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Unsupervised generative models

Principal Component Analysis 
High Dimensions ! Low Dimensions

Independent Component Analysis 
Coupled signal ! Decoupled

Generative Adversarial Net   
Simple variables ! 

Complex variables

• Objective: Retrieve semantic meaningful features 

• General Idea: Use generative model to approximate the real-
world data.

3.研究内容总结

[1] Chuang Wang, Hong Hu, Yue M. Lu, A Solvable High-Dimensional Model of GAN, NeurIPS, 2019 
[2] Chuang Wang, Yonina C. Eldar, Yue M. Lu, Subspace Estimation from Incomplete Observations: A 
High-Dimensional Analysis, IEEE Journal of Selected Topics in Signal Processing, 2018 

[3] Chuang Wang, Yue M. Lu, The scaling limit of high-dimensional online independent component 
analysis, NIPS 2017



Collaborators

Yue Lu @ Harvard Hong Hu @ Harvard

3

Chuang Wang, Hong Hu, Yue M. Lu, A Solvable High-Dimensional Model of GAN, NeurIPS, 2019



Introduction of GAN

GAN: sample from an unknown distribution 

• Generator 

• Discriminator  
 
 

Training: two-player game 

• D aims to distinguish whether 

an input is real or comes from G

• G aims to fool D

G(⌘; e!)

⌘

D(x;!)

Real image

Synthesized 
image

Real or fake?

[Goodfellow2014]
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Generative Adversarial Network (GAN)

Progressive GAN, Nvidia, ICLR 20185



Generative Adversarial Network (GAN)

• Objective：

• Training method: 

Stochastic gradient descent/ascent

• Challenge 

• Multiple stationary points 

• Oscillation 

• Mode Collapsing

wD
k+1 = wD

k + ⌧DrwD
k
J

wG
k+1 = wG

k � ⌧GrwG
k
J

J(yR,yG;wD,wG) = D1(y
R;wD)�D2(y

G;wD) + regularizer
<latexit sha1_base64="C+geCkrm3XGyj023OjxZ78BbmZk="></latexit>

Probability that the input is real

min
wG

max
wD

EyREyG⇠p(wG)J(y
R,yG;wD,wG)
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Stochastic 
modeling

Differential equations

dXt = a(Xt)dt+ b(Xt)dBt

Precise analysis in high-dimensions
Main idea: Stochastic learning as a stochastic dynamics

Stochastic 
Learning

Performance optimization
Adaptive parameters

Performance 
Prediction

Analytical/numerical solution 
Fix points analysis

7 Chuang Wang, Hong Hu, Yue M. Lu, A Solvable High-Dimensional Model of GAN, NeurIPS, 2019



A simple solvable GAN model

Generator:

Discriminator:

Real data:

yG
k = eg(wGeck + eak)

D(y;wD) = bD(yTwD)

yR
k = g(⇠ck + ak)
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Training algorithm
• Training algorithm  

Stochastic gradient ascent/descent

wD
k+1 = wD

k + ⌧DrwD
k
J

wG
k+1 = wG

k � ⌧GrwG
k
J

• Small learning rate analysis ⌧D

⌧G = ↵, ⌧D ! 0

d
dtw

D
t = E

⇥
rwtJ

⇤

d
dtw

G
t = �↵E

⇥
rwtJ

⇤

n is finite

Mescheder et al., 2017; Nagarajan & Kolter, 2017; 
Roth et al., 2017; Mescheder et al., 2018;  
Heusel et al., 2017; Li et al., 2017  
E V. Mazumdar, M. I. Jordan, S. S. Sastry, 2019

• High-dimensional analysis

dwD
t = e⌧DE[rwD

t J ]dt+ e⌧D
q
var[rwD

t J ]dBt

dwG
t = �e⌧GE[rwG

t J ]dt+ e⌧G
q
var[rwG

t J ]d eBt

⌧D

⌧G = ↵, n⌧D = ⌧, ⌧D ! 0, i.e. n ! 1
<latexit sha1_base64="w1M50t+fYhnmVfAAGSGXHM8DdU8="></latexit>
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Dynamics of Microscopic state

Probability law: Integral partial differential equation
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�
egtwD

t + Ltw
G
t

�
dt

dwD
t = ⌧

�
gt ⇠ + egtwG

t + htw
D
t

�
dt+ ⌧

p
btdBt

<latexit sha1_base64="rFZuz7LZ1eFHrB1JpZrKjZ7+o9M="></latexit>

Dynamics of gradient flow in High-dimensional limit

where Bt is the standard Brownian motion,

and gt, egt, Lt, ht and bt are some deterministic functions.
<latexit sha1_base64="l2qlUKXacmANtANZNFOuMf7htZY="></latexit>



Microscopic states and Macroscopic state

wDwG

wG

⇠

wD

qGt

rt

qDt

Microscopic states Macroscopic states
⇠ qGt rtqDt

Three n-D vectors Three scalars
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Main Theory on Macroscopic dynamics
t = k/nRescaled time

Theorem: 

d

dt
(qDt , qGt , rt) = g(qDt , qGt , rt)

As n ! 1, (qDt , q
G
t , rt) converges weakly to

the unique solution of the system of ODEs
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max
0knT

E[|qGt � qG,n( kn )|+ |qDt � qD,n( kn )|+ |rt � rn( kn )|] 
C(T )p

n
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Rigorous characterization: 
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Stationary State analysis
⌧G

⌧D
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dt
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qG
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Phase diagram
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Multi-modes cases

�2
noise = 1

�2
noise = 4

⌧G

2⌧D
· ⇤signal

max  ⌧D · �2
noise  ⇤signal

min

�2
noise = 2

Increase noises

Noises help converge!
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• We present an exact and tractable analysis of the training 
dynamics of a shallow GAN in high dimensions. 


• We analyze the training process at two levels:  
Macroscopic dynamics are deterministic described by a 
coupled ODE  
 
Microscopic dynamics are stochastic: The evolution of the 
detailed weights remains stochastic and it is characterized by 
an SDE.


• We show that the noise level is essential to the convergence:  
 
Strong noise leads to failure of feature recovery.  
 
Weak noise causes oscillation. 

Conclusion
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Thanks!
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