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Noncritical Berry-Esseen theorem
Brandão & Cramer, arXiv:1502.03263 [quant-ph]
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What about critical systems?



An analogue of Berry-Esseen theorem holds

… but is valid only for

➢ Thermal states

➢ Finite-temperature phase transitions

➢ Translation-invariant lattices
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holds at and above 
critical point, but 

not below.
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Critical exponents

𝑐 𝛽 ∝ 𝛽 − 𝛽𝑐
−𝛼

The scaling of 𝑐(𝛽𝑐) with 𝑁:

When 𝛼 = 0,
𝑐 𝛽 ∝ ln 𝑁

When 𝛼 > 0,
𝑐 𝛽 ∝ 𝑁α/(2−𝛼)



Berry-Esseen analogue for 𝛼 = 0
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Berry-Esseen analogue for 𝛼 = 0
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2D Ising model is a paradigmatic 
example of 𝛼 = 0.

Its free energy can be computed 
exactly, and therefore one has 
access to all moments of the 

energy.



Berry-Esseen analogue for 𝛼 = 0
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∝
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ln𝑁

2D Ising model is a paradigmatic 
example of 𝛼 = 0.

Its free energy can be computed 
exactly, and therefore one has 
access to all moments of the 

energy.

n-th cumulant 
of energy



Berry-Esseen analogue for 𝛼 > 0

Not much can be said except that 𝑞(𝐸) is a 
unimodal distribution peaked around ⟨𝐻⟩

and decaying exponentially in the tails.



Thank you for your attention!
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