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Linear AHE Nonlinear AHE
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~⇤ =
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broken inversion

Nonlinear AHE in bilayer WTe2: Ma et al, Nature 565, 337 (2019)



Summary so far:

I Optics: need ✏nk, Alnk

I Transport: need ✏nk, rk✏nk, ⌦nk

I Also rk⌦nk, etc. at higher orders in E

Such k-space quantities are conveniently evaluated using
Wannier interpolation
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Orthogonal tight-binding (TB), with WFs as basis orbitals

h0i|H|0ii = on-site energies ✏i h0i|H|Rji = hoppings tij(R)



!!!!!:#$$&$,!!"#$%$&$'!))*)+*),-&.
!!!!!!!!!!!&.!)!!"#$%&!+2,#01

!!!!#&.0,$+),!3K05!).6!0#,!+1!,1#!
!!!U8-V-V<=W!!,),$-?!#*#,#.,0

#&,1+,#!!"#$"%$!&.!)!'()&!,#01!
@!!3)..-#$!-.,#$1&*),-&.

G&!@#!+0#6!)0!
*&))*-C#6!@)0-0,)1!!"#$%$&$'!$#0+*,0!&.,&!).!

<#?)),>!G%!,&6#*

G&!&@,)-.!
%*&)1!$+.),-&.0



Monolayer BC2N: Ibañez-Azpiroz et al, SciPost Phys. 12, 070 (2022)

One pz-type WF on each atom
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Cell-periodic Bloch eigenstates:
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Summary of Wannier interpolation:

Fourier transform and diagonalize small
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BC2N

Dielectric fct.
Shift photoconductivity

Ibañez-Azpiroz et al, SciPost Phys. 12, 070 (2022)



Berry curvature:
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Anomalous Hall conductivity (AHC) of bcc Fe:
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Evaluating �xy requires ultradense, nonuniform BZ sampling

Yao et al, Phys. Rev. Lett. 92, 037204 (2004)



AHC of ferromagnetic metals:

I First evaluated in 2003–2004 from the Kubo formula using
“brute-force” ab initio methods. Challenging/expensive!

I Stimulated development of Wannier interpolation scheme for
transport and optics (2006–2007). k points become cheap!

I Released in Wannier90 as part of the postw90 module

I Further Berry-type quantities:

I Nonlinear AHC

I Spin Hall conductivity

I Shift current

I Orbital magnetization
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Recent developments implemented in Wannier Berri:

I Mixed fast/slow Fourier transform

I Iterative adaptive refinement of k mesh

I E�cient scanning of EF

I Tetrahedron method for BZ integrals

I Symmetrization of matrix elements

I Interpolation of rk⌦, rkmorb, etc.

Tsirkin, npj Comput. Mater. 7, 33 (2021)


