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Extending QSLs

So far we have focussed mostly on the so-called “minimal time 
approach”

One can equivalently ask what is the maximal speed a given evolution 
can attain

what is the shortest time I can achieve some process 

This is the basic starting point of applying a purely geometric approach to 
quantum speed limits

In general, we are interested in dynamics governed by a master equation

⇢̇t = L(⇢t)
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Defining a geometric quantum speed

We need a notion of distance in our state space
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v ⌘ ˙̀( 0, t)  | ˙̀( 0, t)|  vQSL
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⌧QSL ⌘ ⌧R ⌧
0 dt vQSL
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The speed and the QSL time characterise the dynamics and geometry of 
the dynamics

The interpretation of            is still not entirely clear⌧QSL
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The shortest path connecting PURE states



Quantum speed for mixed states

The ‘correct’ statistical distance for mixed states is the Bures angle

L(⇢1, ⇢2) = arccos
p

F (⇢1, ⇢2)
<latexit sha1_base64="w4gG9/+kZA0Uaobf457NmF/LbxQ=">AAACJXicbVDNS8MwHE3n15xfVY9egkOYIKMdgh4UhoJ48DDBfcBaRpplW1ja1CQVRuk/48V/xYsHhwie/FdMux5080HI473fj+Q9L2RUKsv6MgpLyyura8X10sbm1vaOubvXkjwSmDQxZ1x0PCQJowFpKqoY6YSCIN9jpO2Nr1O//USEpDx4UJOQuD4aBnRAMVJa6pkXjo/UCCMW3yUVR4x4zz6B2V07vnSQwJhL6MhHoeKbeT/pmWWramWAi8TOSRnkaPTMqdPnOPJJoDBDUnZtK1RujISimJGk5ESShAiP0ZB0NQ2QT6QbZykTeKSVPhxwoU+gYKb+3oiRL+XE9/RkmknOe6n4n9eN1ODcjWkQRooEePbQIGJQcZhWBvtUEKzYRBOEBdV/hXiEBMJKF1vSJdjzkRdJq1a1rap9f1quX+V1FMEBOAQVYIMzUAe3oAGaAINn8ArewdR4Md6MD+NzNlow8p198AfG9w/Dc6Ql</latexit><latexit sha1_base64="w4gG9/+kZA0Uaobf457NmF/LbxQ=">AAACJXicbVDNS8MwHE3n15xfVY9egkOYIKMdgh4UhoJ48DDBfcBaRpplW1ja1CQVRuk/48V/xYsHhwie/FdMux5080HI473fj+Q9L2RUKsv6MgpLyyura8X10sbm1vaOubvXkjwSmDQxZ1x0PCQJowFpKqoY6YSCIN9jpO2Nr1O//USEpDx4UJOQuD4aBnRAMVJa6pkXjo/UCCMW3yUVR4x4zz6B2V07vnSQwJhL6MhHoeKbeT/pmWWramWAi8TOSRnkaPTMqdPnOPJJoDBDUnZtK1RujISimJGk5ESShAiP0ZB0NQ2QT6QbZykTeKSVPhxwoU+gYKb+3oiRL+XE9/RkmknOe6n4n9eN1ODcjWkQRooEePbQIGJQcZhWBvtUEKzYRBOEBdV/hXiEBMJKF1vSJdjzkRdJq1a1rap9f1quX+V1FMEBOAQVYIMzUAe3oAGaAINn8ArewdR4Md6MD+NzNlow8p198AfG9w/Dc6Ql</latexit><latexit sha1_base64="w4gG9/+kZA0Uaobf457NmF/LbxQ=">AAACJXicbVDNS8MwHE3n15xfVY9egkOYIKMdgh4UhoJ48DDBfcBaRpplW1ja1CQVRuk/48V/xYsHhwie/FdMux5080HI473fj+Q9L2RUKsv6MgpLyyura8X10sbm1vaOubvXkjwSmDQxZ1x0PCQJowFpKqoY6YSCIN9jpO2Nr1O//USEpDx4UJOQuD4aBnRAMVJa6pkXjo/UCCMW3yUVR4x4zz6B2V07vnSQwJhL6MhHoeKbeT/pmWWramWAi8TOSRnkaPTMqdPnOPJJoDBDUnZtK1RujISimJGk5ESShAiP0ZB0NQ2QT6QbZykTeKSVPhxwoU+gYKb+3oiRL+XE9/RkmknOe6n4n9eN1ODcjWkQRooEePbQIGJQcZhWBvtUEKzYRBOEBdV/hXiEBMJKF1vSJdjzkRdJq1a1rap9f1quX+V1FMEBOAQVYIMzUAe3oAGaAINn8ArewdR4Md6MD+NzNlow8p198AfG9w/Dc6Ql</latexit><latexit sha1_base64="w4gG9/+kZA0Uaobf457NmF/LbxQ=">AAACJXicbVDNS8MwHE3n15xfVY9egkOYIKMdgh4UhoJ48DDBfcBaRpplW1ja1CQVRuk/48V/xYsHhwie/FdMux5080HI473fj+Q9L2RUKsv6MgpLyyura8X10sbm1vaOubvXkjwSmDQxZ1x0PCQJowFpKqoY6YSCIN9jpO2Nr1O//USEpDx4UJOQuD4aBnRAMVJa6pkXjo/UCCMW3yUVR4x4zz6B2V07vnSQwJhL6MhHoeKbeT/pmWWramWAi8TOSRnkaPTMqdPnOPJJoDBDUnZtK1RujISimJGk5ESShAiP0ZB0NQ2QT6QbZykTeKSVPhxwoU+gYKb+3oiRL+XE9/RkmknOe6n4n9eN1ODcjWkQRooEePbQIGJQcZhWBvtUEKzYRBOEBdV/hXiEBMJKF1vSJdjzkRdJq1a1rap9f1quX+V1FMEBOAQVYIMzUAe3oAGaAINn8ArewdR4Md6MD+NzNlow8p198AfG9w/Dc6Ql</latexit>

F (⇢1, ⇢2) =


tr
qp

⇢1⇢2
p
⇢1

�2

<latexit sha1_base64="8LOVuwiI3kz0g5V6TiNwnLFKrzk="></latexit><latexit sha1_base64="8LOVuwiI3kz0g5V6TiNwnLFKrzk="></latexit><latexit sha1_base64="8LOVuwiI3kz0g5V6TiNwnLFKrzk="></latexit><latexit sha1_base64="8LOVuwiI3kz0g5V6TiNwnLFKrzk="></latexit>

⇢1
<latexit sha1_base64="+NwvBD2Q/gjrhu/kLbFbjHJkhf4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNrh6pXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPR3qO6w==</latexit><latexit sha1_base64="+NwvBD2Q/gjrhu/kLbFbjHJkhf4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNrh6pXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPR3qO6w==</latexit><latexit sha1_base64="+NwvBD2Q/gjrhu/kLbFbjHJkhf4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNrh6pXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPR3qO6w==</latexit><latexit sha1_base64="+NwvBD2Q/gjrhu/kLbFbjHJkhf4=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOOsmY2ZllZlYIS/7BiwdFvPo/3vwbJ8keNLGgoajqprsrSgQ31ve/vcLa+sbmVnG7tLO7t39QPjxqGpVqhg2mhNLtiBoUXGLDciuwnWikcSSwFY1vZ37rCbXhSj7YSYJhTIeSDzij1knNrh6pXtArV/yqPwdZJUFOKpCj3it/dfuKpTFKywQ1phP4iQ0zqi1nAqelbmowoWxMh9hxVNIYTZjNr52SM6f0yUBpV9KSufp7IqOxMZM4cp0xtSOz7M3E/7xOagfXYcZlklqUbLFokApiFZm9TvpcI7Ni4ghlmrtbCRtRTZl1AZVcCMHyy6ukeVEN/Gpwf1mp3eRxFOEETuEcAriCGtxBHRrA4BGe4RXePOW9eO/ex6K14OUzx/AH3ucPR3qO6w==</latexit>

⇢2
<latexit sha1_base64="gyoN97eb5fYA0IqtTS+fm4vkoL4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTPUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPSP6O7A==</latexit><latexit sha1_base64="gyoN97eb5fYA0IqtTS+fm4vkoL4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTPUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPSP6O7A==</latexit><latexit sha1_base64="gyoN97eb5fYA0IqtTS+fm4vkoL4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTPUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPSP6O7A==</latexit><latexit sha1_base64="gyoN97eb5fYA0IqtTS+fm4vkoL4=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6DHoxWME84BkCbOT2WTM7Mwy0yuEkH/w4kERr/6PN//GSbIHTSxoKKq66e6KUiks+v63t7a+sbm1Xdgp7u7tHxyWjo6bVmeG8QbTUpt2RC2XQvEGCpS8nRpOk0jyVjS6nfmtJ26s0OoBxykPEzpQIhaMopOaXTPUvWqvVPYr/hxklQQ5KUOOeq/01e1rliVcIZPU2k7gpxhOqEHBJJ8Wu5nlKWUjOuAdRxVNuA0n82un5NwpfRJr40ohmau/JyY0sXacRK4zoTi0y95M/M/rZBhfhxOh0gy5YotFcSYJajJ7nfSF4Qzl2BHKjHC3EjakhjJ0ARVdCMHyy6ukWa0EfiW4vyzXbvI4CnAKZ3ABAVxBDe6gDg1g8AjP8ApvnvZevHfvY9G65uUzJ/AH3ucPSP6O7A==</latexit>

v ⌘ L̇(⇢0, ⇢t)
<latexit sha1_base64="3svmAa53BR2AXhMC08NpJfuvMmo=">AAACEnicbVA7SwNBEN6LrxhfUUubxSAkIOFOBC2DNhYWEcwDcsext9lLluzdnrtzgXDkN9j4V2wsFLG1svPfuHkUmjiwzMf3zczOfEEiuAbb/rZyK6tr6xv5zcLW9s7uXnH/oKllqihrUCmkagdEM8Fj1gAOgrUTxUgUCNYKBtcTvTVkSnMZ38MoYV5EejEPOSVgKL9YGWKXPaTcpK6EzI0I9CkR2e14XHZVX/r26TRBxS+W7Ko9DbwMnDkooXnU/eKXGUnTiMVABdG649gJeBlRwKlg44KbapYQOiA91jEwJhHTXjY9aYxPDNPFoVTmxYCn7O+OjERaj6LAVE5W1ovahPxP66QQXnoZj5MUWExnH4WpwCDxxB/c5YpRECMDCFXc7IppnyhCwbhYMCY4iycvg+ZZ1bGrzt15qXY1tyOPjtAxKiMHXaAaukF11EAUPaJn9IrerCfrxXq3PmalOWvec4j+hPX5AyXknb8=</latexit><latexit sha1_base64="3svmAa53BR2AXhMC08NpJfuvMmo=">AAACEnicbVA7SwNBEN6LrxhfUUubxSAkIOFOBC2DNhYWEcwDcsext9lLluzdnrtzgXDkN9j4V2wsFLG1svPfuHkUmjiwzMf3zczOfEEiuAbb/rZyK6tr6xv5zcLW9s7uXnH/oKllqihrUCmkagdEM8Fj1gAOgrUTxUgUCNYKBtcTvTVkSnMZ38MoYV5EejEPOSVgKL9YGWKXPaTcpK6EzI0I9CkR2e14XHZVX/r26TRBxS+W7Ko9DbwMnDkooXnU/eKXGUnTiMVABdG649gJeBlRwKlg44KbapYQOiA91jEwJhHTXjY9aYxPDNPFoVTmxYCn7O+OjERaj6LAVE5W1ovahPxP66QQXnoZj5MUWExnH4WpwCDxxB/c5YpRECMDCFXc7IppnyhCwbhYMCY4iycvg+ZZ1bGrzt15qXY1tyOPjtAxKiMHXaAaukF11EAUPaJn9IrerCfrxXq3PmalOWvec4j+hPX5AyXknb8=</latexit><latexit sha1_base64="3svmAa53BR2AXhMC08NpJfuvMmo=">AAACEnicbVA7SwNBEN6LrxhfUUubxSAkIOFOBC2DNhYWEcwDcsext9lLluzdnrtzgXDkN9j4V2wsFLG1svPfuHkUmjiwzMf3zczOfEEiuAbb/rZyK6tr6xv5zcLW9s7uXnH/oKllqihrUCmkagdEM8Fj1gAOgrUTxUgUCNYKBtcTvTVkSnMZ38MoYV5EejEPOSVgKL9YGWKXPaTcpK6EzI0I9CkR2e14XHZVX/r26TRBxS+W7Ko9DbwMnDkooXnU/eKXGUnTiMVABdG649gJeBlRwKlg44KbapYQOiA91jEwJhHTXjY9aYxPDNPFoVTmxYCn7O+OjERaj6LAVE5W1ovahPxP66QQXnoZj5MUWExnH4WpwCDxxB/c5YpRECMDCFXc7IppnyhCwbhYMCY4iycvg+ZZ1bGrzt15qXY1tyOPjtAxKiMHXaAaukF11EAUPaJn9IrerCfrxXq3PmalOWvec4j+hPX5AyXknb8=</latexit><latexit sha1_base64="3svmAa53BR2AXhMC08NpJfuvMmo=">AAACEnicbVA7SwNBEN6LrxhfUUubxSAkIOFOBC2DNhYWEcwDcsext9lLluzdnrtzgXDkN9j4V2wsFLG1svPfuHkUmjiwzMf3zczOfEEiuAbb/rZyK6tr6xv5zcLW9s7uXnH/oKllqihrUCmkagdEM8Fj1gAOgrUTxUgUCNYKBtcTvTVkSnMZ38MoYV5EejEPOSVgKL9YGWKXPaTcpK6EzI0I9CkR2e14XHZVX/r26TRBxS+W7Ko9DbwMnDkooXnU/eKXGUnTiMVABdG649gJeBlRwKlg44KbapYQOiA91jEwJhHTXjY9aYxPDNPFoVTmxYCn7O+OjERaj6LAVE5W1ovahPxP66QQXnoZj5MUWExnH4WpwCDxxB/c5YpRECMDCFXc7IppnyhCwbhYMCY4iycvg+ZZ1bGrzt15qXY1tyOPjtAxKiMHXaAaukF11EAUPaJn9IrerCfrxXq3PmalOWvec4j+hPX5AyXknb8=</latexit>

But it is, in general, a very difficult quantity to calculate

So we look for some bounds instead!



The ‘seminal’ year - 2013

The QSL is then given by the quantum Fisher information

L(⇢0, ⇢⌧ ) = arccos
p
F (⇢0, ⇢⌧ ) 

1

2

Z ⌧

0
dt

q
FQ(t)

<latexit sha1_base64="PSSBL7MY5mkrgs8esjQ+hhS2qtw="></latexit><latexit sha1_base64="PSSBL7MY5mkrgs8esjQ+hhS2qtw="></latexit><latexit sha1_base64="PSSBL7MY5mkrgs8esjQ+hhS2qtw="></latexit><latexit sha1_base64="PSSBL7MY5mkrgs8esjQ+hhS2qtw="></latexit>

vQSL =
1

2

q
FQ(t)

<latexit sha1_base64="4/lKx+63uSlFMAT57qu3uqULw84=">AAACGHicbVDJSgNBEO1xjXGLevQyGIR4iTNB0IsQFMSDhwTNApkw9HR6kiY9i901wdDMZ3jxV7x4UMRrbv6NneWgiQ8KHu9VUVXPizmTYFnfxtLyyuraemYju7m1vbOb29uvyygRhNZIxCPR9LCknIW0Bgw4bcaC4sDjtOH1r8d+Y0CFZFH4AMOYtgPcDZnPCAYtubnTgesAfQJVvb9LLx1fYKLsVJVSRz4KUE6AoUcwVzepWy3ASerm8lbRmsBcJPaM5NEMFTc3cjoRSQIaAuFYypZtxdBWWAAjnKZZJ5E0xqSPu7SlaYgDKttq8lhqHmulY/qR0BWCOVF/TygcSDkMPN05PlTOe2PxP6+VgH/RViyME6AhmS7yE25CZI5TMjtMUAJ8qAkmgulbTdLDOhzQWWZ1CPb8y4ukXiraVtGunuXLV7M4MugQHaECstE5KqNbVEE1RNAzekXv6MN4Md6MT+Nr2rpkzGYO0B8Yox/yoqDu</latexit><latexit sha1_base64="4/lKx+63uSlFMAT57qu3uqULw84=">AAACGHicbVDJSgNBEO1xjXGLevQyGIR4iTNB0IsQFMSDhwTNApkw9HR6kiY9i901wdDMZ3jxV7x4UMRrbv6NneWgiQ8KHu9VUVXPizmTYFnfxtLyyuraemYju7m1vbOb29uvyygRhNZIxCPR9LCknIW0Bgw4bcaC4sDjtOH1r8d+Y0CFZFH4AMOYtgPcDZnPCAYtubnTgesAfQJVvb9LLx1fYKLsVJVSRz4KUE6AoUcwVzepWy3ASerm8lbRmsBcJPaM5NEMFTc3cjoRSQIaAuFYypZtxdBWWAAjnKZZJ5E0xqSPu7SlaYgDKttq8lhqHmulY/qR0BWCOVF/TygcSDkMPN05PlTOe2PxP6+VgH/RViyME6AhmS7yE25CZI5TMjtMUAJ8qAkmgulbTdLDOhzQWWZ1CPb8y4ukXiraVtGunuXLV7M4MugQHaECstE5KqNbVEE1RNAzekXv6MN4Md6MT+Nr2rpkzGYO0B8Yox/yoqDu</latexit><latexit sha1_base64="4/lKx+63uSlFMAT57qu3uqULw84=">AAACGHicbVDJSgNBEO1xjXGLevQyGIR4iTNB0IsQFMSDhwTNApkw9HR6kiY9i901wdDMZ3jxV7x4UMRrbv6NneWgiQ8KHu9VUVXPizmTYFnfxtLyyuraemYju7m1vbOb29uvyygRhNZIxCPR9LCknIW0Bgw4bcaC4sDjtOH1r8d+Y0CFZFH4AMOYtgPcDZnPCAYtubnTgesAfQJVvb9LLx1fYKLsVJVSRz4KUE6AoUcwVzepWy3ASerm8lbRmsBcJPaM5NEMFTc3cjoRSQIaAuFYypZtxdBWWAAjnKZZJ5E0xqSPu7SlaYgDKttq8lhqHmulY/qR0BWCOVF/TygcSDkMPN05PlTOe2PxP6+VgH/RViyME6AhmS7yE25CZI5TMjtMUAJ8qAkmgulbTdLDOhzQWWZ1CPb8y4ukXiraVtGunuXLV7M4MugQHaECstE5KqNbVEE1RNAzekXv6MN4Md6MT+Nr2rpkzGYO0B8Yox/yoqDu</latexit><latexit sha1_base64="4/lKx+63uSlFMAT57qu3uqULw84=">AAACGHicbVDJSgNBEO1xjXGLevQyGIR4iTNB0IsQFMSDhwTNApkw9HR6kiY9i901wdDMZ3jxV7x4UMRrbv6NneWgiQ8KHu9VUVXPizmTYFnfxtLyyuraemYju7m1vbOb29uvyygRhNZIxCPR9LCknIW0Bgw4bcaC4sDjtOH1r8d+Y0CFZFH4AMOYtgPcDZnPCAYtubnTgesAfQJVvb9LLx1fYKLsVJVSRz4KUE6AoUcwVzepWy3ASerm8lbRmsBcJPaM5NEMFTc3cjoRSQIaAuFYypZtxdBWWAAjnKZZJ5E0xqSPu7SlaYgDKttq8lhqHmulY/qR0BWCOVF/TygcSDkMPN05PlTOe2PxP6+VgH/RViyME6AhmS7yE25CZI5TMjtMUAJ8qAkmgulbTdLDOhzQWWZ1CPb8y4ukXiraVtGunuXLV7M4MugQHaECstE5KqNbVEE1RNAzekXv6MN4Md6MT+Nr2rpkzGYO0B8Yox/yoqDu</latexit>



del Campo employed the relative purity as an easily computable metric 
to bound the speed

The ‘seminal’ year - 2013

f(t) =
tr[⇢0⇢t]

tr[⇢2]
<latexit sha1_base64="JsGzoEFMi4IrDo/fW/X0Z+Qeqlo=">AAACH3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKqBuh6MZlBfuAJobJdNIOnTyYuRFLyJ+48VfcuFBE3PVvnKZZaOuBezmccy8z93gxZxJMc6qVVlbX1jfKm5Wt7Z3dPX3/oCOjRBDaJhGPRM/DknIW0jYw4LQXC4oDj9OuN76Z+d1HKiSLwnuYxNQJ8DBkPiMYlOTq534NTq9sX2CS2kCfIAWR9W0xilwz7+BkC8ZDw8lcvWrWzRzGMrEKUkUFWq7+bQ8ikgQ0BMKxlH3LjMFJsQBGOM0qdiJpjMkYD2lf0RAHVDppfl9mnChlYPiRUBWCkau/N1IcSDkJPDUZYBjJRW8m/uf1E/AvnZSFcQI0JPOH/IQbEBmzsIwBE5QAnyiCiWDqrwYZYZUVqEgrKgRr8eRl0mnULbNu3Z1Vm9dFHGV0hI5RDVnoAjXRLWqhNiLoGb2id/ShvWhv2qf2NR8tacXOIfoDbfoDUgGkZg==</latexit><latexit sha1_base64="JsGzoEFMi4IrDo/fW/X0Z+Qeqlo=">AAACH3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKqBuh6MZlBfuAJobJdNIOnTyYuRFLyJ+48VfcuFBE3PVvnKZZaOuBezmccy8z93gxZxJMc6qVVlbX1jfKm5Wt7Z3dPX3/oCOjRBDaJhGPRM/DknIW0jYw4LQXC4oDj9OuN76Z+d1HKiSLwnuYxNQJ8DBkPiMYlOTq534NTq9sX2CS2kCfIAWR9W0xilwz7+BkC8ZDw8lcvWrWzRzGMrEKUkUFWq7+bQ8ikgQ0BMKxlH3LjMFJsQBGOM0qdiJpjMkYD2lf0RAHVDppfl9mnChlYPiRUBWCkau/N1IcSDkJPDUZYBjJRW8m/uf1E/AvnZSFcQI0JPOH/IQbEBmzsIwBE5QAnyiCiWDqrwYZYZUVqEgrKgRr8eRl0mnULbNu3Z1Vm9dFHGV0hI5RDVnoAjXRLWqhNiLoGb2id/ShvWhv2qf2NR8tacXOIfoDbfoDUgGkZg==</latexit><latexit sha1_base64="JsGzoEFMi4IrDo/fW/X0Z+Qeqlo=">AAACH3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKqBuh6MZlBfuAJobJdNIOnTyYuRFLyJ+48VfcuFBE3PVvnKZZaOuBezmccy8z93gxZxJMc6qVVlbX1jfKm5Wt7Z3dPX3/oCOjRBDaJhGPRM/DknIW0jYw4LQXC4oDj9OuN76Z+d1HKiSLwnuYxNQJ8DBkPiMYlOTq534NTq9sX2CS2kCfIAWR9W0xilwz7+BkC8ZDw8lcvWrWzRzGMrEKUkUFWq7+bQ8ikgQ0BMKxlH3LjMFJsQBGOM0qdiJpjMkYD2lf0RAHVDppfl9mnChlYPiRUBWCkau/N1IcSDkJPDUZYBjJRW8m/uf1E/AvnZSFcQI0JPOH/IQbEBmzsIwBE5QAnyiCiWDqrwYZYZUVqEgrKgRr8eRl0mnULbNu3Z1Vm9dFHGV0hI5RDVnoAjXRLWqhNiLoGb2id/ShvWhv2qf2NR8tacXOIfoDbfoDUgGkZg==</latexit><latexit sha1_base64="JsGzoEFMi4IrDo/fW/X0Z+Qeqlo=">AAACH3icbVDLSsNAFJ3UV62vqEs3wSLUTUmKqBuh6MZlBfuAJobJdNIOnTyYuRFLyJ+48VfcuFBE3PVvnKZZaOuBezmccy8z93gxZxJMc6qVVlbX1jfKm5Wt7Z3dPX3/oCOjRBDaJhGPRM/DknIW0jYw4LQXC4oDj9OuN76Z+d1HKiSLwnuYxNQJ8DBkPiMYlOTq534NTq9sX2CS2kCfIAWR9W0xilwz7+BkC8ZDw8lcvWrWzRzGMrEKUkUFWq7+bQ8ikgQ0BMKxlH3LjMFJsQBGOM0qdiJpjMkYD2lf0RAHVDppfl9mnChlYPiRUBWCkau/N1IcSDkJPDUZYBjJRW8m/uf1E/AvnZSFcQI0JPOH/IQbEBmzsIwBE5QAnyiCiWDqrwYZYZUVqEgrKgRr8eRl0mnULbNu3Z1Vm9dFHGV0hI5RDVnoAjXRLWqhNiLoGb2id/ShvWhv2qf2NR8tacXOIfoDbfoDUgGkZg==</latexit>



Without loss of generality Deffner+Lutz assume initially pure states and 
use the Bures angle

The ‘seminal’ year - 2013

L(⇢0, ⇢⌧ ) = arccos
p

h 0|⇢⌧ | 0i
<latexit sha1_base64="8hOQ5GQ7Bdu3w2FnITuvBh88SYA="></latexit><latexit sha1_base64="8hOQ5GQ7Bdu3w2FnITuvBh88SYA="></latexit><latexit sha1_base64="8hOQ5GQ7Bdu3w2FnITuvBh88SYA="></latexit><latexit sha1_base64="8hOQ5GQ7Bdu3w2FnITuvBh88SYA="></latexit>

d

dt
L(⇢0, ⇢⌧ ) 

|h 0|⇢̇⌧ | 0i|
2
p

h 0|⇢⌧ | 0i � h 0|⇢⌧ | 0i2
<latexit sha1_base64="5wMrA0Eoc6pQRkl67jU5FQcNUSw="></latexit><latexit sha1_base64="5wMrA0Eoc6pQRkl67jU5FQcNUSw="></latexit><latexit sha1_base64="5wMrA0Eoc6pQRkl67jU5FQcNUSw="></latexit><latexit sha1_base64="5wMrA0Eoc6pQRkl67jU5FQcNUSw="></latexit>



This is the starting point for their deviations of both M-L + M-T type bounds

d

dt
L(⇢0, ⇢⌧ ) 

|h 0|⇢̇⌧ | 0i|
2
p

h 0|⇢⌧ | 0i � h 0|⇢⌧ | 0i2
<latexit sha1_base64="5wMrA0Eoc6pQRkl67jU5FQcNUSw="></latexit><latexit sha1_base64="5wMrA0Eoc6pQRkl67jU5FQcNUSw="></latexit><latexit sha1_base64="5wMrA0Eoc6pQRkl67jU5FQcNUSw="></latexit><latexit sha1_base64="5wMrA0Eoc6pQRkl67jU5FQcNUSw="></latexit>

2L̇ cosL sinL  |h 0|⇢̇⌧ | 0i|
<latexit sha1_base64="CwCsPWMcPZCFAtzVPMZrHtd1L6g="></latexit><latexit sha1_base64="CwCsPWMcPZCFAtzVPMZrHtd1L6g="></latexit><latexit sha1_base64="CwCsPWMcPZCFAtzVPMZrHtd1L6g="></latexit><latexit sha1_base64="CwCsPWMcPZCFAtzVPMZrHtd1L6g="></latexit>

2L̇ cosL sinL  |h 0|[Ht, ⇢t]| 0i|
<latexit sha1_base64="M2QMcSGN17QtQ+7RQLlcAoEnY60="></latexit><latexit sha1_base64="M2QMcSGN17QtQ+7RQLlcAoEnY60="></latexit><latexit sha1_base64="M2QMcSGN17QtQ+7RQLlcAoEnY60="></latexit><latexit sha1_base64="M2QMcSGN17QtQ+7RQLlcAoEnY60="></latexit>

 |tr{Ht⇢t⇢0}|+ |tr{⇢tHt⇢0}|
<latexit sha1_base64="sJTp0o4CidGtNY5ptCJ8ZupA/Og=">AAACRHicbZDLSgMxFIYz9VbrbdSlm2ARBKHMiKDLopsuK9gLdErJpKdtaOZickYsQx/OjQ/gzidw40IRt2LajqCtB0L+/Oc7JPn9WAqNjvNs5ZaWV1bX8uuFjc2t7R17d6+uo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/vBq0m/cgdIiCm9wFEM7YP1Q9ARnaKyO3fIk3FLPIEg9hHtMUY29tNIxRzWIfjbHG8+Yk0U24yoLbMcuOiVnWnRRuJkokqyqHfvJ60Y8CSBELpnWLdeJsZ0yhYJLGBe8REPM+JD1oWVkyALQ7XQawpgeGadLe5EyK0Q6dX9PpCzQehT4hgwYDvR8b2L+12sl2LtopyKME4SQzy7qJZJiRCeJ0q5QwFGOjGBcCfNWygdMMY4m94IJwZ3/8qKon5Zcp+RenxXLl1kceXJADskxcck5KZMKqZIa4eSBvJA38m49Wq/Wh/U5Q3NWNrNP/pT19Q0K97Ki</latexit><latexit sha1_base64="sJTp0o4CidGtNY5ptCJ8ZupA/Og=">AAACRHicbZDLSgMxFIYz9VbrbdSlm2ARBKHMiKDLopsuK9gLdErJpKdtaOZickYsQx/OjQ/gzidw40IRt2LajqCtB0L+/Oc7JPn9WAqNjvNs5ZaWV1bX8uuFjc2t7R17d6+uo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/vBq0m/cgdIiCm9wFEM7YP1Q9ARnaKyO3fIk3FLPIEg9hHtMUY29tNIxRzWIfjbHG8+Yk0U24yoLbMcuOiVnWnRRuJkokqyqHfvJ60Y8CSBELpnWLdeJsZ0yhYJLGBe8REPM+JD1oWVkyALQ7XQawpgeGadLe5EyK0Q6dX9PpCzQehT4hgwYDvR8b2L+12sl2LtopyKME4SQzy7qJZJiRCeJ0q5QwFGOjGBcCfNWygdMMY4m94IJwZ3/8qKon5Zcp+RenxXLl1kceXJADskxcck5KZMKqZIa4eSBvJA38m49Wq/Wh/U5Q3NWNrNP/pT19Q0K97Ki</latexit><latexit sha1_base64="sJTp0o4CidGtNY5ptCJ8ZupA/Og=">AAACRHicbZDLSgMxFIYz9VbrbdSlm2ARBKHMiKDLopsuK9gLdErJpKdtaOZickYsQx/OjQ/gzidw40IRt2LajqCtB0L+/Oc7JPn9WAqNjvNs5ZaWV1bX8uuFjc2t7R17d6+uo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/vBq0m/cgdIiCm9wFEM7YP1Q9ARnaKyO3fIk3FLPIEg9hHtMUY29tNIxRzWIfjbHG8+Yk0U24yoLbMcuOiVnWnRRuJkokqyqHfvJ60Y8CSBELpnWLdeJsZ0yhYJLGBe8REPM+JD1oWVkyALQ7XQawpgeGadLe5EyK0Q6dX9PpCzQehT4hgwYDvR8b2L+12sl2LtopyKME4SQzy7qJZJiRCeJ0q5QwFGOjGBcCfNWygdMMY4m94IJwZ3/8qKon5Zcp+RenxXLl1kceXJADskxcck5KZMKqZIa4eSBvJA38m49Wq/Wh/U5Q3NWNrNP/pT19Q0K97Ki</latexit><latexit sha1_base64="sJTp0o4CidGtNY5ptCJ8ZupA/Og=">AAACRHicbZDLSgMxFIYz9VbrbdSlm2ARBKHMiKDLopsuK9gLdErJpKdtaOZickYsQx/OjQ/gzidw40IRt2LajqCtB0L+/Oc7JPn9WAqNjvNs5ZaWV1bX8uuFjc2t7R17d6+uo0RxqPFIRqrpMw1ShFBDgRKasQIW+BIa/vBq0m/cgdIiCm9wFEM7YP1Q9ARnaKyO3fIk3FLPIEg9hHtMUY29tNIxRzWIfjbHG8+Yk0U24yoLbMcuOiVnWnRRuJkokqyqHfvJ60Y8CSBELpnWLdeJsZ0yhYJLGBe8REPM+JD1oWVkyALQ7XQawpgeGadLe5EyK0Q6dX9PpCzQehT4hgwYDvR8b2L+12sl2LtopyKME4SQzy7qJZJiRCeJ0q5QwFGOjGBcCfNWygdMMY4m94IJwZ3/8qKon5Zcp+RenxXLl1kceXJADskxcck5KZMKqZIa4eSBvJA38m49Wq/Wh/U5Q3NWNrNP/pT19Q0K97Ki</latexit>

2L̇ cosL sinL  2kHt⇢tkop ( 2kHt⇢tktr)
<latexit sha1_base64="tS6LTjDLAU5HyK2FvVgtzLx2Osw="></latexit><latexit sha1_base64="tS6LTjDLAU5HyK2FvVgtzLx2Osw="></latexit><latexit sha1_base64="tS6LTjDLAU5HyK2FvVgtzLx2Osw="></latexit><latexit sha1_base64="tS6LTjDLAU5HyK2FvVgtzLx2Osw="></latexit>

⌧ � ⌧QSL =
~

2E⌧
sin2 [L(⇢0, ⇢⌧ )]

<latexit sha1_base64="U8mvkEVCT/LcZGQpGIoOSgsfKQQ="></latexit><latexit sha1_base64="U8mvkEVCT/LcZGQpGIoOSgsfKQQ="></latexit><latexit sha1_base64="U8mvkEVCT/LcZGQpGIoOSgsfKQQ="></latexit><latexit sha1_base64="U8mvkEVCT/LcZGQpGIoOSgsfKQQ="></latexit>

Deffner-Lutz M-L Type Bound

E⌧ =
1

⌧

Z ⌧

0
dthHti

<latexit sha1_base64="uW0FN9EbO+CjpdL57IB6hV6Y13g=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXUjFEXosoK9QKcOmTTThmYyQ3JGKEPfxI2v4saFIuKub2Om7UJbfwh8+c85JOcPEsE1OM7EKqysrq1vFDdLW9s7u3v2/kFTx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8zeutJ6Y0j+UDjBLWjUhf8pBTAsby7Ys73wOSXnuhIjRzx1l+G3tcgu885ox7gD1BZF8wXPPBU1P07bJTcabCy+DOoYzmqvv2t9eLaRoxCVQQrTuuk0A3Iwo4FWxc8lLNEkKHpM86BiWJmO5m0/3G+MQ4PRzGyhwJeOr+nshIpPUoCkxnRGCgF2u5+V+tk0J41c24TFJgks4eClOBIcZ5WLjHFaMgRgYIVdz8FdMBMUmBibRkQnAXV16G5lnFdSru/Xm5ejOPo4iO0DE6RS66RFVUQ3XUQBQ9o1f0jj6sF+vN+rS+Zq0Faz5ziP7ImvwAgj+jPg==</latexit><latexit sha1_base64="uW0FN9EbO+CjpdL57IB6hV6Y13g=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXUjFEXosoK9QKcOmTTThmYyQ3JGKEPfxI2v4saFIuKub2Om7UJbfwh8+c85JOcPEsE1OM7EKqysrq1vFDdLW9s7u3v2/kFTx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8zeutJ6Y0j+UDjBLWjUhf8pBTAsby7Ys73wOSXnuhIjRzx1l+G3tcgu885ox7gD1BZF8wXPPBU1P07bJTcabCy+DOoYzmqvv2t9eLaRoxCVQQrTuuk0A3Iwo4FWxc8lLNEkKHpM86BiWJmO5m0/3G+MQ4PRzGyhwJeOr+nshIpPUoCkxnRGCgF2u5+V+tk0J41c24TFJgks4eClOBIcZ5WLjHFaMgRgYIVdz8FdMBMUmBibRkQnAXV16G5lnFdSru/Xm5ejOPo4iO0DE6RS66RFVUQ3XUQBQ9o1f0jj6sF+vN+rS+Zq0Faz5ziP7ImvwAgj+jPg==</latexit><latexit sha1_base64="uW0FN9EbO+CjpdL57IB6hV6Y13g=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXUjFEXosoK9QKcOmTTThmYyQ3JGKEPfxI2v4saFIuKub2Om7UJbfwh8+c85JOcPEsE1OM7EKqysrq1vFDdLW9s7u3v2/kFTx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8zeutJ6Y0j+UDjBLWjUhf8pBTAsby7Ys73wOSXnuhIjRzx1l+G3tcgu885ox7gD1BZF8wXPPBU1P07bJTcabCy+DOoYzmqvv2t9eLaRoxCVQQrTuuk0A3Iwo4FWxc8lLNEkKHpM86BiWJmO5m0/3G+MQ4PRzGyhwJeOr+nshIpPUoCkxnRGCgF2u5+V+tk0J41c24TFJgks4eClOBIcZ5WLjHFaMgRgYIVdz8FdMBMUmBibRkQnAXV16G5lnFdSru/Xm5ejOPo4iO0DE6RS66RFVUQ3XUQBQ9o1f0jj6sF+vN+rS+Zq0Faz5ziP7ImvwAgj+jPg==</latexit><latexit sha1_base64="uW0FN9EbO+CjpdL57IB6hV6Y13g=">AAACH3icbZDLSgMxFIYz9VbrbdSlm2ARXJUZEXUjFEXosoK9QKcOmTTThmYyQ3JGKEPfxI2v4saFIuKub2Om7UJbfwh8+c85JOcPEsE1OM7EKqysrq1vFDdLW9s7u3v2/kFTx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8zeutJ6Y0j+UDjBLWjUhf8pBTAsby7Ys73wOSXnuhIjRzx1l+G3tcgu885ox7gD1BZF8wXPPBU1P07bJTcabCy+DOoYzmqvv2t9eLaRoxCVQQrTuuk0A3Iwo4FWxc8lLNEkKHpM86BiWJmO5m0/3G+MQ4PRzGyhwJeOr+nshIpPUoCkxnRGCgF2u5+V+tk0J41c24TFJgks4eClOBIcZ5WLjHFaMgRgYIVdz8FdMBMUmBibRkQnAXV16G5lnFdSru/Xm5ejOPo4iO0DE6RS66RFVUQ3XUQBQ9o1f0jj6sF+vN+rS+Zq0Faz5ziP7ImvwAgj+jPg==</latexit>

=)
<latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit>

If we consider unitary dynamics again (just for illustration!)

Now applying the von Neumann inequality we obtain the bound(s)

=)
<latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit>

(Margolus-Levitin 
type bound)

Triangle inequality



Deffner-Lutz M-L Type Bound

A virtually identical analysis can be followed if we instead consider an 
open system dynamics governed by the arbitrary master equation

⌧ � ⌧QSL = max

⇢
1

⇤op
⌧

,
1

⇤op
⌧

�
sin2 [L(⇢0, ⇢⌧ )]

<latexit sha1_base64="GX2bAvghzM2QfSMKzqSRIMj16+w="></latexit><latexit sha1_base64="GX2bAvghzM2QfSMKzqSRIMj16+w="></latexit><latexit sha1_base64="GX2bAvghzM2QfSMKzqSRIMj16+w="></latexit><latexit sha1_base64="GX2bAvghzM2QfSMKzqSRIMj16+w="></latexit>

⇤x
⌧ =

1

⌧

Z ⌧

0
dtkLt(⇢t)kx

<latexit sha1_base64="L0uo/JKUJ6a1ZlMeJuMufXt6org="></latexit><latexit sha1_base64="L0uo/JKUJ6a1ZlMeJuMufXt6org="></latexit><latexit sha1_base64="L0uo/JKUJ6a1ZlMeJuMufXt6org="></latexit><latexit sha1_base64="L0uo/JKUJ6a1ZlMeJuMufXt6org="></latexit>

⇢̇t = Lt(⇢t)
<latexit sha1_base64="ZGjUKfwQZEKCdhdJPJS8DoLSfso=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahbsqMCLoRim5cuKhgH9AOQybNtKGZyZDcEcpQcOOvuHGhiFt/wp1/Y9rOQlsPJJycc2+Se4JEcA2O820VlpZXVteK66WNza3tHXt3r6llqihrUCmkagdEM8Fj1gAOgrUTxUgUCNYKhtcTv/XAlOYyvodRwryI9GMeckrASL590O1JwF01kD7gS3xr9srsdOLbZafqTIEXiZuTMspR9+0vcxlNIxYDFUTrjusk4GVEAaeCjUvdVLOE0CHps46hMYmY9rLpDGN8bJQeDqUyKwY8VX93ZCTSehQFpjIiMNDz3kT8z+ukEF54GY+TFFhMZw+FqcAg8SQQ3OOKURAjQwhV3PwV0wFRhIKJrWRCcOdHXiTN06rrVN27s3LtKo+jiA7REaogF52jGrpBddRAFD2iZ/SK3qwn68V6tz5mpQUr79lHf2B9/gD5/JZv</latexit><latexit sha1_base64="ZGjUKfwQZEKCdhdJPJS8DoLSfso=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahbsqMCLoRim5cuKhgH9AOQybNtKGZyZDcEcpQcOOvuHGhiFt/wp1/Y9rOQlsPJJycc2+Se4JEcA2O820VlpZXVteK66WNza3tHXt3r6llqihrUCmkagdEM8Fj1gAOgrUTxUgUCNYKhtcTv/XAlOYyvodRwryI9GMeckrASL590O1JwF01kD7gS3xr9srsdOLbZafqTIEXiZuTMspR9+0vcxlNIxYDFUTrjusk4GVEAaeCjUvdVLOE0CHps46hMYmY9rLpDGN8bJQeDqUyKwY8VX93ZCTSehQFpjIiMNDz3kT8z+ukEF54GY+TFFhMZw+FqcAg8SQQ3OOKURAjQwhV3PwV0wFRhIKJrWRCcOdHXiTN06rrVN27s3LtKo+jiA7REaogF52jGrpBddRAFD2iZ/SK3qwn68V6tz5mpQUr79lHf2B9/gD5/JZv</latexit><latexit sha1_base64="ZGjUKfwQZEKCdhdJPJS8DoLSfso=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahbsqMCLoRim5cuKhgH9AOQybNtKGZyZDcEcpQcOOvuHGhiFt/wp1/Y9rOQlsPJJycc2+Se4JEcA2O820VlpZXVteK66WNza3tHXt3r6llqihrUCmkagdEM8Fj1gAOgrUTxUgUCNYKhtcTv/XAlOYyvodRwryI9GMeckrASL590O1JwF01kD7gS3xr9srsdOLbZafqTIEXiZuTMspR9+0vcxlNIxYDFUTrjusk4GVEAaeCjUvdVLOE0CHps46hMYmY9rLpDGN8bJQeDqUyKwY8VX93ZCTSehQFpjIiMNDz3kT8z+ukEF54GY+TFFhMZw+FqcAg8SQQ3OOKURAjQwhV3PwV0wFRhIKJrWRCcOdHXiTN06rrVN27s3LtKo+jiA7REaogF52jGrpBddRAFD2iZ/SK3qwn68V6tz5mpQUr79lHf2B9/gD5/JZv</latexit><latexit sha1_base64="ZGjUKfwQZEKCdhdJPJS8DoLSfso=">AAACA3icbVDLSgMxFM3UV62vUXe6CRahbsqMCLoRim5cuKhgH9AOQybNtKGZyZDcEcpQcOOvuHGhiFt/wp1/Y9rOQlsPJJycc2+Se4JEcA2O820VlpZXVteK66WNza3tHXt3r6llqihrUCmkagdEM8Fj1gAOgrUTxUgUCNYKhtcTv/XAlOYyvodRwryI9GMeckrASL590O1JwF01kD7gS3xr9srsdOLbZafqTIEXiZuTMspR9+0vcxlNIxYDFUTrjusk4GVEAaeCjUvdVLOE0CHps46hMYmY9rLpDGN8bJQeDqUyKwY8VX93ZCTSehQFpjIiMNDz3kT8z+ukEF54GY+TFFhMZw+FqcAg8SQQ3OOKURAjQwhV3PwV0wFRhIKJrWRCcOdHXiTN06rrVN27s3LtKo+jiA7REaogF52jGrpBddRAFD2iZ/SK3qwn68V6tz5mpQUr79lHf2B9/gD5/JZv</latexit>

And we arrive at the bound

The operator norm provides the sharpest bound



Similarly a Mandalstam-Tamm-type bound can be derived

Deffner-Lutz M-T Type Bound

2L̇ cosL sinL  |h 0|⇢̇⌧ | 0i|
<latexit sha1_base64="CwCsPWMcPZCFAtzVPMZrHtd1L6g="></latexit><latexit sha1_base64="CwCsPWMcPZCFAtzVPMZrHtd1L6g="></latexit><latexit sha1_base64="CwCsPWMcPZCFAtzVPMZrHtd1L6g="></latexit><latexit sha1_base64="CwCsPWMcPZCFAtzVPMZrHtd1L6g="></latexit>

= |tr{Lt(⇢t)⇢0}|
<latexit sha1_base64="a3LZxpGggXFhHe0uKIdU5dJHn1I=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MaFiwr2AZ1hyKSZNjTzILkjlqE/4cZfceNCEbeCO//GdDoLbT0QcjjnXJJ7/ERwBZb1bSwsLi2vrJbWyusbm1vb5s5uS8WppKxJYxHLjk8UEzxiTeAgWCeRjIS+YG1/eDXx2/dMKh5HdzBKmBuSfsQDTgloyTOPLxxtA3aAPUAGcuxk+MaDqiMHsQdH+WVhZ5ynPLNi1awceJ7YBamgAg3P/HJ6MU1DFgEVRKmubSXgZkQCp4KNy06qWELokPRZV9OIhEy5Wb7VGB9qpYeDWOoTAc7V3xMZCZUahb5OhgQGatabiP953RSCczfjUZICi+j0oSAVGGI8qQj3uGQUxEgTQiXXf8V0QCShoIss6xLs2ZXnSeukZls1+/a0Ur8s6iihfXSAqshGZ6iOrlEDNRFFj+gZvaI348l4Md6Nj2l0wShm9tAfGJ8/g5ifBQ==</latexit><latexit sha1_base64="a3LZxpGggXFhHe0uKIdU5dJHn1I=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MaFiwr2AZ1hyKSZNjTzILkjlqE/4cZfceNCEbeCO//GdDoLbT0QcjjnXJJ7/ERwBZb1bSwsLi2vrJbWyusbm1vb5s5uS8WppKxJYxHLjk8UEzxiTeAgWCeRjIS+YG1/eDXx2/dMKh5HdzBKmBuSfsQDTgloyTOPLxxtA3aAPUAGcuxk+MaDqiMHsQdH+WVhZ5ynPLNi1awceJ7YBamgAg3P/HJ6MU1DFgEVRKmubSXgZkQCp4KNy06qWELokPRZV9OIhEy5Wb7VGB9qpYeDWOoTAc7V3xMZCZUahb5OhgQGatabiP953RSCczfjUZICi+j0oSAVGGI8qQj3uGQUxEgTQiXXf8V0QCShoIss6xLs2ZXnSeukZls1+/a0Ur8s6iihfXSAqshGZ6iOrlEDNRFFj+gZvaI348l4Md6Nj2l0wShm9tAfGJ8/g5ifBQ==</latexit><latexit sha1_base64="a3LZxpGggXFhHe0uKIdU5dJHn1I=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MaFiwr2AZ1hyKSZNjTzILkjlqE/4cZfceNCEbeCO//GdDoLbT0QcjjnXJJ7/ERwBZb1bSwsLi2vrJbWyusbm1vb5s5uS8WppKxJYxHLjk8UEzxiTeAgWCeRjIS+YG1/eDXx2/dMKh5HdzBKmBuSfsQDTgloyTOPLxxtA3aAPUAGcuxk+MaDqiMHsQdH+WVhZ5ynPLNi1awceJ7YBamgAg3P/HJ6MU1DFgEVRKmubSXgZkQCp4KNy06qWELokPRZV9OIhEy5Wb7VGB9qpYeDWOoTAc7V3xMZCZUahb5OhgQGatabiP953RSCczfjUZICi+j0oSAVGGI8qQj3uGQUxEgTQiXXf8V0QCShoIss6xLs2ZXnSeukZls1+/a0Ur8s6iihfXSAqshGZ6iOrlEDNRFFj+gZvaI348l4Md6Nj2l0wShm9tAfGJ8/g5ifBQ==</latexit><latexit sha1_base64="a3LZxpGggXFhHe0uKIdU5dJHn1I=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVpMyIoBuh6MaFiwr2AZ1hyKSZNjTzILkjlqE/4cZfceNCEbeCO//GdDoLbT0QcjjnXJJ7/ERwBZb1bSwsLi2vrJbWyusbm1vb5s5uS8WppKxJYxHLjk8UEzxiTeAgWCeRjIS+YG1/eDXx2/dMKh5HdzBKmBuSfsQDTgloyTOPLxxtA3aAPUAGcuxk+MaDqiMHsQdH+WVhZ5ynPLNi1awceJ7YBamgAg3P/HJ6MU1DFgEVRKmubSXgZkQCp4KNy06qWELokPRZV9OIhEy5Wb7VGB9qpYeDWOoTAc7V3xMZCZUahb5OhgQGatabiP953RSCczfjUZICi+j0oSAVGGI8qQj3uGQUxEgTQiXXf8V0QCShoIss6xLs2ZXnSeukZls1+/a0Ur8s6iihfXSAqshGZ6iOrlEDNRFFj+gZvaI348l4Md6Nj2l0wShm9tAfGJ8/g5ifBQ==</latexit>

2L̇ cosL sinL 
q

tr {Lt(⇢t)Lt(⇢t)†} = kLt(⇢t)khs
<latexit sha1_base64="lPLaMJ47nNeeLEqEBpaUBosw4n0="></latexit><latexit sha1_base64="lPLaMJ47nNeeLEqEBpaUBosw4n0="></latexit><latexit sha1_base64="lPLaMJ47nNeeLEqEBpaUBosw4n0="></latexit><latexit sha1_base64="lPLaMJ47nNeeLEqEBpaUBosw4n0="></latexit>

⌧ � ⌧QSL =
1

⇤hs
⌧

sin2 [L(⇢0, ⇢⌧ )]
<latexit sha1_base64="KPTX436IubODv4xZ/VmSXDaBixU="></latexit><latexit sha1_base64="KPTX436IubODv4xZ/VmSXDaBixU="></latexit><latexit sha1_base64="KPTX436IubODv4xZ/VmSXDaBixU="></latexit><latexit sha1_base64="KPTX436IubODv4xZ/VmSXDaBixU="></latexit>

⌧QSL = max

⇢
1

⇤op
⌧

,
1

⇤tr
⌧

,
1

⇤hs
⌧

�
sin2 [L(⇢0, ⇢⌧ )]

<latexit sha1_base64="cXaTTUgpzp0MxtrIAdosV681C5I="></latexit><latexit sha1_base64="cXaTTUgpzp0MxtrIAdosV681C5I="></latexit><latexit sha1_base64="cXaTTUgpzp0MxtrIAdosV681C5I="></latexit><latexit sha1_base64="cXaTTUgpzp0MxtrIAdosV681C5I="></latexit>

Employing the Cauchy-Schwarz inequality 

=)
<latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOepMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jioq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit>

We arrive at the “unified” bound



Tightening quantum speed limits

If we once again restrict to only unitary dynamics we 
notice something about the Bures angle

�(⇢,�) = arccos

s
tr[⇢�]

tr[⇢2]
<latexit sha1_base64="Dtb9WQQiMyx6vMdBaKLX2yXa4tM="></latexit><latexit sha1_base64="Dtb9WQQiMyx6vMdBaKLX2yXa4tM="></latexit><latexit sha1_base64="Dtb9WQQiMyx6vMdBaKLX2yXa4tM="></latexit><latexit sha1_base64="Dtb9WQQiMyx6vMdBaKLX2yXa4tM="></latexit>

Q⌧ =
1

⌧

Z ⌧

0
dt

s
tr[⇢2tH

2
t � (⇢tHt)2]

tr[⇢2]
<latexit sha1_base64="RmZhZVYzvP9CrImJ2ZHiSdRyqT0="></latexit><latexit sha1_base64="RmZhZVYzvP9CrImJ2ZHiSdRyqT0="></latexit><latexit sha1_base64="RmZhZVYzvP9CrImJ2ZHiSdRyqT0="></latexit><latexit sha1_base64="RmZhZVYzvP9CrImJ2ZHiSdRyqT0="></latexit>

⌧ � ⌧QSL =
�(⇢0, ⇢⌧ )

Q⌧
<latexit sha1_base64="ztKQ5frS+Z/Fcvi/fNPgzuZOIEo="></latexit><latexit sha1_base64="ztKQ5frS+Z/Fcvi/fNPgzuZOIEo="></latexit><latexit sha1_base64="ztKQ5frS+Z/Fcvi/fNPgzuZOIEo="></latexit><latexit sha1_base64="ztKQ5frS+Z/Fcvi/fNPgzuZOIEo="></latexit>

Reduces to the “standard” MT 
bound for pure states



An abundance of  bounds

For every metric you can write down an associated quantity that can be 
viewed as a quantum speed limit. Just let 

me define one 
more speed limit

Unravelling the meaning of these 
quantities is the focus of much 
current work



QSLs and non-Markovian dynamics

A classic example is the Jaynes-Cummings model
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