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Berry Science, or Berriology
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The Mediterranean diet was
originally found to be a healthy diet
by comparing populations who
followed the diet with those who
didn’t. The result? Mediterranean

dieters enjoyed longer lifespans and

less heart disease, cancer, strokes,
Mmm, mm, good! And they're low carb diabetes, and dementia.

Over the last 15 years, researchers
have been clarifying exactly how and why this might be the case. A study from

Finland is a typical example.

The traditional Mediterranean diet provides an abundance of fresh fruit,
including berries. Berries are a rich source of vitamin C and polyphenols,

substances with the potential to affect metabolic and disease processes in our
bodies.
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Dielectric function:
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Dielectric function:
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fnl = f(enk> - f(elk)

Shift (photo)current:
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Berryology
Curvature Q,x = Vi x A,,,x — transport

Semiclassical transport:

i = Ve — Tk x Q
= 74 = (1/h)0se+ (¢/h)yp By  velocity

TV TV
band anomalous

, 0
k= —eE—1x B

Current:

Ja = —e/k'f"af(E)

Boltzmann:

f(e) = fole)+1eE-vfi(e), where v = band vel.
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Symmetry constraints on AHE:

Time reversal T Inversion Z T*xZ
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Symmetry constraints on AHE:

Time reversal T Inversion Z T*xZ
e(k) = e(—k) e(k) = e(—k)
Q(k) = —Q(—k) Q(k) = Q(—k) Q(k)=0
/kao - /k<vkﬂ>fo —0

time reversal

Linear _
}AHE requires broken {

Nonlinear Inversion



Linear AHE Nonlinear AHE

=>7\’
*
[ g #0 i= [0 #0
k k
broken time reversal broken inversion

Nonlinear AHE in bilayer WTes: Ma et al, Nature 565, 337 (2019)



Summary so far:

» Optics: need €,k, Ak
» Transport: need €,k, Vikenk, 2k

» Also Vi Q,, etc. at higher orders in E

Such k-space quantities are conveniently evaluated using
Wannier interpolation
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Diagonalize: [UT(k)H™ (k)U(k)], = €nxbin



Wannier interpolation:

Bloch basis functions: ]@b%”) =Y r ¢RI RS) 7 = (0j[r|0j)
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R

Diagonalize: [UT(k)H™ (k)U(k)], = €nxbin
Orthogonal tight-binding (TB), with WFs as basis orbitals

(0¢|H|07) = on-site energies ¢;  (0i|H|Rj) = hoppings ¢;;(R)



Perform ab-initio calculation
on a coarse k-mesh

To obtain
Bloch functions

Construct WFs, and set up the
<0i|H|Rj> matrix elements

To be used as
localized basis

map ab-initio results onto an
“exact” TB model

Compute H*(K) on a fine mesh
by Wannier interpolation




Monolayer BCoN: Ibafiez-Azpiroz et al, SciPost Phys. 12, 070 (2022)
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Columns of U = TB eigenvectors

[Yn) = Zj WJ(-W)}an Bloch eigenstates

Vi{UH™[[n) = Viendin

Pl#n: Dln:

[UTVkU]l _ [UT (VkH(W)) U} In

\ 7

)

ViHS = ST (R + 7, — 7)™ BT (04| H|Rj)

R



Cell-periodic Bloch eigenstates:

un) = Y [0,
J
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= Wavefunction-derived quantities:

> Ay, = i{uy|Viuy)

> Q, = Vi XAy,

> ...
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Berry connection:
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(0¢|r|07) = WF centers T;

(0ilr — 7j|Rj) = "“r hoppings” d;;(R)
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A=iD+UAMY

If we discard r hoppings:
: : 0
(0i[r|Ryj) = Tidij0mo + di{R)”
0
A =iD + UTAMY
TB approximation

A = il Vin))

Input: €;, tij(R), Ti

(e.g., PythTB)



Summary of Wannier interpolation:

N

Fourier transform and diagonalize small
N x N matrices (N WFs/cell) = Fast! \k

» Energy bands: need (0i|H|Ryj)
» Optical matrix elements: need (0i|H|Rj) and (0i|r|Rj)
(0i| H|Rj) = €;0;j0r0 + tij(R)

(Oi|r|Rj) = 7i0;50r0 + dij(R)

On-site  Hoppings



Summary of Wannier interpolation:

N

Fourier transform and diagonalize small
N x N matrices (N WFs/cell) = Fast! \k

» Energy bands: need (0i|H|Ryj)
» Optical matrix elements: need (0i|H|Rj) and (0i|r|Rj)
(0i| H|Rj) = €;0;j0r0 + tij(R)

(0i|r|Ryj) = 7:0;;0r0 + WO often neglected

On-site  Hoppings
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Berry curvature:

k-derivatives formula:

Q, = Vi x Ay = —Im(Vyu,| X |[Viuy)

Kubo (sum-over-states) formula:

. <un\VkH\ul> X <ul|VkH]un>
Q, = —Imz < )2
I#£n n [

Q,, o (e, — )2, reacts strongly to (avoided) crossings



Berry curvature by Wannier interpolation:

Q, = —Im(Vyu,| x |Viu,)

Vi) = 3 [u) Dy + 3, (Vi)

Q, = —Im [DT X D} + (r-hopping terms)
nn



Berry curvature by Wannier interpolation:
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If we discard r hoppings:
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TB approximation
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Input: €;, tij(R), Ti



Berry curvature:
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Berry curvature:

Q, ~ —Im [DT x D] | TB Kubo formula

€n —€] )

0, ifl=n

D, = (small matrix)

{ [UT(VkHM))U]Zn if 1 7& n

Q,, « (€, —¢)?, reacts strongly to (avoided) crossings

OCC

_ —2
—QIW'PT] Qoce = Z ), Eg
n
Wammkﬁ}d Et €
dtes T |TTTF
. » Reacts strongly to small gaps across EF
s-c

» Insensitive to crossings among occ. states



Anomalous Hall conductivity (AHC) of bcc Fe:
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Evaluating 0., requires ultradense, nonuniform BZ sampling

Yao et al, Phys. Rev. Lett. 92, 037204 (2004)



AHC of ferromagnetic metals:

» First evaluated in 2003—2004 from the Kubo formula using
“brute-force” ab initio methods. Challenging/expensive!

» Stimulated development of Wannier interpolation scheme for
transport and optics (2006-2007). k points become cheap!

» Released in Wannier90 as part of the postw90 module



AHC of ferromagnetic metals:

» First evaluated in 2003—2004 from the Kubo formula using
“brute-force” ab initio methods. Challenging/expensive!

» Stimulated development of Wannier interpolation scheme for
transport and optics (2006-2007). k points become cheap!

» Released in Wannier90 as part of the postw90 module

» Further Berry-type quantities:

» Nonlinear AHC

» Spin Hall conductivity
» Shift current

» Orbital magnetization



Recent developments implemented in Wannier Berri:

» Mixed fast/slow Fourier transform

» [terative adaptive refinement of k mesh
» Efficient scanning of EF

» Tetrahedron method for BZ integrals
» Symmetrization of matrix elements

» Interpolation of V2, Vimg,, etc.

Tsirkin, npj Comput. Mater. 7, 33 (2021)



