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HYDRODYNAMICS: THE EULER SCALE

SEPARATION OF LENGTH SCALES

+ Macroscopicscale: L = p/d p

+ Microscopicscale:

+ MESOSCOPICscale: d<? < L

“ SEPARATION OF TIME SCALES
+ Macroscopictime: T = p/0d,p

+ Microscopic time:  Tpelux

[PICTURE FROM: DUBAIL, PHYSICS 9, 153]

+ MESOSCOPIC time: Ty, <t << T

H. SPOHN, Large Scale Dynamics of Interacting Particles (1991)
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(CONVENTIONAL) HYDRODYNAMICS

{00, = (O s Potons = PiontD) |

CONSERVATION LAWS: CONTINUITY EQUATIONS:
* Mass q op+0:7 = 0
* Momentum Oipp +09p = O
- Emergy Oipg + Ozjp = 0.
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GENERALIZED HYDRODYNAMICS (GHD)

CONSERVATION LAWS: CONTINUITY EQUATIONS:

—

¢ qu(x)dx P= 12 0,9;+0,J; =0 1i=12,-

CASTRO-ALVAREDO, DOYON, YOSHIMURA, PRX 6, 041065 (2016)
BERTINI, COLLURA, DE NARDIS, FAGOTTI, PRL 117, 207201 (2016)
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GENERALIZED HYDRODYNAMICS (GHD)

CONSERVATION LAWS: CONTINUITY EQUATIONS:
0= qu(x)dx i =12, ' 0g+0ji=0 i=12
TDL
EIGENSTATES: | (91, oo, 9N> ............................ > n(e)
“Rapidities” “Occupation function”
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GENERALIZED HYDRODYNAMICS (GHD)

CONSERVATION LAWS: CONTINUITY EQUATIONS:
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GENERALIZED HYDRODYNAMICS (GHD)

CONSERVATION LAWS: CONTINUITY EQUATIONS:
Ql — Jql(X) d.x l — 1,2,"' atql + ale — O i — 1,2,"'
TDL
EIGENSTATES: | (91, oo, 9N> ............................ > n(@)
“Rapidities” “Occupation function”

[ <0(x)>z — <0(x)>stat,pGGE9 PcGE = PcGeWX, 1) j

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
*

0.n(0) + v (0)on@®) =0 + vI(H) =

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
.

---------------------------------------------------------------------------------------------------------

dO" dp0 — 0’
PCD o)

E dr —

f 0) = f(0) +
CASTRO-ALVAREDO, DOYON, YOSHIMURA, PRX 6, 041065 (2016) : 2 :
BERTINI, COLLURA, DE NARDIS, FAGOTT], PRL 1 17’ 207201 c2016) ............................................................................................................. .
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GENERALIZED HYDRODYNAMICS (GHD)

CONSERVATION LAWS: CONTINUITY EQUATIONS:

—

Qi — [ql(X) dx 1= 1,2,'“ at%’ —+ axji — O l — 1,2,...

TDL
EIGENSTATES: | 919 oo, 9N> ............................ "FREE"” GHD
”Rapidities" " 6 —_ p, Veff — p,
n(x, 0, 1) - n(x,p; 1)
[ <0(X)> = <0(x)>smf,PGGE’ GHD = Evolution Wigner function

BETTELHEIM, ABANOV, WIEGMANN,

BETTELHEIM, ABANOV, WIEGMANN,

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

BETTELHEIM, WIEGMANN,
BETTELHEIM, GLAZMAN
0.n(0) +v¥(6)o.n0) =0 ’ ’
A X PROTOPOPOV, GUTMAN, SCHMITTECKERT,

MIRLIN,

llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

-
---------------------------------------------------------------------------------------------------------

CASTRO-ALVAREDO, DOYON, YOSHIMURA, PRX 6, 041065 (2016)
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GENERALIZED HYDRODYNAMICS (GHD)

CONSERVATION LAWS: CONTINUITY EQUATIONS:
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llllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll
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---------------------------------------------------------------------------------------------------------

dO" dp0 — 0’
PCD o)

E dr —

f 0) = f(0) +
CASTRO-ALVAREDO, DOYON, YOSHIMURA, PRX 6, 041065 (2016) : 2 :
BERTINI, COLLURA, DE NARDIS, FAGOTT], PRL 1 17’ 207201 c2016) ............................................................................................................. .

PAOLA RUGGIERO QUANTUM GENERALIZED HYDRODYNAMICS



ZERO-ENTROPY GHD

DoOYON, DUBAIL, KONIK, YOSHIMURA, PRL119, 195301 (2017)
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ZERO-ENTROPY GHD

n(x.6) = {1 if (x,0)inT,

0 otherwise.

DoYON, DUBAIL, KONIK, YOSHIMURA, PRL119, 195301 (2017)
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mﬁ ZERO-ENTROPY GHD

Ground states within
inhomogeneous potentials

T — —

n(x.6) = {1 if (x,0)inT,

0 otherwise.

DoYON, DUBAIL, KONIK, YOSHIMURA, PRL119, 195301 (2017)
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EM%ES; ZERO-ENTROPY GHD

Ground states within
inhomogeneous potentials

T — —

n(x.6) = {1 if (x,0)inT,

0 otherwise.

“Split Fermi seas”

FOKKEMA, ELIENS, CAUX, PRA 89, 033637 (2014)
ELIENS, CAUX, J.PHYS.A 49, 495203 (2016)
VLIJM, ELIENS, CAUX, SciPosT 1, 008 (2016)

0 € [0),6,]U ... U[6y,_,,0,]

DoYON, DUBAIL, KONIK, YOSHIMURA, PRL119, 195301 (2017)
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m%& ZERO-ENTROPY GHD

Ground states within
inhomogeneous potentials

T — ———————

n(x.6) = {1 if (x,0)inT,

0 otherwise.

“Split Fermi seas”

FOKKEMA, ELIENS, CAUX, PRA 89, 033637 (2014)
ELIENS, CAUX, J.PHYS.A 49, 495203 (2016)
VLIJM, ELIENS, CAUX, SciPosT 1, 008 (2016)

0 € [0),6,]U ... U[6y,_,,0,]

FINITE-DIMENSIONAL GHD

0,0, +vi¥(6) 9,0, = 0

DoYON, DUBAIL, KONIK, YOSHIMURA, PRL119, 195301 (2017)
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m%& ZERO-ENTROPY GHD

Ground states within
inhomogeneous potentials

T — ———————

n(x.6) = {1 if (x,0)inT,

0 otherwise.

“Split Fermi seas”

FOKKEMA, ELIENS, CAUX, PRA 89, 033637 (2014)
ELIENS, CAUX, J.PHYS.A 49, 495203 (2016)
VLIJM, ELIENS, CAUX, SciPosT 1, 008 (2016)

0 € [0),6,]U ... U[6y,_,,0,]

FINITE-DIMENSIONAL GHD

ji=1.2

Conventional HD!

eff —
d,0; + v{e}(é’j) 2.0, =0 <

DoYON, DUBAIL, KONIK, YOSHIMURA, PRL119, 195301 (2017)
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EXAMPLES: ZERO-ENTROPY GHD

Ground states within
inhomogeneous potentials

— —

if (+r ADinT A
n(x,0) =

BULCHANDANI, VASSEUR, KARRASCH, MOORE, PRL 119, 220604 (2017)
DOYON, YOSHIMURA, SciPosT 2, 014 (2017)
. . DOYON AND H. SPOHN, J. STAT. 2017, 073210 (2017
“Split Fermi seé¢ ’ ’ ¢ )

FOKKEMA, ELIENS FAGOTTI, PRB 96, 220302 (2017)
ELIENS, CAUX, J.I

GOPALAKRISHNAN, HUSE, KHEMANI, VASSEUR, PRB 98, 220303 (2018)
VLIJM, ELIENS, C

DE NARDIS, BERNARD, DOYON, PRL 121,160603 (2018)
0 [91, 92] { BERTINI, FAGOTTI, PIROLI, CALABRESE, J. PHYS. A 51, 39LTO1 (2018)

ILIEVSKI, DE NARDIS, MEDENJAK, PROSEN, PRL 121, 230602 (2018)
BASTIANELLO, ALBA, CAUX, PRL 123, 130602 (2019)
PANFIL, PAWELCZYK, SciIPosT CORE 1, 002 (2019)
SCHEMMER, BOUCHOULE, DOYON, DUBAIL, PRL122, 090601 (2019)

MOLLER, SCHMIEDMAYER, SCIPOST 8, 041 (2020)

FAGOTTI, SCIPOST PHYS. 8, 048 (2020) ] — 1 2
b

W’onventional niok

DoOYON, DUBAIL, KONIK, YOSHIMURA, PRL119, 195301 (2017)
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"QUANTUM" HYDRODYNAMICS ¢
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"QUANTUM" HYDRODYNAMICS ¢

CLASSICAL EQUATIONS QUANTIZE THEM

PAOLA RUGGIERO QUANTUM GENERALIZED HYDRODYNAMICS



"QUANTUM" HYDRODYNAMICS ¢

CLASSICAL EQUATIONS QUANTIZE THEM

° Superﬂuidity LANDAU, PHYS. REV. 60, 356 (1941)
e Bose-Einstein condensates BocoLvusov, J. PHYs. 11 (1947), 23
o Superconductivity BARDEEN, COOPER, SCHRIEFFER, PHYS REV.. 104 (4)

e Hall ||qu|ds WIEGMANN, ABANOV, PRL 113, 034501 (2014)

. Luttinger quuid theory HALDANE, J. PHYS. C 14, 2585 (1981)
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"QUANTUM" HYDRODYNAMICS ¢

CLASSICAL EQUATIONS QUANTIZE THEM

° Superﬂuidity LANDAU, PHYS. REV. 60, 356 (1941)
e Bose-Einstein condensates BocoLvusov, J. PHYs. 11 (1947), 23
o Superconductivity BARDEEN, COOPER, SCHRIEFFER, PHYS REV.. 104 (4)

e Hall ||qu|ds WIEGMANN, ABANOV, PRL 113, 034501 (2014)

. Luttinger quuid theory HALDANE, J. PHYS. C 14, 2585 (1981)

.

Different problem:
Corrections
to GHD equations:

FAGOTTI,
SciPosT PHYS. 8, 048 (2020)

DEAN, LE DOUSSAL, MAJUMDAR, SCHEHR,
EPL, 126 20006 (2019)
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"QUANTUM" HYDRODYNAMICS ¢

CLASSICAL EQUATIONS QUANTIZE THEM

° Superfluidity LANDAU, PHYS. REV. 60, 356 (1941)
e Bose-Einstein condensates BocoLvusov, J. PHYs. 11 (1947), 23
o Superconductivity BARDEEN, COOPER, SCHRIEFFER, PHYS REV.. 104 (4)

« Hall ||qu|ds WIEGMANN, ABANOV, PRL 113, 034501 (2014)

° Luttinger quuid theory HALDANE, J. PHYS. C 14, 2585 (1981)

& &

o o
Different problem: HERE:
Corrections Look at propagation of linear
to GHD equations: sound waves on top of GHD
# and quantise them:
FAGOTTI,
SCIPOST PHYS. 8, 048 (2020) I We talk about "quantum fluids”

DEAN, LE DOUSSAL, MAJUMDAR, SCHEHR, in the same sense in which
EPL, 126 20006 (2019) a Luttinger Liquid is a quantum fluid !
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QUANTUM GENERALIZED HYDRODYNAMICS

&, A i .
H = Z [_7()}2@ + V()] + g Z o(x; — X)) n(x,0) = { T (xO)inl;
i=1

et 0 otherwise.
i<j

PR, CALABRESE, DOYON, DUBAIL, PRL 124, 140603 (2020)
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QUANTUM GENERALIZED HYDRODYNAMICS

& h? [ -
H = Z [_7632@- + Vx)] + gz o(x; — X)) n(x,0) = { T (x,0)InT;
i=1

et 0 otherwise.
i<j

1. Look at fluctuations around a (zero-entropy) GHD background
PLAN: . . . .
2. Quantize them in a semiclassical fashion.

PR, CALABRESE, DOYON, DUBAIL, PRL 124, 140603 (2020)
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QUANTUM GENERALIZED HYDRODYNAMICS
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QUANTUM GENERALIZED HYDRODYNAMICS

&, A i .
H = Z [_7632@- + V()] + g Z o(x; — X)) n(x,0) = { T (xO)inl;
i=1

et 0 otherwise.
i<j

1. Look at fluctuations around a (zero-entropy) GHD background
PLAN: . . . .
2. Quantize them in a semiclassical fashion.

1.0,— 6,4+ 60,

PR, CALABRESE, DOYON, DUBAIL, PRL 124, 140603 (2020)
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QUANTUM GENERALIZED HYDRODYNAMICS

& h? [ -
H = 2 [_7032@- + Vx)] + gz 6(x; — x;) n(x,0) = { T (x,0)InT;
i=1

et 0 otherwise.
i<j

1. Look at fluctuations around a (zero-entropy) GHD background
PLAN: . . . .
2. Quantize them in a semiclassical fashion.

p0),p,=p@,)

1.0, —- 6, + 00 , = D, +op,,
a_) a a > P P /% {6(9),€a=€(9a)

L'

PR, CALABRESE, DOYON, DUBAIL, PRL 124, 140603 (2020)
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QUANTUM GENERALIZED HYDRODYNAMICS

& h? [ -
H = Z [_7032@- + Vx)] + gz 6(x; — x;) n(x,0) = { T (x,0)InT;
i=1

et 0 otherwise.
i<j

1. Look at fluctuations around a (zero-entropy) GHD background
PLAN: . . . .
2. Quantize them in a semiclassical fashion.

p0),p,=p@,)

1.0, —- 6, + 00 , = D, +0p,,
a_) a a — % P P /% {6(9),€a:€(9a)

L'
o,p,+0.e,=0

atépa + Z ax[Aabépb] =0, Aab — aea/apb
b

PR, CALABRESE, DOYON, DUBAIL, PRL 124, 140603 (2020)
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QUANTUM GENERALIZED HYDRODYNAMICS

&, A i .
H = Z [_7())2@- + V()] + g Z o(x; — X)) n(x,0) = { T (xO)inl;
i=1

et 0 otherwise.
i<j

1. Look at fluctuations around a (zero-entropy) GHD background
PLAN: . . . .
2. Quantize them in a semiclassical fashion.

p0),p,=p@,)

1.0, —- 6, + 00 , = D, +0p,,
a_) a a — % P P /% {6(9),€a:€(9a)

L'
o,p,+0.e,=0

atépa + Z ax[Aabépb] =0, Aab — aea/apb
b

2. 5pa —> 5]361 : eiS ~ eiSclassical'l'izab Sc(;%)épaépb

PR, CALABRESE, DOYON, DUBAIL, PRL 124, 140603 (2020)
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QUANTUM GENERALIZED HYDRODYNAMICS

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

"QGHD HAMILTONIAN"

T

R 1
AT, = H[‘”Z 5P (YA 5P (x)
a,b

6p.(0), 8p,(»)| =—ic,27h*5,,8'(x — y)

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

PR, CALABRESE, DOYON, DUBAIL, PRL 124, 140603 (2020)
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QUANTUM GENERALIZED HYDRODYNAMICS

lllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllllll

"QGHD HAMILTONIAN"

T

R 1
AT, = H[‘”Z 5P (YA 5P (x)
a,b

6p.(0), 8p,(»)| = — ic 277?68, 8'(x — y)

IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII

Time-dependent, spatially inhomogeneous, multicomponent
LUTTINGER LIQUID

PR, CALABRESE, DOYON, DUBAIL, PRL 124, 140603 (2020)
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QUANTUM (conventional) HYDRODYNAMICS

N 2
h
H= Z[—78§i+V(xi)]+g25(xi—xj), g —> 0 k/vwr,
i=1

1<j

w?*x* /
2
: , r
PLAN: 1. Look at fluctuations around hydrodynamics L

2. Quantize them in a semiclassical fashion.

V)
_|_

n(xap; t) Ft

| S N

1. (p,j) = (p+68p.j+ ) N 7
pi(x, 1), p_(x, 1)

; ASTY ' G0y ;@) ... —
2. (6p,0)) = (6p,0]) : e me THTH p(x, 1), j(x, ?)
I : ) ] :
5@ = L [ awar | 2 62— 27 spoj+ (P — Lazey 5p2 Time-dependent,
37 TP 7p? ap3 m’ inhomogeneous

) } LUTTINGER LIQUID

PR, BRUN, DUBAIL, SCcIPOST PHYsS. 6, 051 (2019)
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QGHD: Numerical check in the Lieb-Lininger model

Quench: Vi) =ax*—ax* - V() = o’x*/2

Fermi contour
o
o

(z)dp(—1

X
6
\(Q/ 10 ] ! ! !
| 200 0 200

-200 0 200 —200 0 200 -200 0 200

PR, CALABRESE, DOYON, DUBAIL, PRL 124, 140603 (2020)
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FREE QGHD: checks in the Tonks-Girardeau limit
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PR, CALABRESE, DOYON, DUBAIL, IN PREPARATION
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GHD provides a more efficient way to describe
interacting quantum particles in 1D

Still, it misses important quantum effects

QGHD gives a way to construct quantum
fluctuations around GHD

This is not the end of the story...



