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Gian X>0,3 (L) and T:I-M Hslde
coxltmous s.k.

W Tz

mal

M ? M
@) TZ#] = N

®) T U pnte-to-one.

I




SYMBOLIC DYNAMICS For
NONUNIFORMLY HYPERROLIC SYSTEMS
|CTP, 2034 LECTURE 4

Goa) : oov\struci' MovKov par‘\“c\‘wns for more
complicaled. NUR  systoms

K. higkzr dimension o\i.g@lo:
g,(ow‘

billiords

non -inver{ble. mops
Five woin Lv\grzdilzhi’::
 E-ovalop v/
+ T-dovble chorty V7
+ Coorse groining 1
* Tmprovemerl fowma 1



+ Tnwerse theorem 1

Step 4 ( Coorse qmu\w}\ 5 7
S’\?P A (Trpinil-to-ore danfon): V7

Step 3 ( Bowsn-—Siroi regintmext): v
H(aker dimention diggromorphisms:
(Ban Ovodia)
* Coorse groining. v
* Tmproemerl Lomma 1
» Tnverse theorem 1
Twprovemert Jomma:  wmony  S(X¥), UIX,u).
Problems) conpore Slxy) with S(x,#) 17



1 1

e
pYoj (tF l.t)) =(t0)
i+ BE—> B2 x ot = K,

g o WS
dipy, j, (2 1, A,

Ex > Ex,

S
X, Xo

The diagram degines ®xfx°’ Ex— Ex, .
which allows to ompare. SIXy) with § (&,@,:,o(v)).
Then prove Im?wemﬂt fowma ond.

Tnversethoorem.  \
l"\m\\/ new Technical

diggioutties



SURFACE MAPS WITH DISCONTINUITIES

AND BOUNDED DERWATIVE  (Livo. - Sorig )

Sd'ﬁna s M= surgoce, 4 CM claged,,

£:M\S->M C**P with bounded de.

Alreody undersfood: invorioal manigolds

Coarse Graining:  need to censider 4

(W) R ompodthers

Recall : gor x NUKy , let
MNx)=(x,¢,8), where

[ x=(£'W),x, )

< W= ce W), i, clew)

Q = al.

\



For £=(2-, %,2) and k=(ky,k, k), 2t

& ¢ et 'll < B
Ny, =< () : lil<4

Then {,['00: X € NU\'\";} =£U Y&,!& , with Y&E

)
Eﬂ@" Oompod' .
P

SURFACE MAPS WITH DISCONTINUITIES
AND UNBOUNDED DERIVATIVE
(Lima- Mo:tkeus)
Séﬂ"mg s M= surgace, 4 M caged
£:M\4-M CMP st Jast with
Alx )" < ldgt!ll < alx,A)®.
Alreody understood: invorioat wanigalds



LARGE )

On Bl rld) gor rld) = dxA)\PMER]
£ i well-behaved.
Coarse groining: 21X P={D:} comfuble
open cover o M\X st.:
+ D =Blx;, rx))
- Discreleness: V>0, {DeP: A(D )24}
(s ginite.
For £= (04 &,%), k= (K-, Ko K1), 2= (a-y00,0y) let
i< lletetoall < g )
Vg,0.0=¢ CI): ¥ < dlef0d ) < ¥ :lilcdp

#"LX) € PQ': )
and repast the preceding araum{’.




NON-INVERTIBLE MAPS (N HiGhH
DIMENSION WITH SINGULAR\TIES

(Amu\]o ~Lima-Polett)
Sefting:
* M = Riemonnion monigold with gintle diomeler

pofslb\\a disconniched and [or-
with 'oow\dor%

e DM dosed : di.won‘\'mt\’a st
. Expom'\'u\ map ok x: da>L st. ¥xeW\d
3 AW > dlxD)* sk axpy: BLOAK) M s

well-degined. and "&3‘*\‘”‘
N dagttl2



+ £:M\D—>M map.

+ €={xeM\D: dg, U et inertible} :
oritical set

. Schau\armtt $=¢uvd.

. hg\-\oﬂts op £: for evzry xeM S.’C..X,(!(ﬂfx,
3 rld> min { x4, A st

7 Unarse bronch 1‘0&'»\% 2 to x

Hlavgrw » Hlaen i) o= deter v

alxH™ < [l agyll, ldall < alx 8"
ond p-H5lder gor dg and dg.
Problems £ wet invertible

%

no sywmetry belwogn gullire ond post



Tdeo: Code The wiliral extension of £
let (4,£) be the noturol actension
we will Sown degine
ThM (Amujo—um—?o\iw\)u\‘ ML o5 obove .
tor X>0,3 NO\-\?}E Cf‘\\, (Z,7) with courtable
lotes ond T: T Hslder cotinuons st
W LT
1\:‘L1 () J{W
?P\

@) TLZ*]= NunY
B)TC|z# Lo piniR-to- one.

Obs.: As begore ,the orieded %Popk hos ginife degree
( bot vsvally wt uv\'\(»rn\\\/ bounded).



Naturol extension:
+ = { R, 5 4=, Yne},
X=(..., X, oy Xa-n)
+Degane § B by “legk shigt":
£ x, %5 %)=, Xo X5 %)
+ Gononiool projection g:f—M .

R Xo

gk Lo A 3 U;’(‘_"(\)“‘H]).

neZ
« Onthe oomg\ew\u't‘ Q \ “83-“ (v [“ﬂ) )
degine bundle
T/N\\ =\.:l T/p\ &

X

P
where TMQ-‘-'-TMXQ



and 2igh dg o nvertible cocydle (g3) .
* Inwerse branch toking £l to x:

= g—x PB(X‘ )
WO

Nomnipm\\, kwlrbo\ic locus NUR,:
The st op R ep\\ U}“(\T"['?]) ct.

3 T4 - Eg@ E$ st. (Nuit)-(NB3) with
FZS‘)QC\' 't'o

T\\cv\ m’(mo\»w
« “Trner ?Wf“ on NURo.
v C(R). dingonolizalion o2 49 .



* Posin chort \V{(\
* Paromilre AR), 9(R), 9f(R), q4(R).
+ $ andh inverse bronches g £5 o Resin chorks:

They ore smoll perturbations op hyp. matrices.
* £-owerlop
x|
+ Meps Frg and Fao & Yol
FRi:= Yoo 41
ng§== ‘\”Q'Q"\’?-
Agoin, They are smoll pvh-bd‘w of hyp. malrices.

Nen

v}, ek



v

+ €~ doyble chort \\’9;'?“.

S g%
+ Edge \\)%’P Sy

q5,q"
q .

use P’ 2ven in nownigarmly

prm\di.v\a context.

* Groph tronsgorms : (g V5w, degine
Foo MRy and Tl My— M,
where M5 are groghs ok the 2ersth

posttiot\ Xo O£ V= \\’g'?“.

0
X4

" E- 3?0 - 3{“)2?{’ “}..ez

e 1

Xq

Problem: mo smosth ctvélore om ?
Recall: 3@ tranggorme are
. azomﬂ\‘riml\“ depined. and



. PYWMQ. Sko«dnwina_.
Now: use Them as bogore. T deping Unvorianl

wonipolds < idexvipication op O
Poﬂ'l‘toh

Stodle [ unsiable mr\ifo\t\s op E—a‘»’-
VELv ]z im (Foyo-—oF) )w)

h=>+00 Vu-],v';
and
V\A [! - : 'F“ O °*+*0 u
] &T“( TR ‘PV.., Vg ‘) [Va] .

Come depinilion os begore



Stoble/unsfoble. sefy o €-gpo:
From O posttion determined by vS“[v]

Tecovey other poﬂ‘t(oM‘i

* Positive ?osd'\'nmt J\»ft oﬂ)ly L
. Nmaoﬁm Pord‘tons: 200k zdav.
is attodiot, with o single inverse browch 12}:.

Then maokm posttions ore uwiquely degined. .

T :
I (T
{
This depines invorionl sett ULyl and V),
which ove svheets o (4




Next :
* (oorse 91'05;\&\?: A={ YQP” Pu} covitoble

’ TUZ""Q inginite-to~one extongion:
T

el ()"
pl—,\—"ﬁ

+ Z = NarYov cover o NU&“CG

+ R = Bowen- Sinoii rem‘t\\

set-Aheoreeticol —
w Smodthness needed

[l



SYMBOLIC DYNAM\CS Fok
NONUNIFORMLY HRYPERRBOLIC SFYSTEMS
|ICTP, 2031 LECTURE S
Goal: preset applications op existence og Marker
porfitions gor NUR syctems
Tdeo: underffand propecties that Qive in NUKE ond
eosier 1o study of o sywholic level

\' invide T or Z¥
APPLICATIONS

L. Meosores of moximel aifropy (MuE)
* # Mme

‘ Uv\iquzm.l of MME



* Exponenfial decay op oorreldlions
2. Ergodic proper{ier of MME : the Barmnlli property
3. cm*\'w} puriodic trojeclories
4. Hyperbolic SR8 weasvres

Meosures op moximol 2xtiopy :

S'd’upz {: M“-—,Ml C‘“‘F dl{elo with \\“P@>O.
* 1 MME (sz",c.a. when @ i C% by Newhouse)
. %< kﬁ'w? r\[Nqulsl? WL AR

Ruelle Reourrence

RS ERY Lu;k‘h’cw st.
| (e | ha ()= ho(6).
"



‘Tt T NURE pinc-th-one = v MME
* Gurevich 1969,190: (Z,0) hos ot wort coundably
wany MIE's.
Tith ((Sortg) Inthe obore contirt; 3 ok wart tourtably

many MMES.

auesTioN :  Howto go beyond ond prove. pinieners
ond [or umiguenesr ]
Uit dipgeos (Bowen): ig ¢ te transitive, then (5,0) is
Transtiive



Ve BCS
NUk di«w ( Bvai-Grovisier- S'ari3)=

* Rodriguar Hert~Rodriguer Heru-Tobaibi-Ures: relote
howoclinic clasres ond SR8 measvres.
Stpd: Every 598 ts supported in o single hom, dass.
Step2: Every hom. closs supporly at mortone 598
Hence, g . U ‘\'oeo\ngtm\\y trantitiee then 3 of
mort one SRB.

Horg, & dynemicol Sord's lemmo is vsed :“watric’
Tronsrsolly owd hbuaw. weafvre on W* = actvel
Transversality somewhare . Here, low dimengion is

esentiol . fu- feC\'walQS/



*BCS: In NUR conlixt, homodlinic classas w\\ak\' wit be
degjolat bt their intersedion carries we en‘\'\-ogy
* BCS: qoch howoclinic clatr 1§ coded by a Trangdive

(2,0') .
T is Por‘\’ 0 Stop &

* BCO : every wensure with eabopy >0 U supported
in 0. homadivic closs. Hore, o new c\ymﬁm\ Sord's
Lowma i used. ﬂ_zgu\_iﬁ on £ ond low dimansion

arg essextial.

* BLS: there ore ginthly wony ham. classes with
“lorge” entiupy .

THM (Bunai - Grovisier - Sarig) Tp o:W oM &t C
transitice. whh hiyg(£)>0, then 31 WME.



Setip: p: MM glow st X=dp 1 C¥F and
X #0 avarywhere, hinp 9> 0.

* N = glabol Potncoré secfion

' §:NIN Polncord mop

* Nlty, gor @ «» NURy gor o2 V7

* NUWZ gor p «» Nz gor 2.2 whotis NURy ?

Boundory epeect /

. Liho-for(&: {ixwa I OR M, 3N st N\l\%’,‘é

" corries” .

\ \- porameler gomily Ny + dauble oowtcha_-\-
Borel - Condelli lewma.



THMU (Limo-Sarig) Tn the abowe conflext, ¢ hes ot
most countably wiany MME.
Setup: g:M*\$-»U" CHP wilh singularities ond.
hiogl9)>0, ¢.g. billord. maps
- Mogled wassore. 15 odogted 1. lag el
The adopled and hogparbolic weo qures ore svppered
in NURS .
Problom : are maosures with lorge zd‘nw odaghed 1
In genero : wida open
T (Bolodi-Damers) For many 2-dim digper--
ting billiords, 3! MME ond. it it 0odapled..
. Anisehioptc spaces



Setup:  4:M"—M" C*P digpeo with hde)>0.
THM (Ben Ovodis)Tn the obove contert, ¢ hos &t
mort countably wany hyperbolic MME.

Setop: £:M—>M ar in Arovjo-Lima-Polet.

Problem: relce lorge axtropy with {mo\m\y

Rdness
Tt (Aroujo- Lima~Polett) Tnthe above confext, o
has at mort courlably wany hyperbolic and odogled MNE.

Ehaodic. pwpu‘\'w o equi\i\wivh stotes -
‘I (T0), 0 p=org. equilibriom e op Wilker
cortvaous Pdh.h‘\'ial,‘\'kcn N =Bernovlli or Bernovlli x votiction.



THY (Sortg) Te g:W—K" C"' diggeo ond u 08 abone

with hy(@)>0 1 etther Bernoulli or Bermoulli x rotition.
In portier, it apglies 1o WHE

THA (Lima—Sartg) Tp 0:M*>H* st X< dg e CHPad

K #0 everywhere,then | o8 obow with hylip)>0 us

etther Bernaull or Bernaull x votition. 1. 15 0dditmally

contoct, then . is Bernoulli.

THU (Ban Ovodia) Te g:M“—»M“ c\h o\'«@,ﬁu | oS

obove + hyparbokic 1 either Bernoulli or Bernovlli x votition.



~ALP
THM (Aroujo-limo~Polett) Tnthe. corlext op. ALP,

Then p of obove + hyperbolic + Qp\_‘t_dt U either
Bernowlli or Bermovlli x rotction.

Open: T v s contoct ts p Bernoulli ?
k)"-'or' ronk one, M wlk |>\; CP-“—T‘\OMPIO!\ ,l@\& Bnrm\)“i.

cOm'\'ih% periodic 'h‘n;ied\’orm:
Notitton: £ :M->M , bar,, (£) = 44 pertodic poinls o period.n.
P:U-N, Pl =t v sT,

* Gurevich 1469,4430: Tn (T,0) with kf,‘,(c)=k>o, ie
3 MME then Per(6) > eontx for N4,
o ( faria)I{- p:MtoM? U il ht.‘,(ﬂ.-.bo and,

g INNE,then Tpa 4 st Porpled2cnetx &P gor nso 4.
\‘ 24. when £€C% by Newhouge.



THH (Bvai) Tp odditionally £ if transtiive, then
Porn(£) 2 conet xe™ por n 4.

T (Ren-Ovadia) T g:M"> MY CHP with hyple)=h>o
hos hyperbokic MME, Tthen 3 p> 4 st Porple)2cnetx &P
for n 4.

T (Bvui) I¢ odditionally £ is transttive, then
Porn(£) > conet x €™ gor 934

T ( Lima—Matheus, Boladi-Demers, Bunai) For many 2-dim
dispersing biltiards, Pemy(9)2 condt x.&™ gor 1.

W7

:':'



THA (Limo-Sortg) Tg @:M->W* sk X=dpe (MPand
X #0 averywhere, hol)=h>0 and g 3 MKE, Then
Por ()2 const x L_"‘_I gor T3, /

29. whan £€C% by Newhouse.
T (ALP) Tp @:M™W" sk X=dp e (MPad X0

wverywhere, kf,‘,(\()=l\>o and 1 3 hyperbolic MME, then

Pvf(‘()z const x g:_:_I gor T,

THM (ALP) For Viona wops, P (2) > constx ™ gor

.



Tit (ALE) For the gallowing bilkords

P
ﬁ : VAR !lﬁ

N % .

we hove Por, ()2 conet KC“".Q-M' n»4 where ksl\“m(gbo.

// -




