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The star of this school:

Quantum-ESPRESSO
Quantum ESPRESSO: Quantum opEn-Source Package for Research in Electronic Structure, Simulation, and Optimization, is 

a distribution (an integrated suite) of software for first-principle simulations, i.e., atomistic calculations based on 

electronic structure, using density-functional theory, a plane-wave basis set, pseudopotentials. 

QE exists since 2002, resulting from the merge of pre-existing packages; some core components have been under 

development for ∼ 30 years 

The main goals of Quantum-ESPRESSO are:

• innovation in theoretical methods and numerical algorithms 

• efficiency on modern computer architectures



The star of this school:

Quantum-ESPRESSO

QE is distributed under the GNU (Gnu’s Not Unix) General Public License (GPL v.2), probably the most 

common free-software license. 

• The source code is available.

• You can do whatever you want with the sources, but if you distribute any derived work, you have to 

distribute under the GPL the sources of the derived work. 

Advantages: 

• Everybody – including commercial entities – can contribute.

• Nobody can “steal” the code and give nothing back to the community. 

The most successful example is probably the Linux Kernel. 

License:



The star of this school:

Quantum-ESPRESSO
You can get QE help, answers and general info from various sources:

the documenting papers: 

J. Phys.: Condens. Matter 21, 395502 (2009) and 

J. Phys.: Condens. Matter 29, 465901 (2017) 

the web site: www.quantum-espresso.org

the documentation in the Doc subdirectories 

the developers’ portal: github.com/QEF/q-e/releases 

the mailing lists:

users@lists.quantum-espresso.org 

developers@lists.quantum-espresso.org

(use first the rich ARCHIVE of these lists) 



Quantum-ESPRESSO as a distribution
QE is not a single, executable code. It is composed of several packages:

PWscf: self-consistent electronic structure, (variable-cell) structural optimization, molecular dynamics 

CP: Car-Parrinello molecular dynamics, also with variable cell

They share a common installation method, input format, pseudopotential format, data 

output format, large parts of the basic code. 

Further codes:

PHonon: linear-response calculations (phonons, dielectric properties)

PostProc: graphical and postprocessing utilities (density of states, STM, etc.) 

PWneb: Nudged Elastic Band (NEB) for reaction pathways and barriers

atomic: pseudopotential generation code

PWGui: a Graphical User Interface for production of input files 

PWcond: ballistic conductance

XSpectra: Calculation of X-ray near-edge adsorption spectra (XANES) 

GWL: GW band structure with ultralocalized Wannier functions

TD-DFPT: Time-Dependent Density-Functional Perturbation Theory

EPW: Electron-phonon coefficients and related properties

HP: Hubbard parametes from linear response 



Density Functional Theory

The ground-state energy of a system of N electrons is a functional of the electronic density n(r):

EDFT [n]

<latexit sha1_base64="aff8TOOGJvOePFYd2OerS5wTWAc=">AAACAXicdVBNS8NAEN34bf2qehG8LBbBU0lqbOtN8AOPFVoV2lg22027dLMJuxOhhHrxr3jxoIhX/4U3/42btoKKPhh4vDfDzDw/FlyDbX9YU9Mzs3PzC4u5peWV1bX8+saljhJFWYNGIlLXPtFMcMkawEGw61gxEvqCXfn948y/umVK80jWYRAzLyRdyQNOCRipnd86vUlPzupD3BIsgKZsKd7tgYdz7XzBLh5WyyW3jO2ibVeckpORUsXdd7FjlAwFNEGtnX9vdSKahEwCFUTrpmPH4KVEAaeCDXOtRLOY0D7psqahkoRMe+nogyHeNUoHB5EyJQGP1O8TKQm1HoS+6QwJ9PRvLxP/8poJBFUv5TJOgEk6XhQkAkOEszhwhytGQQwMIVRxcyumPaIIBRNaFsLXp/h/clkqOm7x4MItHFUncSygbbSD9pCDKugInaMaaiCK7tADekLP1r31aL1Yr+PWKWsys4l+wHr7BH/mlkU=</latexit>

The exact functional is unknown. Within the Kohn-Sham (KS) formalism, we write:

EDFT [n] = Ts [{ i}] + Eext[n] + EHar[n] + Exc[n] + EIons

<latexit sha1_base64="ItarHZNkPNs4lZeIXHI2izBp1zg="></latexit>

Eext [n] =
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<latexit sha1_base64="RBQ2MERp1wifr6ddMwr9GK/TWoA="></latexit>

n(r) � 0

Z
drn(r) = N

<latexit sha1_base64="x/TF4lfwgrEfR8PVc9vgbAqhc6Y="></latexit>

Where the KS orbitals have been introduced to approximate the kinetic energy:

h i| ji = �i,j i, j = 1 · · ·N

<latexit sha1_base64="EKPYSs6QKyM9V6jYPhPsD/WuVTs="></latexit>
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<latexit sha1_base64="ue3miPhabhKuf7juV5WWpmyGCPg="></latexit>

n(r) =
NX

i=1

 ⇤
i (r) i(r)

<latexit sha1_base64="OTybLd0d5pbs/v5LG1MB5tpboqw="></latexit>

The main difficulty lies in approximating the 

exchange-correlation functional Exc[n]



Density Functional Theory

Minimization of EDFT[n] with respect to n (actually, with respect to the KS orbitals) leads to the KS equations: 

H
KS
 i(r) =

✓
� ~2
2m

r2 + Vext(r) + VHar(r) + Vxc(r)

◆
 i(r) = ✏i i(r)

<latexit sha1_base64="mPOF9vuE61HXf+ahJKSiClYWaTI="></latexit>

Vxc(r) =
�Exc

�n(r)

VHar(r) =
�EHar

�n(r)
= e2

Z
dr0

n(r0)

|r� r0|

<latexit sha1_base64="/jAI6sBUvVU158piP6H6a1SGpzQ="></latexit>

✏i

<latexit sha1_base64="Yp4zsHoDTCpBKoB/DuAcE7Kse0M=">AAAB8XicdVDLSsNAFJ3UV41Wqy7dDErBVUhibOuuIIjLCvaBbSiT6aQdOpmEmYlQQv/CjQtFXLjxL/wEd/6Nk1ZBRQ9cOJxzL/feEySMSmXb70ZhaXllda24bm5slra2yzu7bRmnApMWjlksugGShFFOWooqRrqJICgKGOkEk7Pc79wQIWnMr9Q0IX6ERpyGFCOlpes+SSRlMR/QQfnQtk7rVderQtuy7ZrjOjlxa96xBx2t5DhslF7Tyrn53ByU3/rDGKcR4QozJGXPsRPlZ0goihmZmf1UkgThCRqRnqYcRUT62fziGaxoZQjDWOjiCs7V7xMZiqScRoHujJAay99eLv7l9VIV1v2M8iRVhOPFojBlUMUwfx8OqSBYsakmCAuqb4V4jATCSodk6hC+PoX/k7ZrOZ51cqnTqIMFimAfHIAj4IAaaIAL0AQtgAEHt+AePBjSuDMejadFa8H4nNkDP2C8fACyDpPX</latexit>

Problem: HKS depends on the charge density ....



Density Functional Theory
The self-consistent cycle

Set i=0

Guess starting density
Solve KS equations

H
KS(i)| out

l i = ✏
out
l | out

l i

<latexit sha1_base64="WNJMZMkoGm7NRT9Mef8DpKBhXko="></latexit>

Build
H

KS(i)

<latexit sha1_base64="41XOKCzFwpKbnHBzSHDGXaz0Nu4=">AAAB8XicbVDLSgNBEOyNryS+ol4EL4NBiJewK4o5Br0EvEQ0D0zWMDuZJENmZ5eZWSEuAT/CiwdFvHrzU7wJfoyTx0ETCxqKqm66u7yQM6Vt+8tKLCwuLa8kU+nVtfWNzczWdlUFkSS0QgIeyLqHFeVM0IpmmtN6KCn2PU5rXv985NfuqFQsENd6EFLXx13BOoxgbaSb0m18cTXMsUPUymTtvD0GmifOlGSLu/ffqYePs3Ir89lsByTyqdCEY6Uajh1qN8ZSM8LpMN2MFA0x6eMubRgqsE+VG48vHqIDo7RRJ5CmhEZj9fdEjH2lBr5nOn2se2rWG4n/eY1IdwpuzEQYaSrIZFEn4kgHaPQ+ajNJieYDQzCRzNyKSA9LTLQJKW1CcGZfnifVo7xznD+5NGkUYIIk7ME+5MCBUyhCCcpQAQICHuEZXixlPVmv1tukNWFNZ3bgD6z3H3q8kxk=</latexit>

New density:

nout =
P

l | out
l |2

<latexit sha1_base64="RMXBJXfuaVonZF7sS8RU1UrqlfM=">AAACCnicbVDLSsNAFJ3UV62vqMsijBbBVUmKYjdCwUW7rGAf0KZhMp22QyeTMDMRStq1Gz9FNy4Ucas/4M6/cdp0oa0HLhzOuZd77/FCRqWyrG8jtbK6tr6R3sxsbe/s7pn7B3UZRAKTGg5YIJoekoRRTmqKKkaaoSDI9xhpeMPrqd+4I0LSgN+qUUgcH/U57VGMlJZc85h34iBSE3gF2zLyXQbH7VBSlyXyuFNwzZyVt2aAy8Sek1zpqPz5WM5Wqq751e4GOPIJV5ghKVu2FSonRkJRzMgk044kCREeoj5pacqRT6QTz16ZwFOtdGEvELq4gjP190SMfClHvqc7faQGctGbiv95rUj1ik5MeRgpwnGyqBcxqAI4zQV2qSBYsZEmCAuqb4V4gATCSqeX0SHYiy8vk3ohb5/nL27sXKkIEqRBFpyAM2CDS1ACFVAFNYDBPXgCL+DVeDCejTfjPWlNGfOZQ/AHxscPSJmdjQ==</latexit>

Compare:
Is nout ⇡ ni ?

<latexit sha1_base64="Uq6sO08DO2mwt/mZtBvXSDRLm68=">AAACEXicbVDLSgMxFM3UV62vUZeCBIvQVZkRxe5acKO7FuwD2loyadqGZpIhyUjLMEu3bvwVF3VhEbfu3PkN/oTpY6GtBy6cnHMvufd4AaNKO86XlVhZXVvfSG6mtrZ3dvfs/YOKEqHEpIwFE7LmIUUY5aSsqWakFkiCfI+Rqte/mvjVeyIVFfxWDwPS9FGX0w7FSBupZWcavicG0Y2CMeR3kQh1DBsoCKQYmDeFMxvm45addrLOFHCZuHOSzo9Hpe+H41GxZX822gKHPuEaM6RU3XUC3YyQ1BQzEqcaoSIBwn3UJXVDOfKJakbTi2J4apQ27Ahpims4VX9PRMhXauh7ptNHuqcWvYn4n1cPdSfXjCgPQk04nn3UCRnUAk7igW0qCdZsaAjCkppdIe4hibA2IaZMCO7iycukcpZ1z7MXJTddyIEZkuAInIAMcMElKIBrUARlgMEjeAavYGw9WS/Wm/U+a01Y85lD8AfWxw8go6GY</latexit>

Mix

ni+1 = ↵ni + (1� ↵)nout

<latexit sha1_base64="BgOHoCnc4Rp60OF+ceGjs0DSPJM="></latexit>

ni=0

<latexit sha1_base64="+PBJo5YK8EVc7lIHOY12Qlhzb1s=">AAAB7nicbZDLSgMxFIbP1Futt1GXggSL4KrMiGI3YsGNyxbsBdqxZNJMG5rJDElGKEOXPoAbF4q49RG68iHc+Qy+hOlloa0/BD7+/xxyzvFjzpR2nC8rs7S8srqWXc9tbG5t79i7ezUVJZLQKol4JBs+VpQzQauaaU4bsaQ49Dmt+/3rcV6/p1KxSNzqQUy9EHcFCxjB2lh1cZeyS2fYtvNOwZkILYI7g/zVx6jy/XA4Krftz1YnIklIhSYcK9V0nVh7KZaaEU6HuVaiaIxJH3dp06DAIVVeOhl3iI6N00FBJM0TGk3c3x0pDpUahL6pDLHuqflsbP6XNRMdFL2UiTjRVJDpR0HCkY7QeHfUYZISzQcGMJHMzIpID0tMtLlQzhzBnV95EWqnBfescF5x86UiTJWFAziCE3DhAkpwA2WoAoE+PMIzvFix9WS9Wm/T0ow169mHP7LefwDO3JOh</latexit>

DONE
nfinal = ni

<latexit sha1_base64="tFIrvsbFemKHDESzieW9fCT+y3o=">AAAB+XicbVC7SgNBFL0bXzG+Vi0FGQyCVdgVxTRiwMYyAfOAvJidzCZDZmeXmdlAWFL6FzYWitjapPIj7PwGf8LJo9DEAxcO59zLvfd4EWdKO86XlVpZXVvfSG9mtrZ3dvfs/YOKCmNJaJmEPJQ1DyvKmaBlzTSntUhSHHicVr3+7cSvDqhULBT3ehjRZoC7gvmMYG2ktm2LVuIzgfkIXSPRYqhtZ52cMwVaJu6cZG8+xqXvh+NxsW1/NjohiQMqNOFYqbrrRLqZYKkZ4XSUacSKRpj0cZfWDRU4oKqZTC8foVOjdJAfSlNCo6n6eyLBgVLDwDOdAdY9tehNxP+8eqz9fDNhIoo1FWS2yI850iGaxIA6TFKi+dAQTCQztyLSwxITbcLKmBDcxZeXSeU8517kLktutpCHGdJwBCdwBi5cQQHuoAhlIDCAR3iGFyuxnqxX623WmrLmM4fwB9b7D08ulzI=</latexit>

NO

YES

Self-consistency is reached

i ! i+ 1

<latexit sha1_base64="48cZbW0Np+E1O1S/fHxzkeSrQ58=">AAAB+nicdVDLSgNBEOyNrxhfGz16GQyCIITduCbxFvAieIlgHpAsYXYySQZnH8zMGkLMp3jxoIg38UskFz/Eu7OJgooWNBRV3XR3eRFnUlnWm5FaWFxaXkmvZtbWNza3zOx2XYaxILRGQh6Kpocl5SygNcUUp81IUOx7nDa8q9PEb1xTIVkYXKpRRF0f9wPWYwQrLXXMLENtwfoDhYUIh4gd2h0zZ+VPysWCU0RW3rJKdsFOSKHkHDnI1kqCXAXen6fT1Hm1Y762uyGJfRoowrGULduK lDvGQjHC6STTjiWNMLnCfdrSNMA+le54dvoE7Wuli3qh0BUoNFO/T4yxL+XI93Snj9VA/vYS8S+vFate2R2zIIoVDch8US/mSIUoyQF1maBE8ZEmmAimb0VkgAUmSqeV0SF8fYr+J/VC3nbyxxd2rlKGOdKwC3twADaUoAJnUIUaEBjCLdzDg3Fj3BmPxtO8NWV8zuzADxgvH/B0l4E=</latexit>



(....)

The self-consistent cycle



Representing charge densities, KS orbitals in a computer:

Basis sets

f(r) =
MX

↵=1

c↵ b↵(r)

<latexit sha1_base64="4MVwLiyrjaO567Z4/SxFtgSNdYs="></latexit>

Function to 

be 

represented

Basis 

function
Expansion 

coefficient

Size of basis 

set

In Quantum-ESPRESSO, plane waves are used as basis set:

b↵(r) =
1p
V

exp (iG↵ · r)

<latexit sha1_base64="7XeFq6KXISi4ApIQcwTOVkMZeco="></latexit>



b↵(r) =
1p
V

exp (iG↵ · r)

<latexit sha1_base64="7XeFq6KXISi4ApIQcwTOVkMZeco="></latexit>

Using plane-waves as a basis set has many advantages:

• Simple analytical form: derivatives and integrals are easy to perform
• PWs are orthonormal
• Unbiased: no assumptions where charges/electrons are localized
• Independent of atomic positions: no “Pulay forces”
• Easy to control convergence of basis set size (see following slides ...)
• Straigtforward use of FFTs: easy use of R- and G-space dualities

Advantages of plane waves as basis set

However: PW basis set are typically MUCH bigger than other sets of 
(localized) basis functions



Periodicity

Due to the periodic nature of PWs, the use us this basis set is closely linked with the periodicity

of the physical system.



Periodicity



Periodicity



Periodicity



Periodicity



Periodicity



Periodicity

If a function is periodic in real space, its Fourier transform is non-zero only for discrete wavefectors

In 1-D: exp(iG↵x) ! G↵ = n⇥ 2⇡

L
n 2 Z

In 3-D: exp(iG↵ · r) ! G↵ = m⇥B1 + n⇥B2 + p⇥B3 m,n, p 2 Z
(where B1,2,3 are reciprocal lattice vectors)

<latexit sha1_base64="bGS7oRdfEp+EYU1CgpN/vRUD6+o="></latexit>

1-D illustration:

1
2⇡

L

<latexit sha1_base64="K+kgp5EPrsAZBa+LHe3+PwbVMos=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0XoqiYxtnVXcOPCRQX7kKaUyXTSDp08mJkINeQzXLlxoYhbP8Wdaz/BD9BJq6CiBy4czrmXe+9xI0aFNIwXbW5+YXFpObeSX11b3yjom1stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nbHx5nfviRc0DA4l5OI9Hw0DKhHMZJK6usF0/E4wonlRDRNTtO+XjTKR7WKZVegUTaMqmmZGbGq9oENTaVkKNbh9f7r28V7o68/O4MQxz4JJGZIiK5pRLKXIC4pZiTNO7EgEcJjNCRdRQPkE9FLpoencE8pA+iFXFUg4VT9PpEgX4iJ76pOH8mR+O1l4l9eN5ZerZfQIIolCfBskRczKEOYpQAHlBMs2UQRhDlVt0I8QioIqbLKqxC+PoX/k5ZVNu3y4ZlKowRmyIEdsAtKwARVUAcnoAGaAIMY3IA7cK9dabfag/Y4a53TPme2wQ9oTx/Df5eL</latexit>

2
2⇡

L

<latexit sha1_base64="jV/obCnTWnbyDpB1LfnuoFW9onU=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0XoqiYxtnVXcOPCRQX7kKaUyXTSDp08mJkINeQzXLlxoYhbP8Wdaz/BD9BJq6CiBy4czrmXe+9xI0aFNIwXbW5+YXFpObeSX11b3yjom1stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nbHx5nfviRc0DA4l5OI9Hw0DKhHMZJK6usFy/E4wonlRDRNTtO+XjTKR7WKZVegUTaMqmmZGbGq9oENTaVkKNbh9f7r28V7o68/O4MQxz4JJGZIiK5pRLKXIC4pZiTNO7EgEcJjNCRdRQPkE9FLpoencE8pA+iFXFUg4VT9PpEgX4iJ76pOH8mR+O1l4l9eN5ZerZfQIIolCfBskRczKEOYpQAHlBMs2UQRhDlVt0I8QioIqbLKqxC+PoX/k5ZVNu3y4ZlKowRmyIEdsAtKwARVUAcnoAGaAIMY3IA7cK9dabfag/Y4a53TPme2wQ9oTx/FEZeM</latexit>

3
2⇡

L

<latexit sha1_base64="IFwWVSVOoduZiYvLUmdcBF9/3x8=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxCVzVJY1t3BTcuXFSwD2lLmUwn7dDJg5mJUEM+w5UbF4q49VPcufYT/ACdtAoqeuDC4Zx7ufceJ2RUSMN40TILi0vLK9nV3Nr6xmZe39puiSDimDRxwALecZAgjPqkKalkpBNygjyHkbYzOU799iXhggb+uZyGpO+hkU9dipFU0kDPl3suRzi2eiFN4tNkoBeM0lGtYtkVaJQMo2paZkqsql22oamUFIU6vD54fbt4bwz0594wwJFHfIkZEqJrGqHsx4hLihlJcr1IkBDhCRqRrqI+8ojox7PDE7ivlCF0A67Kl3Cmfp+IkSfE1HNUp4fkWPz2UvEvrxtJt9aPqR9Gkvh4vsiNGJQBTFOAQ8oJlmyqCMKcqlshHiMVhFRZ5VQIX5/C/0nLKpl26fBMpVEEc2TBLtgDRWCCKqiDE9AATYBBBG7AHbjXrrRb7UF7nLdmtM+ZHfAD2tMHxqOXjQ==</latexit>

4
2⇡

L

<latexit sha1_base64="KRWq/16AdJ2gD6j2tL+l9cAJvZE=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0XoqiYxtnVXcOPCRQX7kKaUyXTSDp08mJkINeQzXLlxoYhbP8Wdaz/BD9BJq6CiBy4czrmXe+9xI0aFNIwXbW5+YXFpObeSX11b3yjom1stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nbHx5nfviRc0DA4l5OI9Hw0DKhHMZJK6usF2/E4wonlRDRNTtO+XjTKR7WKZVegUTaMqmmZGbGq9oENTaVkKNbh9f7r28V7o68/O4MQxz4JJGZIiK5pRLKXIC4pZiTNO7EgEcJjNCRdRQPkE9FLpoencE8pA+iFXFUg4VT9PpEgX4iJ76pOH8mR+O1l4l9eN5ZerZfQIIolCfBskRczKEOYpQAHlBMs2UQRhDlVt0I8QioIqbLKqxC+PoX/k5ZVNu3y4ZlKowRmyIEdsAtKwARVUAcnoAGaAIMY3IA7cK9dabfag/Y4a53TPme2wQ9oTx/INZeO</latexit>

5
2⇡

L

<latexit sha1_base64="z7hNTE87jl2wPBRepQ3V2yDWVhI=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxCVzWJ6cNdwY0LFxXsQ9pSJtNJO3TyYGYi1JDPcOXGhSJu/RR3rv0EP0AnrYKKHrhwOOde7r3HCRkV0jBetMzC4tLySnY1t7a+sZnXt7ZbIog4Jk0csIB3HCQIoz5pSioZ6YScIM9hpO1MjlO/fUm4oIF/Lqch6Xto5FOXYiSVNNDz5Z7LEY6tXkiT+DQZ6AWjdFSrWHYFGiXDqJqWmRKrah/a0FRKikIdXh+8vl28Nwb6c28Y4MgjvsQMCdE1jVD2Y8QlxYwkuV4kSIjwBI1IV1EfeUT049nhCdxXyhC6AVflSzhTv0/EyBNi6jmq00NyLH57qfiX142kW+vH1A8jSXw8X+RGDMoApinAIeUESzZVBGFO1a0Qj5EKQqqsciqEr0/h/6RllUy7VD5TaRTBHFmwC/ZAEZigCurgBDRAE2AQgRtwB+61K+1We9Ae560Z7XNmB/yA9vQByceXjw==</latexit>

6
2⇡

L

<latexit sha1_base64="8sE/FNw/d143GRQcE1A7EiGly/0=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0XoqiYxtnVXcOPCRQX7kKaUyXTSDp08mJkINeQzXLlxoYhbP8Wdaz/BD9BJq6CiBy4czrmXe+9xI0aFNIwXbW5+YXFpObeSX11b3yjom1stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nbHx5nfviRc0DA4l5OI9Hw0DKhHMZJK6uuFiuNxhBPLiWianKZ9vWiUj2oVy65Ao2wYVdMyM2JV7QMbmkrJUKzD6/3Xt4v3Rl9/dgYhjn0SSMyQEF3TiGQvQVxSzEiad2JBIoTHaEi6igbIJ6KXTA9P4Z5SBtALuapAwqn6fSJBvhAT31WdPpIj8dvLxL+8biy9Wi+hQRRLEuDZIi9mUIYwSwEOKCdYsokiCHOqboV4hFQQUmWVVyF8fQr/Jy2rbNrlwzOVRgnMkAM7YBeUgAmqoA5OQAM0AQYxuAF34F670m61B+1x1jqnfc5sgx/Qnj4Ay1mXkA==</latexit>

�1
2⇡

L

<latexit sha1_base64="rWltiAy7sPxhkXPOq578XJYF8ko=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAjdGJMY27oruHHhooJ9SFvKZDpph04ezEwKJeQz3LlxoYhb/8Sdaz/BD9BJq6CiBy4czrmXe+9xI0aFNM0XbW5+YXFpObeSX11b39jUt7YbIow5JnUcspC3XCQIowGpSyoZaUWcIN9lpOmOTjO/OSZc0DC4lJOIdH00CKhHMZJK6un6gdXxOMKJ3YlompynPb1gGieVku2UoGmYZtmyrYzYZefIgZZSMhSq8Prw9e3qvdbTnzv9EMc+CSRmSIi2ZUaymyAuKWYkzXdiQSKER2hA2ooGyCeim0wvT+G+UvrQC7mqQMKp+n0iQb4QE99VnT6SQ/Hby8S/vHYsvUo3oUEUSxLg2SIvZlCGMIsB9iknWLKJIghzqm6FeIhUEFKFlVchfH0K/ycN27Ac4/hCpVEEM+TALtgDRWCBMqiCM1ADdYDBGNyAO3CvJdqt9qA9zlrntM+ZHfAD2tMHL4SXwg==</latexit>

�2
2⇡

L

<latexit sha1_base64="+mmGhn6z5q2x6zxf94IoGzJcGAo=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAjdWJMY27oruHHhooJ9SBPKZDpph04ezEwKJfQz3LlxoYhb/8Sdaz/BD9BJq6CiBy4czrmXe+/xYkaFNIwXbW5+YXFpObeSX11b39jUt7abIko4Jg0csYi3PSQIoyFpSCoZacecoMBjpOUNTzO/NSJc0Ci8lOOYuAHqh9SnGEkldXX9wHJ8jnBqOTGdpOeTrl4wSifVsmWXoVEyjIppmRmxKvaRDU2lZCjU4PXh69vVe72rPzu9CCcBCSVmSIiOacTSTRGXFDMyyTuJIDHCQ9QnHUVDFBDhptPLJ3BfKT3oR1xVKOFU/T6RokCIceCpzgDJgfjtZeJfXieRftVNaRgnkoR4tshPGJQRzGKAPcoJlmysCMKcqlshHiAVhFRh5VUIX5/C/0nTKpl26fhCpVEEM+TALtgDRWCCCqiBM1AHDYDBCNyAO3Cvpdqt9qA9zlrntM+ZHfAD2tMHMRaXww==</latexit>

�3
2⇡

L

<latexit sha1_base64="HsJ9hO79O1FuHlPbfSAEevanMes=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0Xoxpqksa27ghsXLirYh7SlTKaTdujkwcykUEI+w50bF4q49U/cufYT/ACdtAoqeuDC4Zx7ufceJ2RUSMN40TILi0vLK9nV3Nr6xuaWvr3TFEHEMWnggAW87SBBGPVJQ1LJSDvkBHkOIy1nfJr6rQnhggb+pZyGpOehoU9dipFUUl/XD0tdlyMcW92QJvF50tfzRvGkWrbsMjSKhlExLTMlVsUu2dBUSop8DV4fvb5dvdf7+nN3EODII77EDAnRMY1Q9mLEJcWMJLluJEiI8BgNSUdRH3lE9OLZ5Qk8UMoAugFX5Us4U79PxMgTYuo5qtNDciR+e6n4l9eJpFvtxdQPI0l8PF/kRgzKAKYxwAHlBEs2VQRhTtWtEI+QCkKqsHIqhK9P4f+kaRVNu3h8odIogDmyYA/sgwIwQQXUwBmogwbAYAJuwB2412LtVnvQHuetGe1zZhf8gPb0ATKol8Q=</latexit>

�4
2⇡

L

<latexit sha1_base64="hCRdVADzCkSQ/tORNd/a22G34ts=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAjdWJMY27oruHHhooJ9SBPKZDpph04ezEwKJfQz3LlxoYhb/8Sdaz/BD9BJq6CiBy4czrmXe+/xYkaFNIwXbW5+YXFpObeSX11b39jUt7abIko4Jg0csYi3PSQIoyFpSCoZacecoMBjpOUNTzO/NSJc0Ci8lOOYuAHqh9SnGEkldXX9wHZ8jnBqOTGdpOeTrl4wSifVsmWXoVEyjIppmRmxKvaRDU2lZCjU4PXh69vVe72rPzu9CCcBCSVmSIiOacTSTRGXFDMyyTuJIDHCQ9QnHUVDFBDhptPLJ3BfKT3oR1xVKOFU/T6RokCIceCpzgDJgfjtZeJfXieRftVNaRgnkoR4tshPGJQRzGKAPcoJlmysCMKcqlshHiAVhFRh5VUIX5/C/0nTKpl26fhCpVEEM+TALtgDRWCCCqiBM1AHDYDBCNyAO3Cvpdqt9qA9zlrntM+ZHfAD2tMHNDqXxQ==</latexit>

�5
2⇡

L

<latexit sha1_base64="p7niFXnL6oNo2lsq9Up5a3ZZgYk=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0XoxprE9OGu4MaFiwr2IW0pk+mkHTp5MDMplJDPcOfGhSJu/RN3rv0EP0AnrYKKHrhwOOde7r3HCRkV0jBetMzC4tLySnY1t7a+sbmlb+80RRBxTBo4YAFvO0gQRn3SkFQy0g45QZ7DSMsZn6Z+a0K4oIF/Kach6Xlo6FOXYiSV1Nf1w1LX5QjHVjekSXye9PW8UTypli27DI2iYVRMy0yJVbGPbWgqJUW+Bq+PXt+u3ut9/bk7CHDkEV9ihoTomEYoezHikmJGklw3EiREeIyGpKOojzwievHs8gQeKGUA3YCr8iWcqd8nYuQJMfUc1ekhORK/vVT8y+tE0q32YuqHkSQ+ni9yIwZlANMY4IBygiWbKoIwp+pWiEdIBSFVWDkVwten8H/StIqmXSxdqDQKYI4s2AP7oABMUAE1cAbqoAEwmIAbcAfutVi71R60x3lrRvuc2QU/oD19ADXMl8Y=</latexit>

�6
2⇡

L

<latexit sha1_base64="giH0dcoL4eTumot++Xe0bDPlc8s=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAjdWJMY27oruHHhooJ9SBPKZDpph04ezEwKJfQz3LlxoYhb/8Sdaz/BD9BJq6CiBy4czrmXe+/xYkaFNIwXbW5+YXFpObeSX11b39jUt7abIko4Jg0csYi3PSQIoyFpSCoZacecoMBjpOUNTzO/NSJc0Ci8lOOYuAHqh9SnGEkldXX9oOz4HOHUcmI6Sc8nXb1glE6qZcsuQ6NkGBXTMjNiVewjG5pKyVCowevD17er93pXf3Z6EU4CEkrMkBAd04ilmyIuKWZkkncSQWKEh6hPOoqGKCDCTaeXT+C+UnrQj7iqUMKp+n0iRYEQ48BTnQGSA/Hby8S/vE4i/aqb0jBOJAnxbJGfMCgjmMUAe5QTLNlYEYQ5VbdCPEAqCKnCyqsQvj6F/5OmVTLt0vGFSqMIZsiBXbAHisAEFVADZ6AOGgCDEbgBd+BeS7Vb7UF7nLXOaZ8zO+AHtKcPN16Xxw==</latexit>

0

<latexit sha1_base64="5M5HYNoGhihZRAuXbQLmh7d2Qb0=">AAAB5HicbZC7SgNBFIbPeo3rLdoKshgEq7AriukM2FgmYC6QLGF2cjYZMzu7zMwKYUlpZWOh2PoYqXwIO5/Bl3ByKTTxh4GP/z+HOecECWdKu+6XtbK6tr6xmduyt3d29/bz9kFdxamkWKMxj2UzIAo5E1jTTHNsJhJJFHBsBIObSd54QKlYLO70MEE/Ij3BQkaJNlbV7eQLbtGdylkGbw6F649x9fvxeFzp5D/b3ZimEQpNOVGq5bmJ9jMiNaMcR3Y7VZgQOiA9bBkUJELlZ9NBR86pcbpOGEvzhHam7u+OjERKDaPAVEZE99ViNjH/y1qpDkt+xkSSahR09lGYckfHzmRrp8skUs2HBgiVzMzq0D6RhGpzG9scwVtceRnq50XvonhZKJdgphwcwQmcgQdXUIZbqEANKCA8wQu8WvfWs/U2K1yx5h2H8EfW+w/Fpo/U</latexit>

G↵

<latexit sha1_base64="bt6EPulYd3IgrYTgTgEIDA98OS4=">AAAB8XicbVBNS8NAEJ34WaPVqkcvwVLwVBJR7LEgqMcK9gPbUCbbTbt0swm7G6GE/gsvHhTx4MV/4U/w5r9x+3HQ1gcDj/dmmJkXJJwp7brf1srq2vrGZm7L3t7J7+4V9g8aKk4loXUS81i2AlSUM0HrmmlOW4mkGAWcNoPh5cRvPlCpWCzu9CihfoR9wUJGUBvp/rqbdZAnAxx3C0W37E7hLBNvTorV/GdaurLfa93CV6cXkzSiQhOOSrU9N9F+hlIzwunY7qSKJkiG2KdtQwVGVPnZ9OKxUzJKzwljaUpoZ6r+nsgwUmoUBaYzQj1Qi95E/M9rpzqs+BkTSaqpILNFYcodHTuT950ek5RoPjIEiWTmVocMUCLRJiTbhOAtvrxMGqdl76x8fmvSqMAMOTiCYzgBDy6gCjdQgzoQEPAIz/BiKevJerXeZq0r1nzmEP7A+vgBIy6Tdw==</latexit>

�↵

<latexit sha1_base64="rdPAF55vF4gwvWdy70i6Or+AHS4=">AAAB+XicdVDdSgJBGJ21P7OsrS67GRKhK9mRSr0TgujSIE3QZfl2HHVw9oeZWUEW36SbLpLotjfoEbrrbZrVgoo6MHA453x83xw/Flxpx3m3cmvrG5tb+e3Czm5xb98+OOyoKJGUtWkkItn1QTHBQ9bWXAvWjSWDwBfszp9cZv7dlEnFo/BWz2LmBjAK+ZBT0EbybLsvTHgAXtoHEY9h7tklp+I4DiEEZ4TULhxDGo16ldQxySyDUrP4mpSvCouWZ7/1BxFNAhZqKkCpHnFi7aYgNaeCzQv9RLEY6ARGrGdoCAFTbrq8fI7LRhngYSTNCzVeqt8nUgiUmgW+SQagx+q3l4l/eb1ED+tuysM40Sykq0XDRGAd4awGPOCSUS1mhgCV3NyK6RgkUG3KKpgSvn6K/yedaoWcVc5vTBt1tEIeHaMTdIoIqqEmukYt1EYUTdE9ekQLK7UerCfreRXNWZ8zR+gHrJcPn1qWkA==</latexit>

L

1

<latexit sha1_base64="KOwg0nmrkjGL8buC8YfxgOaLwSQ=">AAAB8nicdVDLSgMxFM34rPVVdekmWISu6qSobXcFNy5cVLAPmQ4lk2ba0MxkSDJCGeYzunGhiFu/xp1rP8EP0EyroKIHLhzOuZd77/EizpS27RdrYXFpeWU1t5Zf39jc2i7s7LaViCWhLSK4kF0PK8pZSFuaaU67kaQ48DjteOOzzO/cUKmYCK/0JKJugIch8xnB2khOz5eYJBdpgtJ+oWiXbdtGCMGMoOqpbUi9XqugGkSZZVBswOnR69v1e7NfeO4NBIkDGmrCsVIOsiPtJlhqRjhN871Y0QiTMR5Sx9AQB1S5yezkFB4aZQB9IU2FGs7U7xMJDpSaBJ7pDLAeqd9eJv7lObH2a27CwijWNCTzRX7MoRYw+x8OmKRE84khmEhmboVkhE0K2qSUNyF8fQr/J+1KGR2XTy5NGiUwRw7sgwNQAghUQQOcgyZoAQIEmII7cG9p69Z6sB7nrQvW58we+AHr6QN0MJW/</latexit>

L

2

<latexit sha1_base64="PweybYl6NizK4pxXyWDXnrQ1IFc=">AAAB8nicdVDLSgMxFM34rPVVdekmWISualLUtruCGxcuKtiHTIeSSTNtaOZBkhHKMJ/RjQtF3Po17lz7CX6AZloFFT1w4XDOvdx7jxsJrjRCL9bC4tLyympuLb++sbm1XdjZbaswlpS1aChC2XWJYoIHrKW5FqwbSUZ8V7COOz7L/M4Nk4qHwZWeRMzxyTDgHqdEG8nueZLQ5CJNKmm/UERlhBDGGGYEV0+RIfV6rYJrEGeWQbEBp0evb9fvzX7huTcIaeyzQFNBlLIxirSTEKk5FSzN92LFIkLHZMhsQwPiM+Uks5NTeGiUAfRCaSrQcKZ+n0iIr9TEd02nT/RI/fYy8S/PjrVXcxIeRLFmAZ0v8mIBdQiz/+GAS0a1mBhCqOTmVkhHxKSgTUp5E8LXp/B/0q6U8XH55NKkUQJz5MA+OAAlgEEVNMA5aIIWoCAEU3AH7i1t3VoP1uO8dcH6nNkDP2A9fQB1tZXA</latexit>

L

3

<latexit sha1_base64="7Z+Tb8NuqJRd3oalquy31jNwvZ4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0VZP6aLsruHHhooJ9yHQomTTThmYeJBmhDP2Mblwo4tavcefaT/ADNNMqqOiBC4dz7uXee9xIcKURerEyC4tLyyvZ1dza+sbmVn57p6XCWFLWpKEIZccligkesKbmWrBOJBnxXcHa7ugs9ds3TCoeBld6HDHHJ4OAe5wSbSS760lCk4tJcjTp5QuohBDCGMOU4MopMqRWq5ZxFeLUMijU4fTw9e36vdHLP3f7IY19FmgqiFI2RpF2EiI1p4JNct1YsYjQERkw29CA+Ew5yezkCTwwSh96oTQVaDhTv08kxFdq7Lum0yd6qH57qfiXZ8faqzoJD6JYs4DOF3mxgDqE6f+wzyWjWowNIVRycyukQ2JS0CalnAnh61P4P2mVS/i4dHJp0iiCObJgD+yDIsCgAurgHDRAE1AQgim4A/eWtm6tB+tx3pqxPmd2wQ9YTx93OpXB</latexit>

L

4

<latexit sha1_base64="bX7eqBJEp+YS+B8HTkhWImzto3c=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0VSel2nZXcOPCRQX7kOlQMmmmDc1MhiQjlKGf0Y0LRdz6Ne5c+wl+gGZaBRU9cOFwzr3ce48Xcaa0bb9YmaXlldW17HpuY3Nreye/u9dWIpaEtojgQnY9rChnIW1ppjntRpLiwOO0443PUr9zQ6ViIrzSk4i6AR6GzGcEayM5PV9iklxMk8q0ny/YJdu2EUIwJah6ahtSr9fKqAZRahkUGnB2/Pp2/d7s5597A0HigIaacKyUg+xIuwmWmhFOp7lerGiEyRgPqWNoiAOq3GR+8hQeGWUAfSFNhRrO1e8TCQ6UmgSe6QywHqnfXir+5Tmx9mtuwsIo1jQki0V+zKEWMP0fDpikRPOJIZhIZm6FZIRNCtqklDMhfH0K/yftcglVSieXJo0iWCALDsAhKAIEqqABzkETtAABAszAHbi3tHVrPViPi9aM9TmzD37AevoAeL+Vwg==</latexit>

L

5

<latexit sha1_base64="mCLvvNj3JdeS3DApstBfzcSr+z4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0VSfF2nZXcOPCRQX7kOlQMmmmDc1MhiQjlKGf0Y0LRdz6Ne5c+wl+gGZaBRU9cOFwzr3ce48Xcaa0bb9YmaXlldW17HpuY3Nreye/u9dWIpaEtojgQnY9rChnIW1ppjntRpLiwOO0443PUr9zQ6ViIrzSk4i6AR6GzGcEayM5PV9iklxMk8q0ny/YJdu2EUIwJah6ahtSr9fKqAZRahkUGnB2/Pp2/d7s5597A0HigIaacKyUg+xIuwmWmhFOp7lerGiEyRgPqWNoiAOq3GR+8hQeGWUAfSFNhRrO1e8TCQ6UmgSe6QywHqnfXir+5Tmx9mtuwsIo1jQki0V+zKEWMP0fDpikRPOJIZhIZm6FZIRNCtqklDMhfH0K/yftcgmdlCqXJo0iWCALDsAhKAIEqqABzkETtAABAszAHbi3tHVrPViPi9aM9TmzD37AevoAekSVww==</latexit>

L

6

<latexit sha1_base64="f1DHF3pqjKCQQn5qB+AA7CH4CXI=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0VZOifewKbly4qGAfMh1KJs20oZkHSUYoQz+jGxeKuPVr3Ln2E/wAzbQKKnrgwuGce7n3HjcSXGmEXqzM0vLK6lp2PbexubW9k9/da6swlpS1aChC2XWJYoIHrKW5FqwbSUZ8V7COOz5L/c4Nk4qHwZWeRMzxyTDgHqdEG8nueZLQ5GKaVKb9fAGVEEIYY5gSXK0gQ+r1WhnXIE4tg0IDzo5f367fm/38c28Q0thngaaCKGVjFGknIVJzKtg014sViwgdkyGzDQ2Iz5STzE+ewiOjDKAXSlOBhnP1+0RCfKUmvms6faJH6reXin95dqy9mpPwIIo1C+hikRcLqEOY/g8HXDKqxcQQQiU3t0I6IiYFbVLKmRC+PoX/k3a5hE9Kp5cmjSJYIAsOwCEoAgyqoAHOQRO0AAUhmIE7cG9p69Z6sB4XrRnrc2Yf/ID19AF7yZXE</latexit>

L

1

<latexit sha1_base64="KOwg0nmrkjGL8buC8YfxgOaLwSQ=">AAAB8nicdVDLSgMxFM34rPVVdekmWISu6qSobXcFNy5cVLAPmQ4lk2ba0MxkSDJCGeYzunGhiFu/xp1rP8EP0EyroKIHLhzOuZd77/EizpS27RdrYXFpeWU1t5Zf39jc2i7s7LaViCWhLSK4kF0PK8pZSFuaaU67kaQ48DjteOOzzO/cUKmYCK/0JKJugIch8xnB2khOz5eYJBdpgtJ+oWiXbdtGCMGMoOqpbUi9XqugGkSZZVBswOnR69v1e7NfeO4NBIkDGmrCsVIOsiPtJlhqRjhN871Y0QiTMR5Sx9AQB1S5yezkFB4aZQB9IU2FGs7U7xMJDpSaBJ7pDLAeqd9eJv7lObH2a27CwijWNCTzRX7MoRYw+x8OmKRE84khmEhmboVkhE0K2qSUNyF8fQr/J+1KGR2XTy5NGiUwRw7sgwNQAghUQQOcgyZoAQIEmII7cG9p69Z6sB7nrQvW58we+AHr6QN0MJW/</latexit>

L

2

<latexit sha1_base64="PweybYl6NizK4pxXyWDXnrQ1IFc=">AAAB8nicdVDLSgMxFM34rPVVdekmWISualLUtruCGxcuKtiHTIeSSTNtaOZBkhHKMJ/RjQtF3Po17lz7CX6AZloFFT1w4XDOvdx7jxsJrjRCL9bC4tLyympuLb++sbm1XdjZbaswlpS1aChC2XWJYoIHrKW5FqwbSUZ8V7COOz7L/M4Nk4qHwZWeRMzxyTDgHqdEG8nueZLQ5CJNKmm/UERlhBDGGGYEV0+RIfV6rYJrEGeWQbEBp0evb9fvzX7huTcIaeyzQFNBlLIxirSTEKk5FSzN92LFIkLHZMhsQwPiM+Uks5NTeGiUAfRCaSrQcKZ+n0iIr9TEd02nT/RI/fYy8S/PjrVXcxIeRLFmAZ0v8mIBdQiz/+GAS0a1mBhCqOTmVkhHxKSgTUp5E8LXp/B/0q6U8XH55NKkUQJz5MA+OAAlgEEVNMA5aIIWoCAEU3AH7i1t3VoP1uO8dcH6nNkDP2A9fQB1tZXA</latexit>

L

3

<latexit sha1_base64="7Z+Tb8NuqJRd3oalquy31jNwvZ4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0VZP6aLsruHHhooJ9yHQomTTThmYeJBmhDP2Mblwo4tavcefaT/ADNNMqqOiBC4dz7uXee9xIcKURerEyC4tLyyvZ1dza+sbmVn57p6XCWFLWpKEIZccligkesKbmWrBOJBnxXcHa7ugs9ds3TCoeBld6HDHHJ4OAe5wSbSS760lCk4tJcjTp5QuohBDCGMOU4MopMqRWq5ZxFeLUMijU4fTw9e36vdHLP3f7IY19FmgqiFI2RpF2EiI1p4JNct1YsYjQERkw29CA+Ew5yezkCTwwSh96oTQVaDhTv08kxFdq7Lum0yd6qH57qfiXZ8faqzoJD6JYs4DOF3mxgDqE6f+wzyWjWowNIVRycyukQ2JS0CalnAnh61P4P2mVS/i4dHJp0iiCObJgD+yDIsCgAurgHDRAE1AQgim4A/eWtm6tB+tx3pqxPmd2wQ9YTx93OpXB</latexit>

L

4

<latexit sha1_base64="bX7eqBJEp+YS+B8HTkhWImzto3c=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0VSel2nZXcOPCRQX7kOlQMmmmDc1MhiQjlKGf0Y0LRdz6Ne5c+wl+gGZaBRU9cOFwzr3ce48Xcaa0bb9YmaXlldW17HpuY3Nreye/u9dWIpaEtojgQnY9rChnIW1ppjntRpLiwOO0443PUr9zQ6ViIrzSk4i6AR6GzGcEayM5PV9iklxMk8q0ny/YJdu2EUIwJah6ahtSr9fKqAZRahkUGnB2/Pp2/d7s5597A0HigIaacKyUg+xIuwmWmhFOp7lerGiEyRgPqWNoiAOq3GR+8hQeGWUAfSFNhRrO1e8TCQ6UmgSe6QywHqnfXir+5Tmx9mtuwsIo1jQki0V+zKEWMP0fDpikRPOJIZhIZm6FZIRNCtqklDMhfH0K/yftcglVSieXJo0iWCALDsAhKAIEqqABzkETtAABAszAHbi3tHVrPViPi9aM9TmzD37AevoAeL+Vwg==</latexit>

L

5

<latexit sha1_base64="mCLvvNj3JdeS3DApstBfzcSr+z4=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0VSfF2nZXcOPCRQX7kOlQMmmmDc1MhiQjlKGf0Y0LRdz6Ne5c+wl+gGZaBRU9cOFwzr3ce48Xcaa0bb9YmaXlldW17HpuY3Nreye/u9dWIpaEtojgQnY9rChnIW1ppjntRpLiwOO0443PUr9zQ6ViIrzSk4i6AR6GzGcEayM5PV9iklxMk8q0ny/YJdu2EUIwJah6ahtSr9fKqAZRahkUGnB2/Pp2/d7s5597A0HigIaacKyUg+xIuwmWmhFOp7lerGiEyRgPqWNoiAOq3GR+8hQeGWUAfSFNhRrO1e8TCQ6UmgSe6QywHqnfXir+5Tmx9mtuwsIo1jQki0V+zKEWMP0fDpikRPOJIZhIZm6FZIRNCtqklDMhfH0K/yftcgmdlCqXJo0iWCALDsAhKAIEqqABzkETtAABAszAHbi3tHVrPViPi9aM9TmzD37AevoAekSVww==</latexit>

L

6

<latexit sha1_base64="f1DHF3pqjKCQQn5qB+AA7CH4CXI=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0VZOifewKbly4qGAfMh1KJs20oZkHSUYoQz+jGxeKuPVr3Ln2E/wAzbQKKnrgwuGce7n3HjcSXGmEXqzM0vLK6lp2PbexubW9k9/da6swlpS1aChC2XWJYoIHrKW5FqwbSUZ8V7COOz5L/c4Nk4qHwZWeRMzxyTDgHqdEG8nueZLQ5GKaVKb9fAGVEEIYY5gSXK0gQ+r1WhnXIE4tg0IDzo5f367fm/38c28Q0thngaaCKGVjFGknIVJzKtg014sViwgdkyGzDQ2Iz5STzE+ewiOjDKAXSlOBhnP1+0RCfKUmvms6faJH6reXin95dqy9mpPwIIo1C+hikRcLqEOY/g8HXDKqxcQQQiU3t0I6IiYFbVLKmRC+PoX/k3a5hE9Kp5cmjSJYIAsOwCEoAgyqoAHOQRO0AAUhmIE7cG9p69Z6sB4XrRnrc2Yf/ID19AF7yZXE</latexit>

Wavelength �↵ is inversely proportional to |G↵|

<latexit sha1_base64="IChyjga7trgmcDEwjLpuK2Iph9w="></latexit>



Periodicity

The number of PWs compatible with a given periodicity is infinite.

In order to obtain a finite number of basis functions, one fixes a “smallest” feature size: �min

<latexit sha1_base64="cjI8LP2z5E603Mcc/V7ycxA9F1Q=">AAAB9HicbVDLSgMxFL3js45Wqy7dBEvBVZkRxS4LgrisYB/QDiWTSdvQJDMmmUIZ+h1uXCiiSz/CT3Dn35g+Ftp6IHA451zuzQkTzrTxvG9nbX1jc2s7t+Pu7uX3DwqHRw0dp4rQOol5rFoh1pQzSeuGGU5biaJYhJw2w+H11G+OqNIslvdmnNBA4L5kPUawsVLQ4TYa4W4mmJx0C0Wv7M2AVom/IMVq/jMt3bjvtW7hqxPFJBVUGsKx1m3fS0yQYWUY4XTidlJNE0yGuE/blkosqA6y2dETVLJKhHqxsk8aNFN/T2RYaD0WoU0KbAZ62ZuK/3nt1PQqQcZkkhoqyXxRL+XIxGjaAIqYosTwsSWYKGZvRWSAFSbG9uTaEvzlL6+SxnnZvyhf3tk2KjBHDk7gFM7Ahyuowi3UoA4EHuARnuHFGTlPzqvzNo+uOYuZY/gD5+MHqXWU7Q==</latexit>

1-D illustration:

1
2⇡

L

<latexit sha1_base64="K+kgp5EPrsAZBa+LHe3+PwbVMos=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0XoqiYxtnVXcOPCRQX7kKaUyXTSDp08mJkINeQzXLlxoYhbP8Wdaz/BD9BJq6CiBy4czrmXe+9xI0aFNIwXbW5+YXFpObeSX11b3yjom1stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nbHx5nfviRc0DA4l5OI9Hw0DKhHMZJK6usF0/E4wonlRDRNTtO+XjTKR7WKZVegUTaMqmmZGbGq9oENTaVkKNbh9f7r28V7o68/O4MQxz4JJGZIiK5pRLKXIC4pZiTNO7EgEcJjNCRdRQPkE9FLpoencE8pA+iFXFUg4VT9PpEgX4iJ76pOH8mR+O1l4l9eN5ZerZfQIIolCfBskRczKEOYpQAHlBMs2UQRhDlVt0I8QioIqbLKqxC+PoX/k5ZVNu3y4ZlKowRmyIEdsAtKwARVUAcnoAGaAIMY3IA7cK9dabfag/Y4a53TPme2wQ9oTx/Df5eL</latexit>

2
2⇡

L

<latexit sha1_base64="jV/obCnTWnbyDpB1LfnuoFW9onU=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0XoqiYxtnVXcOPCRQX7kKaUyXTSDp08mJkINeQzXLlxoYhbP8Wdaz/BD9BJq6CiBy4czrmXe+9xI0aFNIwXbW5+YXFpObeSX11b3yjom1stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nbHx5nfviRc0DA4l5OI9Hw0DKhHMZJK6usFy/E4wonlRDRNTtO+XjTKR7WKZVegUTaMqmmZGbGq9oENTaVkKNbh9f7r28V7o68/O4MQxz4JJGZIiK5pRLKXIC4pZiTNO7EgEcJjNCRdRQPkE9FLpoencE8pA+iFXFUg4VT9PpEgX4iJ76pOH8mR+O1l4l9eN5ZerZfQIIolCfBskRczKEOYpQAHlBMs2UQRhDlVt0I8QioIqbLKqxC+PoX/k5ZVNu3y4ZlKowRmyIEdsAtKwARVUAcnoAGaAIMY3IA7cK9dabfag/Y4a53TPme2wQ9oTx/FEZeM</latexit>

3
2⇡

L

<latexit sha1_base64="IFwWVSVOoduZiYvLUmdcBF9/3x8=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxCVzVJY1t3BTcuXFSwD2lLmUwn7dDJg5mJUEM+w5UbF4q49VPcufYT/ACdtAoqeuDC4Zx7ufceJ2RUSMN40TILi0vLK9nV3Nr6xmZe39puiSDimDRxwALecZAgjPqkKalkpBNygjyHkbYzOU799iXhggb+uZyGpO+hkU9dipFU0kDPl3suRzi2eiFN4tNkoBeM0lGtYtkVaJQMo2paZkqsql22oamUFIU6vD54fbt4bwz0594wwJFHfIkZEqJrGqHsx4hLihlJcr1IkBDhCRqRrqI+8ojox7PDE7ivlCF0A67Kl3Cmfp+IkSfE1HNUp4fkWPz2UvEvrxtJt9aPqR9Gkvh4vsiNGJQBTFOAQ8oJlmyqCMKcqlshHiMVhFRZ5VQIX5/C/0nLKpl26fBMpVEEc2TBLtgDRWCCKqiDE9AATYBBBG7AHbjXrrRb7UF7nLdmtM+ZHfAD2tMHxqOXjQ==</latexit>

4
2⇡

L

<latexit sha1_base64="KRWq/16AdJ2gD6j2tL+l9cAJvZE=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0XoqiYxtnVXcOPCRQX7kKaUyXTSDp08mJkINeQzXLlxoYhbP8Wdaz/BD9BJq6CiBy4czrmXe+9xI0aFNIwXbW5+YXFpObeSX11b3yjom1stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nbHx5nfviRc0DA4l5OI9Hw0DKhHMZJK6usF2/E4wonlRDRNTtO+XjTKR7WKZVegUTaMqmmZGbGq9oENTaVkKNbh9f7r28V7o68/O4MQxz4JJGZIiK5pRLKXIC4pZiTNO7EgEcJjNCRdRQPkE9FLpoencE8pA+iFXFUg4VT9PpEgX4iJ76pOH8mR+O1l4l9eN5ZerZfQIIolCfBskRczKEOYpQAHlBMs2UQRhDlVt0I8QioIqbLKqxC+PoX/k5ZVNu3y4ZlKowRmyIEdsAtKwARVUAcnoAGaAIMY3IA7cK9dabfag/Y4a53TPme2wQ9oTx/INZeO</latexit>

5
2⇡

L

<latexit sha1_base64="z7hNTE87jl2wPBRepQ3V2yDWVhI=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSxCVzWJ6cNdwY0LFxXsQ9pSJtNJO3TyYGYi1JDPcOXGhSJu/RR3rv0EP0AnrYKKHrhwOOde7r3HCRkV0jBetMzC4tLySnY1t7a+sZnXt7ZbIog4Jk0csIB3HCQIoz5pSioZ6YScIM9hpO1MjlO/fUm4oIF/Lqch6Xto5FOXYiSVNNDz5Z7LEY6tXkiT+DQZ6AWjdFSrWHYFGiXDqJqWmRKrah/a0FRKikIdXh+8vl28Nwb6c28Y4MgjvsQMCdE1jVD2Y8QlxYwkuV4kSIjwBI1IV1EfeUT049nhCdxXyhC6AVflSzhTv0/EyBNi6jmq00NyLH57qfiX142kW+vH1A8jSXw8X+RGDMoApinAIeUESzZVBGFO1a0Qj5EKQqqsciqEr0/h/6RllUy7VD5TaRTBHFmwC/ZAEZigCurgBDRAE2AQgRtwB+61K+1We9Ae560Z7XNmB/yA9vQByceXjw==</latexit>

6
2⇡

L

<latexit sha1_base64="8sE/FNw/d143GRQcE1A7EiGly/0=">AAAB+HicdVDLSsNAFJ34rPXRqEs3g0XoqiYxtnVXcOPCRQX7kKaUyXTSDp08mJkINeQzXLlxoYhbP8Wdaz/BD9BJq6CiBy4czrmXe+9xI0aFNIwXbW5+YXFpObeSX11b3yjom1stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nbHx5nfviRc0DA4l5OI9Hw0DKhHMZJK6uuFiuNxhBPLiWianKZ9vWiUj2oVy65Ao2wYVdMyM2JV7QMbmkrJUKzD6/3Xt4v3Rl9/dgYhjn0SSMyQEF3TiGQvQVxSzEiad2JBIoTHaEi6igbIJ6KXTA9P4Z5SBtALuapAwqn6fSJBvhAT31WdPpIj8dvLxL+8biy9Wi+hQRRLEuDZIi9mUIYwSwEOKCdYsokiCHOqboV4hFQQUmWVVyF8fQr/Jy2rbNrlwzOVRgnMkAM7YBeUgAmqoA5OQAM0AQYxuAF34F670m61B+1x1jqnfc5sgx/Qnj4Ay1mXkA==</latexit>

�1
2⇡

L

<latexit sha1_base64="rWltiAy7sPxhkXPOq578XJYF8ko=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAjdGJMY27oruHHhooJ9SFvKZDpph04ezEwKJeQz3LlxoYhb/8Sdaz/BD9BJq6CiBy4czrmXe+9xI0aFNM0XbW5+YXFpObeSX11b39jUt7YbIow5JnUcspC3XCQIowGpSyoZaUWcIN9lpOmOTjO/OSZc0DC4lJOIdH00CKhHMZJK6un6gdXxOMKJ3YlompynPb1gGieVku2UoGmYZtmyrYzYZefIgZZSMhSq8Prw9e3qvdbTnzv9EMc+CSRmSIi2ZUaymyAuKWYkzXdiQSKER2hA2ooGyCeim0wvT+G+UvrQC7mqQMKp+n0iQb4QE99VnT6SQ/Hby8S/vHYsvUo3oUEUSxLg2SIvZlCGMIsB9iknWLKJIghzqm6FeIhUEFKFlVchfH0K/ycN27Ac4/hCpVEEM+TALtgDRWCBMqiCM1ADdYDBGNyAO3CvJdqt9qA9zlrntM+ZHfAD2tMHL4SXwg==</latexit>

�2
2⇡

L

<latexit sha1_base64="+mmGhn6z5q2x6zxf94IoGzJcGAo=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAjdWJMY27oruHHhooJ9SBPKZDpph04ezEwKJfQz3LlxoYhb/8Sdaz/BD9BJq6CiBy4czrmXe+/xYkaFNIwXbW5+YXFpObeSX11b39jUt7abIko4Jg0csYi3PSQIoyFpSCoZacecoMBjpOUNTzO/NSJc0Ci8lOOYuAHqh9SnGEkldXX9wHJ8jnBqOTGdpOeTrl4wSifVsmWXoVEyjIppmRmxKvaRDU2lZCjU4PXh69vVe72rPzu9CCcBCSVmSIiOacTSTRGXFDMyyTuJIDHCQ9QnHUVDFBDhptPLJ3BfKT3oR1xVKOFU/T6RokCIceCpzgDJgfjtZeJfXieRftVNaRgnkoR4tshPGJQRzGKAPcoJlmysCMKcqlshHiAVhFRh5VUIX5/C/0nTKpl26fhCpVEEM+TALtgDRWCCCqiBM1AHDYDBCNyAO3Cvpdqt9qA9zlrntM+ZHfAD2tMHMRaXww==</latexit>

�3
2⇡

L

<latexit sha1_base64="HsJ9hO79O1FuHlPbfSAEevanMes=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0Xoxpqksa27ghsXLirYh7SlTKaTdujkwcykUEI+w50bF4q49U/cufYT/ACdtAoqeuDC4Zx7ufceJ2RUSMN40TILi0vLK9nV3Nr6xuaWvr3TFEHEMWnggAW87SBBGPVJQ1LJSDvkBHkOIy1nfJr6rQnhggb+pZyGpOehoU9dipFUUl/XD0tdlyMcW92QJvF50tfzRvGkWrbsMjSKhlExLTMlVsUu2dBUSop8DV4fvb5dvdf7+nN3EODII77EDAnRMY1Q9mLEJcWMJLluJEiI8BgNSUdRH3lE9OLZ5Qk8UMoAugFX5Us4U79PxMgTYuo5qtNDciR+e6n4l9eJpFvtxdQPI0l8PF/kRgzKAKYxwAHlBEs2VQRhTtWtEI+QCkKqsHIqhK9P4f+kaRVNu3h8odIogDmyYA/sgwIwQQXUwBmogwbAYAJuwB2412LtVnvQHuetGe1zZhf8gPb0ATKol8Q=</latexit>

�4
2⇡

L

<latexit sha1_base64="hCRdVADzCkSQ/tORNd/a22G34ts=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAjdWJMY27oruHHhooJ9SBPKZDpph04ezEwKJfQz3LlxoYhb/8Sdaz/BD9BJq6CiBy4czrmXe+/xYkaFNIwXbW5+YXFpObeSX11b39jUt7abIko4Jg0csYi3PSQIoyFpSCoZacecoMBjpOUNTzO/NSJc0Ci8lOOYuAHqh9SnGEkldXX9wHZ8jnBqOTGdpOeTrl4wSifVsmWXoVEyjIppmRmxKvaRDU2lZCjU4PXh69vVe72rPzu9CCcBCSVmSIiOacTSTRGXFDMyyTuJIDHCQ9QnHUVDFBDhptPLJ3BfKT3oR1xVKOFU/T6RokCIceCpzgDJgfjtZeJfXieRftVNaRgnkoR4tshPGJQRzGKAPcoJlmysCMKcqlshHiAVhFRh5VUIX5/C/0nTKpl26fhCpVEEM+TALtgDRWCCCqiBM1AHDYDBCNyAO3Cvpdqt9qA9zlrntM+ZHfAD2tMHNDqXxQ==</latexit>

�5
2⇡

L

<latexit sha1_base64="p7niFXnL6oNo2lsq9Up5a3ZZgYk=">AAAB+XicdVDLSsNAFJ3UV62vqEs3g0XoxprE9OGu4MaFiwr2IW0pk+mkHTp5MDMplJDPcOfGhSJu/RN3rv0EP0AnrYKKHrhwOOde7r3HCRkV0jBetMzC4tLySnY1t7a+sbmlb+80RRBxTBo4YAFvO0gQRn3SkFQy0g45QZ7DSMsZn6Z+a0K4oIF/Kach6Xlo6FOXYiSV1Nf1w1LX5QjHVjekSXye9PW8UTypli27DI2iYVRMy0yJVbGPbWgqJUW+Bq+PXt+u3ut9/bk7CHDkEV9ihoTomEYoezHikmJGklw3EiREeIyGpKOojzwievHs8gQeKGUA3YCr8iWcqd8nYuQJMfUc1ekhORK/vVT8y+tE0q32YuqHkSQ+ni9yIwZlANMY4IBygiWbKoIwp+pWiEdIBSFVWDkVwten8H/StIqmXSxdqDQKYI4s2AP7oABMUAE1cAbqoAEwmIAbcAfutVi71R60x3lrRvuc2QU/oD19ADXMl8Y=</latexit>

�6
2⇡

L

<latexit sha1_base64="giH0dcoL4eTumot++Xe0bDPlc8s=">AAAB+XicdVDLSsNAFJ34rPUVdelmsAjdWJMY27oruHHhooJ9SBPKZDpph04ezEwKJfQz3LlxoYhb/8Sdaz/BD9BJq6CiBy4czrmXe+/xYkaFNIwXbW5+YXFpObeSX11b39jUt7abIko4Jg0csYi3PSQIoyFpSCoZacecoMBjpOUNTzO/NSJc0Ci8lOOYuAHqh9SnGEkldXX9oOz4HOHUcmI6Sc8nXb1glE6qZcsuQ6NkGBXTMjNiVewjG5pKyVCowevD17er93pXf3Z6EU4CEkrMkBAd04ilmyIuKWZkkncSQWKEh6hPOoqGKCDCTaeXT+C+UnrQj7iqUMKp+n0iRYEQ48BTnQGSA/Hby8S/vE4i/aqb0jBOJAnxbJGfMCgjmMUAe5QTLNlYEYQ5VbdCPEAqCKnCyqsQvj6F/5OmVTLt0vGFSqMIZsiBXbAHisAEFVADZ6AOGgCDEbgBd+BeS7Vb7UF7nLXOaZ8zO+AHtKcPN16Xxw==</latexit>

0

<latexit sha1_base64="5M5HYNoGhihZRAuXbQLmh7d2Qb0=">AAAB5HicbZC7SgNBFIbPeo3rLdoKshgEq7AriukM2FgmYC6QLGF2cjYZMzu7zMwKYUlpZWOh2PoYqXwIO5/Bl3ByKTTxh4GP/z+HOecECWdKu+6XtbK6tr6xmduyt3d29/bz9kFdxamkWKMxj2UzIAo5E1jTTHNsJhJJFHBsBIObSd54QKlYLO70MEE/Ij3BQkaJNlbV7eQLbtGdylkGbw6F649x9fvxeFzp5D/b3ZimEQpNOVGq5bmJ9jMiNaMcR3Y7VZgQOiA9bBkUJELlZ9NBR86pcbpOGEvzhHam7u+OjERKDaPAVEZE99ViNjH/y1qpDkt+xkSSahR09lGYckfHzmRrp8skUs2HBgiVzMzq0D6RhGpzG9scwVtceRnq50XvonhZKJdgphwcwQmcgQdXUIZbqEANKCA8wQu8WvfWs/U2K1yx5h2H8EfW+w/Fpo/U</latexit>

G↵

<latexit sha1_base64="bt6EPulYd3IgrYTgTgEIDA98OS4=">AAAB8XicbVBNS8NAEJ34WaPVqkcvwVLwVBJR7LEgqMcK9gPbUCbbTbt0swm7G6GE/gsvHhTx4MV/4U/w5r9x+3HQ1gcDj/dmmJkXJJwp7brf1srq2vrGZm7L3t7J7+4V9g8aKk4loXUS81i2AlSUM0HrmmlOW4mkGAWcNoPh5cRvPlCpWCzu9CihfoR9wUJGUBvp/rqbdZAnAxx3C0W37E7hLBNvTorV/GdaurLfa93CV6cXkzSiQhOOSrU9N9F+hlIzwunY7qSKJkiG2KdtQwVGVPnZ9OKxUzJKzwljaUpoZ6r+nsgwUmoUBaYzQj1Qi95E/M9rpzqs+BkTSaqpILNFYcodHTuT950ek5RoPjIEiWTmVocMUCLRJiTbhOAtvrxMGqdl76x8fmvSqMAMOTiCYzgBDy6gCjdQgzoQEPAIz/BiKevJerXeZq0r1nzmEP7A+vgBIy6Tdw==</latexit>

�↵

<latexit sha1_base64="rdPAF55vF4gwvWdy70i6Or+AHS4=">AAAB+XicdVDdSgJBGJ21P7OsrS67GRKhK9mRSr0TgujSIE3QZfl2HHVw9oeZWUEW36SbLpLotjfoEbrrbZrVgoo6MHA453x83xw/Flxpx3m3cmvrG5tb+e3Czm5xb98+OOyoKJGUtWkkItn1QTHBQ9bWXAvWjSWDwBfszp9cZv7dlEnFo/BWz2LmBjAK+ZBT0EbybLsvTHgAXtoHEY9h7tklp+I4DiEEZ4TULhxDGo16ldQxySyDUrP4mpSvCouWZ7/1BxFNAhZqKkCpHnFi7aYgNaeCzQv9RLEY6ARGrGdoCAFTbrq8fI7LRhngYSTNCzVeqt8nUgiUmgW+SQagx+q3l4l/eb1ED+tuysM40Sykq0XDRGAd4awGPOCSUS1mhgCV3NyK6RgkUG3KKpgSvn6K/yedaoWcVc5vTBt1tEIeHaMTdIoIqqEmukYt1EYUTdE9ekQLK7UerCfreRXNWZ8zR+gHrJcPn1qWkA==</latexit>

L

1

<latexit sha1_base64="KOwg0nmrkjGL8buC8YfxgOaLwSQ=">AAAB8nicdVDLSgMxFM34rPVVdekmWISu6qSobXcFNy5cVLAPmQ4lk2ba0MxkSDJCGeYzunGhiFu/xp1rP8EP0EyroKIHLhzOuZd77/EizpS27RdrYXFpeWU1t5Zf39jc2i7s7LaViCWhLSK4kF0PK8pZSFuaaU67kaQ48DjteOOzzO/cUKmYCK/0JKJugIch8xnB2khOz5eYJBdpgtJ+oWiXbdtGCMGMoOqpbUi9XqugGkSZZVBswOnR69v1e7NfeO4NBIkDGmrCsVIOsiPtJlhqRjhN871Y0QiTMR5Sx9AQB1S5yezkFB4aZQB9IU2FGs7U7xMJDpSaBJ7pDLAeqd9eJv7lObH2a27CwijWNCTzRX7MoRYw+x8OmKRE84khmEhmboVkhE0K2qSUNyF8fQr/J+1KGR2XTy5NGiUwRw7sgwNQAghUQQOcgyZoAQIEmII7cG9p69Z6sB7nrQvW58we+AHr6QN0MJW/</latexit>

L

2

<latexit sha1_base64="PweybYl6NizK4pxXyWDXnrQ1IFc=">AAAB8nicdVDLSgMxFM34rPVVdekmWISualLUtruCGxcuKtiHTIeSSTNtaOZBkhHKMJ/RjQtF3Po17lz7CX6AZloFFT1w4XDOvdx7jxsJrjRCL9bC4tLyympuLb++sbm1XdjZbaswlpS1aChC2XWJYoIHrKW5FqwbSUZ8V7COOz7L/M4Nk4qHwZWeRMzxyTDgHqdEG8nueZLQ5CJNKmm/UERlhBDGGGYEV0+RIfV6rYJrEGeWQbEBp0evb9fvzX7huTcIaeyzQFNBlLIxirSTEKk5FSzN92LFIkLHZMhsQwPiM+Uks5NTeGiUAfRCaSrQcKZ+n0iIr9TEd02nT/RI/fYy8S/PjrVXcxIeRLFmAZ0v8mIBdQiz/+GAS0a1mBhCqOTmVkhHxKSgTUp5E8LXp/B/0q6U8XH55NKkUQJz5MA+OAAlgEEVNMA5aIIWoCAEU3AH7i1t3VoP1uO8dcH6nNkDP2A9fQB1tZXA</latexit>
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<latexit sha1_base64="f1DHF3pqjKCQQn5qB+AA7CH4CXI=">AAAB8nicdVDLSgMxFM3UV62vqks3wSJ0VZOifewKbly4qGAfMh1KJs20oZkHSUYoQz+jGxeKuPVr3Ln2E/wAzbQKKnrgwuGce7n3HjcSXGmEXqzM0vLK6lp2PbexubW9k9/da6swlpS1aChC2XWJYoIHrKW5FqwbSUZ8V7COOz5L/c4Nk4qHwZWeRMzxyTDgHqdEG8nueZLQ5GKaVKb9fAGVEEIYY5gSXK0gQ+r1WhnXIE4tg0IDzo5f367fm/38c28Q0thngaaCKGVjFGknIVJzKtg014sViwgdkyGzDQ2Iz5STzE+ewiOjDKAXSlOBhnP1+0RCfKUmvms6faJH6reXin95dqy9mpPwIIo1C+hikRcLqEOY/g8HXDKqxcQQQiU3t0I6IiYFbVLKmRC+PoX/k3a5hE9Kp5cmjSJYIAsOwCEoAgyqoAHOQRO0AAUhmIE7cG9p69Z6sB4XrRnrc2Yf/ID19AF7yZXE</latexit>

�min

<latexit sha1_base64="cskXiJ1Y4t7ZZYxzMMTIqylAM+U=">AAAB9HicdVDNSgMxGMzWv1qtVj16CZaCp7Ipare3giAeK9gfaJeSzWbb0Gx2TbKFsvQ5vHhQRI8+hI/gzbcx2yqo6EBgmJmP78t4MWdK2/a7lVtZXVvfyG8WtraLO7ulvf2OihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JeeZ3p1QqFolrPYupG+KRYAEjWBvJHXAT9fEwDZmYD0tlu2rbNkIIZgTVz2xDGg2nhhyIMsug3Cy+JpWLwnNrWHob+BFJQio04VipPrJj7aZYakY4nRcGiaIxJhM8on1DBQ6pctPF0XNYMYoPg0iaJzRcqN8nUhwqNQs9kwyxHqvfXib+5fUTHThuykScaCrIclGQcKgjmDUAfSYp0XxmCCaSmVshGWOJiTY9FUwJXz+F/5NOrYpOqqdXpg0HLJEHh+AIHAME6qAJLkELtAEBN+AW3IMHa2rdWY/W0zKasz5nDsAPWC8f9muVIw==</latexit>

�min

<latexit sha1_base64="cskXiJ1Y4t7ZZYxzMMTIqylAM+U=">AAAB9HicdVDNSgMxGMzWv1qtVj16CZaCp7Ipare3giAeK9gfaJeSzWbb0Gx2TbKFsvQ5vHhQRI8+hI/gzbcx2yqo6EBgmJmP78t4MWdK2/a7lVtZXVvfyG8WtraLO7ulvf2OihJJaJtEPJI9DyvKmaBtzTSnvVhSHHqcdr3JeeZ3p1QqFolrPYupG+KRYAEjWBvJHXAT9fEwDZmYD0tlu2rbNkIIZgTVz2xDGg2nhhyIMsug3Cy+JpWLwnNrWHob+BFJQio04VipPrJj7aZYakY4nRcGiaIxJhM8on1DBQ6pctPF0XNYMYoPg0iaJzRcqN8nUhwqNQs9kwyxHqvfXib+5fUTHThuykScaCrIclGQcKgjmDUAfSYp0XxmCCaSmVshGWOJiTY9FUwJXz+F/5NOrYpOqqdXpg0HLJEHh+AIHAME6qAJLkELtAEBN+AW3IMHa2rdWY/W0zKasz5nDsAPWC8f9muVIw==</latexit>

In practice, one describes a maximal norm for the wavevector: |G|max

<latexit sha1_base64="1KI9m1zm0v9GhSZSYu8NQ6T18Qg="></latexit>

=
2⇡

�min

<latexit sha1_base64="1wMoqTRUtjdEJnGJko3woKrxCXw="></latexit>

By setting a cutoff kinetic energy for the plane-waves: Ecut =
~2
2m

|G|2max

<latexit sha1_base64="8mxsP83B5kjerH0dKN8rZHf2rw4="></latexit>









From KS orbitals to the charge density

Imagine that orbitals are represented in PWs, with a cutoff Gmax

 l(r) =
X

|G|<Gmax

c(G) exp (iG · r)

<latexit sha1_base64="5cBeJSHPYukLG80dpRd2FbeaIW0="></latexit>

The charge density if given by the squared modulus of the orbitals:

n(r) =
X

l

 ⇤
l (r) l(r)

ñ(G) =
X

l

X

|G0|<Gmax

 ̃⇤
l (G

0) ̃l(G�G0)

<latexit sha1_base64="O0geV1YNmHQSn81l4zPB1RysGNg="></latexit>

If the orbitals are represented with a cutof of Gmax, then the charge density has non-zero Fourier components up to

2* Gmax   !!!  This means: Ecut(rho) = 4*Ecut(wfc)



From KS orbitals to the charge density



Beware: changing the lattice constant means changing the PW basis set

Curing the discontinuity: Check for input variables ecfixed, qcutz, q2sigma

Larger cell size

→ grid of G-vectors more dense

→ at fixed Gmax, ”new” plane waves

enter the calculation discontinuously

→ sudden decrease of energy when basis set 

is enlarged



So have seen how periodic functions are expressed in PWs ....
BUT: orbitals in periodic systems are NOT lattice periodic!

periodic

Bloch’s theorem:  k,l(r) = exp (ik · r) uk,l(r)

<latexit sha1_base64="zZdDFOLUZljMyjm6DDcPGGbGVSM="></latexit>

uk,l(r) =
X

|G|<Gmax

ck,l exp (iG · r)

<latexit sha1_base64="ygQgua4mcKGFZp4XJXzqRM/c3l8="></latexit>

grid of G-vectors like before

 k,l(r) =
X

|G|<Gmax

ck,l exp (i (k+G) · r)

<latexit sha1_base64="tlmnBbQPQjfDRbUN4NOH/QvOnYI="></latexit>

shifted grid of (k+G)-vectors









1st Brillouin zone



Sampling the Brillouin zone

B1

B2

BZ sampled with a 4x4 k-point grid



Sampling the Brillouin zone

B1

B2

BZ sampled with a shifted 4x4 k-point grid
Shifted k-point grids usually converge faster (symmetry!)



Sampling the Brillouin zone

B1

B2



What if a system is NOT 3D-periodic ?

Use a supercell: introduce enough space between periodic replicas that the interaction is neglible



What if a system is NOT 3D-periodic ?

Use a supercell: introduce enough space between periodic replicas that the interaction is neglible

Can be problematic if the object is charged or has a dipole!

• input variable assume_isolated: useful in 0-D (molecules, clusters, etc)

• introduce a dipole layer in the vacuum between surfaces (dipfield)

Solution:



The need for pseudopotentials

fl(r)

r®
Atomic position

rapid oscillations would need 

a very small wavelength basis 

functions



Pseudopotentials

fl(r)

all-electron wavefunction pseudowavefunction

r®rc

Necessary condition for the pseudopotential to be transferable: NORM-CONSERVATION

drrr AE
r

AE
c

)()(*
0

ffò drrr PS
r

PS
c

)()(*
0

ffò=



Example for Mo:

Hamann, Schluter & Chiang, 1979.

•Weaker than full
Coulomb potential
• No singularity at r=0
• Different 
pseudopotential 
for each l (example of 
semilocal
pseudopotential)
•Will be Vion

(replacing
nuclear potential)

What does a pseudopotential look like?



Pseudopotentials in quantum-ESPRESSO:

PPs in QE are provided by the user in the form of files, which contain the PP on a radial grid:

in the PW input file, the PP filenames are specified for every element in the system

PPs are DFT-functional specific. The code will by default apply the functional to your system with

which the PP has been calculated

It is generally a bad idea to mix pseudopotentials generated with different functionals!



Beyond norm-conservation:

Cut-offs still higher than we would like, especially for
> first row elements (1s, 2p nodeless)
> transition metals (3d nodeless)
> rare-earths (4f nodeless)

This is because of the constraint of norm conservation...



Beyond norm-conservation:

Vanderbilt’s ultrasoft pseudopotentials:

Remove the constraint of norm-conservation

The price to be paid: a more complicted expression

for the electronic charge density:

n(r) =
NX

i=1

 ⇤
i (r) i(r) + naug(r)

<latexit sha1_base64="VD1wxpSNGBAehNKNSN8ekpU7THo="></latexit>

Augmentation charges, localized close to the nucleus

account for “missing norm”

expressed using projection functions

NB: Ultrasoft (US) and PAW pseudopotentials are (from the user’s perspective) very similar



Beyond norm-conservation:

Vanderbilt’s ultrasoft pseudopotentials:



As a user: BEWARE!

Using US or PAW pseudopotentials, you need a cutoff energy Ecut for the cgarge density which is

MORE THAN 4*Ecut for the orbitals

Employing US or PAW pseudopotentials and NOT specifying
ecutrho is the most common beginner’s mistake in QE!



HAPPY QE-COMPUTING!


