAO4ZGEKLqZrPzJ/TUKH0axNJUpOlM/T2RQajUOPRNZwh6qBa9qfif10l1cNXNeJSkGiM2XxSkguqYTrOgfS6RaTE2BJjk5lbKhiCBaZNYyYTgLr68TJrnFdepuPcX5epNHkeRHJMTckZcckmqpEbqpEEYycgzeSVv1pP1Yr1bH/PWgpXPHJI/sD5/ABAqlOY=</latexit>
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! = 1
<latexit sha1_base64="i/MxeimiFm0Pqsy9AJR4I6WMYa4=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGQHGFvM0mW7O2eu3tCOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMixLBjfX9b6+wsrq2vlHcLG1t7+zulfcPmkalmmGDKaF0K6IGBZfYsNwKbCUaaRwJfIhGN1P/4Qm14Ure23GCYUwHkvc5o9ZJrY6KcUCvgm654lf9GcgyCXJSgRz1bvmr01MsjVFaJqgx7cBPbJhRbTkTOCl1UoMJZSM6wLajksZowmx274ScOKVH+kq7kpbM1N8TGY2NGceR64ypHZpFbyr+57VT278MMy6T1KJk80X9VBCryPR50uMamRVjRyjT3N1K2JBqyqyLqORCCBZfXibNs2rgV4O780rtOo+jCEdwDKcQwAXU4Bbq0AAGAp7hFd68R+/Fe/c+5q0FL585hD/wPn8Ahd2PnQ==</latexit><latexit sha1_base64="i/MxeimiFm0Pqsy9AJR4I6WMYa4=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGQHGFvM0mW7O2eu3tCOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMixLBjfX9b6+wsrq2vlHcLG1t7+zulfcPmkalmmGDKaF0K6IGBZfYsNwKbCUaaRwJfIhGN1P/4Qm14Ure23GCYUwHkvc5o9ZJrY6KcUCvgm654lf9GcgyCXJSgRz1bvmr01MsjVFaJqgx7cBPbJhRbTkTOCl1UoMJZSM6wLajksZowmx274ScOKVH+kq7kpbM1N8TGY2NGceR64ypHZpFbyr+57VT278MMy6T1KJk80X9VBCryPR50uMamRVjRyjT3N1K2JBqyqyLqORCCBZfXibNs2rgV4O780rtOo+jCEdwDKcQwAXU4Bbq0AAGAp7hFd68R+/Fe/c+5q0FL585hD/wPn8Ahd2PnQ==</latexit><latexit sha1_base64="i/MxeimiFm0Pqsy9AJR4I6WMYa4=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGQHGFvM0mW7O2eu3tCOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMixLBjfX9b6+wsrq2vlHcLG1t7+zulfcPmkalmmGDKaF0K6IGBZfYsNwKbCUaaRwJfIhGN1P/4Qm14Ure23GCYUwHkvc5o9ZJrY6KcUCvgm654lf9GcgyCXJSgRz1bvmr01MsjVFaJqgx7cBPbJhRbTkTOCl1UoMJZSM6wLajksZowmx274ScOKVH+kq7kpbM1N8TGY2NGceR64ypHZpFbyr+57VT278MMy6T1KJk80X9VBCryPR50uMamRVjRyjT3N1K2JBqyqyLqORCCBZfXibNs2rgV4O780rtOo+jCEdwDKcQwAXU4Bbq0AAGAp7hFd68R+/Fe/c+5q0FL585hD/wPn8Ahd2PnQ==</latexit><latexit sha1_base64="i/MxeimiFm0Pqsy9AJR4I6WMYa4=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGQHGFvM0mW7O2eu3tCOPInbCwUsfXv2Plv3CRXaOKDgcd7M8zMixLBjfX9b6+wsrq2vlHcLG1t7+zulfcPmkalmmGDKaF0K6IGBZfYsNwKbCUaaRwJfIhGN1P/4Qm14Ure23GCYUwHkvc5o9ZJrY6KcUCvgm654lf9GcgyCXJSgRz1bvmr01MsjVFaJqgx7cBPbJhRbTkTOCl1UoMJZSM6wLajksZowmx274ScOKVH+kq7kpbM1N8TGY2NGceR64ypHZpFbyr+57VT278MMy6T1KJk80X9VBCryPR50uMamRVjRyjT3N1K2JBqyqyLqORCCBZfXibNs2rgV4O780rtOo+jCEdwDKcQwAXU4Bbq0AAGAp7hFd68R+/Fe/c+5q0FL585hD/wPn8Ahd2PnQ==</latexit>

! = 0.5
<latexit sha1_base64="mGqKmbujLXSaD8rHZ9kYNdFC8Cs=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgadkVRS9C0IvHCOaByRJmJ51kyDyWmVkhLPkLLx4U8erfePNvnCR70MSChqKqm+6uOOHM2CD49gorq2vrG8XN0tb2zu5eef+gYVSqKdSp4kq3YmKAMwl1yyyHVqKBiJhDMx7dTv3mE2jDlHyw4wQiQQaS9Rkl1kmPHSVgQK4D/6JbrgR+MANeJmFOKihHrVv+6vQUTQVISzkxph0GiY0yoi2jHCalTmogIXREBtB2VBIBJspmF0/wiVN6uK+0K2nxTP09kRFhzFjErlMQOzSL3lT8z2untn8VZUwmqQVJ54v6KcdW4en7uMc0UMvHjhCqmbsV0yHRhFoXUsmFEC6+vEwaZ34Y+OH9eaV6k8dRREfoGJ2iEF2iKrpDNVRHFEn0jF7Rm2e8F+/d+5i3Frx85hD9gff5A2oskBM=</latexit><latexit sha1_base64="mGqKmbujLXSaD8rHZ9kYNdFC8Cs=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgadkVRS9C0IvHCOaByRJmJ51kyDyWmVkhLPkLLx4U8erfePNvnCR70MSChqKqm+6uOOHM2CD49gorq2vrG8XN0tb2zu5eef+gYVSqKdSp4kq3YmKAMwl1yyyHVqKBiJhDMx7dTv3mE2jDlHyw4wQiQQaS9Rkl1kmPHSVgQK4D/6JbrgR+MANeJmFOKihHrVv+6vQUTQVISzkxph0GiY0yoi2jHCalTmogIXREBtB2VBIBJspmF0/wiVN6uK+0K2nxTP09kRFhzFjErlMQOzSL3lT8z2untn8VZUwmqQVJ54v6KcdW4en7uMc0UMvHjhCqmbsV0yHRhFoXUsmFEC6+vEwaZ34Y+OH9eaV6k8dRREfoGJ2iEF2iKrpDNVRHFEn0jF7Rm2e8F+/d+5i3Frx85hD9gff5A2oskBM=</latexit><latexit sha1_base64="mGqKmbujLXSaD8rHZ9kYNdFC8Cs=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgadkVRS9C0IvHCOaByRJmJ51kyDyWmVkhLPkLLx4U8erfePNvnCR70MSChqKqm+6uOOHM2CD49gorq2vrG8XN0tb2zu5eef+gYVSqKdSp4kq3YmKAMwl1yyyHVqKBiJhDMx7dTv3mE2jDlHyw4wQiQQaS9Rkl1kmPHSVgQK4D/6JbrgR+MANeJmFOKihHrVv+6vQUTQVISzkxph0GiY0yoi2jHCalTmogIXREBtB2VBIBJspmF0/wiVN6uK+0K2nxTP09kRFhzFjErlMQOzSL3lT8z2untn8VZUwmqQVJ54v6KcdW4en7uMc0UMvHjhCqmbsV0yHRhFoXUsmFEC6+vEwaZ34Y+OH9eaV6k8dRREfoGJ2iEF2iKrpDNVRHFEn0jF7Rm2e8F+/d+5i3Frx85hD9gff5A2oskBM=</latexit><latexit sha1_base64="mGqKmbujLXSaD8rHZ9kYNdFC8Cs=">AAAB8XicbVDLSgNBEJyNrxhfUY9eBoPgadkVRS9C0IvHCOaByRJmJ51kyDyWmVkhLPkLLx4U8erfePNvnCR70MSChqKqm+6uOOHM2CD49gorq2vrG8XN0tb2zu5eef+gYVSqKdSp4kq3YmKAMwl1yyyHVqKBiJhDMx7dTv3mE2jDlHyw4wQiQQaS9Rkl1kmPHSVgQK4D/6JbrgR+MANeJmFOKihHrVv+6vQUTQVISzkxph0GiY0yoi2jHCalTmogIXREBtB2VBIBJspmF0/wiVN6uK+0K2nxTP09kRFhzFjErlMQOzSL3lT8z2untn8VZUwmqQVJ54v6KcdW4en7uMc0UMvHjhCqmbsV0yHRhFoXUsmFEC6+vEwaZ34Y+OH9eaV6k8dRREfoGJ2iEF2iKrpDNVRHFEn0jF7Rm2e8F+/d+5i3Frx85hD9gff5A2oskBM=</latexit>

! = 2
<latexit sha1_base64="hwyH0DIjHDcOXwiBLpVLr5oPN+U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQS9C0IvHCOYByRJmJ7PJkHmsM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dUcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy6hUE9okiivdibChnEnatMxy2kk0xSLitB2Nb2d++4lqw5R8sJOEhgIPJYsZwdZJnZ4SdIiva/1yxa/6c6BVEuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6bTUSw1NMBnjIe06KrGgJszm907RmVMGKFbalbRorv6eyLAwZiIi1ymwHZllbyb+53VTG1+FGZNJaqkki0VxypFVaPY8GjBNieUTRzDRzN2KyAhrTKyLqORCCJZfXiWtWjXwq8H9RaV+k8dRhBM4hXMI4BLqcAcNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+HYY+e</latexit><latexit sha1_base64="hwyH0DIjHDcOXwiBLpVLr5oPN+U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQS9C0IvHCOYByRJmJ7PJkHmsM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dUcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy6hUE9okiivdibChnEnatMxy2kk0xSLitB2Nb2d++4lqw5R8sJOEhgIPJYsZwdZJnZ4SdIiva/1yxa/6c6BVEuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6bTUSw1NMBnjIe06KrGgJszm907RmVMGKFbalbRorv6eyLAwZiIi1ymwHZllbyb+53VTG1+FGZNJaqkki0VxypFVaPY8GjBNieUTRzDRzN2KyAhrTKyLqORCCJZfXiWtWjXwq8H9RaV+k8dRhBM4hXMI4BLqcAcNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+HYY+e</latexit><latexit sha1_base64="hwyH0DIjHDcOXwiBLpVLr5oPN+U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQS9C0IvHCOYByRJmJ7PJkHmsM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dUcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy6hUE9okiivdibChnEnatMxy2kk0xSLitB2Nb2d++4lqw5R8sJOEhgIPJYsZwdZJnZ4SdIiva/1yxa/6c6BVEuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6bTUSw1NMBnjIe06KrGgJszm907RmVMGKFbalbRorv6eyLAwZiIi1ymwHZllbyb+53VTG1+FGZNJaqkki0VxypFVaPY8GjBNieUTRzDRzN2KyAhrTKyLqORCCJZfXiWtWjXwq8H9RaV+k8dRhBM4hXMI4BLqcAcNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+HYY+e</latexit><latexit sha1_base64="hwyH0DIjHDcOXwiBLpVLr5oPN+U=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGQS9C0IvHCOYByRJmJ7PJkHmsM7NCWPITXjwo4tXf8ebfOEn2oIkFDUVVN91dUcKZsb7/7RXW1jc2t4rbpZ3dvf2D8uFRy6hUE9okiivdibChnEnatMxy2kk0xSLitB2Nb2d++4lqw5R8sJOEhgIPJYsZwdZJnZ4SdIiva/1yxa/6c6BVEuSkAjka/fJXb6BIKqi0hGNjuoGf2DDD2jLC6bTUSw1NMBnjIe06KrGgJszm907RmVMGKFbalbRorv6eyLAwZiIi1ymwHZllbyb+53VTG1+FGZNJaqkki0VxypFVaPY8GjBNieUTRzDRzN2KyAhrTKyLqORCCJZfXiWtWjXwq8H9RaV+k8dRhBM4hXMI4BLqcAcNaAIBDs/wCm/eo/fivXsfi9aCl88cwx94nz+HYY+e</latexit>

The variance is simply
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Abstract 

We discuss the problem of counting the maximum number of distinct states that an isolated physical system can pass 
through in a given period of time - its maximum speed of dynamical evolution. Previous analyses have given bounds in terms 
of AE, the standard deviation of the energy of the system; here we give a strict bound that depends only on E - E0, the 
system's average energy minus its ground state energy. We also discuss bounds on information processing rates implied by 
our bound on the speed of dynamical evolution. For example, adding 1 J of energy to a given computer can never increase 
its processing rate by more than about 3 x 1033 operations per second. © 1998 Published by Elsevier Science B.V. All rights 
reserved. 

1. Introduct ion 

In the realm of computation, the first two quantita- 
tive questions that one is likely to ask about a machine 
are: (i) How much memory does it have? and (ii) How 
fast  does it run? In exploring the computational limits 
of physical dynamics, one might try to ask the same 
questions about an arbitrary physical system. 

Question (i) essentially asks, "How many distinct 
states can my system be put into, subject to what- 
ever physical constraints I have?" This is really a very 
old question: the correct counting of physical states 
is the problem that led to the introduction of Planck's  
constant into physics [17], and is the basis of all of 
quantum statistical mechanics. This question can be 
answered by a detailed quantum mechanical counting 
of  distinct (mutually orthogonal) states. It can also be 
well approximated in the macroscopic limit [9,21] by 

*Corresponding author. Supported by NSF grant DMS- 
9596217 and by DARPA contract DABT63-95-C-0130. 

simply computing the volume of phase space acces- 
sible to the system, in units where Planck's  constant 
is 1. 

Question (ii) will be the focus of  this paper. This 
question can be asked with various levels of sophis- 
tication. Here we will discuss a particularly simple 
measure of  speed: the maximum number of  distinct 
states that the system can pass through, per unit of 
time. For a classical computer, this would correspond 
to the maximum number of operations per second. 

For a quantum system, the notion of distinct states is 
well-defined: two states are distinct if they are orthogo- 
nal. The connection between orthogonality and rate of 
information processing has previously been discussed 
[3,4,7,10,12,13], but no universal bound on compu- 
tation rate was proposed. The minimum time needed 
for a quantum system to pass from one orthogonal 
state to another has also previously been characterized, 
in terms of the standard deviation of the energy A E  
[5,1 1,15,16,20]. This bound places no limit, however, 
on how fast a system with bounded average energy can 

0167-2789/98/$19.00 © 1998 Published by Elsevier Science B.V. All rights reserved. 
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Consider a system with Hamiltonian

| 0i =
X

n

cn|Eni
<latexit sha1_base64="qh0UY0I9ida0wE+yjmpntasennw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVRIVdCMURXBZwT6gCWEynbRDZyZhZiKU0A9x46+4caGIGxeCf+OkyUJbD1w4nHMuM/eECaNKO863VVlaXlldq67XNja3tnfs3b2OilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Ove7D0QqGot7PUmIz9FQ0IhipI0U2KeecTX0EkUDB3oSiSEj8BJ6KuWBgNhMkbjJWWEHdt1pODPAReKWpA5KtAL70xvEOOVEaMyQUn3XSbSfIakpZmRa81JFEoTHaEj6hgrEifKz2XFTeGSUAYxiaUZoOFN/b2SIKzXhoUlypEdq3svF/7x+qqMLP6MiSTURuHgoShnUMcybggMqCdZsYgjCkpq/QjxCEmFt+qyZEtz5kxdJ56ThOg337qzevCrrqIIDcAiOgQvOQRPcghZoAwwewTN4BW/Wk/VivVsfRbRilTv74A+srx8dXqDB</latexit><latexit sha1_base64="qh0UY0I9ida0wE+yjmpntasennw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVRIVdCMURXBZwT6gCWEynbRDZyZhZiKU0A9x46+4caGIGxeCf+OkyUJbD1w4nHMuM/eECaNKO863VVlaXlldq67XNja3tnfs3b2OilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Ove7D0QqGot7PUmIz9FQ0IhipI0U2KeecTX0EkUDB3oSiSEj8BJ6KuWBgNhMkbjJWWEHdt1pODPAReKWpA5KtAL70xvEOOVEaMyQUn3XSbSfIakpZmRa81JFEoTHaEj6hgrEifKz2XFTeGSUAYxiaUZoOFN/b2SIKzXhoUlypEdq3svF/7x+qqMLP6MiSTURuHgoShnUMcybggMqCdZsYgjCkpq/QjxCEmFt+qyZEtz5kxdJ56ThOg337qzevCrrqIIDcAiOgQvOQRPcghZoAwwewTN4BW/Wk/VivVsfRbRilTv74A+srx8dXqDB</latexit><latexit sha1_base64="qh0UY0I9ida0wE+yjmpntasennw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVRIVdCMURXBZwT6gCWEynbRDZyZhZiKU0A9x46+4caGIGxeCf+OkyUJbD1w4nHMuM/eECaNKO863VVlaXlldq67XNja3tnfs3b2OilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Ove7D0QqGot7PUmIz9FQ0IhipI0U2KeecTX0EkUDB3oSiSEj8BJ6KuWBgNhMkbjJWWEHdt1pODPAReKWpA5KtAL70xvEOOVEaMyQUn3XSbSfIakpZmRa81JFEoTHaEj6hgrEifKz2XFTeGSUAYxiaUZoOFN/b2SIKzXhoUlypEdq3svF/7x+qqMLP6MiSTURuHgoShnUMcybggMqCdZsYgjCkpq/QjxCEmFt+qyZEtz5kxdJ56ThOg337qzevCrrqIIDcAiOgQvOQRPcghZoAwwewTN4BW/Wk/VivVsfRbRilTv74A+srx8dXqDB</latexit><latexit sha1_base64="qh0UY0I9ida0wE+yjmpntasennw=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVRIVdCMURXBZwT6gCWEynbRDZyZhZiKU0A9x46+4caGIGxeCf+OkyUJbD1w4nHMuM/eECaNKO863VVlaXlldq67XNja3tnfs3b2OilOJSRvHLJa9ECnCqCBtTTUjvUQSxENGuuH4Ove7D0QqGot7PUmIz9FQ0IhipI0U2KeecTX0EkUDB3oSiSEj8BJ6KuWBgNhMkbjJWWEHdt1pODPAReKWpA5KtAL70xvEOOVEaMyQUn3XSbSfIakpZmRa81JFEoTHaEj6hgrEifKz2XFTeGSUAYxiaUZoOFN/b2SIKzXhoUlypEdq3svF/7x+qqMLP6MiSTURuHgoShnUMcybggMqCdZsYgjCkpq/QjxCEmFt+qyZEtz5kxdJ56ThOg337qzevCrrqIIDcAiOgQvOQRPcghZoAwwewTN4BW/Wk/VivVsfRbRilTv74A+srx8dXqDB</latexit>

| ti =
X

n

cn exp(�iEnt/~)|Eni
<latexit sha1_base64="6Uu3+GdfcpA2Y4nNNww1EB9j4u4="></latexit><latexit sha1_base64="6Uu3+GdfcpA2Y4nNNww1EB9j4u4="></latexit><latexit sha1_base64="6Uu3+GdfcpA2Y4nNNww1EB9j4u4="></latexit><latexit sha1_base64="6Uu3+GdfcpA2Y4nNNww1EB9j4u4="></latexit>

S(t) ⌘ h 0| ti =
X

n

|cn|2 exp(�iEnt/~)
<latexit sha1_base64="5j4OgDivISa7p+mRPBlJZ6K2JhM="></latexit><latexit sha1_base64="5j4OgDivISa7p+mRPBlJZ6K2JhM="></latexit><latexit sha1_base64="5j4OgDivISa7p+mRPBlJZ6K2JhM="></latexit><latexit sha1_base64="5j4OgDivISa7p+mRPBlJZ6K2JhM="></latexit>

<[S(t)] =
X

n

|cn|2 cos(�Ent/~)
<latexit sha1_base64="xtwthZ1jD4tqi6Hos28174EhDHM="></latexit><latexit sha1_base64="xtwthZ1jD4tqi6Hos28174EhDHM="></latexit><latexit sha1_base64="xtwthZ1jD4tqi6Hos28174EhDHM="></latexit><latexit sha1_base64="xtwthZ1jD4tqi6Hos28174EhDHM="></latexit>

H =
X

n

En|EnihEn|
<latexit sha1_base64="fl4Vev0+YeiT2ET/CF4lV4PEgRs=">AAACHXicbZDLSsNAFIYnXmu9RV26GS2Cq5JIQTdCUYQuK9gLNCFMppN26MwkzEyEEvoibnwVNy4UceFGfBunaUBtPXDg4//PYeb8YcKo0o7zZS0tr6yurZc2yptb2zu79t5+W8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdD31O/dEKhqLOz1OiM/RQNCIYqSNFNi1BryEnkp5IOCNac8MazhDicSAEe/IYzn8+IFdcapOXnAR3AIqoKhmYH94/RinnAiNGVKq5zqJ9jMkNcWMTMpeqkiC8AgNSM+gQJwoP8uvm8ATo/RhFEvTQsNc/b2RIa7UmIdmkiM9VPPeVPzP66U6uvAzKpJUE4FnD0UpgzqG06hgn0qCNRsbQFhS81eIh0girE2gZROCO3/yIrTPqq5TdW9rlfpVEUcJHIJjcApccA7qoAGaoAUweABP4AW8Wo/Ws/Vmvc9Gl6xi5wD8KevzG5gRoGc=</latexit><latexit sha1_base64="fl4Vev0+YeiT2ET/CF4lV4PEgRs=">AAACHXicbZDLSsNAFIYnXmu9RV26GS2Cq5JIQTdCUYQuK9gLNCFMppN26MwkzEyEEvoibnwVNy4UceFGfBunaUBtPXDg4//PYeb8YcKo0o7zZS0tr6yurZc2yptb2zu79t5+W8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdD31O/dEKhqLOz1OiM/RQNCIYqSNFNi1BryEnkp5IOCNac8MazhDicSAEe/IYzn8+IFdcapOXnAR3AIqoKhmYH94/RinnAiNGVKq5zqJ9jMkNcWMTMpeqkiC8AgNSM+gQJwoP8uvm8ATo/RhFEvTQsNc/b2RIa7UmIdmkiM9VPPeVPzP66U6uvAzKpJUE4FnD0UpgzqG06hgn0qCNRsbQFhS81eIh0girE2gZROCO3/yIrTPqq5TdW9rlfpVEUcJHIJjcApccA7qoAGaoAUweABP4AW8Wo/Ws/Vmvc9Gl6xi5wD8KevzG5gRoGc=</latexit><latexit sha1_base64="fl4Vev0+YeiT2ET/CF4lV4PEgRs=">AAACHXicbZDLSsNAFIYnXmu9RV26GS2Cq5JIQTdCUYQuK9gLNCFMppN26MwkzEyEEvoibnwVNy4UceFGfBunaUBtPXDg4//PYeb8YcKo0o7zZS0tr6yurZc2yptb2zu79t5+W8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdD31O/dEKhqLOz1OiM/RQNCIYqSNFNi1BryEnkp5IOCNac8MazhDicSAEe/IYzn8+IFdcapOXnAR3AIqoKhmYH94/RinnAiNGVKq5zqJ9jMkNcWMTMpeqkiC8AgNSM+gQJwoP8uvm8ATo/RhFEvTQsNc/b2RIa7UmIdmkiM9VPPeVPzP66U6uvAzKpJUE4FnD0UpgzqG06hgn0qCNRsbQFhS81eIh0girE2gZROCO3/yIrTPqq5TdW9rlfpVEUcJHIJjcApccA7qoAGaoAUweABP4AW8Wo/Ws/Vmvc9Gl6xi5wD8KevzG5gRoGc=</latexit><latexit sha1_base64="fl4Vev0+YeiT2ET/CF4lV4PEgRs=">AAACHXicbZDLSsNAFIYnXmu9RV26GS2Cq5JIQTdCUYQuK9gLNCFMppN26MwkzEyEEvoibnwVNy4UceFGfBunaUBtPXDg4//PYeb8YcKo0o7zZS0tr6yurZc2yptb2zu79t5+W8WpxKSFYxbLbogUYVSQlqaakW4iCeIhI51wdD31O/dEKhqLOz1OiM/RQNCIYqSNFNi1BryEnkp5IOCNac8MazhDicSAEe/IYzn8+IFdcapOXnAR3AIqoKhmYH94/RinnAiNGVKq5zqJ9jMkNcWMTMpeqkiC8AgNSM+gQJwoP8uvm8ATo/RhFEvTQsNc/b2RIa7UmIdmkiM9VPPeVPzP66U6uvAzKpJUE4FnD0UpgzqG06hgn0qCNRsbQFhS81eIh0girE2gZROCO3/yIrTPqq5TdW9rlfpVEUcJHIJjcApccA7qoAGaoAUweABP4AW8Wo/Ws/Vmvc9Gl6xi5wD8KevzG5gRoGc=</latexit>

Any state can then be written and evolves as

Now consider the overlap

Margolus+Levitin asked what is the smallest t such that S(t)=0 ?
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Some mathematical manoeuvres 
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hHi
<latexit sha1_base64="jfsEwc5ydOf/fMV020N4uSeXh0g=">AAAB+nicbZBNSwMxEIZn61etX60evQSL4KnsiqDHopceK9hWaJeSTWfb0Gx2SbJKqf0pXjwo4tVf4s1/Y7rdg7a+EHh4Z4aZvEEiuDau++0U1tY3NreK26Wd3b39g3LlsK3jVDFssVjE6j6gGgWX2DLcCLxPFNIoENgJxjfzeucBleaxvDOTBP2IDiUPOaPGWv1ypSeoHAokDdJTGfXLVbfmZiKr4OVQhVzNfvmrN4hZGqE0TFCtu56bGH9KleFM4KzUSzUmlI3pELsWJY1Q+9Ps9Bk5tc6AhLGyTxqSub8npjTSehIFtjOiZqSXa3Pzv1o3NeGVP+UySQ1KtlgUpoKYmMxzIAOukBkxsUCZ4vZWwkZUUWZsWiUbgrf85VVon9c8t+bdXlTr13kcRTiGEzgDDy6hDg1oQgsYPMIzvMKb8+S8OO/Ox6K14OQzR/BHzucPg+yTgQ==</latexit><latexit sha1_base64="jfsEwc5ydOf/fMV020N4uSeXh0g=">AAAB+nicbZBNSwMxEIZn61etX60evQSL4KnsiqDHopceK9hWaJeSTWfb0Gx2SbJKqf0pXjwo4tVf4s1/Y7rdg7a+EHh4Z4aZvEEiuDau++0U1tY3NreK26Wd3b39g3LlsK3jVDFssVjE6j6gGgWX2DLcCLxPFNIoENgJxjfzeucBleaxvDOTBP2IDiUPOaPGWv1ypSeoHAokDdJTGfXLVbfmZiKr4OVQhVzNfvmrN4hZGqE0TFCtu56bGH9KleFM4KzUSzUmlI3pELsWJY1Q+9Ps9Bk5tc6AhLGyTxqSub8npjTSehIFtjOiZqSXa3Pzv1o3NeGVP+UySQ1KtlgUpoKYmMxzIAOukBkxsUCZ4vZWwkZUUWZsWiUbgrf85VVon9c8t+bdXlTr13kcRTiGEzgDDy6hDg1oQgsYPMIzvMKb8+S8OO/Ox6K14OQzR/BHzucPg+yTgQ==</latexit><latexit sha1_base64="jfsEwc5ydOf/fMV020N4uSeXh0g=">AAAB+nicbZBNSwMxEIZn61etX60evQSL4KnsiqDHopceK9hWaJeSTWfb0Gx2SbJKqf0pXjwo4tVf4s1/Y7rdg7a+EHh4Z4aZvEEiuDau++0U1tY3NreK26Wd3b39g3LlsK3jVDFssVjE6j6gGgWX2DLcCLxPFNIoENgJxjfzeucBleaxvDOTBP2IDiUPOaPGWv1ypSeoHAokDdJTGfXLVbfmZiKr4OVQhVzNfvmrN4hZGqE0TFCtu56bGH9KleFM4KzUSzUmlI3pELsWJY1Q+9Ps9Bk5tc6AhLGyTxqSub8npjTSehIFtjOiZqSXa3Pzv1o3NeGVP+UySQ1KtlgUpoKYmMxzIAOukBkxsUCZ4vZWwkZUUWZsWiUbgrf85VVon9c8t+bdXlTr13kcRTiGEzgDDy6hDg1oQgsYPMIzvMKb8+S8OO/Ox6K14OQzR/BHzucPg+yTgQ==</latexit><latexit sha1_base64="jfsEwc5ydOf/fMV020N4uSeXh0g=">AAAB+nicbZBNSwMxEIZn61etX60evQSL4KnsiqDHopceK9hWaJeSTWfb0Gx2SbJKqf0pXjwo4tVf4s1/Y7rdg7a+EHh4Z4aZvEEiuDau++0U1tY3NreK26Wd3b39g3LlsK3jVDFssVjE6j6gGgWX2DLcCLxPFNIoENgJxjfzeucBleaxvDOTBP2IDiUPOaPGWv1ypSeoHAokDdJTGfXLVbfmZiKr4OVQhVzNfvmrN4hZGqE0TFCtu56bGH9KleFM4KzUSzUmlI3pELsWJY1Q+9Ps9Bk5tc6AhLGyTxqSub8npjTSehIFtjOiZqSXa3Pzv1o3NeGVP+UySQ1KtlgUpoKYmMxzIAOukBkxsUCZ4vZWwkZUUWZsWiUbgrf85VVon9c8t+bdXlTr13kcRTiGEzgDDy6hDg1oQgsYPMIzvMKb8+S8OO/Ox6K14OQzR/BHzucPg+yTgQ==</latexit>

<[S(t)] = =[S(t)] = 0
<latexit sha1_base64="oxI+36XjiQvqpIPW9zt9flaNpOA=">AAACBHicbVDLSgMxFM34rPU16rKbYBHqpsyIoBuh6EZ39dEHzAwlk2ba0CQzJBmhDF248VfcuFDErR/hzr8xbQfU1gMXTs65l9x7woRRpR3ny1pYXFpeWS2sFdc3Nre27Z3dpopTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4GLst+6JVDQWd3qYkICjnqARxUgbqWOX/BsCvduKPgzgGfSv+M/D6dhlp+pMAOeJm5MyyFHv2J9+N8YpJ0JjhpTyXCfRQYakppiRUdFPFUkQHqAe8QwViBMVZJMjRvDAKF0YxdKU0HCi/p7IEFdqyEPTyZHuq1lvLP7neamOToOMiiTVRODpR1HKoI7hOBHYpZJgzYaGICyp2RXiPpIIa5Nb0YTgzp48T5pHVdeputfH5dp5HkcBlMA+qAAXnIAauAR10AAYPIAn8AJerUfr2Xqz3qetC1Y+swf+wPr4BrKflOg=</latexit><latexit sha1_base64="oxI+36XjiQvqpIPW9zt9flaNpOA=">AAACBHicbVDLSgMxFM34rPU16rKbYBHqpsyIoBuh6EZ39dEHzAwlk2ba0CQzJBmhDF248VfcuFDErR/hzr8xbQfU1gMXTs65l9x7woRRpR3ny1pYXFpeWS2sFdc3Nre27Z3dpopTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4GLst+6JVDQWd3qYkICjnqARxUgbqWOX/BsCvduKPgzgGfSv+M/D6dhlp+pMAOeJm5MyyFHv2J9+N8YpJ0JjhpTyXCfRQYakppiRUdFPFUkQHqAe8QwViBMVZJMjRvDAKF0YxdKU0HCi/p7IEFdqyEPTyZHuq1lvLP7neamOToOMiiTVRODpR1HKoI7hOBHYpZJgzYaGICyp2RXiPpIIa5Nb0YTgzp48T5pHVdeputfH5dp5HkcBlMA+qAAXnIAauAR10AAYPIAn8AJerUfr2Xqz3qetC1Y+swf+wPr4BrKflOg=</latexit><latexit sha1_base64="oxI+36XjiQvqpIPW9zt9flaNpOA=">AAACBHicbVDLSgMxFM34rPU16rKbYBHqpsyIoBuh6EZ39dEHzAwlk2ba0CQzJBmhDF248VfcuFDErR/hzr8xbQfU1gMXTs65l9x7woRRpR3ny1pYXFpeWS2sFdc3Nre27Z3dpopTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4GLst+6JVDQWd3qYkICjnqARxUgbqWOX/BsCvduKPgzgGfSv+M/D6dhlp+pMAOeJm5MyyFHv2J9+N8YpJ0JjhpTyXCfRQYakppiRUdFPFUkQHqAe8QwViBMVZJMjRvDAKF0YxdKU0HCi/p7IEFdqyEPTyZHuq1lvLP7neamOToOMiiTVRODpR1HKoI7hOBHYpZJgzYaGICyp2RXiPpIIa5Nb0YTgzp48T5pHVdeputfH5dp5HkcBlMA+qAAXnIAauAR10AAYPIAn8AJerUfr2Xqz3qetC1Y+swf+wPr4BrKflOg=</latexit><latexit sha1_base64="oxI+36XjiQvqpIPW9zt9flaNpOA=">AAACBHicbVDLSgMxFM34rPU16rKbYBHqpsyIoBuh6EZ39dEHzAwlk2ba0CQzJBmhDF248VfcuFDErR/hzr8xbQfU1gMXTs65l9x7woRRpR3ny1pYXFpeWS2sFdc3Nre27Z3dpopTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4GLst+6JVDQWd3qYkICjnqARxUgbqWOX/BsCvduKPgzgGfSv+M/D6dhlp+pMAOeJm5MyyFHv2J9+N8YpJ0JjhpTyXCfRQYakppiRUdFPFUkQHqAe8QwViBMVZJMjRvDAKF0YxdKU0HCi/p7IEFdqyEPTyZHuq1lvLP7neamOToOMiiTVRODpR1HKoI7hOBHYpZJgzYaGICyp2RXiPpIIa5Nb0YTgzp48T5pHVdeputfH5dp5HkcBlMA+qAAXnIAauAR10AAYPIAn8AJerUfr2Xqz3qetC1Y+swf+wPr4BrKflOg=</latexit>

⌧ � ⌧QSL =
⇡

2

~
hHi

<latexit sha1_base64="pK5OxJxv5Ua286p5auXCsAMVS3Q="></latexit><latexit sha1_base64="pK5OxJxv5Ua286p5auXCsAMVS3Q="></latexit><latexit sha1_base64="pK5OxJxv5Ua286p5auXCsAMVS3Q="></latexit><latexit sha1_base64="pK5OxJxv5Ua286p5auXCsAMVS3Q="></latexit>

If we again restrict to evolving to orthogonal states then

And we achieve the second Quantum Speed Limit Time.
(Average energy above the ground state!)



M-T vs M-L

In our simple example there are no issues

In general though one will 
find that the variance and 
the average energy will 
be different!

| (0)i = 1p
2
(|0i+ |1i)

<latexit sha1_base64="WNdfv69ZrI6rPRLGzEUSMlkFPGo="></latexit><latexit sha1_base64="WNdfv69ZrI6rPRLGzEUSMlkFPGo="></latexit><latexit sha1_base64="WNdfv69ZrI6rPRLGzEUSMlkFPGo="></latexit><latexit sha1_base64="WNdfv69ZrI6rPRLGzEUSMlkFPGo="></latexit>

⌧ � ⌧QSL =
⇡

2

~
�H

<latexit sha1_base64="hPBJwM+CxPyWMkD7k7jvOAfRQQg="></latexit><latexit sha1_base64="hPBJwM+CxPyWMkD7k7jvOAfRQQg="></latexit><latexit sha1_base64="hPBJwM+CxPyWMkD7k7jvOAfRQQg="></latexit><latexit sha1_base64="hPBJwM+CxPyWMkD7k7jvOAfRQQg="></latexit>

H = ~!�z
<latexit sha1_base64="9evkSrrA/tBgXM4v7EoyJoLAiF8=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXoeilxwr2A5oQJttNunQ3CbsboZZe/CtePCji1Z/hzX/jts1BWx8MPN6bYWZemHGmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqzSXhLZIylPZDUFRzhLa0kxz2s0kBRFy2gmHt1O/80ClYmlyr0cZ9QXECYsYAW2kwD5qXHuDECT2UkFjwJ5isYDgMbCrTs2ZAS8TtyBVVKAZ2F9ePyW5oIkmHJTquU6m/TFIzQink4qXK5oBGUJMe4YmIKjyx7MHJvjUKH0cpdJUovFM/T0xBqHUSISmU4AeqEVvKv7n9XIdXfljlmS5pgmZL4pyjnWKp2ngPpOUaD4yBIhk5lZMBiCBaJNZxYTgLr68TNrnNdepuXcX1fpNEUcZHaMTdIZcdInqqIGaqIUImqBn9IrerCfrxXq3PuatJauYOUR/YH3+AO7Clfo=</latexit><latexit sha1_base64="9evkSrrA/tBgXM4v7EoyJoLAiF8=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXoeilxwr2A5oQJttNunQ3CbsboZZe/CtePCji1Z/hzX/jts1BWx8MPN6bYWZemHGmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqzSXhLZIylPZDUFRzhLa0kxz2s0kBRFy2gmHt1O/80ClYmlyr0cZ9QXECYsYAW2kwD5qXHuDECT2UkFjwJ5isYDgMbCrTs2ZAS8TtyBVVKAZ2F9ePyW5oIkmHJTquU6m/TFIzQink4qXK5oBGUJMe4YmIKjyx7MHJvjUKH0cpdJUovFM/T0xBqHUSISmU4AeqEVvKv7n9XIdXfljlmS5pgmZL4pyjnWKp2ngPpOUaD4yBIhk5lZMBiCBaJNZxYTgLr68TNrnNdepuXcX1fpNEUcZHaMTdIZcdInqqIGaqIUImqBn9IrerCfrxXq3PuatJauYOUR/YH3+AO7Clfo=</latexit><latexit sha1_base64="9evkSrrA/tBgXM4v7EoyJoLAiF8=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXoeilxwr2A5oQJttNunQ3CbsboZZe/CtePCji1Z/hzX/jts1BWx8MPN6bYWZemHGmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqzSXhLZIylPZDUFRzhLa0kxz2s0kBRFy2gmHt1O/80ClYmlyr0cZ9QXECYsYAW2kwD5qXHuDECT2UkFjwJ5isYDgMbCrTs2ZAS8TtyBVVKAZ2F9ePyW5oIkmHJTquU6m/TFIzQink4qXK5oBGUJMe4YmIKjyx7MHJvjUKH0cpdJUovFM/T0xBqHUSISmU4AeqEVvKv7n9XIdXfljlmS5pgmZL4pyjnWKp2ngPpOUaD4yBIhk5lZMBiCBaJNZxYTgLr68TNrnNdepuXcX1fpNEUcZHaMTdIZcdInqqIGaqIUImqBn9IrerCfrxXq3PuatJauYOUR/YH3+AO7Clfo=</latexit><latexit sha1_base64="9evkSrrA/tBgXM4v7EoyJoLAiF8=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKAXoeilxwr2A5oQJttNunQ3CbsboZZe/CtePCji1Z/hzX/jts1BWx8MPN6bYWZemHGmtON8W6WV1bX1jfJmZWt7Z3fP3j9oqzSXhLZIylPZDUFRzhLa0kxz2s0kBRFy2gmHt1O/80ClYmlyr0cZ9QXECYsYAW2kwD5qXHuDECT2UkFjwJ5isYDgMbCrTs2ZAS8TtyBVVKAZ2F9ePyW5oIkmHJTquU6m/TFIzQink4qXK5oBGUJMe4YmIKjyx7MHJvjUKH0cpdJUovFM/T0xBqHUSISmU4AeqEVvKv7n9XIdXfljlmS5pgmZL4pyjnWKp2ngPpOUaD4yBIhk5lZMBiCBaJNZxYTgLr68TNrnNdepuXcX1fpNEUcZHaMTdIZcdInqqIGaqIUImqBn9IrerCfrxXq3PuatJauYOUR/YH3+AO7Clfo=</latexit>

hHi = �H
<latexit sha1_base64="L8deu536TwS8Saqu8LALO223zOI=">AAACB3icbZDLSsNAFIYnXmu9RV0KMlgEVyURQTdCURddVrAXaEKZTE/aoZNJmJkIJXTnxldx40IRt76CO9/GaZqFtv4w8PGfc2bm/EHCmdKO820tLa+srq2XNsqbW9s7u/befkvFqaTQpDGPZScgCjgT0NRMc+gkEkgUcGgHo5tpvf0AUrFY3OtxAn5EBoKFjBJtrJ59lHmciAEHXMeezGmCr7B3C1wTXO/ZFafq5MKL4BZQQYUaPfvL68c0jUBoyolSXddJtJ8RqRk1V5e9VEFC6IgMoGtQkAiUn+V7TPCJcfo4jKU5QuPc/T2RkUipcRSYzojooZqvTc3/at1Uh5d+xkSSahB09lCYcqxjPA0F95kEqvnYAKGSmb9iOiSSUG2iK5sQ3PmVF6F1VnWdqnt3XqldF3GU0CE6RqfIRReohuqogZqIokf0jF7Rm/VkvVjv1sesdckqZg7QH1mfPxiomCY=</latexit><latexit sha1_base64="L8deu536TwS8Saqu8LALO223zOI=">AAACB3icbZDLSsNAFIYnXmu9RV0KMlgEVyURQTdCURddVrAXaEKZTE/aoZNJmJkIJXTnxldx40IRt76CO9/GaZqFtv4w8PGfc2bm/EHCmdKO820tLa+srq2XNsqbW9s7u/befkvFqaTQpDGPZScgCjgT0NRMc+gkEkgUcGgHo5tpvf0AUrFY3OtxAn5EBoKFjBJtrJ59lHmciAEHXMeezGmCr7B3C1wTXO/ZFafq5MKL4BZQQYUaPfvL68c0jUBoyolSXddJtJ8RqRk1V5e9VEFC6IgMoGtQkAiUn+V7TPCJcfo4jKU5QuPc/T2RkUipcRSYzojooZqvTc3/at1Uh5d+xkSSahB09lCYcqxjPA0F95kEqvnYAKGSmb9iOiSSUG2iK5sQ3PmVF6F1VnWdqnt3XqldF3GU0CE6RqfIRReohuqogZqIokf0jF7Rm/VkvVjv1sesdckqZg7QH1mfPxiomCY=</latexit><latexit sha1_base64="L8deu536TwS8Saqu8LALO223zOI=">AAACB3icbZDLSsNAFIYnXmu9RV0KMlgEVyURQTdCURddVrAXaEKZTE/aoZNJmJkIJXTnxldx40IRt76CO9/GaZqFtv4w8PGfc2bm/EHCmdKO820tLa+srq2XNsqbW9s7u/befkvFqaTQpDGPZScgCjgT0NRMc+gkEkgUcGgHo5tpvf0AUrFY3OtxAn5EBoKFjBJtrJ59lHmciAEHXMeezGmCr7B3C1wTXO/ZFafq5MKL4BZQQYUaPfvL68c0jUBoyolSXddJtJ8RqRk1V5e9VEFC6IgMoGtQkAiUn+V7TPCJcfo4jKU5QuPc/T2RkUipcRSYzojooZqvTc3/at1Uh5d+xkSSahB09lCYcqxjPA0F95kEqvnYAKGSmb9iOiSSUG2iK5sQ3PmVF6F1VnWdqnt3XqldF3GU0CE6RqfIRReohuqogZqIokf0jF7Rm/VkvVjv1sesdckqZg7QH1mfPxiomCY=</latexit><latexit sha1_base64="L8deu536TwS8Saqu8LALO223zOI=">AAACB3icbZDLSsNAFIYnXmu9RV0KMlgEVyURQTdCURddVrAXaEKZTE/aoZNJmJkIJXTnxldx40IRt76CO9/GaZqFtv4w8PGfc2bm/EHCmdKO820tLa+srq2XNsqbW9s7u/befkvFqaTQpDGPZScgCjgT0NRMc+gkEkgUcGgHo5tpvf0AUrFY3OtxAn5EBoKFjBJtrJ59lHmciAEHXMeezGmCr7B3C1wTXO/ZFafq5MKL4BZQQYUaPfvL68c0jUBoyolSXddJtJ8RqRk1V5e9VEFC6IgMoGtQkAiUn+V7TPCJcfo4jKU5QuPc/T2RkUipcRSYzojooZqvTc3/at1Uh5d+xkSSahB09lCYcqxjPA0F95kEqvnYAKGSmb9iOiSSUG2iK5sQ3PmVF6F1VnWdqnt3XqldF3GU0CE6RqfIRReohuqogZqIokf0jF7Rm/VkvVjv1sesdckqZg7QH1mfPxiomCY=</latexit>

⌧MT
QSL = ⌧ML

QSL
<latexit sha1_base64="TQtppg5DoIm3ES+Tsh4L7VtlJE4=">AAACHnicdZDLSgMxFIYz9VbrbdSlm2ARXJUZUXQjFN24qNBib9AZSyZN29DMheSMWIZ5Eje+ihsXigiu9G1MLwtt9UDg4//P4eT8XiS4Asv6MjILi0vLK9nV3Nr6xuaWub1TV2EsKavRUISy6RHFBA9YDTgI1owkI74nWMMbXI78xh2TiodBFYYRc33SC3iXUwJaapsnDpC47QC7h6RyU0pvJ3hdTfE5/scrpW0zbxWsceF5sKeQR9Mqt80PpxPS2GcBUEGUatlWBG5CJHAqWJpzYsUiQgekx1oaA+Iz5Sbj81J8oJUO7oZSvwDwWP05kRBfqaHv6U6fQF/NeiPxL68VQ/fMTXgQxcACOlnUjQWGEI+ywh0uGQUx1ECo5PqvmPaJJBR0ojkdgj178jzUjwq2VbArx/nixTSOLNpD++gQ2egUFdEVKqMaougBPaEX9Go8Gs/Gm/E+ac0Y05ld9KuMz2/IGaN+</latexit><latexit sha1_base64="TQtppg5DoIm3ES+Tsh4L7VtlJE4=">AAACHnicdZDLSgMxFIYz9VbrbdSlm2ARXJUZUXQjFN24qNBib9AZSyZN29DMheSMWIZ5Eje+ihsXigiu9G1MLwtt9UDg4//P4eT8XiS4Asv6MjILi0vLK9nV3Nr6xuaWub1TV2EsKavRUISy6RHFBA9YDTgI1owkI74nWMMbXI78xh2TiodBFYYRc33SC3iXUwJaapsnDpC47QC7h6RyU0pvJ3hdTfE5/scrpW0zbxWsceF5sKeQR9Mqt80PpxPS2GcBUEGUatlWBG5CJHAqWJpzYsUiQgekx1oaA+Iz5Sbj81J8oJUO7oZSvwDwWP05kRBfqaHv6U6fQF/NeiPxL68VQ/fMTXgQxcACOlnUjQWGEI+ywh0uGQUx1ECo5PqvmPaJJBR0ojkdgj178jzUjwq2VbArx/nixTSOLNpD++gQ2egUFdEVKqMaougBPaEX9Go8Gs/Gm/E+ac0Y05ld9KuMz2/IGaN+</latexit><latexit sha1_base64="TQtppg5DoIm3ES+Tsh4L7VtlJE4=">AAACHnicdZDLSgMxFIYz9VbrbdSlm2ARXJUZUXQjFN24qNBib9AZSyZN29DMheSMWIZ5Eje+ihsXigiu9G1MLwtt9UDg4//P4eT8XiS4Asv6MjILi0vLK9nV3Nr6xuaWub1TV2EsKavRUISy6RHFBA9YDTgI1owkI74nWMMbXI78xh2TiodBFYYRc33SC3iXUwJaapsnDpC47QC7h6RyU0pvJ3hdTfE5/scrpW0zbxWsceF5sKeQR9Mqt80PpxPS2GcBUEGUatlWBG5CJHAqWJpzYsUiQgekx1oaA+Iz5Sbj81J8oJUO7oZSvwDwWP05kRBfqaHv6U6fQF/NeiPxL68VQ/fMTXgQxcACOlnUjQWGEI+ywh0uGQUx1ECo5PqvmPaJJBR0ojkdgj178jzUjwq2VbArx/nixTSOLNpD++gQ2egUFdEVKqMaougBPaEX9Go8Gs/Gm/E+ac0Y05ld9KuMz2/IGaN+</latexit><latexit sha1_base64="TQtppg5DoIm3ES+Tsh4L7VtlJE4=">AAACHnicdZDLSgMxFIYz9VbrbdSlm2ARXJUZUXQjFN24qNBib9AZSyZN29DMheSMWIZ5Eje+ihsXigiu9G1MLwtt9UDg4//P4eT8XiS4Asv6MjILi0vLK9nV3Nr6xuaWub1TV2EsKavRUISy6RHFBA9YDTgI1owkI74nWMMbXI78xh2TiodBFYYRc33SC3iXUwJaapsnDpC47QC7h6RyU0pvJ3hdTfE5/scrpW0zbxWsceF5sKeQR9Mqt80PpxPS2GcBUEGUatlWBG5CJHAqWJpzYsUiQgekx1oaA+Iz5Sbj81J8oJUO7oZSvwDwWP05kRBfqaHv6U6fQF/NeiPxL68VQ/fMTXgQxcACOlnUjQWGEI+ywh0uGQUx1ECo5PqvmPaJJBR0ojkdgj178jzUjwq2VbArx/nixTSOLNpD++gQ2egUFdEVKqMaougBPaEX9Go8Gs/Gm/E+ac0Y05ld9KuMz2/IGaN+</latexit>
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But how can we have two seemingly independent bounds based on two 
different physical properties of the same quantum state?

and

=)
<latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit>



The Unified Bound

It became generally assumed that the minimal time was given by
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As stated by Levitin+Toffoli

The Unified Bound
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What states actually achieve the bound(s)?

We see both bounds are 
identical and achievable

L+T show that the unified 
bound is asymptotically 
attainable and therefore tight

| i = 1p
2
(|E0i+ |E1i)
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The Unified Bound

Following a similar approach to M-L they establish the M-T bound

Notice that this does not explicitly involve any uncertainty relation 
argument
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