







































































































SYMBOLIC DYNAMICS FOR

NONUNIFORMLY HYPERBOLIC SYSTEMS

ICTP 2021 LECTURE 1

GOALS For
nformyhyperbolcsystems.li
Identify how to measure nonuniform
hyperbolicity and what are the good non

uniformly hyperbolicpoints

2 Implement Bowen's approach on Markov
partitions

NOTATION UH uniformly hyperbolic

NUH nonuniformlyhyperbolic










































































































EXAMPLES

1 f IT f f UH

t.EE
dffeo

2 Geodesic flows in negative curvature

pyii.IE
Ms closed manifold
with sectional arr
O

g IgtLee TM T'M

M

UH flow










































































3 f M M differ with htoplf 0

Ruelle inequality Nutt differ

4 Geodesic flow in nonpositive curvature

Nyi Nutt flow
p

5 Billiards

i

DispersingCUH Dispersing Ult

Ites
Bunimovich stadium Bunimerich stadium

NUH in dim 3 NUH



I I

Fit Dispersing in

dim 3 un

MAIN RESULTS represent NVA models
above by symbolic models

I 5 I

T L A LIT
M M
f

Er topological Marker shift

E Ilg where G oriented graph
with countably
many vertices

0 I I left shift think brat

I



IT I am codingmap

Holder continuous

finite to one

Importantto preserveentropy

APPLICATIONS

1 Measures of maximal entropy MME
Sarig Lima Sarig BenOvadia
Buzzi Crovisier Sarig

MME at most countable

Transitive co surfacediffer with
htop f 20 unique MME

2 Ergodic properties of MME

Sang Ledroppier Lima Sarig
The MME is either Bernoulli or
Bernoulli x rotation



3 Periodic points If 7 MMEthen

Sarig Lima Sarig Buzzi

Maps Pern f const ehh

Flows Pert y const ft
4 Decay of correlations

Buzzi Crovisier Sarig
5 Hyperbolic SRB measures BenOvadia

UNIFORMLY HYPERBOLIC SYSTEMS

let ME closed C surface

f Mom C't Anosov differ

TM Est EY EE LeT FS u

i inner productof M I let 11 1
I



I Lyapunovinnerproduct
we introduce a new inner product
adapted to f

Xd weakerthan
Ys WEES y

expansion contraction

CRYSIS 7 225 CdfVIdf've

V Keen
Mo

KYU VID 22524dgYYdfVD
V EES Vu EEU

VSV'D O

Properties

Alder'll Xliv'll Adapted
metric

Idf'rulllatalvalll
Neill Mettle LILI EM



Hyperbolicity parameters shxt uh xx

six Ille Ill VI It Idf e
11

uh Ille'sIll Vi If Idfnew

a sales et
es

Diagonalizing de
CH 1122 Tx M linear sit

I to I Ext
Properties

flat odfx.ca I lift



t.tt
ICCflxl

14
U E x I E ELT I F XE M

Lyapunov charts

compose C withexponential map

Yx Q Q M

Tx exp e CK

at
EQQI YM



Above Q c injectivityradius Itis
Now represent f in Lyapunov charts

f x Yfilo f Y x

ft
I Yx

wit

THI

Fx It h
where

Al X I B l X as above

hi lo o 0 Philo o 0 is 1,2

Il hill at Bk E



PROI Define hi hi sit

Fx I E Th
Now write dfaw dfa w as

A B G A BG

where AF Az Bit By GIG
L d 4 Lipschitz

lipschitz IIB BallsconstAW will

then plz in the exponent kills theconstantsso that
E E Ilw w 111312

LTU

Graphtransforms

look at the action of fx in vertical
graphs



HI
Iit

fx makes vertical graphs more vertical

fx approximatestwo vertical graphs

The action of ft in horizontal graphs
is similar

HE It

Formally let

MY Lalmost vertical graphs

I s f almost horizontal graphs
Putthe sup norm in the functions



FY MY MEW actionoffxtrestric

Ff Mfume fi

THI FI FI are contractions

Wethus define the local invariant
manifolds in charts

VINEY FYgo FINDEva

HE HI It
f x f lx

X

VS LXIII FENG Vn

HE HELIX

f x f x



Adaptations for higherdimension

Define Ca on subbundles

lads hey
X lol Ey

lol x Adu
lol xNd Ey

Hit

sit

dfwtodfx.ca gig
where
Ds is ds xds with IDSA et
Du is duxdu with ID lls t

then continue as afore



NONUNIFORMLY HYPERBOLIC SYSTEMS

Notation

Lyapunovexponent

X v linn flogIdf v11not a

X hyperbolic measure IN 1 X Arto

we do not work directly with measures
but with a set of good Nutt for a
fixed parameter x o

Nonuniformly hyperbolic locus NVHx

The set of X E M st F es eyeTxM
unitary and transverse s t

NONI AT I loglldfhes.lk x
contraction a
least X in

no to thefuture

alimpInlog Idf
ell 0 Expansionin

thepast



NUH2 lim I logIdf hey IK Xnot w

him I logIdf et 11 0
not a

NUH3 SW uh are finite

SK r g eux ldf es
2

UK VI Een Ildf hey114

Basic properties

NOIt is invariant usually not compact

M X hyperbolic MENUHx 1

No continuityof S u x on NVHx

If



Inner product on Nottz

YSW E ES

KY KS D Eye Rdf ri df re
VY VE EE

KVMV4D ZEEKdfw devs
V EES V EE

Krs V D O

Diagonalizing df
Same as in Ult case

Pesin chart

Tx Q Q JS M

Yx expx o d x

h



Now fx YI o folly is hyperbolic

like only if we diminish Q
L

New possibility 11ctfu ll maybelarge

We have 116ft w dfxlw.lkanst.lldflxt.tlllwiwd

Parameter alx

QIN const 11Clf x 41
EMER

THI PESIN On I QU Q x

faff Eh
where A B hi ha are as inthe UH
case



SYMBOLIC DYNAMICS FOR

NONUNIFORMLY HYPERBOLIC SYSTEMS

EP 2021 LECTURE 2

Next step graphtransforms in Nutty

Problem QU depends on x

Ht ftp.r

fEEQlx

KQLfLxDorQlx DQlflx

Solution define que QLD with
slow variation alongorbits

Fix E 0 small



Parameter gu XE NH x

glx inf e
El alf x nez

let nonuniformly hyperbolic locus

NUHE L X ENVHx A O

kQ does not decreaseto
zero exponentially fast
alongthe orbit

Inside NUHt FI FI well defined
in domain Eq g

yy

yyyfy.IE
41,91 1

Indeed éE9t see slowvarying



Even better

Parameters 917 9 x for XeNutt't

define

Ofs x infLeena f x no

qua infleen alf x no

Main property

six min legs flat QU
gulf x min teegun QE x



I ELIE
size eh

4
imagehas
size gs x FI increases sizeby a exhence

new size is set.gsflat

Then we can define FI FY at different
scales in some sense gsand gu are the

largestscales

Graphtransforms FI FI

graphs of F EW9417112

it Flds F lo so Hola FK 112

I
almosthorizontal graphs



MY similarly for almost vertical

FE ME ME

ex my on

IM FI FI are contractions

local invariant manifolds

Same as before

These are the Pesin local invariant manifolds

Adaptations for higherdimension

Nonuniformly hyperbolic locus NVHx

The set of X E M s t F TXMES EY
s t



NONI ATMInlogIdfv11 E X
no to

him flog Idf v11 o
same

not a

NUH2 lim Ilogldfvle X
nots

Etatloglldfury o
same

NUH3 SK sup SLAV uh s supUldW
VEEE WEEY
lulled Hull 1

are finite where

Slav VI I enlldful
2 2

n O

U lx W VELIenalldf w 1
1h

n 0

Then define lx for XE Nutty
and continue as in dimension 2



MAPS WITH DISCONTINUITIES AND

BOUNDED DERIVATIVE S singularse

p discontinuities

Setting M's surface JCM closed

f Mlf M C't with bounded df

Problem Orbits that approach s

exponentially fast
1

If sothen Nuttmightnotprevail
over the effectof discontinuities

Example q N30N flowwithpositive speed

Fromflowtomap

I



Construct M's global Poincarésection

and study f M M return map
is discontinuous

f is discontinuous

Redefining Nulty NUH Nuits and

NUH4 himflogAlfred17 0

Subexponential convergenates

RedefiningPesin charts

Yx SH SLA M

where f x E3B d yes
in

addedterm



Redefining QE

QU constxminillCHU 111
EMER

play
addedterm

where pix sd if N X fly f

MAPS WITH DISCONTINUITIES AND

UNBOUNDED DERIVATIVE

Setting M's surface SCM closed

f Mlf M CHB sit F a 1st

dix s as Idf lls dex s
a



Example billiardse.g

ii

RedefiningQU

4 const x min flax y
FEER

UCH 111 ÉhÉÉlpH ÉE

MARKOV PARTITIONS

Here we discuss Bowen's approachusing

pseudo orbits 1970s

p rectangles
MARKOVPARTITION family of setswith the

Markov property



Markov property

of 11 11 Good intersection

from one sideto
the other

f Bad intersection
didnotgofromone
sidetothe other

FACT Markov partition 7 symbolicmodel

III E IN E where

If A JIT VE rectangles
E EROS fNasty

M M
f

GOAL ConstructMarkovpartitions



MARKOV PARTITIONS FOR UH SYSTEMS

SinaiAdlerWeissRatnerBowen

Pseudo orbit Txu CM st

d flan Anti f dlf anti Xn s

i
Is

Rewriting definition using E overlap

of Lyapunov charts

YxÉYy Eoverlap if da yks
4x4Yy if Yeh I Yy and

Yf ly ÉYx



I YanYnez fret if

Yat Yat the Z

Idea use pseudo orbits to understand

f in neighborhood of Exntnez

i Lt Lt
Yo Yx

THI If Ya É Yy then

fxy 451 of 04x f f tf
where

Al X I B l X as before
Note we decreased

Ahill it pls t E fromB12top 3



Proof

fxy YY.IE YeI YH

Graphtransforms If Yxtyy then

Ffy Mi ME

Fay MY my
are defined similarly and againthey

are contractions

stable unstable manifoldsof pseudo
orbits If I LYxntnez then
VS KIKI CFExp off xD Vn



Et

and

VII Gy FE toe off xnt Vn

IFEiLIF If
An Anti Xo

THI SHADOWINGLEMMA Every pseudo

orbit I shadows a unique

x VS IT n V EI

TIFF
shadowing

f X EY EQQB theZ



Construction of Markov partition

3 steps

Steps Coarse graining

X C M sufficiently dense

G V E where V styx X EX and

E LY I Yy

2 2 g I EE is pseudo orbit

Step 2 Infinite to one extension

Define IT I M

ICI VS IT AVE IT
IT is surjective x em Faust

Xna f x Knez



To r f ott uniqueness of shadow

IT usually a to one if I XnYne

f x then any choicegives Iet x

n 14,51
2options 2options 2options

Step 3 Bowen Sinai refinement

Let Z f Zr very where

ZE t IT I V V IT Evo o

Z is a cover of M

Refine Z destroying intersections



Et Ht
R refinement is a Markov partition



SYMBOLIC DYNAMICS FOR

NONUNIFORMLY HYPERBOLIC SYSTEMS

ICTP 2021 LECTURE 3

Goal constructMarkov partitions for Nutt
systems

Difficulties

Objects do not vary continuously

onlymeasurably

NUH behaviour of points varies a lot
d

we know howto measure S u x Q q 959h

Previous result KATok Katok horseshoes

Horseshoes with finitelymany symbols
and entropy a topological entropy



i o
continuityholds and apply a more precise

New result SANG

Horseshoewith countably many states and
full topologicalentropy

Lewerth nonuniformly hyperbolic locus

tingle A 0 and
not a

NUHEH ENUH
him q full o

no o

Recall Nutty Es E with finite sext uh

NUH q x 0 subexponential Q

NUH recurrence Plisstimes



THI SARIG f M M CHB diffeo

Given X O F Er and IT I M Holder
continuous s t

1 E IZ

ITI A LIT
M I M

2 IT I I NUHy

3 IT z is finite to one

Above

F VW St Vn v forItt s f s tunsne z E I D ly many n 0 and
Unsw forallymany
n c o

Compare it withNutty



Five main ingredients

E overlap

E double charts

Coarse graining

Improvement lemma

Inverse theorem

E overlap

UH X EY EEZEy
NUH xx y and If I m x Cly

x y are very
different

Pesin chart 4,7 restriction y y YIM



E overlap Yx1ÉYx if

Fete verystrong
I

dlxn.at ldxi call un

Wait Yamani

IM SANG If Yet I Yy then

fay Yytofoyx f f hi
sit

IAI B I X E overlap allows
hyperbolicity

I hillatBB E



E double charts

UH 2 x O uniformly

Nutt x x to hard to measure

hyperbolicityalong E
Sand E at

same scales

Recall for X E NUH

gs x sine feehalf x n o

qua intfemale x no

Two different scales for s u
directions

E double chart Y P P s yaps yet

YES behaviourof E analysed at scalep

4,1 behaviour of E analysed at scalep



Write v yPsp and W 4,959

Edge Vfw

aPOI 41 9 I 4,919

Yeti I yypsap

and

apoz p'sminted Qld
gsuquasatisfy

9 minfeepyacy

Exactlywhat

E generalized pseudo orbit E gpo

I I YIIPYnezs.t.ptn.tn sYxiitiPit

YNEZ

FACT Every XENUHE generates on E gpo

I ftp.t M 9 end NEZ



Edges v w induce graphtransforms Ftw
ME Lalmosthorizontalgraphs

graphs of F psps IR s t

loll foolspy IF'lolk f pipa
UF'llcotHol1313 Fl s 112

MY similarly

Ffw MI MI and FYw MY MY

stable unstable manifolds of E gpo

V LY II Ffv o off a Un
and

Vu I slim FI roo oFin rat Cvnno o

These are genuinePesin invariantmanifolds



THI SHADOWINGLEMMA Every E gpo k
shadows a uniquepoint

x VS IT n VIII
VMI

Shadowing

vsii.IM fh x eyxnt phnpipsmphJ Knez

Coarse graining

Goal find finitely entablymany E double

charts sit E gpo's shadow NUH

Shadowing arbitrary X ENUH

approximate x Cla Qld qld
gsu qua



Idea Consider

T x I E Q where

I f N X fld
lx f all CW Clf xD

Q QU Wokecall their inverses
canbehuge

For I l e lo le let

Ye ft x elis ACCENT'll elite like
Then IT lx x e NUH U Ye with Ye

I

preqppact
I dense countable subset

Weobtain



THI SARIG HE O F As countablefamily

of E doublecharts sit

1 Discreteness ft O typ P ed psipast
is finite pimp t Pes in set

2 Sufficiency FX E NUH F E gpored

that shadows x

Hence I r IT M as in UH case

Improvement lemma

Goal If I LYxnt.phYnez shadows x

relate hyperbolicity parameters of xwith

those of Yip



Angle easy

Angles in IR
us 4are close

f fYxo
Angles at a

Xtare close

Problem how to compare s x and s Xo

LEMMI IMPROVEMENT LEMMA If SIMI
is big then stg is smaller
Morespecifically for E VE if sf set
then saysett aud

4



Hence if I E I then we have a lymany
improvements

LT IT Lytle4,1p yyps.ph

COROLLARI IT I J C NUH

Pfofimpovementlemma

Applying ft along stable direction improves
regularity

I w
Indeed

x s 2 t C SAINT

S Xo s 2 C S a



If SETI k 1 then

17 245 1 a K
EMMET

Inverse theorem

THI SARIG If ITLL x with LTYPEPigEEE

then

1 An E f x

2
stingily t

3 Into't Ytitt

gift gutta t



These estimates play a crucial role for the

Bowen Sinai refinement

Recall

Step 1 Coarse graining

A countable family of E double charts

G V E where V A and

E LYISP I 4,959

I E g I EI is E gpo

Step 2 Infinite to one extension

Define IT I M

ICI VS LITA V II

IT is surjectiveonto NUH IT I IsNulty



IT or fo it same

IT is usually N to one same

Step 3 Bowen Sinai refinement

Let Z tzu very where

Ze IT I I ENUHx andVo v

IT Evo on I

Z is a countable cover of NUH

How to refine and still
obtain countable

Main property Z is locally finite
h

FX ENUHE F finitely many
Z E Z containing x

HIT



Indeed

X E Z XPSPY
PSI gl x

p a q x

psip a gs x ngu x q x

YESp e 4,959 qing guy

t
finite by coarsegraining

Now refine as before



Conclusion

THI SARIG f M M CHB diffeo

Given X O F Er and IT M Holder
continuous s t

1 E IZ

ITI A LIT

MI M
2 IT I I NUHÉ
3 IT z is finite to one

H



SYMBOLIC DYNAMICS FOR

NONUNIFORMLY HYPERBOLIC SYSTEMS

ICTP 2021 LECTURE 4

Goal constructMarkov partitions for more
complicated Nutt systems

higherdimensiondiffers
flows
billiards
non invertiblemaps

Five main ingredients

E overlap

E double charts

Coarse graining

Improvement lemma



Inverse theorem

Steps Coarse graining

Step 2 Infinite to one extension V

Step 3 Bowen Sinai refinement

Higher dimension diffeomorphisms

Ben Ovadia

Coarse graining

Improvement lemma

Inverse theorem

Improvement lemma many s X V U lx W

Problem compare Slav with Sho



TTY m 4th pig

project Flt to

dproj HE IRA x lol HI
HE Is HE

dyxof d d yo
EX IIs EE

The diagram defines Exo EE Eko

which allowsto compareStar with S XoOx.IN

Then prove Improvement lemma and

Inversetheorem I
Many newtechnical

difficulties



SURFACE MAPS WITH DISCONTINUITIES

ANDBOUNDED DERIVATIVE Lima Sarig

Setting M's surface SCM closed

f Mls M CHP with bounded df

Already understood invariantmanifolds

Coarse graining need to consider S

NUH NUH4
y
loses compactness

Recall for X E Nulty let

TIN LI E Q where

I f N X fld
lx f all CLA Clf xD

Q QU



For I l e lo le and I k 1 ko ki let

elis l c fi x l elite
Ye E H

e ki is defiedg seki

Then KTLA X E NUHE U Ye I withYekI I

pre compact

SURFACE MAPS WITH DISCONTINUITIES

AND UNBOUNDED DERIVATIVE

Lima Matheus

Setting M's surface SCM closed

f M S M CHP s t F a I with

dlx 1
a
e Ilde Il s d x s

a

Already understood invariantmanifolds



On B lx NN for rhs day TEE

f is well behaved

Coarse graining fix PID i countable

open cover of MIS s t

Dis B lx i rail

Discreteness ft O ID EP d DJ t

is finite

Forks l e lo le I ki ko ki a la yaoan let

elis Il elfin ill elite

Yis I as x e ki s d fila s seki its 1

fi x eDai
and repeat the preceding argument



NON INVERTIBLE MAPS IN HIGH

DIMENSION WITH SINGULARITIES

Araujo Lima Poletti

setting

M Riemannianmanifold with finitediameter

possiblydisconnected and or

with boundary

D C M closed discontinuity set

Exponentialmap at x a I s t F X EMID

F 2 x d x D
a
s t exp B 0,2W M is

well defined and
Muff

dexp 1122



f MID M map

E lx e MID dex is not invertible

critical set

Singularset I E UD

Regularity of f for every x eM s t Xfix 4J

F r lx mintdex119 dlf x 1
a
sit

A inversebranchtaking f x to X
F
B x rex 9 B fly ray

are diffeos with

dix 9 as lldfylllldgzlledlx.tt
a

and B Holder for df and dg
Problem f not invertible

no symmetry between future and past



Idea Codethe naturalextension of f

let 14 I be the natural extension

we will soondefine

THI Araujo Lima Poletti Let M f as above

For X 0 F NUHÉ CM I o with countable

States and IT I M Holdercontinuous s t

1 I IE

tf I J t

NEM
2 IT I I NUHIF
3 IT z is finite to one

Ok Asbefore the orientedgraphhas finitedegree
butusuallynot uniformly bounded



Natural extension

M I Xn ne z f Xn Anti Une z

I
x X e Xo Xy

Define I M M by leftshift

I l X e Xo Xy Xo Xi X2

Canonicalprojection O M M
In Xo

Lifts to 19 Sto V f o 1153
h E Z

On the complement M Ven o s
hEZ

definebundle

TM II TMa
É

whereThy TM Xo



and lift df to invertible cocycle III ne z
Inverse branch taking f x to x

g fit

Eg
Nonuniformly hyperbolic lows Nutty

The set of X EM U E o s s t
NEZ

F Th y s E EY s.t NUH NUH3 with

respect to del

Then introduce

Inner product on NUHx

I diagonalization of AI



I g n f df

Pesin chart Ya
Parameters QQ gli gli quli

f and inversebranchesgaff inPesin charts

Fi Ypg of 0 YE

FE YE off o

Yea
They are smallperturbations ofhypmatrices

E overlap

Maps Fi y andFifi if Yet I Yy let

Fay Yj of Yi
If YEEYei let

Fait s yÉ filoYip
Againthey are small perturbationsofhypmatrices



usepseven in nouniformly
E double chart y P

expandingcontext

Edge YEP 54,919

Graphtransforms if v5 w define

Ffw M MI and FYw MY MY

where Msl are graphs at the zeroth

position Xo of v y P

i LIF of

e gpo I Yet nez

Problem no smooth structure on M

Recall graphtransforms are

geometrically defined and



provide shadowing

Now use them as beforeto define invariant

manifolds a identification of 0th
position

stable unstable manifolds of E gpo

V I II FL r o off rn Vn

and

V II II FYI w o oFin rat Cvn

Same definition as before



Stable unstable sets of E gpo
From 0th position determinedby Vstuck

recover otherpositions

Positive positions justapply f

Negativepositions eachedge

pathPh I 4,1ft Pha

is associatedwith a single inverse branch fit
Then negativepositions are uniquely defined

it ftp.i.tt
This defines invariantsets PTI andJuly

which are subsets ofM



Next

Coarse graining A types
P countable

IT I M infinite to one extension

I Iz

Tif I dit

rien
I Markov cover of Nulty CM

R Bowen Sinai refinement

settheoretical
no smoothnessneeded

H



SYMBOLIC DYNAMICS FOR

NONUNIFORMLY HYPERBOLIC SYSTEMS

ICTP 2021 LECTURE 5

Goal present applications of existence ofMarkov

partitions for Nutt systems

Idea understand propertiesthat live in Nutty and

easier to study at a symboliclevel

t inside I or I
APPLICATIONS

L Measures of maximalentropy MME

MME

Uniqueness of MME



Exponential decay of correlations

2 Ergodic properties ofMME the Bernoulliproperty

3 Counting periodictrajectories

4 Hyperbolic SRB measures

Measures ofmaximalentropy

Setup f M M C't diffeo withhtoplf 0

µ MME if existe.g when f is CTbyNewhouse

X s htop f MINUHXI L ATNUH 1 1
t t

Ruelle Recurrence

I 52 a v Lift y to u sit

If I died half hu r
M
f
MOM



IT z I NUH finite to one U MME

Gurevich 1969,1970 2,4 hasatmostcountably

many
MME's

THI Sarig In theabove context Fatmostcountably

manyMME's

QUESTION Howto gobeyondandprovefiniteness

and or uniqueness

UHdiffeos Bowen if f istransitivethen I H is

transitive



BCS

NUHdiffeos Buzzi Crovisier Sarig

RodriguesHertz RodriguesHertz Tahiti Ures relate

homoclinic classes andSRB measures

Step1 Every SRB is supported in a singlehomclass

Step2 Everyhom class supports atmostone SRB

Hence if f is topologically transitive then F at

most one SRB

Here a damian dilemma is used metric

transversality and lebesgue measure on W actual

transversality somewhere Here
ladigmension

is

essential su rectangles



BCS In Nutt contexthomoclinicclassesmightnotbe

disjointbut their intersection carries noentropy

BCS each homodinicclass is codedby atransitive

50
This is partof Step 2

BCS every measure with entropy 0 is supported

in a homoclinic class Here a newdynamicalsard's

lemma is used Regularity on f and lowdimension
are essential

BCS there are finitely many hom classeswith

large entropy

THI Buzzi Crovisier Sarig If f M M is C

transitive with htop f 0 then 7 MME



Setup q
143 0143 flow sit X dy is C'tP and

X O everywhere htop y 0

N global Poincarésection

f N N Poincarémap

Nutty for y o NUHy for f

Nutty for yo Nutt for f whatis Nutty

L
Boundaryeffect

Lima Sarig fixing m on M I NS.t.NVHE

carries M

1 parameterfamilyNe t doublecounting t
Borel Cantellilemma



THI Lima Sarig In the abovecontext y has at

most countably manyMME

Setup f M f M c'B with singularities and

htop f 0 e.g billiard maps

Adapted measure p is adapted if logd x f E L m

The adapted andhyperbolicmeasures are supported

in NUH

Problem are measureswithlargeentropy adapted

In general wideopen

THI Baladi Demers For many 2 dim

dispersingbilliards F MME and it isadapted

Anisotropicspaces



Setup f M M C'tB differ with htopf 0

THI Ben Ovadia In the abovecontext f has at

most countably many hyperboleMME

Setup f MOM as in Araujo Lima Poletti

Problem relate largeentropywith hyperbolicity
adaptedness

THI Araujo Lima Poletti In the above context f

hasatmostcountablymanyhyperbolic and adaptedMME

Ergodic properties of equilibrium states

In I 4 if piseng equilibrium state ofHolder

continuous potential then jusBernoulli or Bernoulli x rotation



THI Sarig If f M M C'tBdiffer and y as above

withhalf 0 is eitherBernoulli or Bernoulli x rotation

In particular itappliesto MME

THI Lima Sarig If y
1430143 St X dy e C'tBand

X Oeverywherethen y as abovewithhpy 0 is

eitherBernoulli or Bernoulli x rotation If y isadditionally

contactthenye is Bernoulli

THI BenOvadia If f M M C'tB diffeo then y as

above t hyperbolic is eitherBernoulli or Bernoulli x rotation



P ALP
THI Araujo Lima Poletti In the contextofALP

then in as above t hyperbole t adapted is either

Bernoulli or Bernoulli x rotation

Open If y is contact is p Bernoulli
Forrankone y is kbycallThompsonhenceBernoulli

Countingperiodictrajectories

Notation f M M Pern f s periodicpoints ofperiodn

q Mt M Pert y IT

Gurevich 1969 1970 In 2,0 with htop r h o if

I MMEthen Pern f 3 constxeh for n 1

II Sarig If f M M c'tf with htop f s h o and

if 3MMEthen I p I sit Pernp f constxehhP for us 1

eg when feet byNewhouse



THI Buzzi If additionally f is transitivethen

Pern f 3 const xeh for n s 1

THI Ben Ovadia If f MtoM C'tBwith htop f sh o

hashyperbolicMMEthen I p I sit Pernp f constxehhp

for n 1

THI Buzzi If additionally f is transitivethen

Pern f const xeh for n s 1

THI Lima MatheusBaladi DemersBuzzi Formany 2 dim

dispersing billiards Pern f const xeh for n s 1

Ha



THI Lima Sarig If y 1430143 St X dy e C'tBand

X Oeverywhere htop y h 0 and if 7MME then

Pert y s constxelf for T 1 I
eg when f e co byNewhouse

THI ALP If y M M st X dy e C'tBand X O

everywhere htop y h o and if I hyperbolicMme then

Pert y s constxelf for T 1

THI ALP For Vianamaps Pern f constxehh for

n s 1




