Large-Scale Structure
3. Growth of Structure
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Growth of Structure
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Linear evolution

Assume early Universe (say, prior to CMB last scattering) well described using small perturbations on
FLRW geometry (c = 1). Assume €2, = 0.

Metric: ds? = a(ﬂ)z — (1 + 2¢(n, X)) d772 T (1 — 2y(n, X)) dx” [See Dodelson, *Modern Cosmology’]

Conformal Hubble F;arameter: A =dInal/dy = aH

Recall Friedmann equation: #~ = azHg [a‘3§2m0 +a™" Qg + QAO]

Photon distribution: Bose-Einstein with 7' = T(#) (1 + O(7, X,ﬁ)), p, X T*

Dark matter density: p;,,, = ﬁdm(ﬂ)(l + O4m(1, X)) ;  Baryon density: p,, = ﬁb(ﬂ)(l on(1, X))
Dark matter peculiar velocity: v (7, X) ;  Baryon peculiar velocity: v (7, X)

d’k

(2m)

e i) = [ e i)

Fourier convention: f(n,X) = J
k



Linear evolution
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Linearise Boltzmann equations and Einstein equations. Work in Fourier space. Define f = df/dy and u = p - k.

Define monopole, dipole moments of photon temperature fluctuation:

1 R
Ou(®) = i JdQ O,7,p); Ou) = 4; JdQ O7,p)(p-k); Oy =

if

A

JdQ Ox(1, P) P AP - k)

Assume irrotational flow (valid since no linear sources):

Va\

Vdm,k — k Vdm,k ; Vb,k — k Vb,k [SO if v = VG), then Vik = ik a)k]



Linear evolution

Vo

Linearise Boltzmann equations and Einstein equations. Work in Fourier space. Define f = df/dy and u = p - k.

Define monopole, dipole moments of photon temperature fluctuation:

1 A l oA i
O (1) = 4ﬂJdQ O, p); O = 4]Jd§2 Ok, p) (P - k) ; Opln) =

A

JdQ Ox(1, P) P AP - k)

Assume irrotational flow (valld since no linear sources):
Vdmk—kvdmk; ka—kvbk [SOIfV—VG) thend—lka)k]

Equations (neglecting neutrinos):

Photon Boltzmann equation

DM continuity ; Baryon continuity
DM Euler ; Baryon Euler

Einstein equations



Linear evolution

Linearise Boltzmann equations and Einstein equations. Work in Fourier space. Define f = df/dy and u = p - k.

Vo

Define monopole, dipole moments of photon temperature fluctuation:

| ) 14
O (1) = Jdﬂ Om.p); Onn) = l JdQ O,p) (P k); Opln) = :

A

JdQ Ox(1, P) PAp - k)
4r 47

Assume irrotational flow (valld since no linear sources):
Vdmk—kvdmk; ka—kvbk [SOIfV_VG) thenvk=lka)k]

Equations (neglecting neutrinos):
®k + thku O = yn — tku . — © [@Ok — 0, + ,uvbk] ;[T is electron scattering optical depth: © = — n.oral

Ogmk = — KVamk + 3k  Opx = — kv + 3y
vdm,k + %Vdm,k —_ lk §0k ) ‘./b,k + %Vb,k —_ lk (ﬂk —+ TR [3l®1k -+ Vb,k] ; [R — (4,57,)/(3,51))]

K (px — i) = — 322Ga*p, By, _
3% in + k*wi — 3@y = — 47Ga” | pygmbamx + PrOox + 40, B0k




Linear evolution

Linearise Boltzmann equations and Einstein equations. Work in Fourier space. Define f = df/dy and u = p - k.

Vo

Define monopole, dipole moments of photon temperature fluctuation:

| ) 14
O (1) = JdQ Om.p); Onn) = l JdQ O,p) (P k); Opln) = :

A

JdQ Ox(1, P) PAp - k)
4r 47

Assume irrotational flow (valld since no linear sources):
Vdmk_kvdmk; ka—kvbk [SOIfV_Va) thend=lka)k]

| | | Baryon-photon coupling
Equations (neglecting neutrinos): Acoustic oscillations (CMB, BAO)

®k + thku O = yn — tku . — © [@Ok — 0, + ,uvbk] ;[T is electron scattering optical depth: © = — n.oral

Ogmk = — KVamk + 3k  Opx = — kv + 3y
‘./dm,k + %Vdm,k —_ lk §0k ) ‘./b,k + %Vb,k —_ lk (ﬂk —+ TR [3l®1k -+ Vb,k] ; [R — (4,5},)/(3,51))]

K (px — i) = — 322Ga*p, By, _
3% in + k*wi — 3@y = — 47Ga” | pygmbamx + PrOox + 40, B0k




Linear evolution

Linearise Boltzmann equations and Einstein equations. Work in Fourier space. Define f = df/dy and u = p - k.

Vo

Define monopole, dipole moments of photon temperature fluctuation:

| ) 14
O (1) = JdQ Om.p); Onn) = l JdQ O,p) (P k); Opln) = :

A

JdQ Ox(1, P) PAp - k)
4r 47

Assume irrotational flow (valld since no linear sources):
Vdmk_kvdmk; ka—kvbk [SOIfV_Va) thend=lka)k]

. , , Gravitational coupling
Equations (neglectmg neutrinos): Growth of structure

®k + thku O = yn — tku . — © [@Ok — 0, + ,uvbk] ;[T is electron scattering optical depth: © = — n.oral

Odmk = — KV + Sy Oy = — kv + 3y
Vimk T #Z Vamk = — K@ ;' Vo T A Vo = — ik ¢ k ¢y + 7R [31®1k + v k] [R = (4p.,)/(3py)]

k(o — y) = — 327nGa’ p P, O

37 + k*wy — 3% = — 47Ga” _ﬁdm5dm,k + PpOpx + 4:5;/®Ok_




Linear evolution

Linearise Boltzmann equations and Einstein equations. Work in Fourier space. Define f = df/dy and u = p - k.

Vo

Define monopole, dipole moments of photon temperature fluctuation:

| ) 14
O (1) = JdQ Om.p); Onn) = l JdQ O,p) (P k); Opln) = :

A

JdQ Ox(1, P) PAp - k)
4r 47

Assume irrotational flow (valld since no linear sources):
Vdmk_kvdmk; ka—kvbk [SOIfV_Va) thenvk=lka)k]

, | , Expansion of Universe
Equations (neglecting neutrinos): Growth of structure tempered

®k + thku O = yn — tku . — © [@Ok — 0, + ,uvbk] ;[T is electron scattering optical depth: © = — n.oral

Odmk = — hVamk + 3k 7 Opx = — thvy + 3yx
Vamk + ZVamx = — ik @y 5 Vogt Iy = — ik gy + IR 1300, + Vo k| 5 R = @5)1Gpy)

K (px — i) = — 322Ga*p, By, _
3 jn, + k7 — 3A o = — 471Ga” | PamOumx + PrOox + 40,90k




Linear evolution

Linearise Boltzmann equations and Einstein equations. Work in Fourier space. Define f = df/dy and u = p - k.

Vo

Define monopole, dipole moments of photon temperature fluctuation:
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O (1) = JdQ Om.p); Onn) = l JdQ O,p) (P k); Opln) = :

A

JdQ Ox(1, P) PAp - k)
4r 47

Assume irrotational flow (valld since no linear sources):
Vdmk_kvdmk; ka—kvbk [SOIfV_Va) thenvk=lka)k]

Length scales
Equations (neglecting neutrinos): k versus {,0/dn )

®k + thku O = yn — tku . — © [@Ok — 0, + ,uvbk] ;[T is electron scattering optical depth: © = — n.oral

Ogmk = — KVamk + 3k  Opx = — kv + 3y
‘./'dm,k + %Vdm,k —_ lk §0k ) ‘./b,k + %Vb,k —_ lk (ﬂk —+ TR [3l®1k -+ Vb,k] ; [R — (4,57,)/(3,51))]

K (px — i) = — 322Ga*p, By, _
3% in + k*wi — 3@y = — 47Ga” | pygmbamx + PrOox + 40, B0k




Linear evolution
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Linear evolution
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(Ox Or ) = (2m)° op(k — k') P(k)

P(k) (h™® Mpc?® )

Linear power spectrum
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Non-linear evolution

At late times (well after photon decoupling), ignore radiation, assume baryons
follow dark matter and neglect shear.

Then, setting ¢ = vy,

Vo — 3%y — 3% 2y = 4nGa“p,, 6

5+ V- |[(1+6)v| =3y
V+ZV+(vV-V)v==Vy; p?=v-v




Non-linear evolution

At late times (well after photon decoupling), ignore radiation, assume baryons
follow dark matter and neglect shear.

Then, setting ¢ = vy,

V2 =3 = 4Ga’p O
5+ V- |(1+48)v| =3y~
V+ZV+(vV-V)v==Vy; p?=v-v

Defining @ = V - v, assuming irrotational flow (i.e., VX v =0) and k/Z > 1:

O + 6, = — J J 27)*5p(k — K;,) O, i, 2k, k)
kl k2

. 3
Ok + Z O + Egm% 2o = — J J (27)°p(k — ko) O O fk, Ky)
Kk, Ik,

K, - Kk, k122(k1 2.9y
herek;, =k, +k, alk; k)= , Pk, Ky =
v 12 : 2 ol o) k? (i o) 2 kt k3



Non-linear evolution

Recovering linear sub-Hubble evolution:

At late times (well after photon decoupling), ignore radiation, assume baryons

follow dark matter and neglect shear. . . .
Then, setting ¢ =y, lgnore quadratic terms (r.h.s.), differentiate 1st, use

1st and second to eliminate 6, and 6 :
Vay = 3%y — 37"y = 4nGa*p,, 6 + O ((Vy)*, y?)
6+ V- [(1+8)V] =3+ 0 (v Vy,6p) ) | 3
V+HZVv+(V-V)v=—=Vy+0 (%l/fv, %vzv,l//Vyf,VZVl//) 5k + %51( — Eﬂm(n)%z 5k — ()

Defining @ = V - v, assuming irrotational flow (i.e., VX v =0) and k/Z > 1:
Solutions are

| 3 6 = D_ «x % /a = H (decaying mode)
O, + 0, + Egm%zék = — { [ 2r)’bp(k — Kp) O O Kk, Ky) and
ki 7k, a
/ / / 3 .
k -k, kir(K; - Ky) 0=D_ x HJ da /(a H(a )) (growing mode)
where Ky, =K, + ko, alk;.ky) =——2, fk; ky) =

k; 2 k2 k2

Note: during matter domination, D, « a



At late times (well after photon decoupling), ignore radiation, assume baryons
follow dark matter and neglect shear.

Then, setting ¢ =y,

Vay = 3%y — 37"y = 4nGa*p,, 6 + O ((Vy)*, y?)
6+ V- [(1+8)V] =3+ 0 (v Vy,6p)
V+Zv+ (V- V)v=—=Vy+0 (%l/fv, %vzv,l//Vyf,VZVl//)

Defining @ = V - v, assuming irrotational flow (i.e., VX v =0) and k/Z > 1:

8k+9k=_J

J 2n)’opk — ki) O & ak,, k)
k, 'k

. 3
O + 7O + Egm% 2o = — { [ (27)°6p(k — Kky,) O O Pk, ko)
k; 7k,

Kk, -k, k122(k1 2.9
wherek;, =k, +k,, alk;,k,) = , Pk, K, =
12 ! 2 ol ko) k? (i ko) 2 k? k3

Non-linear evolution

Comments:

e Generic solutions will clearly be non-linear in
the 1Cs (e.g., PT expansion).
Hence, e.g., non-zero 3-point function:
late time field is non-Gaussian even if ICs are
pertectly Gaussian.

* Assumptions of zero shear and vorticity valid until
“shell crossing” (multi-streaming in phase space).
For genuine CDM, multi-streaming will occur at
small enough scales at any time during MD.

So [ [ will access multi-streamed scales.
k, Yk,

e Coarse-graining of some kind is thus needed. See

literature on renormalised perturbation theory
(RPT) or effective field theory (EFT).




Non-linear approximations



Spherical Collapse

I

d2R / dt2 = -GM(<R,t) / R2

Assume no shell-crossing: M(<R,t) = M(<Rinit, tinit) = constant



Spherical Collapse

Nonlinear solution:

Hox1—cosf! : toxf —snf

p o 91 —smt)

— SHE AL
P 2(1 —cosf)

Linearly extrapolated value:

1
i 3 (3N, . 203
o, = — | — | — s )™
D \ 4

Value at collapse  |d. = 1.686

Virialisation:

2 (K.E)+ (PE)=0
Also K.E. + P.E. = constant

R(tvir) = R(tta) / 2
Avii =1872 =178



Zel'dovich Approximation (1970)

“Straight line

Ya. B. Zel'dovich

determined by initial conditions

determined by linear perturbation theory

(~ dDy/dt)

- .
. : 4
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. NS ¥ D : . s
56Mpc/h . RedShift = 8.0,
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b (Movie: courtesy Sujatha Ramakrishnan)
cale =



Simulating the Universe

MICE Grand Challenge: an all-sky lightcone Nbody simulation using 4000- particles and 4096 processors

M i"l'!__ef_ nnium Run:.

& T e MICE series

o Also COYOTE, DEUS, Bolshoi, MultiDARK, Jubilee...



Simulations: CDM

Numerical technigues

Goal:
Solve collisionless Boltzmann egn with cold 1Cs

Lovell+ (2014)
Approach:
N-body technique

e Sample phase space distribution function with mass tracers ("particles’) and
follow their positions and velocities (Newton’s law augmented by Poisson
equation).

e Avoid small scale 2-body effects through “force softening’ (Newton’s gravitational
law with a core radius).

e Code efficiency + accuracy increases by combining Fourier techniques on
particle mesh (PM) for large scale forces with direct calculations for small scale
forces.

e Test for convergence of various statistics with Npart, softening scale, PM grid size,
etc.

Typical application:
Periodic cubic box in comoving coordinates.




Bullock & Boylan-Kolchin (2017)

Simulations: CDM AN

Products RN

%10-2' -;;10~ zo

= 10° -:,102 é)

Post-processing: N 1
Identity halos, substructure, merger tree.

° ° Mhaio [MG]
Predictions:

Halo + subhalo mass functions, accretion history, clustering (halos/DM).
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