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1 ) PHASE RETRIEVAL As A GLM

Observations V), € R ;
T Pout (|ﬁ Z?:M%:X,S) 1 € A

(Probabilistic) channel \/ \

Sensing matrix (real/complex) Signal (real/complex), n-dimensional
In ,one only measures the modulus:

Classical problem, non-trivial even in the noiseless case , many algorithms:
« SOP relaxations

« Non-convex optimization procedures

« Spectral methods

: Fundamental limits of phase retrieval with random sensing matrices and random signal in the
and in high dimensions.

Different from the injectivity studies of the “worst-case”

typical case



Y,u’\“Pout (|ﬁ2?:1q)/.wX:) ,uE{l,---,m}

In the limit m,n — co with a = m/n = ©(1), what is the smallest o« heeded to recover X* ...

« Better than a random guess ?
« Perfectly ? (up to the possible rank deficiency of ®)
* With which (polynomial-time) algorithm ?

i) X*and & can be or
ii) The signal X*is generated using a (known) i.i.d. prior distribution P, and

i) The matrix ®is VU, & < $U

ata — V C M;—(R-l-)

= n—o0

iv) The empirical spectral distribution of ®'® /n converges: L e 5
bn = Z )\(
=

Encompasses many models : Gaussians, product of Gaussians, random column-orthogonal/unitary, any Wiia



’) ) OPTIMAL ERROR IN GLMs

We consider any channel (not necessarily phase retrieval)

Consider the following scalar optimization problem f = sup I3 (¢.) + I7)(¢.) + Bt (42, 4]

dz,4z —— ~— W—J
PO R)ut 4

Then the information-theoretic Minimal Mean Squared Error is:

If either
a) ®.i K" N5(0,1) (standard Gaussian distribution)

b) Pyis Gaussianand & = @@
T AT

Gaussian matrix  Any matrix

, the conjecture above stands.

« Conjecture obtained with the replica method of statistical physics
* Proven using probabilistic interpolation methods



")’ ) OPTIMAL ERROR IN GLMs

We consider any channel (not necessarily phase retrieval)

f=up )+ 10 (q.) + Bl (a5, 0.)]
4z 4=

Strong conjecture: For GLMs, the optimal polynomial-time algorithm is an explicit iterative algorithm:

sing. Called here G-VAMP (Generalized Vector Approximate Message Passing).

The MSE of G-VAMP in the large n limit is given by running gradient ascent on the
Replica-symmetric potential starting from ¢: = ¢- = 0 (random initialization).

—f f
> \We can investigate “computational-to-statistical” gaps | |
..-----m;} by studying the landscape of f(q.,q:) ! § -

q 4
No gap Gap: “Hard” phase



3 ) (ALGORITHMIC) WEAK RECOVERY

We consider phase retrieval :

< ’ — 14

fy (feDa (=2 = 1) P |3 ‘FD
p Jx Ds= Pout[ ‘\/T]

"

This threshold awr.aAleo is a solution of:

 Thisis an implicit equation
» Derived by a stability analysis of the
replica-symmetric potential.

\ / -

For , the highest
weak recovery threshold is reached by
(up to a scaling).

For noiseless phase retrieval : | a = (1 +

* @Gaussian matrices: awRr,Algo = 5

* Random column-orthogonal/unitary matrices: awr,aigo = 1 + 5

=



Ll ) STRONG (FULL) RECOVERY

We consider noiseless phase retrieval : and a Gaussian prior

1 o P Does not depend on the
If ﬁrk (T) —r€(0,1]: |arr,rT = Or precise statistics of ®

For o > arrit , the MMSE reaches a plateau with MMSE, =1 —r ; MMSEg, = 0

« Therealcase arr,T =7 can be derived by a counting argument

« Thecomplex case arr,1T = 27 can (as far as we know) only be derived by the replica-symmetric potential !



APPLICATIONS

We consider noiseless phase retrieval : and a Gaussian prior
Complex Gaussian matrices Column-unitary matrices
1.0 e :
o “Hard” phase :no known polynomial-time
o ! algorithm can achieve the IT MMSE \
2 06 - /’ “Statistical-to-computational gap” )
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Very good agreement of G-VAMP with the analytical predictions.

Some (funny) remarks:

* For column-unitary matrices arr it = OwR,Algo = 2 : IT transition.

* For all other full-rank complex matrices awr,aigo < @rr,IT

* Forreal matrices, there can be alarge gap ! Ex: column-orthogonal matrices arr,ir =1 < awr,alg = 3/2
\- Matrices with controlled structure (e.9. randomly subsampled DFT) still perform very well with G-VAMP! N




CONCLUSION / SUMMARY

Matrix ensemble and value of 3 Q'WR, Algo QFR,IT OFR,Algo
/i Real Gaussian ® (5 = 1) 0.5 1 ~ 1.12
e e Complex Gaussian ® (5 = 2) 1
retrieval with Real column-orthogonal ® (8 = 1) 1
Gaussian prior Complex column-unitary ® (5 = 2) 2
® = W, W, (8 =1, aspect ratio ) v/(2(1 + 7)) min(1, ) Theorem
\ b = W, W, (8 =2, aspect ratio )

®, 3 {1,2}, 1k[®T®]/n =1

Generic phase Gauss. ®, § € {1,2}, symm. Py, Pyy
retrieval with ® =WB, § ¢ {17 2}7 Gauss. Py, symm. Poyt
any prior &, 3 e {1,2}, symm. Py, Pyt

Analytical expression

THANK YOU'!

Many numerical simulations were performed using the open-source TrAMP package




Product of two complex Gaussian matrices ® = W W,, with W, € C"*? ,W, € C**" and

y=0.5 y=1.0 y=1.5
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* Very good agreement of G-VAMP with the analytical predictions.
« Werecover the two thresholds awr.aie =7/(1+7) and @Fr1r = min(2,27)

« (Very small) computational-to-statistical gap @rr.aige > arrir fory # 1



OPTIMAL ALGORITHMS (REAL CASE)
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