Square Root - Direct Method

In IEEE floating point standard a real number is
represented as :

(-1)Sx M x 2F
In 32-bit representation :

s € {0,1}
Me[1,2] or Me[0,2[
E € {-126,--,127} if E=-127

normal sub-normal
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To help the calculation of VR

the representation of R must be changed into

R=(—1)S><M’XZZE’ where S =0
E' =t (E/,)
M' € [0,4[

Then | VR = (—=1)S x VM’ x 2" with VM’ € [0, 2]
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Let R be a positive real number (S =0) R=(-1)5xM x 2

We seek to calculate the positive real number VR

VR = (—1)Sx VM x 2°/2

E . .
> is easy to calculate ... except when E is odd
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However, when M’ € [0,1[ the calculation of /M’ may lead

to a lost of precision

Therefore if M' =0 VM =0
andif M' €]0,1] E’' is decreased and M’ is x 2
until it can fit within [1, 4[
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Square Root - Direct Method

Then, the problem can be stated as :

Given a positive real number A € [1,4[

we seek to calculate X, such as Xp, = VA

X € [1,2]

Let X, be an approximation of X7, coded on n+1 bits

n
Xp = Z x_jx277  suchas X,* <A< (X, +27)?
j=o

@]

p We propose to calculate X, digit-by-digit
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k

Let X, = Zx_j x27/  suchas X;* <A< (X + 2"‘)2
=0

At each iteration X, is obtained from X,_;

X =Xpoq Hxo 27 x €{0,1)

\ /

27% is denoted W,
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k-1
Let X,_q = Z x_;x27/ suchas
Jj=0 2 2
Xio1? S A< (Xpq +27%-D)

i of Ay is divided by 2

UP
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X2 < A< (X +27K)

0<A-X2< (X +27%)° = X2 Let A =A—X,2

0 < Ay < 27%(2X, +27%)° vet X <2

and X, +27%<2
then 0<A,<4x27¥

0 0<Ay<4

o At each iteration the upper bound
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Ay =A—X,?
Ae = A— (X_q +x_27%)?
Ay =A— (Xp_1® +2x 278Xy + x_ 27%27F)
D = Dpq —x_,27%(2X_y +275)
2KA, =27y — x i (2Xp_y + 27F) Let Dy = 2kA,

Dk = ZDk—l - x_k(ZXk_l + 2_k) X_ = {2 suchas 0 < Dk
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Dy = 2Dy — x_(2X3—1 +27%)  x_y :{(1) suchas 0 < D,

Iteration scheme :

Dy = 2(Dy—q — x_ (Xpe—q +27%71))

Xk = Xk—l + x_k2_k

X_p ={§) suchas 0 < Dy,

Dy = 2(Dyy = X4 (Kimg + 272 Wpey))

X = X #2027 Wy

W, =27 =27,
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Implementation
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X = X +2x gy +x)27K radix 4
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Square Root - Direct Method - Improvement

X 41 =0, x_p =0 {Dk =4Dy_, radix 4

Xie = Xi—2

Xoerr =0, X =1 [ D= 4(Dyy = Yy (Kp +1x27572))
Xe=Xp_o+1x27%

X1 =1 x ;=0 [De= 4Dy — (Xp +2x271))
Xe=Xp_p+2x27F

o =1 [ De= 4Dz = 3/y (Xieep +3 % 27%71))
Xe =X, +3x27k

Xopr1 = 1,
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Implementation

{Dk =4Dy
Xi = Xk—2

{ D =4(Di2 - Y/ o (X +1x2761))

Xie =Xz +1x27F

D= 4(Dk—2 = (qu +2x Z""l))
Xe=Xp—z +2x27F

Xie = Xg—z +3x27F

{ D = 4Dz — 3/ (Kep +3x2751))
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