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[*>°-a priori bound for DCMAE

Let X be a cpct n-dim Kahler manifold. Let w be a semi-positive closed
(1,1)-form with [, w” =: V > 0. The goal of Lecture 2 is to show:

Assume ¢ € PSH(X,w) N L>(X) is a solution to

1
v (Wt ddoe)" = p.

If 1 is a "nice” probability measure, then Oscx(y) < C,.

Here dd€ = i00. We are going to explain
@ properties of PSH(X,w) and how to define (w + dd€p)";

@ how "nice” u should be;
@ a recent and elementary proof of this fundamental estimate.
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Let w be a semi-positive closed (1, 1)-form with [, w” =: V > 0.
@ Qpsh functions are loc the sum of a smooth and a psh function.

@ We let PSH(X,w) denote the set of quasi-plurisubharmonic functions
@: X —>RU{—0o0}s.t. w+ dd“¢p > 0 in the sense of currents.

o We endow PSH(X,w) with the L!-topology.
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Quasi-plurisubharmonic envelopes

Quasi-plurisubharmonic functions

Let X be a cpct n-dim Kahler manifold, dVx be a smooth volume form.
Let w be a semi-positive closed (1, 1)-form with [, w” =: V > 0.
@ Qpsh functions are loc the sum of a smooth and a psh function.

@ We let PSH(X,w) denote the set of quasi-plurisubharmonic functions
@: X —>RU{—0o0}s.t. w+ dd“¢p > 0 in the sense of currents.

o We endow PSH(X,w) with the L!-topology.
@ Sets PSHx(X,w) :={p € PSH(X,w), —A < supx ¢ < 0} are cpct.

@ One can approximate any ¢ € PSH(X,w) by a decreasing sequence
of bounded (sometimes even smooth [Demailly]) w-psh functions.

If P=homog. polyn. deg k, then k! log|P| — log|z| € PSH(CP", wks).
The set of such functions is dense (L*-estimates / Jean-Pierre lectures).
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Integrability properties

Quasi-psh functions enjoy strong integrability properties:
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Integrability properties

Quasi-psh functions enjoy strong integrability properties:
@ PSH(X,w) C L™(dVx) for all m > 1,
o [, (—u)"dVx < C(m,A) for all u € PSHa(X,w) (compactness);
@ more generally if PSH(X,w) C L™(u) then
C(A,m, p) :=sup{ [y (—u)"dp, u € PSHA(X,w)} < +o0.

Quasi-psh functions are even "exponentially integrable” wrt dVx:

Theorem (Skoda's uniform integrability)
There exists a = a({w}) such that for any A > 0,

sup {/ e “YdVx, u € PSHA(X,w)} < ~00.
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Integrability properties

Quasi-psh functions enjoy strong integrability properties:
@ PSH(X,w) C L™(dVx) for all m > 1,
o [, (—u)"dVx < C(m,A) for all u € PSHa(X,w) (compactness);
@ more generally if PSH(X,w) C L™(u) then
C(A,m, p) :=sup{ [y (—u)"dp, u € PSHA(X,w)} < +o0.

Quasi-psh functions are even "exponentially integrable” wrt dVx:

Theorem (Skoda's uniform integrability)
There exists a = a({w}) such that for any A > 0,

sup {/ e “YdVx, u € PSHA(X,w)} < ~00.
X

If X ¢ CPN has degree d and w = wFs|x then a = n—ld works.
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Bedford- Taylor theory

@ If uis a psh function then u* y. is smooth psh and decrease to u.
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@ If uis a psh function then u* y. is smooth psh and decrease to u.
@ If uis a bounded psh function then the Monge-Ampeéere measures

(dd“u* x:)" weakly converge to a unique measure denoted (dd€u)”.

@ The Monge-Ampere measure (w + dd“p)" is well-defined if
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Bedford- Taylor theory

@ If uis a psh function then u* y. is smooth psh and decrease to u.
@ If uis a bounded psh function then the Monge-Ampeéere measures

(dd“u* x:)" weakly converge to a unique measure denoted (dd€u)”.

@ The Monge-Ampere measure (w + dd“p)" is well-defined if
@ € PSH(X,w) N L*(X) by using local potentials w = dd®p.

Assume X = CP", w = wrs and ¢|z] = maxo<j<nlog|zj| — log ||z||.
Then (w + ddp)" is the normalized Lebesgue measure on RP".

o If p € PSH(X,w), x convex & 0 < x’ <1, then xy o ¢ € PSH(X,w):

dd“xop = x'opdpNdp+x opddyp
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Bedford- Taylor theory

@ If uis a psh function then u* y. is smooth psh and decrease to u.
@ If uis a bounded psh function then the Monge-Ampeéere measures
(dd“u* x:)" weakly converge to a unique measure denoted (dd€u)”.
@ The Monge-Ampere measure (w + dd“p)" is well-defined if
@ € PSH(X,w) N L*(X) by using local potentials w = dd®p.

Assume X = CP", w = wrs and ¢|z] = maxo<j<nlog|zj| — log ||z||.
Then (w + ddp)" is the normalized Lebesgue measure on RP".

o If p € PSH(X,w), x convex & 0 < x’ <1, then xy o ¢ € PSH(X,w):

dd“xop = x'opdpNdp+x opddyp
> X op(w+dd%)—x opuw
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Bedford- Taylor theory

@ If uis a psh function then u* y. is smooth psh and decrease to u.
@ If uis a bounded psh function then the Monge-Ampeéere measures
(dd“u* x:)" weakly converge to a unique measure denoted (dd€u)”.
@ The Monge-Ampere measure (w + dd“p)" is well-defined if
@ € PSH(X,w) N L*(X) by using local potentials w = dd®p.

Assume X = CP", w = wrs and ¢|z] = maxo<j<nlog|zj| — log ||z||.
Then (w + ddp)" is the normalized Lebesgue measure on RP".

o If p € PSH(X,w), x convex & 0 < x’ <1, then xy o ¢ € PSH(X,w):
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Bedford- Taylor theory

@ If uis a psh function then u* y. is smooth psh and decrease to u.
@ If uis a bounded psh function then the Monge-Ampeéere measures

(dd“u* x:)" weakly converge to a unique measure denoted (dd€u)”.

@ The Monge-Ampere measure (w + dd“p)" is well-defined if
@ € PSH(X,w) N L*(X) by using local potentials w = dd®p.

Assume X = CP", w = wrs and ¢|z] = maxo<j<nlog|zj| — log ||z||.
Then (w + ddp)" is the normalized Lebesgue measure on RP".

o If p € PSH(X,w), x convex & 0 < x’ <1, then xy o ¢ € PSH(X,w):
dd“xop = x'opdpNdp+x opddyp
> X’ogp(w+ddcg0)—xlog0w > —Ww.
— when ¢ ~ log ||z|| this corresponds to "radial singularities”...
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Radial singularities

Measure (ddu)” well-defined when u has compact singularities [Demailly].
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Consider measures . = (dd®x o L)” with an isolated radial singularity.

@ Here x smooth convex increasing with x’(0) = 0 and L(z) = log||z||.
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Radial singularities

Measure (ddu)” well-defined when u has compact singularities [Demailly].

Consider measures . = (dd®x o L)” with an isolated radial singularity.

@ Here x smooth convex increasing with x’(0) = 0 and L(z) = log||z||.

@ y o L is bounded iff y(—o0) > —oc.
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Radial singularities

Measure (ddu)” well-defined when u has compact singularities [Demailly].

Consider measures . = (dd®x o L)” with an isolated radial singularity.
@ Here x smooth convex increasing with x’(0) = 0 and L(z) = log||z||.
@ y o L is bounded iff y(—o0) > —oc.

@ A direct computation yields

e (X/ o L)n—1X// ol
- n
[|z|[2"

dVeucl(Z)-
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Radial singularities

Measure (ddu)” well-defined when u has compact singularities [Demailly].

Consider measures . = (dd®x o L)” with an isolated radial singularity.
@ Here x smooth convex increasing with x’(0) = 0 and L(z) = log||z||.
@ y o L is bounded iff y(—o0) > —oc.

@ A direct computation yields

o PSH(X,w) C L™(p) iff [___[t|™x/ ()" 1x"(t)dt < +o0.
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Radial singularities

Measure (ddu)” well-defined when u has compact singularities [Demailly].

Consider measures . = (dd®x o L)” with an isolated radial singularity.
@ Here x smooth convex increasing with x’(0) = 0 and L(z) = log||z||.
@ y o L is bounded iff y(—o0) > —oc.

@ A direct computation yields

o PSH(X,w) C L™(p) iff [___[t|™x/ ()" 1x"(t)dt < +o0.
@ PSH(X,w) C L”+€(,u) = x'(t) = O(|t|1¢/") = x(—o0) > —o0.

Vincent Guedj (IMT) Uniform estimates through qpsh envelopes June, 2021 6 /18



Radial singularities

Measure (ddu)” well-defined when u has compact singularities [Demailly].

Consider measures . = (dd®x o L)” with an isolated radial singularity.
@ Here x smooth convex increasing with x’(0) = 0 and L(z) = log||z||.
@ y o L is bounded iff y(—o0) > —oc.
@ A direct computation yields

(X/ o L)n—1X// ol
[|z][="

= Cn dVeuci(2).

o PSH(X,w) C L™(p) iff [___[t|™x/ ()" 1x"(t)dt < +o0.
@ PSH(X,w) C L”+€(,u) = x'(t) = O(|t|1¢/") = x(—o0) > —o0.
@ For x(t) = —logolog(—t) and n > 2, gets PSH(X,w) C L"(u).
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The main tool: w-psh envelopes
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The main tool: w-psh envelopes

Given h: X — R a bounded quasi-continuous function, we set:
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The main tool: w-psh envelopes

Given h: X — R a bounded quasi-continuous function, we set:

Definition

P(h) = Py(h) := sup{u € PSH(X,w), u < h}.
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The main tool: w-psh envelopes

Given h: X — R a bounded quasi-continuous function, we set:

Definition

P(h) = Py(h) := sup{u € PSH(X,w), u < h}.

Here are basic properties of these envelopes:
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The main tool: w-psh envelopes

Given h: X — R a bounded quasi-continuous function, we set:

Definition

P(h) = Py(h) := sup{u € PSH(X,w), u < h}.

Here are basic properties of these envelopes:

@ The function P(h) is bounded and w-psh.
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The main tool: w-psh envelopes

Given h: X — R a bounded quasi-continuous function, we set:

Definition

P(h) = Py(h) := sup{u € PSH(X,w), u < h}.

Here are basic properties of these envelopes:

@ The function P(h) is bounded and w-psh.
o If his smooth, then P(h) is C1''-smooth
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The main tool: w-psh envelopes

Given h: X — R a bounded quasi-continuous function, we set:

Definition

P(h) = Py(h) := sup{u € PSH(X,w), u < h}.

Here are basic properties of these envelopes:

@ The function P(h) is bounded and w-psh.
e If his smooth, then P(h) is C''-smooth and

(w4 ddP(h))" = 1¢p(m—m (w + ddh)".

is concentrated in the contact set C = {x € X, P(h)(x) = h(x)}.
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The main tool: w-psh envelopes

Given h: X — R a bounded quasi-continuous function, we set:

Definition

P(h) = Py(h) := sup{u € PSH(X,w), u < h}.

Here are basic properties of these envelopes:

@ The function P(h) is bounded and w-psh.
e If his smooth, then P(h) is C''-smooth and

(w4 ddP(h))" = 1¢p(m—m (w + ddh)".

is concentrated in the contact set C = {x € X, P(h)(x) = h(x)}.
@ If his merely l.s.c. then (w + dd“P(h))" is still concentrated on C.
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A key observation

The following will play a key role in the sequel:
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Lemma

Assume x : R~ — R~ is concave increasing with x'(0) > 1.
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A key observation

The following will play a key role in the sequel:

Lemma

Assume x : R~ — R~ is concave increasing with x'(0) > 1. Pick
@ € PSH(X,w) N L>(X) such that supy ¢ = 0.
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A key observation

The following will play a key role in the sequel:

Lemma

Assume x : R~ — R~ is concave increasing with x'(0) > 1. Pick
@ € PSH(X,w) N L>(X) such that supyx ¢ = 0. Then

(w+ dd“P(x 0 ¢))" < Lip(xop)=xop} (X © )" (w + ddp)".
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Quasi-plurisubharmonic envelopes

A key observation

The following will play a key role in the sequel:

Lemma

Assume x : R~ — R~ is concave increasing with x'(0) > 1. Pick
@ € PSH(X,w) N L>(X) such that supyx ¢ = 0. Then

(w+ dd“P(x 0 ¢))" < Lip(xop)=xop} (X © )" (w + ddp)".

Proof. (smooth) Note dd“x o ¢ =
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Quasi-plurisubharmonic envelopes

A key observation

The following will play a key role in the sequel:

Lemma

Assume x : R~ — R~ is concave increasing with x'(0) > 1. Pick
@ € PSH(X,w) N L>(X) such that supyx ¢ = 0. Then

(w + ddC’D(X < 90))” < ]-{P(XOgo):Xoso}(X/ © @)n(w + ddcgp)n'

Proof. (smooth) Note ddx oo = X" opdp Ad°p+ X' o pddyp,
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Quasi-plurisubharmonic envelopes

A key observation

The following will play a key role in the sequel:

Lemma

Assume x : R~ — R~ is concave increasing with x'(0) > 1. Pick
@ € PSH(X,w) N L>(X) such that supyx ¢ = 0. Then

(w + ddC’D(X < 90))” < ]-{P(XOgo):Xoso}(X/ © @)n(w + ddcgp)n'

Proof. (smooth) Note dd“y oo = x"opdp Ad o+ x' o pdd®yp, hence

wHddxop = x'opdpANdo+x op(wtddp)+(1-x op)uw
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A key observation

The following will play a key role in the sequel:
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Assume x : R~ — R~ is concave increasing with x'(0) > 1. Pick
@ € PSH(X,w) N L>(X) such that supyx ¢ = 0. Then
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A key observation

The following will play a key role in the sequel:

Lemma

Assume x : R~ — R~ is concave increasing with x'(0) > 1. Pick
@ € PSH(X,w) N L>(X) such that supy ¢ = 0. Then

(w + ddC’D(X © 90))” < 1{P(XOQO)ZXOQO}(X/ © @)n(w + ddcgp)n'

Proof. (smooth) Note dd“y oo = x"opdp Ad o+ x' o pdd®yp, hence

wHddxop = x'opdpANdo+x op(wtddp)+(1-x op)uw
< Y op(w+ ddp).

since Y’ > 1 and x” < 0.
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A key observation

The following will play a key role in the sequel:

Lemma

Assume x : R~ — R~ is concave increasing with x'(0) > 1. Pick
@ € PSH(X,w) N L>(X) such that supy ¢ = 0. Then

(w + ddC’D(X © 90))” < 1{P(XOQO)ZXOQO}(X/ © @)n(w + ddcgp)n'

Proof. (smooth) Note dd“y oo = x"opdp Ad o+ x' o pdd®yp, hence

wHddxop = x'opdpANdo+x op(wtddp)+(1-x op)uw
< Y op(w+ ddp).

since ¥’ > 1 and x” < 0. The conclusion follows.
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A key observation

The following will play a key role in the sequel:

Lemma

Assume x : R~ — R~ is concave increasing with x'(0) > 1. Pick
@ € PSH(X,w) N L>(X) such that supy ¢ = 0. Then

(w + ddC’D(X © 90))” < 1{P(XOQO)ZXOQO}(X/ © @)n(w + ddcgp)n'

Proof. (smooth) Note dd“y oo = x"opdp Ad o+ x' o pdd®yp, hence

wHddxop = x'opdpANdo+x op(wtddp)+(1-x op)uw
< Y op(w+ ddp).

since ¥’ > 1 and x” < 0. The conclusion follows.

(For non smooth functions, this requires some extra work). [J
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The LP-setting

Precise goal of Lecture 2=proof of the following uniform estimate:
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The LP-setting

Precise goal of Lecture 2=proof of the following uniform estimate:

Theorem (Kolodziej 98, Eyssidieux-G-Zeriahi 08-09, Demailly-Pali 10)

Fix p>1and0 < f € LP(dVx) normalized s.t. [, fdVx = 1.
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The LP-setting

Precise goal of Lecture 2=proof of the following uniform estimate:

Theorem (Kolodziej 98, Eyssidieux-G-Zeriahi 08-09, Demailly-Pali 10)

Fix p>1and0 < f e LP(dVx) normalized s.t. [, fdVx = 1. There exists
a unique ¢ € PSH(X,w) N L*(X) s.t.
o VY w+ dd°p)" = fdVx and supy ¢ = 0;

Vincent Guedj (IMT) Uniform estimates through qpsh envelopes June, 2021 9 /18



The LP-setting

Precise goal of Lecture 2=proof of the following uniform estimate:

Theorem (Kolodziej 98, Eyssidieux-G-Zeriahi 08-09, Demailly-Pali 10)

Fix p>1and0 < f e LP(dVx) normalized s.t. [, fdVx = 1. There exists
a unique ¢ € PSH(X,w) N L*(X) s.t.

o VY w+ dd°p)" = fdVx and supy ¢ = 0;

o llglliep < T = T(IFller, Ap),

where

(n+1)p
Ap 1= sup {/ (—u) P~ dVx, u € PSHO(X,w)}.
X

Vincent Guedj (IMT) Uniform estimates through qpsh envelopes June, 2021 9 /18



The LP-setting

Precise goal of Lecture 2=proof of the following uniform estimate:

Theorem (Kolodziej 98, Eyssidieux-G-Zeriahi 08-09, Demailly-Pali 10)

Fix p>1and0 < f e LP(dVx) normalized s.t. [, fdVx = 1. There exists
a unique ¢ € PSH(X,w) N L*(X) s.t.

o VY w+ dd°p)" = fdVx and supy ¢ = 0;

o llglliep < T = T(IFller, Ap),

where

(n+1)
Ap 1= sup {/ (—u) er—lpdVX, u € PSHO(X,w)}.
X

— New and simplified approach using quasi-psh envelopes.
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Uniform a priori estimates for DCMAE

More general measures

We shall even treat the case of more general probability measures pu:
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Uniform a priori estimates for DCMAE

More general measures

We shall even treat the case of more general probability measures pu:

Theorem (G-Lu 21)

Assume PSH(X,w) C L™(u) with m > n.
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Uniform a priori estimates for DCMAE

More general measures

We shall even treat the case of more general probability measures pu:

Theorem (G-Lu 21)

Assume PSH(X,w) C L™(u) with m > n. Then there exists a unique
@ € PSH(X,w) N L>(X) such that

o V(w4 ddp)" = i and supy ¢ = 0;
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Assume PSH(X,w) C L™(u) with m > n. Then there exists a unique
@ € PSH(X,w) N L>(X) such that

o V(w4 ddp)" = i and supy ¢ = 0;
® ||o|[toox) £ T = T(Am),
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Uniform a priori estimates for DCMAE

More general measures

We shall even treat the case of more general probability measures pu:

Theorem (G-Lu 21)

Assume PSH(X,w) C L™(u) with m > n. Then there exists a unique
@ € PSH(X,w) N L>(X) such that

o V(w4 ddp)" = i and supy ¢ = 0;
® ||o|[toox) £ T = T(Am),

where T depends on n, m and an upper-bound on

A s { ([ oran) e PSHO(X,M)} |
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Uniform a priori estimates for DCMAE

More general measures

We shall even treat the case of more general probability measures pu:

Theorem (G-Lu 21)

Assume PSH(X,w) C L™(u) with m > n. Then there exists a unique
@ € PSH(X,w) N L>(X) such that

o V(w4 ddp)" = i and supy ¢ = 0;
® ||o|[toox) £ T = T(Am),
where T depends on n, m and an upper-bound on

A s { ([ oran) e PSHO(X,M)} |

Previous Thm follows from Holder inequality (with m = n+ 1).
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Examples

Given j a probability measure, we let ¢, € PSH(X,w) denote its unique
Monge-Ampere potential:
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Given j a probability measure, we let ¢, € PSH(X,w) denote its unique
Monge-Ampere potential: V1 (w + dd€p,)" = pu, with supx ¢, = 0.
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Examples

Given j a probability measure, we let ¢, € PSH(X,w) denote its unique
Monge-Ampere potential: V1 (w + dd€p,)" = pu, with supx ¢, = 0.

o If n=1then PSH(X,w) C L'(1) <= ¢, is bounded.
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Uniform a priori estimates for DCMAE
Examples

Given j a probability measure, we let ¢, € PSH(X,w) denote its unique
Monge-Ampere potential: V1 (w + dd€p,)" = pu, with supx ¢, = 0.

o If n=1then PSH(X,w) C L'(1) <= ¢, is bounded.
@ If n > 2 there exists unbounded ¢, when PSH(X,w) C L"(u).
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Uniform a priori estimates for DCMAE
Examples

Given j a probability measure, we let ¢, € PSH(X,w) denote its unique
Monge-Ampere potential: V1 (w + dd€p,)" = pu, with supx ¢, = 0.

o If n=1then PSH(X,w) C L'(1) <= ¢, is bounded.

@ If n > 2 there exists unbounded ¢, when PSH(X,w) C L"(u).

o If p = fdVx with [, f(log f)™dVx < 400, m > n,
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Uniform a priori estimates for DCMAE
Examples

Given j a probability measure, we let ¢, € PSH(X,w) denote its unique
Monge-Ampere potential: V1 (w + dd€p,)" = pu, with supx ¢, = 0.

o If n=1then PSH(X,w) C L'(1) <= ¢, is bounded.

@ If n > 2 there exists unbounded ¢, when PSH(X,w) C L"(u).

o If = fdVx with [, f(logf)™dVx < 400, m > n, then Holder-Young
inequality and Skoda's theorem ensure that PSH(X,w) C L™(u).
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Uniform a priori estimates for DCMAE
Examples

Given j a probability measure, we let ¢, € PSH(X,w) denote its unique
Monge-Ampere potential: V1 (w + dd€p,)" = pu, with supx ¢, = 0.

o If n=1then PSH(X,w) C L'(1) <= ¢, is bounded.

@ If n > 2 there exists unbounded ¢, when PSH(X,w) C L"(u).

o If = fdVx with [, f(logf)™dVx < 400, m > n, then Holder-Young
inequality and Skoda's theorem ensure that PSH(X,w) C L™(u).

e Finite entropy (m = 1) does not imply ¢, bounded when n > 2.
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Uniform a priori estimates for DCMAE
Examples

Given j a probability measure, we let ¢, € PSH(X,w) denote its unique
Monge-Ampere potential: V1 (w + dd€p,)" = pu, with supx ¢, = 0.

o If n=1then PSH(X,w) C L'(1) <= ¢, is bounded.

@ If n > 2 there exists unbounded ¢, when PSH(X,w) C L"(u).

o If = fdVx with [, f(logf)™dVx < 400, m > n, then Holder-Young
inequality and Skoda's theorem ensure that PSH(X,w) C L™(u).

e Finite entropy (m = 1) does not imply ¢,, bounded when n > 2.

o If H C X real analytic hypersurface and p = (2n — 1)-Hausdorff
measure on H, then PSH(X,w) C L™(u) for any m > 1.
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The strategy

Assume PSH(X,w) C L™(w), m > n,
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The strategy

Assume PSH(X,w) C L™(u), m > n, and ¢ € PSH(X,w) N L%(X) st
V=Y w + ddp)" = pu with supy ¢ = 0. Goal=a priori estimate.
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The strategy

Assume PSH(X,w) C L™(u), m > n, and ¢ € PSH(X,w) N L%(X) st
V=Y w + ddp)" = pu with supy ¢ = 0. Goal=a priori estimate.

@ Plan: show that u(p < —t) =0 for t > Tpax = T(Am).
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The strategy

Assume PSH(X,w) C L™(u), m > n, and ¢ € PSH(X,w) N L%(X) st
V=Y w + ddp)" = pu with supy ¢ = 0. Goal=a priori estimate.

@ Plan: show that u(p < —t) =0for t > Thax = T(Am).
@ We choose below x concave increasing s.t. x(0) =0 and x/(0) > 1.
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The strategy

Assume PSH(X,w) C L™(u), m > n, and ¢ € PSH(X,w) N L%(X) st
V=Y w + ddp)" = pu with supy ¢ = 0. Goal=a priori estimate.

@ Plan: show that u(p < —t) =0for t > Thax = T(Am).
@ We choose below x concave increasing s.t. x(0) =0 and x/(0) > 1.
@ Setting u := P(x o ¢) we have a good control on (w + dd°u)".
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The strategy

Assume PSH(X,w) C L™(u), m > n, and ¢ € PSH(X,w) N L%(X) st
V= (w + dd€p)" = p with supy ¢ = 0. Goal=a priori estimate.
@ Plan: show that u(p < —t) =0 for t > Tpax = T(Am).
@ We choose below x concave increasing s.t. x(0) =0 and x/(0) > 1.
@ Setting u:= P(x o ¢) we have a good control on (w + dd€u)".

@ Naive idea: control from below on supy u provides lower bound for .
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The strategy

Assume PSH(X,w) C L™(u), m > n, and ¢ € PSH(X,w) N L%(X) st
V=Y w + ddp)" = pu with supy ¢ = 0. Goal=a priori estimate.

@ Plan: show that u(p < —t) =0for t > Thax = T(Am).
@ We choose below x concave increasing s.t. x(0) =0 and x/(0) > 1.
@ Setting u := P(x o ¢) we have a good control on (w + dd°u)".

@ Naive idea: control from below on supy u provides lower bound for .

Wefix 0 <e<<lsothat n< n-+ 3 <m.
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Choice of the weight

We choose x so that [, (x' o) **dpy =B <2.
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Choice of the weight

We choose x so that [, (X' o )""**du = B < 2. More precisely:
@ Recall that if g : R™ — R™ is increasing with g(0) = 1 then
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Choice of the weight

We choose x so that [, (X' o )""**du = B < 2. More precisely:
@ Recall that if g : R™ — R™ is increasing with g(0) = 1 then

Tmax
/ go(—p)du = pu(X) +/ g'(t)u(p < —t)dt.
X 0
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Choice of the weight

We choose x so that [, (X' o )""**du = B < 2. More precisely:
@ Recall that if g : R™ — R™ is increasing with g(0) = 1 then

Tmax
/ go(—p)du = pu(X) +/ g'(t)u(p < —t)dt.
X 0

o We set g(t) = [x/'(—1)]""* with x(0) = 0,x'(0) = g(0) = 1
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Choice of the weight

We choose x so that [, (X' o )""**du = B < 2. More precisely:
@ Recall that if g : R™ — R™ is increasing with g(0) = 1 then

Tmax
/ go(—p)du = pu(X) +/ g'(t)u(p < —t)dt.
X 0

o We set g(t) = [x/(—1)]""¢ with x(0) = 0, x’(0) = g(0) = 1 and

1
e = T 2u(e < —1)
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Choice of the weight

We choose x so that [, (X' o )""**du = B < 2. More precisely:
@ Recall that if g : R™ — R™ is increasing with g(0) = 1 then

Tmax
/ go(—p)du = pu(X) +/ g'(t)u(p < —t)dt.
X 0

o We set g(t) = [x/(—1)]""¢ with x(0) = 0, x’(0) = g(0) = 1 and

1
e = T 2u(e < —1)

@ Thus x has all the required properties,
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Choice of the weight

We choose x so that [, (X' o )""**du = B < 2. More precisely:
@ Recall that if g : R™ — R™ is increasing with g(0) = 1 then

Tmax
/ go(—p)du = pu(X) +/ g'(t)u(p < —t)dt.
X 0

o We set g(t) = [x/(—1)]""¢ with x(0) = 0, x’(0) = g(0) = 1 and

1
e = T 2u(e < —1)

@ Thus x has all the required properties, e.g.

/‘Tmax , +00 dt
gt,ugo<—tdt§/ =1
: ()l ) . dtor
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Choice of the weight

We choose x so that [, (X' o )""**du = B < 2. More precisely:
@ Recall that if g : R™ — R™ is increasing with g(0) = 1 then

Tmax
/ go(—p)du = pu(X) +/ g'(t)u(p < —t)dt.
X 0

o We set g(t) = [x/(—1)]""¢ with x(0) = 0, x’(0) = g(0) = 1 and

1
'(t) = when t < Trax.
e = T 2u(e < —1)

@ Thus x has all the required properties, e.g.

/‘Tmax , +00 dt
gt,ugo<—tdt§/ =1
: ()l ) A Cpres:

@ We note for later use that —y(—1) = ffl X' (t)dt > 1.
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Controlling the energy of the projection

Recall that u = P(x o ).
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Controlling the energy of the projection

Recall that u = P(x o ). We set MA(u) := V=1 (w + dd°u)".
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Controlling the energy of the projection

Recall that u = P(x o ¢). We set MA(u) := V=1 (w + ddu)".
o The key observation yields MA(u) < 17,001 (X' © )" 1.
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Controlling the energy of the projection

Recall that u = P(x o ¢). We set MA(u) := V=1 (w + ddu)".

o The key observation yields MA(u) < 17,001 (X' © )" 1.
o Therefore [, (—u)*MA(u) < [ (—=x o) (X op)"dp.
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Controlling the energy of the projection

Recall that u = P(x o ¢). We set MA(u) := V=1 (w + ddu)".

o The key observation yields MA(u) < 17,001 (X' © )" 1.

o Therefore [, (—u)*MA(u) < [y (=x o @) (X op)dp.
@ By concavity and x(0) = 0 we have |x(t)| < |t]x/(¢),
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Controlling the energy of the projection

Recall that u = P(x o ¢). We set MA(u) := V=1 (w + ddu)".

o The key observation yields MA(u) < 17,001 (X' © )" 1.

o Therefore [, (—u)*MA(u) < [y (=x o @) (X op)dp.
@ By concavity and x(0) = 0 we have |x(t)| < |t|xX/(t), thus
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Controlling the energy of the projection

Recall that u = P(x o ¢). We set MA(u) := V=1 (w + ddu)".

o The key observation yields MA(u) < 17,001 (X' © )" 1.

o Therefore [, (—u)*MA(u) < [y (=x o @) (X op)dp.
@ By concavity and x(0) = 0 we have |x(t)| < |t|xX/(t), thus

/X(—U)gMA(U) < /X(—w)e(x’w)”*adu
< ( /X (—w)””gdu) " ( /X (x’w)””edu)rﬁ
< 2Am(p)°.
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Uniform integrability of u

We deduce a uniform control on supy u:
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Uniform integrability of u

We deduce a uniform control on supy u:
0<(—supu)® = /(— sup u)°*MA(u)
X X X

< [ (~0) MAW) < 270 (0"

@ Thus u belongs to a compact subset PSHA(X,w), A = 2%Am(,u).
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@ Thus u belongs to a compact subset PSHA(X,w), A = 2%Am(,u).
o We infer [, (—u)"<du < (.
@ Now 0 < —y o < —u hence fX(—X o @)"3edy < C/:.

@ Chebyshev inequality thus yields (¢ < —t) < .
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Uniform integrability of u

We deduce a uniform control on supy u:
0<(—supu)® = /(— sup u)°*MA(u)
X X X

< /X (— ) MA(u) < 2Am(11)"

@ Thus u belongs to a compact subset PSHA(X,w), A = 2%Am(,u).
o We infer [, (—u)"<du < (.
@ Now 0 < —y o < —u hence fX(—X o @)"3edy < C/:.

@ Chebyshev inequality thus yields (¢ < —t) < ‘X(_%L,,Hgg,

@ while by our choice u(p < —t) = (1—|—t)12g’(t)'
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Proof of the a priori estimate

Conclusion

We set h(t) = —x(—t) so that
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e Multiplying the latter inequality by A’, we obtain
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Conclusion

We set h(t) = —x(—t) so that
@ h convex increasing on [0, Tmax[ with h(0) =0, ' (0) =1, h(1) > 1,

o g(t) — [h/(t)]n+2s SO g/ _ (n + 28)h”(h’)"+25_1
1 _ C/,
® @Tro%(m) ple < —t) < OB

e Multiplying the latter inequality by A’, we obtain
h/hn—|—3€ S (n 1+ 28)C//L(1 i t)zh”(h’)”+2€.

o Integrating between 0 and t and using (1 + s)? < (1 4 t)? yields

/ (h/)n—i—2z—:—|—1

ke < (n+ 3+ 1)U

@ Thus (1+1t) "< CHh P with0<a<1and3>1.
@ Integrate between 1 and T, and use h(1) > 1 to conclude [J.
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Refinements and extensions

Refinements and extensions

Slight extension of the method allows to
@ treat the case of big cohomology classes

@ establish stability and continuity of solutions
@ handle degenerating families
@ establish L*°-bounds in the complement of a divisor

@ solve MA equations on hermitian manifolds.

Vincent Guedj (IMT) Uniform estimates through qpsh envelopes June, 2021 17 / 18



References

Some references

@ S. Kolodziej,
The complex Monge-Ampere equation,

Acta Math. 180 (1998), 69-117.

Vincent Guedj (IMT) Uniform estimates through qpsh envelopes June, 2021 18 / 18



References

Some references

@ S. Kolodziej,
The complex Monge-Ampere equation,

Acta Math. 180 (1998), 69-117.
@ P. Eyssidieux, V. Guedj, A. Zeriahi,

Singular Kahler-Einstein metrics,
J. Amer. Math. Soc. 22 (2009), no. 3, 607-6309.

Vincent Guedj (IMT) Uniform estimates through qpsh envelopes June, 2021 18 / 18



References

Some references

@ S. Kolodziej,
The complex Monge-Ampere equation,
Acta Math. 180 (1998), 69-117.

@ P. Eyssidieux, V. Guedj, A. Zeriahi,
Singular Kahler-Einstein metrics,
J. Amer. Math. Soc. 22 (2009), no. 3, 607-6309.
e /. Blocki,
On uniform estimate in Calabi-Yau theorem I,
Sci. China Math. 54 (2011), no. 7, 1375-1377.

Vincent Guedj (IMT) Uniform estimates through qpsh envelopes June, 2021 18 / 18



References

Some references

@ S. Kolodziej,
The complex Monge-Ampere equation,

Acta Math. 180 (1998), 69-117.
@ P. Eyssidieux, V. Guedj, A. Zeriahi,

Singular Kahler-Einstein metrics,
J. Amer. Math. Soc. 22 (2009), no. 3, 607-6309.

e /. Blocki,

On uniform estimate in Calabi-Yau theorem I,
Sci. China Math. 54 (2011), no. 7, 1375-1377.

@ V.Guedj, H.C.Lu,

Quasi-plurisubharmonic envelopes 1, 2, 3,
Preprint (2021).

Vincent Guedj (IMT) Uniform estimates through qpsh envelopes June, 2021 18 / 18



